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Abstract. Although Selberg-type single positive definite symmetric matrices gamma and beta
integrals have been evaluated by several authors, see e.g., Askey and Richards [1], Gupta and Kabe
[2, 4], Mathai [8], and elsewhere in the vast multivariate statistical analysis literature. However,
several other types of Selberg-type integrals appear to have been neglected in the literature. Thus
e.g., Selberg-type integrals associated with inverse Wishart densities, inverse multivariate beta
densities, their noncentral counterparts, etc, have not been explored as yet. The present paper
records Selberg-type generalized quadratic forms gamma and beta integrals. Our methodology is
based on hypercomplex (HC) multivariate normal distribution theory, Kabe [6].
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1. Introduction

The HC multivariate normal distribution is defined as follows. Let z1, xo , ..., T4,

t= 1,2 be 4t p x n real random matrices and for ¢ = 2, i.e., the octonions case, set

47 2’

Y =21 +ixe, +jr3 + kxg + lx5 + mag + nxy + ras, (1)
where the base octonions i, j, k, [, m, n, r satisfy the multiplication rule
==k =P =m?=n*=1r?=—1=ijk =ilm=irn = jmr = kjr = knm. (2)
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Fort=1,t =2,t = 4,t = 4i is the bioctonion case, Hypercomplex variables do not form a
field, they are known to form Clifford Algebras. The octonions conjugate of Y is defined
by

Y =21 —izy — jog — kxy — los — mag — nwy — ras. (3)

Note that YY" is a positive definite HC Hermitian matrix (HCHM).
Next set

D= 40> 4> R D Amd 4y Ty (4)

where ), is a p X p positive definite symmetric matrix, and ) ,,..., > ¢ are real p x p skew

symmetric matrices. Note that 571 = 3" and 3. is HCHM. Now setting dy = dx;...dzs,
Kabe [6] shows that the pn variate HC multivariate normal density of Y can be written as

FO) =772 P eap{—try " Y, (5)
and hence the HC Wishart density of the p x p HCHM G = YY" is

F(G) = {Tp@nt)} 71 Y |72 G 2P D eap(—tr Y ~'GY, (6)

where
Ty(a) = 7P~ DI T(a — 2t(p — 1)). (7)

Further for given two p x p HCHM matrices A and B, having HC Wishart densities with
n and ¢ degrees of freedom, the density of the p x p HCHM R defined by

R=G"3AG3,A+ B =G, (8)
is given by the expression
F(R) = {By(2nt, 2qt)}~HI — RIr-pr U=t Rp2amHD1, (9)
where (see [5]),
I'p(a)ly(b)
= 1
By(a,b) F ot h) (10)

If now A is the p x p diagonal matrix of the roots of R, then Kabe [6, p.68, equation
(21)] shows that the Jacobian
J(R:N) =T (2 — 2)"™, A = diag(Ay, ..., Ap), (11)
and the HC multivariate beta density of A is

F(A) = {By(2nt,2qt) 7|1 — APHOTPEDZE A PHaPEDII

=A% (12)
with a similar result for the density of the roots matrix of (6).

Now our paper proceeds as follows. The next section derives the real generalized
quadratic forms Wishart density (GQFWD), and section 3 develops the real generalized
quadratic forms multivariate beta density (GQFMBD). Section 4 records the gamma in-

tegrals, and section 5 records the beta integrals of the context.
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2. GQFWD

Let X be a p x n matrix of rank p < n, and A = diag(d1, ..., d,) n x n diagonal matrix,
then GQFWD of p x p T is defined by the integral

f(T) = k/XX'—T exp{—trXAX'}dX, (13)

where k, as a generic letter, denotes the normalizing constants of density functions in this

paper.
The moment generating function of T is

() = k:/exp{—tr(XAX’ —0XX")}dX =101, |61 — «9\_%, (14)

where 6, in the usual sense, is p X p positive definite symmetric matrix.
Indeed, Mathai [8, p.353], derives the density (13); however, his density function is not
suitable in our context. In our context inverting (14) we find that

F(T) = |A[737161 [~5eap{ oyt TY T 7DD, (L)

%n; (n—=1)01 — 92 — ... = 6,)T) (15)

where 61 = max(dy,...,0p). It is possible to use Mathai’s [8] GQFWD and GQFMBD
results to derive Selberg-type gamma and beta integrals of our context; however, our
expressions for the GQFWD and GQFMBD appear to be simpler than the ones given by
Mathai [8], and Mathai, Provost and Hayakawa [7, Chapter 5]

We proceed to prove (15) . Given the joint density of n gamma variates to be

.1F1(%(n— 1);

W1y yn) = kexp{—(a1y1 + + anyn) " ydn L (16)

the density of t = y; + ... + y, is desired, where o’s are distinct real positive constants.
The moment generating function ¥(#) of t is,

V() =(an —0)" 9. (a, — 0) 9
= (o1 = 0)79 ((o1 = 0) = (1 — a2)) ™ "...((1 — 0) — (a1 — a)) ™
— (041 _ 9)—(g1+...+gn+r2+...rn) Z:S:O Z;:: (g2+rr2271)m(gnt7;nfl) (041 _ az)rgm
(a1 —am)™, (17)
where oy = mazx{a,...,an}. And now inverting (17) we have that

F(T) = (D(g1 + + g0)) Ty (a0 F9m cap{— a1 Fon =)
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O(g2y ooy Gny g1 F oo+ gn; (1 — @2)t, ..., (1 — ap)t). (18)
F + F n+ n — T2 —Q&n n
Hore, ¢ = Y75 .. Yope g Tt e bl —aal b )
=1 Fi(g2+ .-+ g1+ -+ gn;(n—1a; —az — ... — ap)t). (19)

To prove (19) we proceed as follows. The sum of the two noncentral p x p Wishart matrices
A and B, with n and ¢ df, and noncentrality parameters A and 2, is again noncentral
Wishart with (n+q)df, and (A+Q) as noncentrality parameter. With 2g=(p+1), we write
this result as

k / exp{—tr(A + B)MA9|B9 oFi(n; AA)Fi(q: QB)dA dB
= exp{—trD}|D|"™ oFi(n + ¢; (A +Q)D), (20)

oF1(n; AA)oFi(q; 2B) =0 Fi(n+ ¢; (A +Q)(A+ B)). (21)
Now Mathai [8, p. 339, Theorem 5.5] defines

@(b1,ba; c; X1, X2)
= [|U|"=9|Us|%279|1 — Uy — Us|~h=%79 | Fy(by;dy; X1Uy) 1 F1(bo; do; XoUs)dU dUs

= f |U1’d1_g|U2‘d2_g|I —-Up — U2|c_d1_d2_gexp{—t7’(Z1 + Zg)}
|Z1|b1—g|22|b2—g OFl(dl;XlUlzl)oFl(dQ;XQUQZQ)dzleQdUldUQ

= [ B=9|Us| %79 — Uy — Us|~ D% eap{—tr(Z1 + Z»)}
|Z1|P179| Z|%279 o Fy (dy + do; (X1 + X2)(Uy + U2)(Z1 + Z9))dZ1dZ2dUydU;

= [0 " 910s| 79| — Uy — U]~ %7
1F1 (b1 + ba; di + do; (X1 + X2)(Ur + Us))dU,dUs

= koF5(dy + da; by + ba; dy + da; ¢; X1 + X2)

=k 1F1(b1 +boyc; X1+ XQ),
(22)
and hence (15) and (19) follow. All matrices in (22) are p x p positive definite matrices.

3. GQFMBD
The GQFMBD of the p x p matrix M defined by the integral

F(0) = /R o(T1)g(To)dT1dTs, (23)
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whereR = (Ty + T5)2 M (T} + Tb)? = T. The joint density of p x p T} and T is

F(T1,To) = |AP(61)P exp{—8itr(Ty + To)}|T1 |27~ D|Ty|2 (a1

1 1 1 1
1F1(§(n—1),§n75T1)1F1(§(q—1),§q,5T2)- (24)

Note that the matrix M has a doubly noncentral multivariate beta density derived by
Gupta and Kabe [3] as follows.

F(T1,Ty) = k eap{—itr(Ty + Tp)}|T1 |2 (P~ V| 1y[3la»~D
[ eap{—tr(Zy + Z2)}| 21|20 79| 2|34 D9
1 1
0F1(§n; 0Ty, Zy) 0F1(§q; 0T2)dZdZs, (25)
and hence the doubly noncentral multivariate beta density of M is

F(M) = k exp{—tr(Ty + To)}| Z1|2 ("D 79| Zy| 2@ D=9| pg | (== 1)
11— M2 PD, By (L (n + q); 3n; SM (2, + Zo)dZ1dZs

= |AP(81)2 D) a3 e D 1 - M| D{B, (In; L)}

1 1 1
2F1(5(n +q = 2); 5(n + q); 573 06,7 M). (26)

We now proceed to write the HC counterparts of (15) and (25), with 6 = ((n —1)d; — 62 —
— 0n).

4. HCGFWD

The HCGFWD of (15) is

F(T) = |A[Ptexp{—o1trT} T2 P=PHO=UT (2nt)} 71 (61) 2! Fy (2t(n —1); 2tn; 6T), (27)

and hence the density of the roots matrix p x p A is

F(A) = |AIPP eap{—ortrTHT 0P+ =T, (2n) )~ (81) %"
L2t (n — 1); 2tn; 6T)TIE_ (A — Aj)" (28)

and setting (2¢ = h) we find that

[ exp{=b1trA}| A 971 1 Fi((n — 1)h;nh; AT (Ni — Aj)HdA
pnh Pp(.g + hp - h)

F(p+1)

Note that in (28) the roots are ordered, but in Selberg-type they are unordered hence the
factor I'(p + 1) in (29).

= |A[7P"(81) (29)
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5. HCGQFMBD

The HCGQFMBD of p x p M is

F(M) = |A[1(6,)2P1 =02 { By (2nt; 2qt) } M PP D)=L [ — pp|PHamp )=
o F1(2t(n + q — 2); 2t(n + q); 2tn; 6, *P'6M),

f(/\) — {Bp(Qnt; th)}—l’A‘4pt(51)2pt(n—q+2)| A |2t(n—p+1)—1u . /\‘Qt(q—p—&-l)—l

21 (2t(n + q — 2); 2t(n + q); 2tn; 57 POAID_ (A — M)

and hence setting 2t = h, we have that

LIAJ9HT = A9 Py (h(n+ g — 2); h(n + q); hn; 6(81) 2P A)TTE

z<j(>‘i — )\j)4td/\

_ By(g+hp— hit + hp— A2 (gy) o=t "
a F(p+1)

Thus (29) and (30) are the Selberg-type integrals of our context.
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