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Abstract. In this article, certain coupled fixed point theorems, which can be considered as gener-
alizations of Banach fixed point theorem, are extended to bipolar metric spaces. Also, some results
which are related to these theorems are obtained. Finally, it is given an example which presents
the applicability of obtained results.
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1. Introduction

In literature, the notion of coupled fixed point has been introduced by Guo and Laksh-
mikantham [6] in 1987. Afterward, Bhaskar and Lakshmikantham [3] introduced certain
coupled fixed point theorems in partially ordered metric spaces. Since then, when many
authors saw that these fixed point theorems can be utilized to investigate existence and
uniqueness of solutions of periodic boundary value problems, differential equations and
nonlinear integral equations, these theorems attracted their attention. And, they ex-
tended these theorems to various generalizations of metric spaces as cone, partial and
modular, e.g. [1, 2, 4, 5, 7-12, 14-20].

The notion of metric space has many generalizations in literature. One of the most
recent of them is bipolar metric space which is introduced by Mutlu and Giirdal [13] in
2016. Also, they established some fixed point theorems as Banach’s and Kannan’s on this
space.

In this paper, we extend certain coupled fixed point theorems, which can be considered
as generalization of Banach fixed point theorem, to bipolar metric spaces. Also, we obtain
some results which are related to these theorems. Finally, we give an example which
presents the applicability of our obtained results.
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2. Bipolar Metric Spaces

We express a series of definitions of some fundamental notions related to bipolar metric
spaces.

Definition 1. [13] A bipolar metric space is a triple (X,Y,d) such that X,Y # 0 and
d: X xY — R" is a function satisfying the properties

(B0) if d(z,y) =0, then x =y,

(B1) if x =y, then d(z,y) =0,

(B2) if x,y € X NY, then d(z,y) =d(y,x),

(B3) d(z1,y2) < d(x1,y1) + d(z2,y1) + d(22,92),
for all (z,y), (x1,y1), (v2,y2) € X x Y, where RT symbolises the set of all non-negative
real numbers. Then d is called a bipolar metric on the pair (X,Y).

Definition 2. [13] Let (X1,Y1) and (X2,Y2) be pairs of sets and given a function f :
X1UY] = XoUYs. If f(X1) C Xo and f(Y1) C Yo, we call f a covariant map from
(X1, Y1) to (Xo,Y2) and denote this with f : (X1,Y1) = (Xo,Y2). If f(X1) C Y2 and
f(Y1) € Xo, then we call f a contravariant map from (X1,Y1) to (X2,Y2) and write
f (X1, Y1) XX (Xe,Ya). In particular, if di and da are bipolar metrics on (X1,Y1) and
(X9,Y3), respectively, we sometimes use the notations f : (X1,Y1,d1) = (X, Ya,ds) and
f . (Xl,Yl,dl) >§ (XQ,YQ,dQ).

Definition 3. [13] Let (X,Y,d) be a bipolar metric space. A point u € X UY is called
a left point if u € X, a right point if u € Y and a central point if it is both left and right
point. Similarly a sequence (x,) on the set X is called a left sequence and a sequence (yy)
on Y is called a right sequence. In a bipolar metric space, a left or a right sequence is
called simply a sequence. A sequence (uy) is said to be convergent to a point wu, iff (uy) is
a left sequence, u is a right point and nh_{rolo d(un,u) = 0; or (uy) is a right sequence, u s
a left point and nh_)rglo d(u,u,) = 0. A bisequence (xn,yn) on (X,Y,d) is a sequence on the
set X x Y. If the sequences (xy,) and (yn) are convergent, then the bisequence (xy,yn) s
said to be convergent, and if (x,) and (y,) converge to a common point, then (x,,yy) is
called biconvergent. (xy,yn) is a Cauchy bisequence, ifngr_rioo d(xn, ym) = 0. In a bipolar

metric space, every convergent Cauchy bisequence is biconvergent. A bipolar metric space
is called complete, if every Cauchy bisequence is convergent, hence biconvergent.

Definition 4. [13] Let (X1,Y1,d1) and (X2,Ys,d2) be bipolar metric spaces.

(1) Amap f : (X1,Y1,d1) = (Xo,Ys,ds) is called left-continuous at a point zg € X,
if for every e > 0, there exists a 6 > 0 such that dy (zo,y) < 0 implies da (f (zo), f (y)) <e
ally € 7.

(2) Amap f : (X1,Y1,d1) = (Xo, Yo, da) is called right-continuous at a point yo € Y7,
if for every e > 0, there exists a 0 > 0 such that dy (z,y0) < ¢ implies da (f (), f (yo)) <€
for all x € X;.

(3) A map f is called continuous, if it is left-continuous at each point x € X1 and
right-continuous at each point y € Y.
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(4) A contravariant map f : (X1,Y1,d1) X (X2,Y2,ds) is continuous if and only if it
is continuous as a covariant map f : (X1,Y1,d1) = (Yg,Xg,dg)

It can be seen from the Definition 4 that a covariant or a contravariant map f
from (X1,Y1,d1) to (Xg,Y2,ds) is continuous if and only if (u,) — v on (Xi1,Y1,d;)
implies (f (un)) = f (v) on (Xo, Ya,ds).

3. Main Results

Definition 5. Let (X,Y,d) be a bipolar metric space, F : (X2,Y2) = (X,Y) be a covari-
ant mapping. (a,b) € X2 UY? is said to be a coupled fized point of F if

F(a,b) =a and F(b,a) = 0.

Theorem 1. Let (X,Y,d) be a complete bipolar metric space, F : (XZ,YQ) = (X,Y) be
a covariant mapping and k, | be non-negative constants. If F' satisfies the condition

d(F(a,b), F(p,q)) < kd(a,p) +1d(b,q), k+1<1 (1)
foralla,be X, p,g€Y, then F: X?UY? - X UY has a unique coupled fized point.

Proof. Let ag,by € X and pg,q0 € Y. We take a1,b1 € X and p1,q1 € Y with a1 =
F(ag,by), b1 = F(bo,a0), p1 = F(po,q), ¢1 = F(qo,po). And similarly, we take ag,bs € X
and pg,q2 € Y with ag = F(a1,b1), by = F(b1,a1), p2 = F(p1,q1), g2 = F(q1,p1). In this
way, we obtain bisequences (ay, by,) and (py, gn) with

An+1 = F(anabn)a bn+1 - F(bn;an)y Pn+1 = F(pn7Qn) and gn+1 = F(Q’mpn)

for all n € N*. Let k+1 = \. From (1), we get

d(anapn—H) = d(F(an—labn—l)uF(pann))a (2)
< kd(an—lapn) + ld(bn—l7 qn)

and

d(bnaQnJrl) = d(F(bnflaanfl),F(QmPn))a (3)
< kd(bnfla Qn) + ld(anfl,pn)

for all n € N* and A < 1. Let
€n = d(anapn—i-l) + d(bm Qn—i—l)
for all n € N*. Combining (2) and (3), we observe that

€n = d(anapn-i-l) + d(b’m Qn—l—l)
< kd(an—hpn) + ld<bn—17 Qn) + kd(bn—h qTL) + ld(an—lapn)
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= (k? + l)(d(an—hpn) + d(bn—la Qn))
= )\en,l.

Then we get
0<ep < Aepo1 < Aepog < - < Al

On the other hand,

d(an+17pn) = d(F(ambn)aF(pn—hQn—l))?
kd(anapnfl) + ld(bn’ anl)

IN

and

d(F<bn7 an)7 F(QR—17pn—1>)7
kd(bn, gn-1) + ld(an, ppn—1)

d(bn—i—b Qn)

IN

for all n € Nt and A < 1. Let

Sn = d(an+17pn) + d(bn+17 Q’n)

for all n € N*. Combining (5) and (6), we observe that

Sn = d(an—i-lapn) + d(bn—i—la Qn)

N

= (k + l)(d(anvpn—l) + d(bn7 Qn—l))
= ASn_l.

Then similar to Equation (4), we obtain that
0< 8y < Aspo1 < A%sp_0 < - < Asg.
Moreover,

d(anapn) = d(F(aTL*l,bn71)7F(pnflaqnfl))a
=~ kd(anflypnfl) + ld(bnfla anl)

A

and

d(meH) = d(F(bnfbanfl)aF(anlapnfl))a
< kd(bnfla anl) + ld(anflapnfl)

for all n € N* and A < 1. Therefore, let

ty, = d(anapn) + d(bm qn)

kd(annpn—l) + ld(b’rh Qn—l) + kd(bna QTL—l) + ld(anapn—l)

658
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for all n € N*. Combining (8) and (9), we observe that

tn

= Ap-1.

Thus, we obtain that

0 <ty <M1 < ANty0 < - < N,

Using the property (B3), we get

d(an)pm) < d(
< d

and
d(am>pn) <

for each n,m € N, n < m.

d(an, pm) + d(bn, qm) <

IN

IN

and

d(am,pn) + d(bm,qn) <

IN

IN

d(amypm—l) + d(am—lapm—l) + -+ d(an—f—lupn))
d(bma mel) + d(bmfh mel) 4+ d(bn+17 Qn)

Then, from (4), (7) (10), (11) and (12), we have

(d(an; pnt1) + d(bn, gn+1))

+(d(an+1;,Pnt1) + d(bpt1, Gni1)) + -
+(d(am—1,pm-1) + d(bm-1, gm-1))

+(d(am—1,Pm) + d(brm-1,qm)),

en +tny1 +eny1 + -+ tm—1 +€m—1,

Nleg 4+ Nty + X leg + - Xy + A e,

d(ampn) + d(bna qn)
S kd(an—lapn—l) + ld(bn—17 QTL—l) + kd(bn—17 Q’n—l) + ld(an—lvpn—l)
= (]C + l)(d(an—lapn—l) + d(bn—la Qn—l))

a?’wpn—l—l) + d(an+l7pn+1) +- d(am—hpm)y
(bna Qn+1) + d(bn+17 QnJrl) + -+ d(bmfla Qm)

659

(10)

A X N e - (AT A2 A

)\n

AnJrl

1-A

(d(am, pm—1) + d(bp, gm—1))
(d(am—1,pm—1) + d(bm-1,gm-1)) + -
+(d(an+1,pn+1) + d(bnt1, 1))
+(d(an+1,pPn) + d(bnt1, qn)),
Sm—1ttm—1+ -+ Spt1 +tny1 + Sn,
N s+ A g 4o A gy 4+ AL o+ s,

_|_

e +

1-A

to

(13)

A X NPT s (AT A2 e A

)\'I’L

An—l—l

1-—A

S0 +

1-X

to

(14)
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for n < m. Since, for an arbitrary ¢ > 0, there exists ng such that 2 = )\eo + /\1011 ty < £ 5

and 25 x50 + 10:1750 < §, from (13) and (14), we have

d(anvpm) + d<bn7 Qm) < g

for each n,m > ng. Then (an,p,) and (b,,q,) are Cauchy bisequences. Because of
completeness of (X,Y,d), there exist a,b € X and p,q € Y with
lim a, =p, lim b, = q, hm 0 pp = a and lim ¢, =b. (15)
n—oo n—o0 n—o0
Then there exists n1 € N with d(an,p) < §, d(bn,q) < 5, d(a,p,) < § and d(b,qn) < §
for all n > n;y and every € > 0. Since (an,p,) and (by, ¢,) are Cauchy bisequences, we get
d(an, pn) < § and d(b,,q,) < §. So, from (1), we have

A

d(F(aa b)ap) > d(F<a7 b)vpn-‘rl) + d(an+lapn+1) + d(an+1ap)
d(F(av b)v F(pm Qn)) + d(an+17pn+1) + d(an+1,p)
k‘d(a,pn) + ld(bv QH) + d(an+1apn+1) + d(an+17p)
BE iS4+ 545
3 3 3 3
€ €
A=+ 2=
3 + 3 <e€
for each n € N and A < 1. Then d(F(a,b),p) = 0. Hence, F(a,b) = p. Similarly, we get
F(b,a) =¢q, F(p,q) = a and F(q,p) = b. On the other hand, from (15) we get

IA

N

d(a,p) = d( lim py,, lim a,) = lim d(ap,p,) =0

— 00 n—0o0 n—oo
and
d(b,q) = d( lim gy, lim b,) = lim d(b,,q,) = 0.
n—o0 n—oo n—oo

So, @ = p and b = ¢q. Therefore, (a,b) € X2NY? is a coupled fixed point of F.
Now, to show the uniqueness, we begin by taking another coupled fixed point (a*, b*) €
X2UY?2 If (a*,b*) € X2, then we get

d(a*,a) = d(F(a*,b*), F(a,b)) < kd(a*,a) + 1d(b*,b)
and
d(b*,b) = d(F(b*,a*), F(b,a)) < kd(b*,b) + ld(a*, a).

Therefore, we have
d(a*,a) +d(b*,b) < A(d(a*,a) + d(b*,b)). (16)

Since A < 1, by (16) this means that d(a*,a) + d(b*,b) = 0. So, we obtain that a* = a
and b* = b. Similarly, if (a*,b*) € Y2, we have a* = a and b* = b. Then (a,b) is a unique
coupled fixed point of F.

The following corollary is obtained, if we take equal the constants k, [ in Theorem 1.
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Corollary 1. Let (X,Y,d) be a complete bipolar metric space, F : (XQ,YQ) = (X,Y) be
a covariant mapping and k, I be non-negative constants. If the condition

A(F(a,0), F(p, ) < 5 (d(a.p) + (b)), k<1 (1)

holds for all a,b € X, p,q € Y, then F : X?UY? — X UY has a unique coupled fized
point.

Now, we express another generalization of coupled fixed point theorem in bipolar metric
spaces.

Definition 6. Let (X, Y, d) be a bipolar metric space,a € X, peY and F : (X xY,Y x X)
= (X,Y) be a covariant mapping. (a,p) is said to be a coupled fixed point of F if

F(a,p) = a and F(p,a) = p.

Theorem 2. Let (X,Y,d) be a complete bipolar metric space, F' : (X XYY x X) =
(X,Y) be a covariant mapping and k, | be non-negative constants. If the condition

d(F(a,p), F(q,b)) < kd(a,q) +1d(b,p), k+1<1 (18)

holds for all a,b € X, p,q e Y, then F: (X xY)U(Y x X) — X UY has a unique coupled
fixed point.

Proof. Similar to the proof of Theorem 1, we define bisequences (ay, pn) and (by, gn)
as follows:

Qp4+1 = F(anapn)7 Pn+1 = F(pman)a anrl = F(bnaQn) and dn+1 = F(anbn)

for all n € NT. Let k 4+ [ = A. Then, from (18), we get

d((ln, QTL+1) - d(F(anflapnfl)a F(Qn» bn))a (19)
kd(anfla C]n) + ld(bTH pnfl)

IN

d(an-i-ly QTL) = d(F(anv pn)u F(qn—la bn—l))v (20)
kd(an7 QTL—l) + ld(bn—lvpn)

IN

d(bnvpn-i-l) - d(F(bn—17qn—1)7F(pnaan)>7 (21)
kd(bn—lvpn) + ld(ana qn—l)

IN

d(bn+1apn) = d(F(bnaQn)vF(pnflaanfl))v (22)
=~ kd(bnapnfl) + ld(anflv Qn)

A
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for all n € Nt and A < 1. Let

en = d(an, gny1) + d(bn+1>pn)

and
Sp = d(an+1a Qn) + d(bnapn—i-l)

for all n € NT. Using equations (19), (20), (21) and (22), we get

€n = d(an; Qn—i—l) + d(bn—i-lvpn)
< kd(an—h Qn> + ld(brupn—l) + kd(bn7pn—l> + ld(an—la Qn)
= (k + l)(d(an—h qn) + d(bnapn—1)>
= Aep—1
and
Spn = d(an—i-l; Qn) + d(bn;pn—l—l)

< kd(an, gu-1) + 1d(bn—1,pn) + kd(bn-1,pn) + 1d(an, gn—1)
= (k‘ + l)(d(am anl) + d(bn*hpn))

= )\Snfl.
Then we obtain that
0< e, < Aepo1 < Aepg <o < Ale (23)
and
0 < sp < Asp1 < Xsp_g < --- < N (24)
On the other hand,
d(anv Q’n) - d(F(an—lapn—l)') F<qn—17 bn—l))7 (25)
< kd(an-1,qn-1) + ld(bp—1,pn-1)
and
d(bnapn) - d(F(bn—17pn—1)7 F(pn—17 a’n—l))a (26)

< kd(bn—1,pn—1) + ld(an—1, gn-1)
for all n € NT and X\ < 1. If we take
tn, = d(an, qn) + d(bn, Pn)
for all n € N* and combine (25) and (26), we have
tn = d(an,qn)+ d(bn,pn)

< kd(an—la Qn—l) + ld(bn—lvpn—l) + kd(bn—hpn—l) + ld<an—17 Qn—l)
= (]C + l)<d(an—1; Qn—l) + d(bn—lapn—l))
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= Ap_1.
So, we get
0 <ty <Mp_1<Nty_o < < A, (27)

We obtain that

(ana Qm) < d(ana QH—H) + d(an—i-h Qn—i-l) +---+ d(am—1Qm)7

( 'napm) < d(bThpThLl) + d(bn+17pn+1) +-+ d(bm*bpm)a (28)

(am7 Qn) S d(ama Qm—l) + d(am—la Qm—l) +---+ d(an-‘rl: Qn)v

( mapn) < d(bmapmfl) + d(bmflapmfl) + -+ d(anrl,pn)
for each n,m € N, n < Thus, from (23), (24) (27) and (28), we have

NS

(d(an, gn+1) + d(bnt1,pn))

+(d(ant1, gn+1) + d(bpt1, pns1)) + -

+(d(am—1,gm—1) + d(bm—1,Pm-1))

+(d(am—1,qm) + d(bm, Pm-1)),

= eptitptr1tent1+ -+ lmo1+em_1,

< Aleg + N + A leg -+ AT 4 AT e

= (A" AMT p A ey (AL A2 Ay
A" )\n—i—l

< 2
S Tty (29)

d<an7Qm> + d(bmypn>

and

d(am;, qn) +d(bn,pm) < (d(@m;Gm-1) + d(bm—1,Pm))
+(d(am—1,qm—1) + d(bm—1,Pm-1)) + -+~
+(d(an+1;, gn+1) + d(bnt1, Pnt1))
+(d(an+1,qn) + d(bn, Pnt1)),
= Spm—1+ttm-1+ -+ Spy1 +tpy1 + Sn,
< ANTLsg AT g 4 AL+ AL 4 A s,
= (A" AT AT sy (AP ATE L ATy,
P\ )\n—l-l
SR

IN

to (30)

/\ o+l

for n < m. Since, for an arbitrary ¢ > 0, there exists ng such that )‘ 9 i=x¢€0 + to < 5

and )‘ 22580 + )‘10:1 to < § , from (29) and (30), we have for each n,m > no that

d(am Qm) + d(bmapn) < g

Then (an,qn) and (by,p,) are Cauchy bisequences. Using completeness of (X,Y,d), we
say that there exist a,b € X and p,q € Y with

lim a, =¢, lim b, =p, lim p, =band lim ¢, = a. (31)
n—oo n—oo n—o0 n— o0
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Then there exists n; € N with d(a,,q) < §, d(by,p) < 5, d(b,ps) < § and d(a,qn) < §
for all n > ny and every € > 0. Since (an, g,) and (b, p,) are Cauchy bisequences, we get

d(an, qn) < § and d(bp,pn) < §. Thus, from (18), we have

d(F(aap>7 Q) S d(F(a7p)7 Q’rl-i-l) + d(a’n+17 QTH-I) + d(an+17 q)
= d(F(a,p),F(pn, bn)) + d(an—i-la Qn-i—l) + d(an—i-l,Q)

kd(a7 Qn) + ld(bn7p) + d(an+17 QTH-I) + d(an-‘rlv q)
ke tis+ S+ 5

3 3 3 3

€ €
A=+ 2-

3 + 3 <€

for each n € N and A < 1. Then d(F(a,p),q) = 0= F(a,p) = ¢. In a similar manner, we
get F(p,a) =b, F(b,q) = p and F(q,b) = a. And, from (31) we have

IN

N

d(a,q) = d( lim_g,, lim ay) = lim d(an,qn) =0
and
d(b,p) = d(nlirgopn,nlgngo bp) = nl;rglo d(by, pn) = 0.
Therefore, a = g and b = p. Then (a,p) € (X xY)N (Y x X) is a coupled fixed point of

F. As in the proof of the Theorem 1, uniqueness of the coupled fixed point of F' can be
shown easily.

Corollary 2. Let (X,Y,d) be a complete bipolar metric space. F : (X XYY x X) =
(X,Y) be a covariant mapping and k, | be non-negative constants. If the condition
k

holds for alla,b € X, p,qe Y, then F: (X xY)U(Y x X) = XUY has a unique coupled
fixed point.

(d(a,q) +d(b,p)), k<1 (32)

Example 1. Let U,(R) and L,(R) be the sets of all n x n upper and lower triangular
matrices over R, respectively. A function d : Up(R) x L,(R) — R be defined as

d(A,B) = ) |aij — b
ij=1

for all A = (aij)nxn € Un(R) and B = (bij)nxn € Ln(R). Then it is apparent that
(Un(R), L, (R),d) is a complete bipolar metric space. We take a covariant mapping

F: (Un(R)van(R)2) = (Un(R)aLn(R))

such as F(A,B) = (@) where (A = (aij)nxn, B = (bij)nxn) € Un(R)? U Ly, (R)?.

nxn

d(F(A,B),F(C,D))=d ((W)nm ’ (CJJ?:CZJLX”)

Then we get
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n

-3

aij + bij — ¢ij — dij

2,7=1 3
< Zn: aij — Cz‘j 4 bij — dz‘j
- 3 3
2,j=1

. é (d(A,C) + d(B, D))

for all A = (aij)nxn, B = (bij)nxn € Un(R) and C = (¢ij)nxn, D = (dij)nxn € Ln(R).
Therefore, the equation (17) is satisfied for k = % Then from Corollary 1, F has a
unique coupled fized point. It is obvious that the coupled fized point is (Opxn,Onxn) €
Un(R) N L, (R) where 0y, xyp, is the null matriz.

On the other hand, if
F: (Un(R)?, Lu(R)?) = (Un(R), Ln(R))

is defined by F(A,B) = (%) where A = (aij)nxn, B = (bij)nxn € U,(R)? U

nxn

L,(R)2. Then it can be observed that
A(F(4,B), F(C, D)) < L (d(4,C) +d(B, D))

Then F satisfies the equation (17) for k = 1. Therefore, coupled fized points of F are both
(Onxn, Onxn) € Up(R)N Ly (R) and (I, I,,) € Up(R)N L, (R) where 0y, is the null matrix
and I, is the identity matriz. As it can be seen from this expression, F has not a unique
coupled fixed point. Thus, the conditions k < 1 in Corollary 1 and k+1 < 1 in Theorem
1 are the most appropriate conditions for satisfing the uniqueness of coupled fized point.
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