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1. Introduction and preliminaries
In 1960 Opial established the following integral inequality [17].

Let z(t) € CMW[0,h] be such that z(0) = x(h) = 0, and z(t) > 0 in (0,h).
Then

h , h h , 9
/0 2(t)a (t)|dt§4/0 (/1)) dt, (1)

where constant % is the best possible.

Opial’s inequality [3, 4, 5, 6, 7, 14] is studied extensively by many researchers. It
recognizes as a fundamental result in the theory of differential and difference equations
and other areas of mathematics, and has attracted a great deal of attention in the literature

*Corresponding author.

Email addresses: zivorad.tomovski@math.uniri.hr, zivoradt@yahoo.com (Z. Tomovski),
pecaric@element.hr (J. Pecari¢), faridphdsms@hotmail.com, ghlmfarid@ciit-attock.edu.pk (G.
Farid)

http://www.ejpam.com 419 © 2017 EJPAM All rights reserved.



Z. Tomovski, J. Pecari¢ and G. Farid / Eur. J. Pure Appl. Math, 10 (3) (2017), 419-439 420

(see, for instance, [1, 2]). In [3, 4, 5, 6, 7] Opial-type integral inequalities were considered
for different kinds of fractional derivative and fractional integral operators for example
Riemann-Liouville, Caputo, Canvati etc were established. Our paper is motivated by the
work of Koliha and Pecaric [14] on Opial inequalities for fractional differential operators
and presents a class of very general weighted Opial type inequalities using integral and
differential operators in fractional calculus involving generalized Mittag-Lefler functions.

The following hypotheses are assumed throughout this section: Let I be a closed
interval in R, a is a fixed point in I, let ¢ be a continuous function nonnegative on I x I,
and let y,h € C(I). We assume that the following condition involving ®,h and y is
satisfied:

T

ly (2)] < /<I><x,t>|h<t>\dt  wel (2)

Koliha and Pecaric in [14] proved the following weighted Opial type inequalities by
application of Holder integral inequality.

Theorem 1. Assume that (2) holds. Let x € I, let o, 8 > 0, r > max (1,«), and let
U,V € C(I) be such that U (s) >0 and V (s) >0 for all s € I. Then

x z (a+B)/r
/ U () ly (5))° |h (3)]* ds| < C () / V (s) [h(s)[" ds (3)

P(s)= / V() YD (5,6)7 0D gy (5)

Theorem 2. Assume that (2) holds. Let x € I, a, 8 > 0,7 > max (1,«), and let U,V €
C (I) be such that U (s) >0, V (s) >0 for all s € I.Then

T«
T

/ U (s) |y ()% |h ()] ds| < / U () / VB wtd| dw|[VIL RISE. (6)

If the exponents «, 8 and r in Theorem 2 are not necessarily positive, in this case the
inequality (2) must be strengthened to equality
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S

y@h:/é@wmwMt7seL (7)

a

where ® is a nonnegative continuous function on I x I, and y,h € C (I).

Theorem 3. Assume that (7) holds. Let x € I, U,V € C (I) be such that U (s) > 0 and
V (s) > 0 for all s € I. Consider real numbers «, B, and the following relations:

(i)r>1,>00<a<r;

(i) r < a<0, <0

(i) —a < <0,0<a<r<l;

(iv) f>0,0 <r <min(a,1);

() a<d<r<l1l,0<f< —aq;

(vi) B <0, a<0,r>1;

(wit) 1 <r <a, —a< <0

(viii) B> 0, r <0 <

(ir) a<r<0,0<p<—a.

If one of the conditions (1)-(iii) is satisfied, then

T T (at+B)/r

/U@W®WM®P%<C®)/V@W®W% | (8)

a a

If one of the conditions (iv)-(ix) is satisfied, then

T x (a+B)/r

/U(S)Iy(S)!B!h(S)!“ds > C () /V(S)\h(S)VdS ) (9)

a a

where C(x) is defined by (4) and (5).

2. Fractional differential and integral operators involving Mittag-Leffler
functions

Fractional calculus refers to integration and differentiation of fractional order. Several
mathematicians contributed to this subject over the years. People like Liouville, Riemann,
and Weyl made major contributions to the theory of fractional calculus. The story on
the fractional calculus continued with contributions from Fourier, Abel, Lacroix, Leibniz,
Grunwald and Letnikov. For a historical survey the reader may see [12, 15, 16].

Fractional integral inequalities are useful in establishing the uniqueness of solutions for
certain fractional partial differential equations. They also provide upper and lower bounds
for the solutions of fractional boundary value problems. These considerations have led
various researchers in the field of integral inequalities to explore certain extensions and
generalizations by involving fractional calculus operators (see, [9, 11, 18, 20, 21] ).
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Let 2 > 0. By L' (0,2) we denote the space of all Lebesgue integrable functions on the
interval (0,). For any f € L' (0, ) the Riemann-Liouvill fractional integral of f of order
v is defined by

(120 ) = 1755 /as(fv—t)”lf(t)dtz(f*Ku)(SL sea], »v>0, (10

Su—l

where K, (s) = Ty The integral on the right side of (10) exists for almost s € [0, z] and

IY. f € L'(0,z).The Riemann-Liouville fractional derivative of f € L' (0,z) of order v

is defined by

(DiLf) (z) = (;i)n (I22Vf) (2), (v > 0,n =[] +1) (11)

By C"™[0,x] we denote the space of all functions which have continuous derivatives up
to order m, and AC [0, x| is the space of all absolutely continuous functions on [0, z]. By
AC™ [0, z] we denote the space of all functions f € C™ [0, z] with f(™=1) € AC'[0,z]. By
L*> (0, z) we denote the space of all measurable functions essentially bounden on [0, z] .
Let p >0, m = [u]+1, f € AC™ [a,b]. The Caputo derivative of order y > 0 is defined as

CDL) @) = (175 ) @) (12)

1 am
- - _ ym—pu—1 % d
T m = 1) /(x s) dsmf (s)ds.
Definition 1. [21] Let f € L' [a,b], f*K_vya-p € AC! [a,b] . The fractional derivative
operator Dg_’: of order 0 < p < 1 and type 0 < v < 1 with respect to x € [a,b] is defined

by
(D21) (@) = (207 (1770 ) ) @ (13)

whenever the right hand side exists.

This generalization gives the classical Riemann-Liouville fractional differentiation op-
erator if v = 0. For v = 1 it gives the fractional differential operator introduced by
Caputo. We denote it by ijjf =C D!, f.

Several authors (see, [9, 20]) called (13) the Hilfer fractional derivative. Applications
of D! are given in [9, 20, 21, 23].

The purpose of this paper is to give weighted Opial type integral inequalities involving
different kinds of fractional differential operators. For 0 < p < 1 and 0 < v < 1, the Hilfer
fractional differentiation operator D!? can be rewritten in the form

(DR F) (@) = (L3 (D2 7F) ) (@) (14)

T

= vy | @ (o)

at+
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Definition of this generalized fractional integral operator containing Mittag—Leffler func-
tion is as follows.

Definition 2. (Prabhakar [18]) Let u,v,~y be positive real numbers and w € R. Then the
generalized fractional integral operator ez,ww,a—i— for a real-valued continuous function f is
defined by:
xT
(G @) = [ (@ =00 B (o = ) F )t (15)

a+

where the function EJ,, is generalized Mittag—Leffler function defined as

B (t) = E::) mtm (16)

and (7)n is the Pochhammer symbol: (y)n =v(y+1)...(y +n—1), (y)o = 1.

Y

The integral operaor €, , . is bounded in the space C (I) with a finite norm || f||» =

W,

max |f (z)|, and there exists a positive constant M > 0, such that (see [11])
Te

6 7], < M1
For w = 0 in (15), integral operator ezywa + would correspond essentially to the
Riemann-Liouville fractional integral operator I;, f.

Let e, (t,w) = t*"LE] , (—wt*). In [22] Tomovski et al. proved the following uniform
estimate for the function e}, (w,t) :

Lemma 1. If p € (0,1), y,w > 0, wy > v — 1 > 0, then the following uniform bound
holds true

e, (tw)| < F<7_VT_1)F<VT_1) —, t>0. (17)

— v

W ;IF('y) [cos (Z£)]7™ T

Lemma 2. [22] If p € (0,1), v,w > 0,v > uv, then e}, (t,w) > 0, for all t > 0.

We define a variant of Sobolev space:

dm
W"“l[a,b]:{feLl[a,b]:erLl[a,b}}. (18)
Definition 3. (Prabhakar derivative [9]) Let f € L'[0,b],0 <t < b < oo, u1,v,7 > 0, and

fx* e;"]n,,/’w € W™L0,b], m = [v]. Then the Prabhakar derivative is defined by following
relation -
<DZ,V,w,O+f> (t) = dtm E;,’vyn—u,w,O—l-f (t) . (19)
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Definition 4. (Caputo-Prabhakar derivative [9]) Let f € L'[0,b], 0 < t < b < o0,

w, v,y >0, m=[v]. Then the Caputo-Prabhakar derivative for f € AC™|0,b] is defined
by following relation

_ am
(CDZ,V,M,O+JC> (t) = e,u,’;nfu,w,0+dt7mf (t) (20)

m—1
= (Dl ) (0 = 3BT ) £9) (04).
k=0

Remark 1. Let p,v,v >0 and f € AC™[0,b] , 0 <t < b < oo, then

—_

m—

k
<CD,Z,I/,LU,O+f> (t) = Dz,u,w,o—l— (f (t) - Z'f(k) <O+)> : (21)

k=0

Moreover, if f*) (04) =0, k=0,1,2,...m — 1, then

(DL f) ) = (Dl f) @)

Definition 5. (Hilfer-Prabhakar derivative [9]). Let p € (0,1), v € [0,1], and let f €
Ltfa,b],0<t<b< oo, fx 6;7((11__5))(1_#) , € AC'[0,b]. The Hilfer-Prabhakar derivative
1s defined by

sy v —v d ( —H1-v)
(D; v, 0+f> (t) = (%,1(1@, w, 0+ gy (%, (1—v)(1—p), w, 0+f>> QF (22)
where v,w € R, p > 0, and 627 0, w, 044 = [- Moreover,
_ d
<DZ: 5 0+f) (t) = (DZ: 5 (1)+f> (t) = <€p,71—u, w, 0+dtf> (t). (23)

3. Main Results

Our first main result is given in the following theorem. Namely, we present Opial type
inequalities for Hilfer fractional operator (13).

Theorem 4. Let z > 0, a,3 > 0, p € (0,1), v € (0,1] and U,V € C (I) be such that
U(s) >0,V (s) >0 forall s € I. Then let f € L(0,z) have an integrable fractional
derivative Dgi’”_‘“'f € L>(0,z).

(i) If r > max{l,a, (v(1-— u))_l}, then

Ju@ Itz @ (o5 s) )] ds < 20) »
0
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a+p
( [l o ’"ds) - (1)
0
where .
@=(3%5) (/ (U @V ()77 (A )T ) . @)
0
/ 1 1 (e 1) — ril
A(s)—O/(V(t)) =1 [r(yu—u)) (s — )= 1} dt (26)
(ii) If 0 <r < min {a, 1L,(v(1- ,u))_l}, then
JU1@6n ) (D5 1) 6 ds = 2 @)«
0
a+p
( / V()| (D) (9 Tds) (@7
0

where Q (x) and A (s) are given by (25) and (26).
Proof. According to (14),

(DhyY )<s>=w(11_m) / (s =) (D r) () dr, s l0a]. (28)
0

Setting

(5 — £
T (l—p) "

we observe that condition (2) is satisfied with a =0 and I = [0,z] :

y(s) = (D) (), nls) = (DEEF) (), @(s,0) =

s
ly (s)] < /@(s,t) |h(t)|dt, 0<s<uz.
0
The rest of the proof of (i) is the same as Theorem 4.2 of [14].
For v =1, we obtain the following Opial type inequalities for Caputo fractional deriva-

tive, defined by (12).

Corollary 1. Let x > 0, o,8 > 0, u € (0,1) and U,V € C(I) be such that U (s) > 0,
V (s) >0 forall s €I and let f € AC*(0,7).
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(i) If r > max {l,a, (1-— u)_l} , then

atp
/U()}(CDN f)()‘ %f(s) ds < Q(x) (/V(s) %f(s) ds) , (29)
0 0
where .
Q@) = (—2-)" ( (U (5) V=2 () 7= (A (5)) 7o d3> : (30)
(]
/ . 1 ril
zo/(V(t)) g [ e ] dt. (31)
(i) If 0 <r < min {a, 1,(1- ,u)_l}, then
X xT Lj:ﬁ
/U(H@D“ﬂ()(iﬂﬁck>m®(/V®)if® @) @)
0 0

where Q (z) and A (s) are given by (30) and (51).
Corollary 2. Let x > 0, o, > 0, p € (0,1), v € (0,1] and let f € L(0,x) have an
integrable fractional derivative D”J”' e L>®(0,x).

(i) If r> max{l,a, (v(1-— ,u))_l}, then

/’ D“” D”Jr" “”f) (s)‘ads < leﬁ”(l_“)—a%lﬂ
a+p
(/ D;u+l/ /—LI/ Tds) ’ (33)
where . -
) - (satk)
o _ &%) (=) 1

r—o

[mu(w)r*u n 1} =

(i) If 0 <r < min {a, 1, (v(1- ,u))_l}, then
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D 1) () [(Drrr = 1) (9)| " ds > Quafra-m—=F+1
(D6 1) )| | (D671 ) (s)] ds =
0

atp

(/ Du+v w g S)Tds) T . (35)

where I' is the Euler Gamma function and €y is given by (34).
Proof. By Theorem 4,

I

/ (DR f) (s>\6)(D6‘:u_Wf) <s>( ds < Q (z /’ Dw i s)]’"ds : o
wh(;re
o« (1] (5 — £V -1 1 Er2 =
Q(az):(a+ﬁ> O/(O/ [w] dt) ds
Blr—1) o

e e I / SR

0
(o%rﬁ (Tl —p))™? <ﬁ>

)r—1

3R

B(r=1)

LBl 41

T«

[B[V(l—_u)r—l} +1] v

r—o

Corollary 3. Let x>0, o, >0,p>¢q >0, p€(0,1), v € (0,1]
have an integrable fractional derivative D“+V fe L™ (0,x)

(i) If r> max{l,a,l +q,(v(1—p)” }, then

. Then let f € L(0,z)

T

[ 1wgzn @ (o5 ) of

ds < QuaP(-ntp- 20 4y

(37
; x y
< [ (i) @ as)
where X ' s
= (stz) (T 0 (0 (2 V(,.lq;ﬁ){l» . (38)

r—o

[B[V(l w)r—=1—gl+pr— qa+1] v
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(ii) If 0 <r < min {a, 1,1+q,(v(1— M))—l}, then
(DY 1) ()P |(DE = 1) (s)| ds > QuaPr(i-mtp= 2 41 39
0+ 0+
0

atpB
z ™

<\ [ (oer) o

ds ,
0

where I' and B are the Euler Gamma and Beta functions and Qo is given by (38).
Proof. By Theorem 4,

atp
/sp ‘ (fo_’:f) (s)‘ﬁ ‘ (Dgf’fwf) (s))ads < Q(x) /sq ’<D51V7“”f> (s)‘rds ,
0 0 (40)
where

a \r
. B(r=1) =

7 pr—qo / 1 (S — t)V(l_M)_l r—1 re
X S r—a tq r—1 s~ s dt dS
O/ 0/( ) [F(V(l—u))

a \*
= r(v(l- 8
(%) wa-m
Br—1) =
r—qo r v(l )r—1
/spf o /t Tt s —1) =1t ds
0
B(r—1)

[v(1— H)T 1— q]+pr qo
/ ds

0
(QLH» i (- M)))_B (B (T;i?l’ V(lrﬁ)1r1)>ﬁ(7}1)

rT—«

{ [v(1—p)r—1—gl+pr—qo +1} -

T—o

o v (1= +p— LEHAUED 1y
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Corollary 4. Let x >0, o, 3> 0, pn € (0,1) and let f € AC' (0,z).

(i) If r > max {1,04, (1-— u)_l} , then

d. | v L)
/ |(°Dg, f ‘dsf(s) ds < Qg5 (/ - (s) ds) Y
0
where
o % —B r—1 ﬁ(TT_I)
g = (m) (T'(1—p)) (m) (12)
] T
(i) If 0 <r < min {a, 1,(1- u)_l}, then
. a+p
(“Dh. f d ’ QB — > +1 d '
‘ £f (s)| ds>Qsx - £f (s)| ds , (43)
0

where T' is the Euler Gamma function and Qg is given by (42).

Example 1. Ifwe puta=1,6=1,r=2, p,v € (0,1),2v (1 — p) > 1, y,w > 0,v > uy,

U(s) =1,V (s) = ez,y%s,w) in Theorem 4, by using the integral formula (see [18])

/(x—t)”_lElV (w (@ — ") 8Nt =T (6) 2" 51ET s (wat)
0

we obtain
2

s) = 867 w ;s— v(l-p)—1
e o/“’”(t’)[w(l—u»( A

s

= ; v—1 vy ! . 2lv(1—p)—1]
T 2(w(1-p) /t B (mwth) (s = 1) dt
_ ; / _ v—1 v _ . m 2[”(1_M)_1]
= w0 B el it
0
P(Qlj(l—u)—l) v+2[v(1—p)—1
- I2 (V (1 — ,u)) s v ]EZ,quQV(lfu)fl (—ws“)
- : e (s,w).

(v (1l —p)+1) wri2v-p-1
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Hence,
- 1/2

V2 :
Q(z) = T2 (=) 7 1) 0/621’” (s,w) € vt 20(1—p)—1 (s,w)ds . (44)

By Lemma 2.2, we obtain that €}, , (s,w) 6271/-5-2”(1—#)—1 (s,w) >0, for all s € (0,x], i.e.

Q(x) >0, for all z > 0. By Theorem 4, we obtain,

2
x |

’ ptv—pv s
[ g0 ooz s <o [ [0
0

ey”y (87 w)
0

ds |, (45)

where Q () is given by (44).

Theorem 5. Let x > 0, z € I, o, > 0,7 > max(l,a), p € (0,1), v € (0,1] and let
UV € C(I) be such that U (s) > 0, V(s) > 0 for all s € I. If f € L(0,z) have an
integrable fractional derivative Dgf’_“”f € L>*(0,z), then

T

Juel@sn e |(r) @) ds
0

r—o
T

T

< (M) B /U(A) jV(t) (A=) atl dAx
0 0

IVIE | (D5 1)|

a+p3

[e.9]

If we take U =V =1 in Theorem 5, since

rT—Q
T

| A
/ (A=) atl dx

0 10
T

= S / Aty D52 g
(W+v—pr+1) 7

0
=) TS24

r

T—Q

(p+v—pw+1)7 [(u—ky—uu—i-l) T +1
we get the following special inequality of Theorem 5.

Corollary 5. Let z > 0, o, > 0,7 > max (1,«a), p € (0,1), v € (0,1]. If f € L(0,z)
have an integrable fractional derivative Dgf/_’“’f € L>(0,z), then
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x r—a

f1esn @ [(esen) o o < (rea=morrmrn) | @
0

(ptv—pr+1)T=2 41
€T T

“Torrr—mrn= ] 1)

Corollary 6. Let x >0, z € I, o, 3 > 0,7 > max (1,«), p € (0,1) and let U,V € C(I)
be such that U (s) >0, V (s) >0 forall s € I. If f € L (0,z) have an integrable fractional
derivative f € AC1(0,z), then

T

JUe 1Dt )"

[0}

d ds (47)

ds

—f(s)

r

< (rata ) / / Do-na ik |(476)

0
Moreover for U (s) =V (s) = 1, there holds
(© d “ re x? U/ d
it \dsf@ #= (5 m) (i) (@)

We present some interesting Opial type inequalities regarding Prabhakar integral op-
erator (15) and Riemamn-Liouville integral operator.

a+p8

o0

a+p3

o0

(48)

Theorem 6. Let z > 0, x € I, o, > 0, r > max(l,a), p € (0,1), v,w > 0, puy >
v—1>0 and let UV € C(I) be such that U(s) > 0 and V (s) > 0 for all s € 1. If
he L(0,x), then

x 5 x (at+B)/r
JUO| e s <c@| [vmera . @)

0 0

where
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Corollary 7. Letx >0 andh € L (0,z). Ifa, 8 > 0, r > max(1l,«a), p € (0,1), v,w > 0,
wy>v—1>0, then

5 z (a+B)/r
/ o)) b ds| <C@) | [InGras G5
0 0
where 5
()“”‘( PG r(E) )
C(x) _ a+p T pw e Fy)[cosﬁ(}—”)] xﬁ(7»712+7»,a. (52)

() ™
Theorem 7. Let v > 0, z € I, o, > 0, r > max(1,a), p, v, v > 0, w € R and let
U,V,h € C(I) be such that U (s) > 0,V (s) > 0 for all s € 1. Then the following inequality

holds true:
/ U (s

V(t)el, (A—tw)ydt  dX[[V] [|h]|IG

 ih o)1 s (5)

/Lﬂ/w O+h)( )

o\y

giU(A)
0

If we take U =V =1 and w = 0 in Theorem 7, since

x| A T y r;a
O/O/[sz “‘t)yﬂ = T e <r<j+1>>

we get the following Opial type inequality regarding Riemann-Liouville integral operator
Ig, h:

Corollary 8. Let x >0,z € I, o, > 0, 7 > max (l,«), v > 0. If h € L(0,z) and
h € C(I), then

rT—a

Sl mel mer s < () T e
0

We present some Opial type inequalities for Prabhakar operator (15) and Caputo-
Prabhakar derivative (12).
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Theorem 8. Let x >0, x €1, f € L(0,x), and let U,V € C (I) be such that U (s) > 0,
Vi(s)>0 forallsel, a,f>0, p,v,y>0,m=[v], and f € AC™ |0, z].
(i) If r > max (1, ), then

atpB

x

JUO(Dwont) ) 17 )] ds < 0 2) ( [Vl <s>)’"ds) L)

0 0

where .
2 (2) = (aiﬁ)? (/ (U7 () V72 ()77 (A ) ds> . (56)
0
A(s) = / (V ()77 [y (s — t,w)] 77 dt. (57)
(i) If r < max (1,«), then :
aﬂa
[ wont) @ 17 )] ds = 0 2) ( [velmmelas) o
0 0

where Q4 (x) is given by (56) and (57).

Corollary 9. Let x > 0 and f € L(0,z) , and let U,V € C(I) be such that U (s) > 0,
V(s)>0forallsel, a,8>0,puv,y>0,weR and f*e;:]n,,j’w e Wm™H0,z), m = [V]
, feAc™0,xz], f®(04+)=0,k=0,1,2,..m — 1.

(i) If r > max (1, «) , then

Q
+
I

T

[U©|(Dhwot) )

0
(ii) If r < max (1, ), then

|7 (s

“ds < Q4 () (iV(s)(f<m> (s)Tds) - (59)

0

Q
+
I

T

JU |t )] |1 0

0
where Q4 (x) is given by (56) and (57).

adSZQ4(:c) (iV(s)‘f(m)(S)rds) T W

0

Theorem 9. Let z >0, he€ L(0,z), x € I, a, > 0,7 > max(1,«a), p,v,v > 0 and let
U,V e C(I) be such that U (s) >0, V(s) >0 forallse I. Ifm=[v] , he AC™[0,x],
then

(61)

[0 Dp0ih) )
0
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A

T

< [om|[vrei ., 0 -tw
0 0
Theorem 10. Letx >0, h € L(0,x), x € I, and let U,V € C (I) be such that U (s) > 0,

T +5
ax v [n|

V(s) >0 forallsel, a,f>0,r>max(l,a),pu,v,v>0. Ifh*eum b € Wm0, ),
m=1[v],heAC™[0,z], h®) (0+) =0, k=0,1,2,...,m — 1, then
) P Iaom ()]
U (3)|(D}uwnih) )] \h ()] ds (62)
0
T A T;a 5
o+
< /U()\) /V(t) e, (A—twydt]  ax||[V||Z, ‘h<m>H
0 0
Theorem 11. Let z > 0, a, B,p > 0, p € (0,1),v € [0,1], v,w € R and U,V € C (I) be
such that U (s) >0,V (s) > 0 for all s € I. Also let f € L(0,z) and fxe, 7(11 :))(1 ) w €
ACH0,2).
(i) If r > max{l,a}, then
v (0325, 8) @) [ (70 7)) as (63)
0+ ds \ ' p, 1-v)(1—p), w, 0+
0
otf

—(1-v)
dS p, 1-v)1—p), w, 0+f)( )

o (/V

where

(7)) If 0 <r <min{a,1}, then

JECI IOl

0

2{25(x) (/V(s) — 6; 1: e Tds) T |
0

d (—0-v)
ds( (1= )(1—u),w,0+f>(3)

d [ —(1-v)
o (G0 o) )

where Qs (x) and A (s) are given by (64) and (65).
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Corollary 10. Let x > 0, f € WY1 (0,2), a,B,p > 0, p € (0,1), v,w € R and U,V €
C (I) be such that U (s) >0, V (s) >0 for all s € I.

(i) If r > max {1, a}, then

atB
Jue| 3t 0s) @ |56 <@ (/v<s> jsf(S)TdS) )
0 0
where .
%)= (55) ( [ v T @) ) SN
0
A(s) = / (V ()™ [epjl_u (s t,w)} T gt (69)

(i) If 0 <r <min{a,1}, then

xT

JECICRNICTE

ds > Qg () (/V (s) %f (s) ds) , (70)
0 0

where Qg (x) and A (s) are given by (68) and (69).

Finally, we present Opial type inequalities regarding Hilfer-Prabhakar operator.

Theorem 12. Let z > 0, o, B,p > 0, p € (0,1),v € [0,1], y,w € R cmd UV e C(I)
be such that U (s) > 0, V(s) >0 for alls € I and f € L(0,x) , f * e V))(l_u) "
ACY0,z). If r>max{l,a} , then

r " B|d (1-v) @
/U(S) D, & o+f) (3)’ s ( €. (1) (1), w, o+f)( )| ds
0
T A =
/ /V ey A= tw)dt|  dix
0
a+p8
B —(1-v)
Vi H €. (1) (1—p), w, o+f) (s) .

Corollary 11. Let . > 0, a, 8, p >0, p € (0,1), v,w € R and U,V € C (I) be such that
U(s) >0,V (s) >0 foralls el and f € L(0,z), f € ACY(0,z). If r > max{l,a},

then .
JECICRN IOl
0

«

d ds (71)

gf (s)
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r—a
T A T

- d
< /U(A) /V(t) epj(li“) (N —t,w)dt dAHVHfOHCLSf(s)
0

a+

o0

4. Further Generalizations

In this section we give Opial-type integral inequalities for fractional integral operator
containing more generalized Mittag—Leffler function in the kernel [19].

Definition 6. Let u,v,k, [,y be positive real numbers and w € R. Then the generalized
fractional integral operator containing Mittag—Leffler function elli’,’iw,w for a real valued
continuous function f is defined by:

Sk v v .0k
(s @) = [ =0 Bl — 1) (0, (72)
a
where the function Evél is generalized Mittag—Leffler function defined as
oo tn
EVk) = Wn . 73
w1 = 2 St ) o 73)
7,0,k

If 6 =1 =11in (72), then integral operator €l at reduces to an integral operator

7l w,a
containing generalized Mittag—Leffler function E;’ lf introduced by Srivastava, and To-
movski in [20]. Along § =1 =1 in addition if k£ = 1 (72) reduces to an integral operator
defined by Prabhakar in [18] containing Mittag-Leffler function E,,. For w = 0 in (72),
integral operator 6%5’]; + would correspond essentially to the right-handed Riemann-—
u7u7 7w7a

Liouville fractional integral operators.

Here we present some general results involving generalized fractlonal 1ntegral operator,

’7751]{7 1M1 3 . 3 ’Y: )
€ flwa+ CONtaining more general form of Mittag—Leffler function E“ I

Theorem 13. Letz > 0, o, B, pu, v, k, I,y > 0 with k < l+p,v > 1 andr>max{1,oz,% ,
also let U,V € C (I) be such that U (s) > 0, V (s) > 0 for all s € I. Then for w € R and
f € L(0,x) we have

atB
Joe |t ) e reras<ew | [velrers)
0 0
where .
@=(535) | [woreoT e =es] o m)
0

a6 = [ o (B s - oM -0 ) T (76)
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Proof. According to (72),

(e D) = [ =0 Bl = 0
by setting
y(s) = (€05 i D), h(s)=F(s), ®(s,8) = EloF(w(s —t)") (s — )"

we observe that condition (2) is satisfied with a =0 and I = [0, z] :

s

1y ()] < /(I)(s,t)|h(t)dt, 0<s<u.

0

The rest of the proof of is the same as Theorem 4.2 of [14].

Corollary 12. Letx > 0, o, B, b, v, k, I,y > 0 with k < I+p,v > 1 andr > max{l,oz,%
Then for w € R and f € L(0,z) we have
(r—a) a+p

s (0%
5k o
/\ e IO| FIC) d8f<a+5)
L_l) T z T

/Ox </08 (EZ%;( (S_t)l‘)(s—t)lll)rrldt> - O/‘f(s)‘rds

Remark 2. If§ =1 =1 in above results, then we obtain results involving integral operator
Z:zlleiw,ﬁ containing generalized Mittag—Leffler function E% ’1 introduced by Srivastava,
and Tomovski in [20]. Along 6 = | = 1 in addition if k 1, then we obtain results
involving integral operator defined by Prabhakar in [18] containing Mittag-Leffler function
E) .. If w =0, then we obtain results right-handed Riemann-Liouville fractional integral
operator (see, [19]). Similar inequalities of Opial type can also be obtained for integral
operators which contain multinomial Mittag—Leffler function [10] and Multiindex Mittag-

Leffler function [13] in the kernel.

o3
-

(77)
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