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Abstract. The paper deals with Hilbert space valued fields over any locally compact Abelian group G, in
particular over G = Z" x R™, which are periodically correlated (PC) with respect to a closed subgroup
of G. PC fields can be regarded as multi-parameter extensions of PC processes. We study structure,
covariance function, and an analogue of the spectrum for such fields. As an example a weakly PC field
over Z? is thoroughly examined.
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1. Introduction

Periodically correlated (PC) processes and sequences have been studied for almost half of
the century and at present they are very well understood mainly due to works of Gladyshev [12,
13], Hurd [18-22] and other authors [5, 16, 27-31]. A summary of the theory of PC sequences
can be found in [24]. Surprisingly, there are only several publications [2-4, 6, 7,10, 11, 23, 38]
dealing with PC fields, and each one concentrates on a particular type, namely coordinate-
wise strong periodicity. An intention of this paper is to sketch a unified theory of fields over
any locally compact Abelian (LCA) group G which are periodically correlated with respect to
an arbitrary closed subgroup K of G. We emphasize the case of G = Z" x R™ to illustrate
the results. This work includes stationary fields as well the weakly periodically correlated
fields, that is the fields whose covariance function exhibits periodicity (or stationarity) in fewer
directions than the dimension of the group. In the latter case we assume a certain integrability
condition (see Definition 3) in order to develop some simple spectral analysis of those fields.
A work in progress treats the case where this condition is not satisfied.
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The paper is organized as follows. In the remaining part of this section we introduce
notation and vocabulary used in the paper, review needed facts from harmonic analysis on LCA
groups, and outline the theory of one-parameter PC processes. In the next three sections we
study the covariance function, the notion of the spectrum, and the structure of a K-periodically
correlated field. These sections include the main results of the paper (Theorems 1, 2 and 5).
The last section contains examples that illustrate the theory developed. In particular Example 2
gives a complete analysis of the weakly periodically correlated fields over Z?2, introduced in
[23].

Background

To avoid confusion and to set the notations of the paper we recall some features of group
theory, Haar measures, Fourier transform, and periodic functions. For more information on
these subjects the authors refer to [14, 35, 37].

1. Quotient groups, cross-sections, Haar measure, and Fourier transform. Let G be an addi-

tive locally compact Abelian (LCA) group, G be its dual (group of continuous characters), and
let ( > denote the value of a character X € € G att € G. The dual G can be given a topol-

ogy that makes it an LCA group such that ( ") = G. Let K be a closed subgroup of G. The
symbol G/K will stand for the quotient group and (E\/K) for its dual. Let 1 denote the natural
homomorphism of G onto G/K, 1(t) :=t + K, and 1* be its dual map 1* : E/? — G, defined as
(1*(7)), t> = (n, (t+ K)> forn e G//F and t € G. The mapping 1* is injective and continuous,

—

and for each n € 5/?, < "(n), > is a K-periodic function on G (see below). Consequently G/K
can be identified with a closed subgroup Ay of G consisting of the elements A € G such that
(A,t) =1 for any t € K. In the sequel we use the notation (A, t) := (A,1(t)), for all A € Ag
and t € G. By %(G) we denote the o-algebra of Borel sets on G. A cross-section & for G/K is
a mapping & : G/K — G such that

(i) & is Borel,
(i) £(G/K) is a measurable subset of G,
(i) £&(0)=0and £oi(t)et+K forall t € G, where t +K := {t + k:k € K}.

For existence and other properties of a cross-section please see [25, 39]. For each cross-section
& for G/K, the sets k+&(G/K), k € K, are disjoint and their union is G, and hence each element
t € G has a unique representation t = k(t) + £(1(t)), where k(t) € K. Note that the function
& is not additive, that is £(x + y) may be different than £(x)+ £(y), x,y € G/K.

Any LCA group has a nonnegative translation-invariant measure, unique up to a multi-
plicative constant, called a Haar measure. The Haar measures on G and G can be normalized
in such a way that the following implication holds
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it felLlY(G), f(x):zJ(x,t)f(t)hG(dt) for y €G, and f € L}(G)
G

then f(t):J <x,t>f(x)ﬁ@(dx) fora.e. t €G.

G

The function f above is called the Fourier transform of f. Here and in what follows L'(G)
stands for the space of complex functions on G which are integrable with respect to fi;, and
fi; denotes the normalized Haar measure on the group indicated in the subscript. Note that the
normalization of the Haar measures of G and G is not unique. We follow the usual convention
that if G is compact and infinite then the normalization is such that ii;(G) = 1; if G is discrete
and infinite then the normalized Haar measure of any single point is 1; if G is both compact
and finite then its dual is also and the Haar measure on G is normalized to have a mass 1
while the Haar measure on G is counting measure. The normalized Haar measure on R is the
Lebesgue measure divided by +/27. Finally, if K is a closed subgroup of G then the normalized
Haar measures satisfy Weil’s formula

f (J f(k+8)ﬁz<(dk))ﬁc/z<(d5')=ff(t)ﬁc,-(dt), fel'(6). (D)
G/k \JKk G

The inner integral above depends only on the coset s :=s + K. See e.g. [35, Section I11.3.3].

If f € L'(G) then f is a continuous bounded function on G but not necessarily integrable.
The Fourier transform, which is customarily denoted by the integral f( 1) = f G < x> t> f(t)hg(dt)
(even if f is not integrable) extends from L'(G)NL2(G) to an isometry from L?(G) onto L3(G)
(Plancherel Theorem [37]). If there is a danger of confusion we will recognize the difference
by writing

FnE f (x,t)F(O)Hg(dD), f €L*(G).
G

In the sequel we say that the inverse formula holds for f if the function f is the inverse
Fourier transform of f. If both f and f are integrable then clearly the inverse formula holds
for both. Also if G is discrete and f € L?(G), then the inverse formula holds for f. Indeed,
in this case f € LY(G) because G is compact, and hence f(t) = f@ (;(, t>f(x)h§(dx) for all
t €qG.

For a separable Hilbert space 5 with inner product (-, ), and norm || - || ,, let
LP(G; ) := LP(G,hg; ), p = 1 or 2, be the space of #-valued fields on G which are p-
integrable with respect to Haar measure A, that is, f € LP(G; #) means that f : G — 5 is
H-measurable and the real-valued function t — ||f (t)||§f is integrable with respect to fi;. It
is well known that the space L'(G; #) is a Banach space with the norm

£l i=f If (Olle fig(dt),  f € LY(G; ),
G
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and the space L?(G; ) is a separable Hilbert space with the inner product
(f.8)p.:= J (F(0),8(1)),, Aig(dD), f,g € L*(G; ).
G

See e.g. [9, Chapter III] (see also [8, 15, 36]). Whenever f € L!(G; ) then f is Bochner inte-
grable (also called strongly integrable) and its Fourier transform exits. Furthermore Plancherel
theorem applies and defines an isometry from L?(G;.¢) onto L2%(G; #) (one-to-one), so
f € L%(G; #) is also well defined for f € L2(G; 7).

2. Periodic functions. Given G and a closed subgroup K of G, it is natural to call a function f
defined on G to be K-periodic if

flt+k)=f(t) forallte GandkeK.

In this case, the function f is constant on cosets of K. Hence a function f on G is K-periodic if
and only if f is of the form f = fx o1, where fy is a function on G/K. The concrete realization
Ag = 1*(6/?) c G of E/? as a subgroup of G will be in the sequel called the domain of the
spectrum of f . Note that Ay is not determined uniquely by f, for a K-periodic function can be
at the same time periodic with respect to a larger subgroup K’ D K; in other words we will not
be assuming that K is the “smallest” period of f.

If f € LY(G/K; #), # being the set of complex numbers C or any separable Hilbert space,
we consider the Fourier transform of fi at A € Ag

fr(A) = f (A, %) fr(xX) g (dx) (2)
G/K

that will be referred to as the spectral coefficient of f at frequency A € Ag.

A couple of remarks regarding the above definition and its relation to the standard notions
of the spectrum and its domain are certainly due here. The word spectrum comes originally
from physics, operator theory, and more recently from signal processing. It is widely used in
the theory of second order stochastic processes. Intuitively, the spectrum of a scalar function
f is a Fourier transform of f in whatever sense it exists. If f is a locally integrable function on
G = Z" x R™ then the spectrum F of f is a Schwartz distribution on G, which is a functional
on a certain space of functions on G determined by the relation F (@ = fG o(O)f(t)hg(de),
where ¢ runs over the set of compactly supported functions on G which are infinitely many
times differentiable in last m variables. One can show that if f is additionally K-periodic, then
the support of F (as defined in [36]) is a subset of Ag. This rationalizes the name “domain of
the spectrum” that we have assigned for Ay, as well the phrase “the spectrum sits on Ax” which
we will use sometimes. The first task in understanding the spectrum of a K-PC field is thus to
identify the domain of its spectrum or its second order spectrum. (See below).

The coefficient E(A) defined in (2) represents an “amplitude” of the harmonic (A,-) in a
spectral decomposition of f. Indeed, if f; and J/‘; are integrable, then

fK(X)=f (A, x) fc(W) My (dA), x € G/K,
Ax
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and as a consequence of Weil’s formula (1) and the fact that (A, t) = (A,1(t)), t € G, A € Ag,
we conclude that

(= f (A, t) fe (M iy (dA), teG. (3)
Ag

If J/‘; is not integrable, then equality (3) holds only for fi;-almost every t € G or is not valid as
stated, but a, still retains its interpretation.

For illustration suppose that f is a continuous scalar function on R which is periodic with
period T > 0, that is such that f(t) = f(t + T) for every t € R. In this case G =R,
K = {kT :k € Z}, the quotient group G/K can be identified with [0, T') with addition modulo
T, the mapping 1 is defined as 1(t) = [t]T, the remainder in integer division of t by T, and
the identity £(x) = x, x € [0, T), is the most natural cross-section for G/K. The function
fx is defined as fx(x) = f(&(x)) = f(x), x € [0, T). The dual of G/K is identified with the
subgroup Ax = {27j/T :j € Z} of R, and with this identification (A,1(t)) = (A, t) = e,
A € Ag, t € R. The normalized Haar measures on [0, T) and Ay are the Lebesgue measure
divided by T and the counting measure, respectively. The domain of the spectrum of f is
therefore the set Ag. The spectral coefficient f] of f at A =2mj/T, is given by

A1

T
fj=—f e YT f(D)dt, e
T 0

Note that the sequence { fj} is square-summable and consequently f(t) = Z;.):_oo et2mit/T fj,
where the series above converges in L2[0,T], so in L?([—A,A]) for every 0 < A < co. The
spectrum F of f is defined by the relation F (@ = ¢(t)f(t)dt. If ¢ is an infinitely

times differentiable with compact support then

7 )

1 ° -
F(¢)= Wor Lo $(O)f (D) dt = fRda(r)F(dr),

where F = Z;:_OO fAJ 812rj/1}> and 8, denotes the measure of mass 1 concentrated at {a}. The
spectrum of f can be therefore identified with a o-additive complex measure F on R sitting
on Ag and defined by F = Z;}:_Oo fj 6(2nj/T)- 1f the sequence {f;} is summable, then F is a
finite measure, but it does not have to be in general.

2. Periodically Correlated Fields

Let ¢ be a separable Hilbert space with the inner product (-, -) 5. In a probabilistic context
the space ¢ represents the space of zero-mean complex random variables with finite variance.
A (stochastic) field X = {X(t):t € G} is a measurable function X : G — #. Let
Hy = span{X(t):t € G} be the smallest closed linear subspace of 5# that contains all X(t),
t € G. The function K (¢,s) := (X (), X (s)) L b8 € G, is referred to as the covariance function
of the field X. A field X is called stationary if it is continuous and for all ¢,s € G, the function
Ky (t +u,s +u) does not depend on u € G. If X is stationary then

Ky (t+s,s) =Kx(t +0,0) =:Rx(t), t,s €G,
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and Ry has the form

Ry(t) = ﬁ(;c,r)r(dx),
G

where I' is a non-negative Borel measure on G (Bochner Theorem [35 Section IV.4.4]). A field
X is called harmonizable if there is a (complex) measure £ on G x G such that

Ky (t,s) = (dx dp), t,seaq, @

see [17, 33, 34]. The measure ¢ above is called the second order spectral (SO-spectral) measure
of the harmonizable field X. Note that every stationary field is harmonizable with the measure
F sitting on the diagonal: F(A)=T{y € G:(y, y) € A}, A € B(G x G). The SO-spectrum of a
harmonizable field X is the spectral measure ¢ associated with function Ky (t,—s), s, t € G via
relation (4). Here we adopt the terminology of “second order spectrum (SO-spectrum)” of the
field X, instead of the usual term “spectrum”, in order to avoid confusion with the spectrum
of a periodic function (or field). By this way we point at the fact that we are considering not
the field X by itself but its covariance function Ky. This leads to the following definition.

Definition 1. Let X be a continuous stochastic field over G. The second order spectrum (SO-
spectrum) of the field X is the spectrum (Fourier transform, in whatever sense it may exist) of the
function G x G > (t,s) — Kx(t,—s). The domain of the SO-spectrum of the field X is defined as
the domain of the spectrum of this function.

Definition 2. Let K be a closed subgroup of G. A field X is called K-periodically correlated (K-
PC) if X is continuous and the function G 3 u — Ky (t +u,s+u) is K-periodic in u for all t,s € G.
The group K will be called the period of the PC process X.

If G =R (or Z) and K = {kT : k € Z} then we will use the phrase “PC process (or PC
sequence) with period T > 0”7, rather than K-PC field. Note that every stationary field over G
is K-PC field with K = G. A K-PC field is labeled strongly PC if G/K is compact, and weakly PC
otherwise.

For example if X is a field over R? (or Z2) such that for every s,t € R? (or Z2),

Kx(s,t) = Ky(s + (T1,0),t + (T1,0)) = Kg (s + (0, T,),t + (0, T3)), 0 < Ty, T, < 00, then X is
strongly K-PC with K = {(k, Ty, ky, Ty):k;, ko € Z}. Since Ky is invariant under shifts from K
this leads to the existence of unitary operators U;, U, in 5% such that U; X (t) =X (t; + Ty, t5)
and U,X(t) = X(t1,ty+ T,) for every t = (tq, t5). If the field X instead satisfies

Ky (s,t) = Ky (s + (Ty, Tp), t+ (T4, To)),

then X is weakly K-PC with K = {k(T, T,): k € Z}. This leads to a unitary operator U such
that UX(t) = X(t+ (T, T)), t= (ty, t5).

Examples of PC fields on Z? can be constructed by a periodic amplitude or time deformation
of a stationary field. Suppose X(t) = f(t)Y(t), t = (tq,t,) € Z?, where Y is a stationary field
and f is a non-random periodic function such that f(t,ty) = f(t; + Tq,t5) = f(tq, t5 + T).
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Then the field X is strongly K-PC with K = {(kT;,kyT,) : ki, ky € Z}. If f above instead
satisfies f(ty,ty) = f(t; + Ty, ty + Ty), then X is weakly K-PC with K = {k(T;, T,):k € Z}. If
the function f is two-dimensional integer valued, then the field X defined by X (t) = Y(t+ f (t))
will be weakly PC.

Remark that generally Ky (t +u,s +u) = Ky (t —s +s +u,s +u), so a continuous field X is
K-PC if and only if Ky (t + u,u) is a K-periodic function of u for every t € G. If X is K-PC field
then for all ¢,s € G there is a unique function x — bx(t,s; x) on G/K such that

Ky (t +u,s +u)=bx(t,s;1(u)), t,s,uea.

The canonical map 1 : G — G/K is continuous and open [35, Section II1.1.6], so the function
x — by (s, t; x) is continuous. Denote

By (t;x):=bx(t,0;x), te€G,xeG/K.

Note that by (t,s;1(u)) = bX(t —s5,0;1(s +u)) = BX(t —s;1(s +u)) forall t,s,u € G.

In this work we need the following notion to proceed to the spectral analysis.

Definition 3. A K-PC field X over G is called G/K-square integrable if the function By (0;-) is
integrable with respect to the Haar measure on G/K.

If X is a G/K-square integrable K-PC field, then from translation-invariance of the Haar
measure it follows that for every t € G, bx(t, t;-) is fig/k-integrable, and

f 1X(t + w3, (k0 &~ (du) = f bx(t, t;x) gk (dx)
€(G/K)

G/K

=f By (0; x)hg/k(dx) = f IX W12, (g © E~1)(du) < o0,
G/K E(G/K)

where & is any cross-section for G/K. Also note that if bx(t,t;-) is fig/k-integrable for any
t € G, then by Cauchy-Schwarz inequality bx(t,s;-) is fig/k-integrable for all t,s € G.

When X = P is a K-periodic continuous field, then it is a PC field and we can readilly prove
the following equivalence

P is G/K-square integrable <= Py € L%(G/K; #),

where Py is the field defined on G/K by P =P o1.

When X is a PC process on R with period T > 0 (i.e. Ky(t,s) = Kx(t + T,s + T) for
all t,s € R), it is well known that the SO-spectrum of X can be described as a sequence of
complex measures v, j € Z, on R (cf. [24]). If in addition Z Var(y;) < oo then the process
X is harmonizable and

Ky (t,s)= JJ ') £(du, dv), (5)
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where ¢ := ijj, and f; is the image of y; via the mapping {;(u) := (u,u —2mj/T). If
> j Var(y;) = oo then = > j £ can still be viewed as the SO-spectrum of X in the framework
of the Schwartz distributions theory (see [29, 32]). For more discussion about PC processes
please see Example 1 in Section 6. A corresponding description of the SO-spectrum is available
for PC sequences (G = Z). Let us remark here that a PC sequence is always harmonizable, but
there are continuous PC processes which are not, see e.g. [12, 13].

The above description of the SO-spectrum of a PC process, which originates from Glady-
shev’s papers [12, 13], can be easily extended to the case of coordinate-wise strongly periodi-
cally correlated fields over R" or Z" (see e.g. [1, 6, 7, 11, 23]). The purpose of this work is to
describe the SO-spectrum of a K-periodically correlated field for any closed subgroup K of an
LCA group G and as a particular case when G = R™ x Z". We also briefly address the question
of structure of K-PC fields.

3. Covariance Function of a PC Field

This section contains an extension of Gladyshev’s description of the covariance function
of one-parameter PC processes (see [12, 13]) to the case of K-PC fields. For any G/K-square
integrable K-PC field X, define the spectral covariance function of the field X (also called cyclic
covariance in signal theory, see e.g. [10]) by

a,(t) := J (A, x) By (t;x) g /(dx), A€ Ag. (6)
G/K

Let & be a fixed cross-section for G/K. For each A € Ag and t € G let us define an -
valued function Z*(t) on G/K by

ZHO0) = (A, W) +x) X(t +E(x)), x €G/K. (7)

Notice that Z*(t)(x) depends on the chosen cross-section &. From G/K-square integrability of
X it follows that for all A € Ag and t € G, Z*(t) is an element of the Hilbert space L2(G/K; ).

Theorem 1. Let X be an #-valued G /K-square integrable K-PC field, and let a, (t) and Z*(t)(x)
be as above. Then the cross-covariance function K’;’“ (t,s):= (Z Me),Z “(s)) - Of the family
{Z*: A € Ay} is given by

K)M(t,5) = (A, (£ —5)) az_,(t —s) =: RM(t —s). (8)
If additionally

[A] the function G >t~ ay(t) is continuous at t =0,

then {Z*: A € Ay} is a family of jointly stationary fields over G in L>(G/K; #&).
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Proof. Let & be a fixed cross-section for G/K. Since X is G/K-square integrable and
10&(x) = x for any x € G/K, the function B(0;-) is fig /k-integrable, so ZMt) € A and

(240, 2") ,, = J (2, (0 +20) (1, (1) + ) )by (8,551 0 E(x)) Figx (dx)

G/K

=f (A, () + %)) (1, (1) +))Bx (£ —s51(5) + x ) gy (dx)
G/K

=(4,(t —5)>f (A=), y)By(t —s; ¥) g/ (dy)
G/K

=(A,(t—s)) ap_,(t—s)

for all s,t € G. In view of relation (8), in order to complete the proof it is enough to show
that for every A € Ay, the function G > t — Z*(t) € & is continuous provided condition [A]
is satisfied, and this is obvious since by equality (8),

1240 — 225, =K (6, ©) = KA (t,5) — K (s, ) + KL (s,9)
=2a4(0) — (A, (¢ —5)) ag(t —5) — (A, (£ —5)) ap(s — ).

Proposition 1. The condition [A] in Theorem 1 is satisfied if either
(1) G is discrete, or
(i) G/K is compact, or
(iii) X is bounded, and By (0; Y2 s fig /k-integrable.

Proof. Property [A] is evident when the group G is discrete. When G/K is compact then X
is clearly bounded because ||X(t)|,» = [IX(&(x))||,» where x =1(t) € G/K, and
x = ||X(&(x)) s is continuous. Since fg i is finite, the continuity of the function
t—ay(t) = f /K By (t; x) fig/k(dx) follows therefore from Lebesgue dominated convergence
theorem.

Suppose now that fG/K By (0; )2/ (dx) < 0o. In this case for all t,s, x

|Bx (£;) — By (s5.)| =|Ky (£ + E(x), E(x)) =Ky (s + E(x), EC))|
<[ (e + £00) =X (s + £C) Ly [IX N < 25up X1 Bx (0, )72,

and lim,,_,, By (u; x) = Bx(t; x). Hence Lebesgue dominated convergence theorem applies and

we conclude that lim,_,, ay(s) = ay(t), so condition [A] is satisfied. O
Relation (8) in Theorem 1 can be also obtained using Gladyshev’s technique, that is by
showing non-negative definiteness of [R’l’“(t)] ey’ i.e. that
n n
D> RN — 1) > 0, 9)

j=1k=1
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for any finite set of complex numbers {cy,...,c,}. Our method, which is an adaptation of the
technique used in [28], has the advantage that it gives an explicit construction of an associated
stationary family of fields. We want to point out here that even in the case of PC processes on
R with period T not every matrix function [R™"(t)],, .ez With continuous entries, which is
non-negative definite in the sense of (9) and such that R™"(t) e!2™/T depends only on m—n,
is associated with a continuous PC process of period T through the relation (8). To achieve
the one-to-one correspondence one has to consider not necessarily continuous PC processes
(see e.g. [28]).

To complete the analysis of the family of fields {Z*: A € Ag} defined by (7), consider the
space ¢, = spﬁ{zl(t):k € Ag,te G}. Clearly 5, is a subspace of L?(G/K; #). In the
case where G = Z" x R™, these Hilbert spaces coincide. More precisely

Proposition 2. Let X be an #¢-valued G/K-square integrable K-PC field, and Z* be defined as
above by (7). Assume that the LCA group G admits a countable dense subset, which is true when
G =7Z" x R™. Then #, = L*(G/K; 7).

Proof We know that %, C L?(G/K;.#). To show the equality, let f € L2(G/K;#) be
such that (Z’l(t),f)l, =0forall A€ Ag and t € G, i.e.

f (A, @) +x) (X (e + &), f(x)) , g (dx) =0, A €Ak, tEG.
G/K

Since Ag ~ E/? and (A,1(t)) # 0, the scalar product (X(t + é(x)),f(x))%, = 0, for Hg k-
almost every x € G/H and for every t € G [14, Theorem 23.11]. This implies that for each t
there is a negligible Borel subset Z, of G/K such that X(t + §(x)) 1, f(x) for every x ¢ =,.
Note that for every x, W{X(t + §(x)):t € G} =span{X(t):t € G} = #. If G admits a
countable dense subset G*, which is true in the case when G = Z™ x R", then from continuity
of X, it follows that also W{X(t + §(x)) ‘t e G*} = H%. Therefore f(x) L, # for all x
which are not in the negligible set | J,c¢. 2. Hence f(x) = 0 for i /k-almost every x € G/K
and Proposition 2 is proved. O

4. SO-spectrum of a PC Field

Let X be a G/K-square integrable K-PC over G and let Kx(t,s) be its covariance function.
The objective is to describe the domain of the SO-spectrum of X, which by definition (see
Definition 1) is the domain of the spectrum of the function ®(t,s) = Ky (t,—s).

First we give a description of the domain of the domain of the SO-spectrum of the PC field
X in the simplest case where G/K is compact.

Lemma 1. Let X be a G/K-square integrable K-PC over G, and let Ax = l*(G//?) C G. Then the
domain of the SO-spectrum of X is the subgroup L of G x G given by

L:{(YJY_A)A’GAK)YEG}
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Note that L can be viewed as the union of hyperplanes

L= U L, where L, :={(y,y —A):y € G}. (10)
A€k

Proof. Since Kx(t + u,s + u) is K-periodic in u, the function ®(t,s) = Ky (t,—s) is itself
a periodic function on G x G with the period D = {(k,—k):k € K} € G x G. The domain
of the SO-spectrum of X is therefore the dual group of (G x G)/D viewed as a subgroup of
G x G. Note that the subgroup D is the image of the subgroup {0} xK through the isomorphism
2:G%xG>(t,s)— (t+s,—s) € G x G, and this induces an isomorphism from the quotient
group (G x G)/D onto (G x G)/({0} xK). Furthermore, since (G x G)/({0} xK) = Gx G/K and
its dual is G x Ak, we deduce that the dual of (G x G)/D can be identified with the subgroup
L of G x G consisting of the elements of the form (y,y —A), y € G, A € Ag. O

We have not used the fact that Ky is a covariance function of a process. It turns out that
this additional property of Ky (i.e. the fact that it is nonnegative definite) implies that the
"part of the SO-spectrum" that sits on each L, is a measure. We want to point out that the set
Ag may be uncountable.

Theorem 2. Suppose that X is a G/K-square integrable K-PC field that satisfies the condition
[A] of Theorem 1. Then for every A € Ay there is a unique Borel complex measure y, on G such
that

aa(f)=JA<x,t)m(dx), t€G. an
G

Furthermore sup, Var(y;) < oo and for each A € Ag, the measure v, is absolutely continuous
with respect to v.

In this paper by a representation of G in a Hilbert space # we mean a weakly continuous
group % := {U":t € G} of unitary operators in ¢ (see [14, Section 22]). In this case there
exists a weakly countably additive orthogonally scattered (w.c.a.0.s) Borel operator-valued
measure E on G such that for every Borel set A the operator E(A) is an orthogonal projection
in ¢, and for every u,v € ./,

(Utu,v)x = JA <x, t) (E(d}()u,v)l,, t €G.
G

“Orthogonally scattered” means that (E (A, E (Az)v) = 0 for all disjoint A;, A, and
u,v € &. The measure E will be referred to as the spectral resolution of the unitary operator
group .

Proof. [Theorem 2] The joint stationarity of the fields {Z*: A € Ag} defined by (7), implies
that each Z*(t) = U'Z*(0) where % := {U!:t € G} is the common shift operators group.
Condition [A] guarantees the continuity of the representation % of G in L%(G/K; %), and
hence

7M1= J (x,t) E(dx)Z7(0),
G
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where E is the spectral resolution of % . Therefore for every A, u € Ak there is a complex mea-

sure I** on G such that R;’“(t) = f@ <)(, t> I*#(dy), namely, T**(A) = (E(A)Z’I(O), Z“(O))
where . := L%(G/K; #%). Consequently, from relations (6) and (8) we conclude that

%J

a,(t) = J (A, %) By (t;X) g (dx) = Ry ™(1) = J (2, 6)TO7(dx).
G/K G

Then equality (11) is satisfied with v, := I'>~*. From Cauchy-Schwarz inequality we have
[ro-Aa)| = |(E@)2°(0), E@)z (), |
<4/T00(A)/T-42(A) = 4/TO0(A){/TO0(A — 1),

and we deduce the absolute continuity of y, with respect to y, for any A € Ag.
Finally note that the total variations of the measures I'**, A € Ay, are all equal to T%°(G).
Indeed, since the measures I'**, A € Ay, are non-negative

Var (T**) = I**(G) = R;*(0) = J By (0;¥) 16k (dy) =R}°(0) = I%°(G).
G/K

Hence all total variations Var (FA’“) < V/T22(G)y/TH(G), A,u € G, are bounded by the
same constant, and in consequence all measures y,, A € Ag, have uniformly bounded total
variations. O

Remark that when the field X = P is K-periodic and G/K-square integrable, the field Py is
fig/k-square integrable and thanks to Parseval equality, the spectral covariance function of the
field P can be expressed as

af(t) = ) (Peu(®) +x), P (x)) ,, ik (dx)
G/K

_ f () (BrCo), Bl — 1), . (dy)
Ag

where ﬁ; is the Fourier Plancherel transform of the field Py. Then, we deduce that the function
X (PK( 1), Px(xy — A)) L is the density function of the SO-spectral measure v} of the field P
with respect to 71y,

rh(a) = f (Pe(x), Pex — 1)), Fia, (d ) (12)
ANAg
for any A € %(G). Particulary
— 2
#@= [ EGem, @,
ANAg
Notice that the SO-spectral measure y? is concentrated on Ag C G : y5(A) = yh (A N Ay) for

any A € %(G). When in addition P ish A -integrable, then the fields Py and P are harmoniz-
able with
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Kp(t,5) =Kp, (1(t),1(s))

= f J 2 100) (1, 105)) (P (A, B()) ,, Fn, (d AV (dus)
Ay xAg

_ f f (2, 6)(B.s) £"(dx,dP)

where 7 is the measure on G x G concentrated on Ag x Ag defined by

F(a):= ff (Pec(x), Pe(B)) , in (d)Hp (dB), A€ B(G xG).
AN(AgxAg)

From relation (12) we find out that the measure y% or more precisely its image ¢} :=y5 o ;"
through the mapping ¢, : G — G2 defined by £,(y) = (x,x —A), x € G, is the restriction of
the measure ¢? to the hyperplane L, := {(y, ¥y —A): ¥ € G}.

More generally, when X is a PC field, the family {y; : A € Ax} is commonly referred to as
the SO-spectral family of X. The measure y, or more precisely its image 5, = v, OZ;1 represents

the part of the SO-spectrum of X that sits on the hyperplane L, = {(y,y —A):y € G}, see
relation (10).
Next, we give a sufficient condition for a PC field to be harmonizable.

Theorem 3. Let X be a G/K-square integrable K-PC field that satisfies the condition [A] of
Theorem 1, and let {y, : A € Ag} be the SO-spectral family of X. Suppose that there is an
fi, -integrable non-negative function w on Ak such that for every A € Ag

Iy (A)] < w(A) for any Borel A € B(G). (13)

Then the field X is harmonizable and the SO-spectral measure of X is given by
AA) = f A(A) T, (dA), for any Borel A € B(G x G), (14)
Ax

where £ 1= OE;1 and £;(x) = (x,x —A), x €G.

Notice that condition (13) is satisfied by any G/K-square integrable K -periodic field P such
that Py is fi, -integrable. Here we can take w(4) equal to the total variation of the SO-spectral
measure v of the field P

w(d) = f ‘(PAK(X),I/’E(X —A))%‘ Ha (dy).
Ax

The integrability condition on Py : Ay — € is always satisfied when Ay is compact that is
when G/K is discrete, and in particular when G = Z".
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Proof [Theorem 3] Let {Z*: A € Ay} be as in Theorem 1. From the proof of Theorem 2 it
follows that
ya(A) =T%*(A) = (E(A)2°(0), 2*(0)),,

Thanks to definition (7) and Lebesgue dominated convergence theorem it follows that the field
> A — Z*(0) € 4 is continuous, and hence by assumption (13), A — v, (A) is integrable
over Ay for every Borel A of G. For all Borel D € Agx and A C G let us define

ﬁ(AxD):=J ya(A)Hy, (dA) = J (E(2)2°(0), 24(0)) , iy, (d ).
D

D

Condition (13) and again Lebesgue dominated convergence theorem entail that the func-
tion £(A x D) is countably additive in A and D separately. So to show that the bimeasure ¢
extends to a Borel measure on G x Ay, it is sufficient to show that its Vitali variation is finite
(see [9, 33]), that is

n n
sup{ZZ{ﬁ(Ai ><Dj)|:AiﬂAj=(Z)andDiﬂDj=®fori7éjin {1,...,n}} < 00

i=1 j=1

Since )., |}f,1(A]~)| < Var(y;) < 4w(A) and the function w is ki, -integrable,

ZZIF(A XD)\<ZJ Z|n(A)|hAK(dA)

i=1 j=
sJ 4w(A)hy, (dA) sJ 4w(A)hy, (A1) < oo.
ij Ak

Hence ¢ is a measure and in particular Fubini and Lebesgue dominated convergence theorems
hold for 7. Let A C G be fixed and let @(A) := > 1p, (A) be a simple function on Ag.
Then

)1]

n
f P(EA,d) =D b]f YA(A) Ry, (dA) = J P(A)rA(A) Ay, (dA).
Ag j=1 D; A
From condition (13) we deduce that fAK P(A)E(A,dA) = fAK ©(A)yr(A)fy (dA) for any
bounded Borel function . Consequently, for any simple function ¢ on G and bounded ¢ on
Ak

fﬁ d(x)e(A)F(dy,dA) =f @(M[JAdJ(X)YA(dX)} fip, (dA). (15)
GxAg Ag G
If |¢| is bounded by some finite ¢ > 0 then by condition (13), the integral f@ ld(x)yaldy)is

bounded by 4c w(A) which is an f1, -integrable function of A. Therefore by Lebesgue dominated
convergence theorem, relation (15) holds for any two bounded measurable functions ¢ on G
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and ¢ on Ag. In particular

H (x,t)M,X)ﬁ(dx,d/l):J W[ ijﬂ)m(dx)}ﬁ/\,{(dk)
GxAg Ag G

=J (2 x)a () g, (dA) = By (£3x) = Ky (£ + x,x)
Ax

(16)

forall t € G and x € G/K.

Let £ : G x Ay — G2 be defined by £(y,A) :=£,(x) = (x,x —A), and let f = Fo £~ ! be the
image of the measure ¢ through the mapping ¢, thatis A(A) = H(x,A):(x,x —A) € A}. Then
¢ is a Borel measure on G2 and change of variables formula yields that

J . Aw(XI:Xz)F(dedXZ):J YL x =M Ady,dA) a7
G

Gx GxAg

for any bounded Borel function v : G x G — C. In particular, in view of relation (16)
“ ) {A,s) Ady,d2) —” H{(x =2),s) Hdy,d2)
GxAg G></\K
—BX t—s; 1(5)) Kx(t,s).

for all t,s € G (recall that (A,s) = (A,1(s)) for all A € Ax and s € G). Thus the field X
is harmonizable and f is its SO-spectral measure. Note that relation (15) holds true if the
product ¢ (y )¢ (A) is replaced by any bounded measurable function y(y, A) of two variables.
Thanks to such upgraded relation (15) and to relation (17) with ) = 1, we get

F(A):fﬁ 1A(x,x—x)ﬁ(dx,dx)=J UAlA(x,x—l)m(dx)}ﬁm{(dk)
GxAg Ak G

So, by the definition of Z, we deduce relation (14). O

Note that if G = Z" then condition [A] is satisfied, Ak is compact, and condition (13) holds
true with w(A) = Var(y,) < oo. Therefore we generalize the property of harmonizability of
the PC sequences proved in [12].

Corollary 1. Any G/K-square integrable K-PC field over G = Z" is harmonizable.

All the results above simplify significantly if G/K is compact, because then every K-PC field
over G is G/K-square integrable and condition [A] in Theorem 1 is always satisfied.

Theorem 4. Suppose that X is a K-PC field and that G/K is compact. Then for every A € Ak
there is a Borel complex measure v, on G such that

a,(t) = JA (x,t)raldy), teG.
G
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Moreover the set Ak is countable, ZleAK la,(t)|> < oo and for every t € G
L2 —_—
By(t;x) = > (A, x)az(t) (18)
AEAL

(series (18) converges in L%(G/K) with respect to x). Additionally:

D if De Ac la,(t)| < oo for every t € G, then the series (18) converges also pointwise and
uniformly with respect to x € G/K, and for all t,s € G we have

Ke(t+5,5)= > (As)a(t);

AEAK

(i) leAeAK Var(y,) < 0o, then X is harmonizable, and for all t,s € G we have

Kx(t,s)zf (x.t){0,s)Adyx,dp),

where the SO-spectral measure £ is given by f(A) = ZAGAK a(A), ;=710 E;l and
€, :G— GxGisdefinedas £,(y) := (3, x —A).

Proof. Existence of y, follows from Theorem 2. Since for each t € G the function
x — By(t;x) is bounded, it is in L?(G/K) and hence its Fourier transform A — a,(t) is
in L?(Ag). Formula (18) is just the inverse formula for By(t;-). Item (i) follows from the
uniqueness of the Fourier transform, while item (ii) from Theorem 3. O

5. Structure of PC fields

When X is a K-PC field then for every k € K the mapping V¥ : X(t) — X(t + k), t € G,
is well defined and extends linearly to an isometry from 5% = span{X(t):t € G} onto itself.
The group ¥ := {V¥:k € K} is a unitary representation of K in 7 and is called the K-shift of
X.

Theorem 5. A continuous field X over G is K-PC if and only if there are a unitary representation
U ={U":t € G} of G in %, and a continuous K-periodic field P over G with values in 5 such
that X(t) = U'P(t), t €G.

Proof. The “if” part is obvious. Prove the other part. Let X be a K-PC field, ¥ = {V¥:k € K}
be the K-shift of X, and E be the spectral resolution of ¥. Hence E is a w.c.a.o.s. Borel operator-
valued measure defined on K. Since K is isomorphic to G/ Ag, the measure E can be seen as a
measure on @/AK, see [37, Section 2.1.2]. Let { be a cross-section for @/AK. For every Borel
subset A of G let us define E(A) :=E (C‘l (A)). Then E is a w.c.a.o.s. Borel operator-valued

measure on G whose support is contained in a measurable set {(G/Ag), and whose values are
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orthogonal projections in 7. Since for all y €K and k € K, < x> k> = <C (), k), by change of
variable we obtain that

vk =J (x,k)E(dy), keK.
g

Following Gladyshev’s idea [12] for every t € G define the operator on %,

Ut :=J <x,t>E(dx), teq.
G

Clearly % := {U':t € G} is a group of unitary operators indexed by G. Moreover for every
v € S,

- 2
[CE J (2. )=1] (@)
G

where u,(dx) = ||E (dx)le?%, is a finite non-negative measure on G. From Lebesgue dominated
convergence theorem we therefore conclude that the unitary operator group % is continuous,
and hence it is a unitary representation of G in 5. Note that for t = k € K, we have U* = V.
Define P(t) := U~ 'X(t), t € G. Then P is continuous and

Pt+k)=U"'UX(t+k)=U"'V*X(t+k) =U"'X(t)=P(t), teG, keKkK.

So P is a continuous K-periodic field with values 5% and X(t) = U'P(t), forevery t € G. O

Theorem 5 gives a good insight on the origin of the measures y,, A € Ag. Indeed let X be
a G/K-square integrable K-PC field, %/ and P be as defined in Theorem 5. Then

1X(O)ll5e = IP(t)ll 5 and (X (¢ +w),X(w)) ,, = (U'P(t +w), P()),,

for all t,u € G. The PC field X being G/K-square integrable, the field Py : G/K — 5 defined
by P = Py o1 is square integrable as well as the field x — U"Py(1(t) + x) defined on G/K, for
any t € G. Denoting by Pg : Ax — % the Fourier Plancherel transform of Py, the Fourier
Plancherel transform of U'Py(1(t) + -) coincides with the function

p— J (x +w, t) E(d )P ().

G

where E is the Borel operator-valued measure on G defined in the proof of Theorem 5. Then
thanks to Parseval equality, the spectral covariance function of the PC field X verifies

GO= | (Ax) (UP(0) +x), Pe(x)) , Figx (dx)
G/K

=f (ﬁ(x+u,t>15"(dx)PAK(u),1/’E(u—7t)) Ha, (du)
Ak

G b3

= f A{p.t) ( f (E(dp — w)Pe(), P —2),,, ﬁAK(du))
G Ax
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for all A € Ag and t € G. The SO-spectral measure of the field X is
OSE J (E(A—wPx(u), Pe(u—2)) , Aip (dp), A€ B(G),A € Ag.
Ax

In comparison with expression (12), we see that the spectral resolution E of the unitary oper-
ators group %, in some sense, “spreads” the SO-spectral measure yi over G to form Y-

Theorem 5 also suggests a possibility to decompose a PC field into stationary components.
If the K-PC field X is G/K-square integrable, we can therefore formally write

X(t)~ f A, 00X}k, (dA) (19)
Ag

where {X*(t) := Utf’;(k) it € G}, A € Ag, is a family of jointly stationary fields over G.
If in addition Py is integrable, then integral (19) exists, and we have equality for any t. The
integrability condition on 1/3; being satisfied if Ag is compact, that is in particular when G = Z",
we deduce the following result.

Corollary 2. Let X be a G/K-square integrable K-PC field over G = Z". Then there exists a family
{X*: A € Ay} of jointly stationary fields over G in # such that

X(t) = f eih/XA(t)hAK(dl), tE€G,
Ag

Note that the pair (%, P) in Theorem 5 is highly non-unique since there are many ways to
extend ¥ = {V¥:k € K} into % = {U':t € G}. Consequently, the family {X*: A € Ax} above
is likewise not unique.

If G/K is compact, then every K-PC field is G/K-square integrable, Ag is countable, and
the integrals above become series. If G = Z" and G/K is compact (and hence finite), then Ag
is finite and Corollary 2 yields the following Z" version of Gladyshev’s representation of PC
sequences included in [12].

Corollary 3. Suppose that X is a K-PC field over Z™ and that Z" /K is compact. Then Ay is finite
and there is a finite family {X*: A € Ay} of jointly stationary fields over G in # such that for
everyte G

X(t) = Z M XA (p),

A€k

If Ay is not compact then even in the case of a periodic function, its Fourier transform does
not have to converge everywhere.

6. Examples

In this section G = Z" x R™, the Haar measure on Z" is the counting measure, the Haar
measure on R™ is dt /(+/27)™ where dt is the Lebesgue measure on R™, Z" will be identified
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with [0,27)" with addition mod 27, R™ will be identified with R™, the Haar measures on
[0,2m)" is dt/(2m)", G =[0,27)" x R™, elements of G and G are row vectors, and the value
of a character y € Gatt e Gis ( x> t) = e M where t’ is transpose of t. Remembering
previous sections, in order to describe the domain of the SO-spectrum of a K-PC field X over
G the only task is to identify G/K and E/? as concrete subsets Q and Ag of G = Z" x R™ and
G =[0,21)" x R™, respectively, in the way that the value of character A € Ay at t € Q is still
(A, t) = e~*"_ This identification, which is obvious when X is coordinate-wise PC, may be
less trivial in the case of more complex K. It may be helpful, and is worth, to note that any
closed nontrivial subgroup K of G = Z" x R™ is isomorphic to Z¥ x R! for some k,l € N such
that ] <m and 1 < k+1 < n+ m. This isomorphism, which at least in the case of G = Z" or
G = R™ can be found by selecting a proper basis for G (see [14, Theorem 9.11 and A.26]),
provides a description and a parametrization of the sets Q and Ag. As before [a]b will denote
the remained in integer division of a by b, b > 0.

First we briefly revisit a one-parameter case and its slight extension.

Example 1. Suppose that X is a PC process with period T > 0. Then K = {kT 1k € Z},
R/K = [0, T) with addition modulo T and Ax = {% ke Z}. Moreover for every

A= # € Ag, a,(t) :=ai(t) = %fOT e_iszTnkKX(t +s,s)ds and there is a measure y; on R such
that a;(t) = fR '™y, (du) (Theorem 2). The domain of the SO-spectrum of X is L = Ukez Lis
where Lj 1= {(u,u — %) ‘u € R}. The part of the SO-spectrum that sits on L; is a measure g
defined as f. = vx oql where £} : R — R2, {,(u) = (u,u— 2—?’( . If >3 Var(yy) < oo then the
process X is harmonizable and f:= ), f. is a measure on R? which satisfies relation (5).

If X is stationary then K =R, R/K = {0}, Ay = {0},

ag(t) = J Kx(t +s,5)00(ds) = Kx(t,0).
{0}

By Theorem 2 there is a measure v, on R such that ay(t) = fR e yo(du). Consequently, the
SO-spectrum of X is the measure F= gy = yooLy \, which sits on the diagonal L, = {(u, u):u e ]R}.

To see the need for the square integrability assumption, let us add one parameter to the above
process; that is, let us consider a field X = {X (s, t):(s, t) € R?} such that

KX((s, t), (u, v)) = KX((S +T,t),(u+T, v)), s, t,u,vER

(T > 0 is fixed). Then K = {(kT, 0):ke Z}, R?/K =[0, T) x R with addition modulo T on the

first coordinate, Ay = {(Z—?ﬁ,x):k €Z,x € R} and

1
TV2m

ay(s,t) :=ap (s, t) =

T
J f e_i(”#”x)KX((s +u, t+v),(u,v))dudv
0o Jr

for A = (M,x) € Ag. The square integrability assumption fOT [fR |X (s, t)||§(fdt] ds < o0
assures that the above integral exists. If it does then, in view of Theorem 2, for every k € Z
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and x € R there exists a measure vy, on R? such that Ay (s, t) = fRei(S““V) Tix(du,dv).
The domain of the SO-spectrum of X is L = | ey U er Ly, where Ly , is a two-dimensional
plane in R%, Ly == {(u, v,u— #,v — x) Tu,v € R}. The “part” of the SO-spectrum that
sits on Ly is a measure g , defined as gy := Yy © E;i, where £, : R? — R* is defined by
U (w,v) := (u, v,u— %,v —x). If Var(g ) < w(k,x) and Dk fR w(k,x)dx < oo, then X is
harmonizable and the SO-spectral measure of X is f= 1/%_“ Dk f R Fi,x dx (see Theorem 3). Note

that L above is, in fact, the union of countably many three-dimensional hyperplanes Dy, in R,
Dy :=Jyeg Lkx = {(u, v, u— 27“, vV—Xx):u,v,x € R}, which are parallel to the “diagonal” D.

If the field X = {X(s,t): (s,t) € R?} is stationary in s, then Ax = {(O,X) = R}, the
condition of the square integrability of X means that fR |X (0, t)||§{, dt < oo and, if the latter is
satisfied, the SO-spectrum of X sits on the three-dimensional hyperplane in R?,

L:=Dy= {(u,v +x,u,x):u,v,x € R}.
Next example contains a complete analysis of the SO-spectrum of a weakly PC field.

Example 2. Let T and S be two non-zero integers. Suppose that the field X on Z? is weakly PC
with period (T,S) [23], that is

KX((m, n), (u,v)) = KX((m+ T,n+S),(u+T,v +S)), forall n,m,u,v €Z

Here K = {k(T,S) ke Z}. We assume that at least one of T or S is positive. Let d := gcd(T,S)
be the greatest common positive integer divisor of T and S, so that (T,S) = d x (T;,S;) and
ged(T,,S;) = 1. From Bezout’s lemma there are integers q, p such that T,q—S;p = 1. Let ¢ be
Iy p
S
for the transpose matrix of the matrix ®. Because det® = 1, the mapping ¢ is an isomorphism.
Since ¢(dk,0) = (kT, kS) for k € Z, we have K = ¢ (dZ x {0}) and we identify G/K to

a mapping of Z? onto itself given by ¢(m,n) = (m,n)®’, where & = , and &' stands

Q:=¢({0,...,d =1} xz) = {(kT, + 1p,kS; +1q):k =0,...,d — 1,l € Z}.

The dual mapping (s, t) = [(s, t)<I>_1:|21T = ([qs—Slt]m, [—ps +T t]zﬂ,), s, t €[0,27), maps
{2de :k=0,...,d —1} x [0,2m), which is the dual of {0,...,d —1} x Z, onto the dual Ak of
Q. The construction that we use produces a convenient parametrization of Ay as the union of d

lines: Ag = Ui;(l) Ay where
2mk —2mk
Api= {([ T q—Slt] [ i p+T1t] ):tE[O,Zn)}.
2 d 2n

Note that the value of a character (u,v) = Y(s,t) € Ag at (m,n) = ¢(k,1) € Q is equal to
e—i(mu+nv) — e—i(s,t)<I>_1<I>(k,l)’ — e—i(ks+lt)

, as required. Assume that X is G/K-square integrable,
for example that Z:i_oo [|1X (m, n)||§f < oo, forany m=1,...,T — 1. Then from the previous
discussion and the results of Section 4 we deduce the following properties.
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(i) If (u,v) € Ay, thenu = [273“1 -5 t]zn: V= [_zgkp + Tlt]zn for some unique t € [0, 27)
and unique k = 0,...,d — 1. Hence the spectral covariance a,)(m,n) =: ai ,(m,n) of X

at (m,n) € Z? is equal to

d—1 oo
1 —if j27ka . . . .
ak,t(m,n)ZEZ Z e (1% +“)KX((m+]T1+lp,n+]Sl+Zq),(]T1+lp,]Sl+lq)).
j=01l=—00

(i) Foreachk=0,...,d—1and t € [0,27) there exists a measure vy, on [0, m)? such that

27 2r
ak,t(m) n) = J f el(mX'Hl_)’) Yk,t(dx) dJ’)
0 0

(iii) The SO-spectrum of X sits on the set L = Ui: tef0,2) Lk,c» where Ly , is a two-dimensional

plane in [0,2m)*

21kq 2mtkp
L. =3y |x——+St| ,|y+ — Tt :x,y €[0,2m) ¢ .
’ d 27 d 27

Note that Dy = Ute[o,%) Ly . is a three-dimensional hyperplane in [0, 2m)*, so L is, in fact,
the union of d three-dimensional hyperplanes. If d = gcd(T,S) = 1, then

L=Dy= {(x,y, [x +St]2n, [y — Tt]zn) X, Y, t € [0,27[)}. In this case the field X is a
rotation of the field Y defined by Y (m,n) := X((m, n)d>’), m,n € Z, which is stationary in
m. Indeed X(m,n) = Y((m, n)(@’)_l).

(iv) If there is an integrable function w : [0,27) — [0, 00) such that Var(yy ) < w(t) for all
k and t, then X is harmonizable and

27 27 27 2 . )
Ky ((m,n), (G, 1)) = J f f J el (MUt =ix=rY) ((du, dv, dx, dy).
0 0 0 0

The SO-spectral measure ¢ of X is given by f(A) = Zi;(l) 027r e (A)dt, where g, is the

complex measure on [0, m)* whose support is contained in the plane Ly and defined by

2ntk 2ntk
Fkt(A):m{(x,y)e[o,zfr)zz(x,y,[x— i q+slt} ,[y+ ’”’—Tlt] )eA}.
’ ’ d 27T d 27

Figure 1 is the graph of the set Ay defined previously in the case when T =12and S =9 (d = 3,
p=q=1). Then Agx = AgU A UA, consists of three lines, which are shown with different width
pattern. If now from each point on the graph we draw the rectangle [0,27) x [0,27) then the
resulting three-dimensional body in [0,2m)* is the domain of the SO-spectrum of the field X.
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\

Figure 1: Graph of Ay

The last example is a particular example of strongly PC fields over R x Z2. It combines a
mixture of continuous and discrete structures.

Example 3. Suppose that X is a field over G := R x Z? such that
X(t,mn)=X(t+4,mn)=X(t,m+1,n+3)=X(t,m+2,n)

foralteR, mneZ. Then K = {k(4,0,0)+ j(0,1,3) +1(0,2,0) : k,1,j € Z}. In order to
describe G/K and Ay we consider a change of basis of G = R x Z? defined by the mapping

¢(t,m,n) :=(t,m,n)®, where & =

S O =
w = O
—= O O

Then the mapping ¢ is an isomorphism of G onto itself and K = ¢ (P), where
P ={(4k,j,6l):k,l,j € Z} =47Z x Z X 6Z.

To see this note that 2(0,1,3)—(0,2,0) = (0,0, 6), so that K is generated by the 3-tuples (4,0, 0),
(0,1,3) and (0,0,6), which are respectively equal to ¢(4,0,0), ¢(0,1,0), and ¢(0,0,6). The
quotient G/P =[0,4)x{0}x{0,...,5}, sowetakeQ := ¢(G/P) ={(s,0,1):5 €[0,4),l=0,...5}.
The dual of G/P is Ap = %Z x {0} x {5 ir= 0,...,5} and hence the dual of G/K can be rep-
resented as Ax = YP(Ap), where v is the isomorphism of G = R x [0, 27)? onto itself defined by
Y(t,u,v) = (t,u,v)d ! = (t, [u—Sv]zT[,v). Therefore

2tk r
N )

is countable. Note that [ - nr] i is either 7 (if r is odd) or 0. For each

2

21k
)’k,r = (%,[—nr]zﬁ, %) S AK’
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the corresponding spectral covariance is given by

5 4
1 . TIKS r
ak)r(t,m,n)=2—4 E J eI +TI)KX((t+s,m,n+l),(s,0,l))ds,
—0Jo

and for each k,r there exists a measure v, on R x [0, 2m)? such that

2w 27
ak,r(t’m:n):JJ f el(ts+mu+nV)Yk,r(dS’du’dv)-
RJO 0

The SO-spectrum of the field X sits on the union of countably many hyperplanes

27k
Ly, = {(s,u,v,s—L,[u+m‘]2n,[v—ﬂ] ):s eR,u,v e [0,27'5)},
’ T 3 27

keZ r=0,...,5 of Rx[0,2m)? x R x [0,2m)2. If the sum of total variations of measures

Yk s finite, then X is harmonizable and its SO-spectral measure = Z;:Z oo Zf:o Fi,r» Where

Fer = Yikr © E;lr and £y (s,u,v) := (s,u, V,s— %, [u + nr]m, [v — %]271-)‘

Note that if we define Y (t,n,m) := X((t,n,m)@’), then Y is PC in t with period T = 4,
stationary in n, and PC in m with period M = 6. Since X(t,n,m) = Y((t, n, m)(<I>’)_1), one can
therefore say that the field X is periodically correlated in direction (1,0,0) with period T = 4,
stationary in direction of (0,1,3) and periodically correlated in direction (0,0, 1) with period
M =6.
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