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Abstract. For a semigroup S, actions of S on non-empty sets, namely S-acts, are of interest to
consider for their applications in many branches of science. The well known generalization of a
semigroup is the I'-semigroup. The notion of a I'-act over a I'-semigroup is a generalization of
actions over semigroups. In this paper, certain intrinsic and basic properties of I'-acts including
cyclic, indecomposable and free are studied as well. Among other results, it is shown that a I'-act
is free only if |T'| = 1.

2010 Mathematics Subject Classifications: 20N99, 20M30, 20M05, 08A30

Key Words and Phrases: I'-semigroup, I'-act, ['-congruence

1. Introduction

Nobusawa [10] introduced the notion of a I'-ring, which is more general than a ring.
Then Barnes [2] studied I'-rings in a different way than that of Nobusawa. Motivated
by these generalizations of rings, Sen [12] defined the concept of a I'-semigroup, as a
generalization of a semigroup. The investigation on I'-semigroups was done by certain
mathematicians which are parallel to the results in semigroup theory, for example, one
may see [11, 13, 14]. Recently on this area some new papers appeared, such as [3-5]. The
algebraic structure of a module over a ring has also been generalized to the I'-module
over a I'-ring in [1]. A useful algebraic structure in a variety of applications like algebraic
automata theory, theoretical computer science and information theory is the notion of S-
act over a semigroup S which is more general than a module over a ring (see, for example,
[8]). A generalization of an S-act to the I'-act over a I'-semigroup can be found in [14]
in connection with the consideration of radicals of I'-semigroups. Here we study some
properties of I'-acts originating by the basic properties of S-acts. First, we describe a
I’-act in terms of a I'-representation of a I'-semigroup by I'-transformations of a set. Then
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some particular morphisms in the category of I'-acts are characterized. Finally, some
results concerning cyclic, indecomposable and free I'-acts are presented.

In the sequel we recall the definitions of S-act and I'-semigroup.

For a semigroup S, a non-empty set A together with a mapping p: S x A — A where
(s,a) — sa := u(s,a) is called a (left) S-act if for all s,t € S and a € A, (st)a = s(ta)
holds. This is written as gA. For a monoid S with an identity 1, we add the condition
la = a, for all @ € A. The definition of an S-act, in this form, first proposed by Hoehnke in
[6, 7], with a different name in connection with the consideration of radicals of semigroups.
For more information on this basic concept, see [9].

There are some different definitions for a I'-semigroup in the literature (see for example
[11-14]). Here we consider the one which is introduced in [11] as follows. Let S and
I" be non-empty sets. Then S is said to be a I'-semigroup if there exists a mapping
A:SxT'x S — S, writing A(a,~,b) as avyb satisfying the identity (ayb)Bc = ay(bBc)
for all a,b,c € S and v,58 € I'. Let S be a I'-semigroup. An element e of S is said to
be a left (right) identity of S if, eys = s (sye = s) for all s € S and v € I'. A left
as well as right identify is an identity of S. A I'-semigroup with an identity is called a
I'-monoid. A non-empty subset I of S satisfying ST'I C I is called a left I'-ideal of S. By
a left I'-congruence on S we mean an equivalence relation p on S for which sps’ implies
(tys)p(tys') for s,s',t € Sand v € T. Let S and T be two I'-semigroups with left identities
e and €', respectively. A map f: S — T satisfying f(e) =€’ and f(sys') = f(s)vf(s') for
all s,s’ € S,y €T, is called a I'-semigroup homomorphism.

2. The structure of I'-S-acts

The purpose of this section is to study some basic properties of I'-S-acts. Let us first
give some definitions.

Let S be a I'-semigroup and A be a non-empty set. Recall from [14] that if there exists a
mapping A : SXI'x A — A where (s,v,a) — sya := \(s,7,a) such that (syt)Sa = sy(tSa)
forall a € A, s,t € S and v, 5 € I', and if S has a left identity e, eya = a for every a € A
and v € I', then A is called a (left) I'-S-act. If no confusion arises, a I'-S-act A is simply
called a I'-act and is denoted by rA. A non-empty subset A’ of A is said to be a I'-subact
of Aif STA' C A, that is, sya’ € A’ forall s € S, a’ € A’ and v € I'. Clearly, S itself is a
I'-S-act with its I'-operation as the I'-action. Also any left I'-ideal of S is a I’-subact of S.
Let A be a I'-S-act. An element 6 € A is called a zero element of A if sv6 = 6 for every
s € Sand v eT. Let pA,rB be two I'-S-acts. A mapping f : rA — B is called a T'-
S-homomorphism, or simply I'-homomorphism, if f(sya) = syf(a) for every s € S,a € A
and v € T'. If S is a [-monoid with identity 1 and A is a I'-S-act, then for every s,t € S
and v, 8 € ', we have syt = sft and sya = sfa. Indeed, syt = (sf1)yt = sf(1yt) = spt;
and sya = (sf1)ya = sf(1va) = sBa. Then it is more interesting to consider I'-S-acts for
a I'-semigroup S with a left identity (not necessarily an identity). Therefore, from now
on, S stands for a I'-semigroup with a left identity e unless otherwise stated.

The idea of representing something by some other objects which are better known at
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least in some respects is quite familiar in mathematics. It is well known that every repre-
sentation of a ring by endomorphisms of an abelian group gives a module over that ring
and vice versa. Analogously, representations of semigroups (monoids) by transformations
of sets give rise to the notion of acts over semigroups (monoids) (see [9, Proposition 1.4.4]).
In the same way, we here describe I'-acts in terms of I'-representations of I'-semigroups.

Let A be a non-empty set and A denote the set of all maps ¢ : I' — A4, the so called
[ -transformations of A, where A is the monoid of all transformations of A with the usual
composition of mappings as its operation. Now we have

Lemma 1. The set A is a I'-semigroup with a left (not necessarily right) identity under

the T-operation py¢' : T — A4 defined by o' (7)) == o()¢'(¥') for all ¢, ¢’ € A and
/

v,v €I

!, 1 [N/

Proof. Let p,¢',¢" € A and ~,v". Then (ov¢' )Y ¢" = ov(¢'v'¢"). Indeed, for any
" € T we have

7

(v )Y "1(v")
(mcp)(v’) "(v")
(1) (V)" (")
=<P< "Y'
= [pv(" Y,

as desired. Also the constant mapping ¢ : I' — A4 which maps every element of T' to id
is a left identity element of A which is not necessarily a right identity. O

In the following, the notion of representations of a semigroup by transformations of a
set is generalized.

Definition 1. A I'-representation of a I'-semigroup S by I['-transformations of a non-
empty set A is a I'-semigroup homomorphism ® : S — A, where A is the I'-semigroup
described in Lemma 1.

Proposition 1. Fvery I'-representation of a I'-semigroup S by I'-transformations of a
non-empty set A in A turns A into a I'-S-act. Conversely, for every I'-S-act 0 A, there is
an associated I'-representation of S by I'-transformations of A in A.

Proof. Let A be a non-empty set and S be a I'-semigroup. If & : S — A is a I'-
representation, define A : S x I' x A — A by sya = A(s,7,a) := ®(s)(7)(a), for all
s€S,yeTl',ae A. Then A is a I'-S-act. For this, let 5,5’ € S,v,7 € I',;a € A. We have

(s75)v'a = @(sy5')(7)(a) = (R(s)y2(s"))(v) (a) =
(@(s)(M)(@(s)(V)(a)) = (B(s)())(s"7'a) = 57(s"Ya).

Also if e and ¢ are left identities of S and A, respectively, then eya = ®(e)(y)(a) =
e(y)(a) = ida(a) = a. For the converse, consider any I'-S-act rA. Define & : § — A
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by ®(s) = s : T' = A4, where p4(7)(a) := sya for all s € S,y € T,a € A. It must
be shown that ® is a I'-semigroup homomorphism. Let s,s’ € S and v € I". Then
D(svys") = P(s)yP(s), or equivalently, @z = @sypy. To see this, let f € ' and a € A.
We get

Psys (B)(a) = (s75")Ba = s7(s'Ba) = s7(ps (B)(a))
= 905(’7)905’ (/3)((1) = (308’7908’)(6)((1)'

Therefore, ® is a ['-representation. O

Remark 1. (i) Every S-act A over a semigroup S can be generalized to a I'-S-act over
the induced I'-semigroup S. Indeed, first note that a semigroup S can be made into a
I'-semigroup by setting s+t := st for every s,t € S and v € I'. Now define a mapping from
SxT'x Ato A by svya:= sa for every s € S,y € ' and a € A. Then A is a I'-S-act.
Moreover, if A is a I'-S-act over a '-semigroup S and = is a fixed element of I', then S is a
semigroup under the operation st := st for all s,t € S, and A with the action sa := sva,
for every s € S and a € A, is an S-act.

(ii) A I'-S-act can have more than one zero, for instance, any non-empty set A becomes
a ['-S-act by definition sya = a for every a € A, s € S and v € T, i.e. all elements of A
are zero. If S has a right zero z, i.e. saz = z for any s € S, € I, then every element
zva for a € A and v € T is a zero element of A. Indeed, for every s € S and o € T,
sa(zya) = (saz)ya = zya. Note that every I'-S-act A can be extended to a I'-S-act with
a zero 6 by taking the disjoint union A U {6}.

In the following, we give some examples of I'-S-acts.

Example 1. (i) Let S,T" and M be the sets of all 3 x 2,2 x 3 and 3 x 3 matrices over
7Z, respectively. Under the usual matrix products, S is a I'-semigroup and M is a I'-S-act
but not an S-act.

(ii) Let S={n+4: ne N}, I'={bn+1: ne N} and A= {5n:n € N}. Under
the usual addition of natural numbers, S is a I'-semigroup and A is a I'-S-act but not an
S-act.

(iii) If A is a I'-S-act, then the power set of A, P(A), is a I'-S-act under the I'-action
syX = {syx |z € X} forse€ S, X € P(A) and vy €T

(iv) Let S be a I'-semigroup. Then the set of all 2 x 2 matrices over S is a I'-S-act

under the I'-action:
s s s1vs  s1vs'
817< t t ) T < siyt st
for s1,s,s,t,t' € Sand vy €.

(v) Let S and T be I'-semigroups. Clearly, the cartesian product S x 7' is a I'-semigroup
with the T-operation (si1,t1)v(s2,t2) := (s17782,t17yte) for every s1,s9 € S, t1,t2 € T and
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~ € I'. Now suppose S and T contain right zero elements z, 2/, respectively. Then the set

A:{< ;, z ) :s€8,teT}isal-S x T-act under the I'-action:

t
S92 Z L 51782 z
(817t1)/)/< Z/ t2 ) T < Z/ tl’th >

for s1,s9 € S,t1,to € T and v € I'. To see this, let s1,s9,5 € S,t1,to,t € T and o,y € T.
We have:

((31”51)04(32’752))W< ZS, j ) = (810482,t104t2)'y< 5, j )

B < (310‘;,2)73 (7510;2)’% > - < 3104(;,273) tla(;'yt) >

_ (sl,tl)a((SQ,t2)7< j, j )).

Hence, A is a I'-S x U-act.

We here generalize some basic properties of S-acts to I'-S-acts.

Since the composition of two I'-homomorphisms is a I'-homomorphism, and the iden-
tity map on a I'-act is a I'-homomorphism, we conclude that all I'-acts together with all
I'-homomorphisms between them forms a category which is denoted by I'-S-Act, or sim-
ply I'-Act if no confusion arise. The notions of I'-monomorphisms, I'-epimorphisms and
I'-isomorphisms in their categorical forms are defined as monomorphisms, epimorphisms
and isomorphisms, respectively, in the category I'-Act. Here we characterize these no-
tions in terms of injective, surjective and bijective = I'-homomorphisms. Let us list some
preliminaries.

If rAis a I'-act, a € rA and v € I', then the map A,, : S — rA defined by
Aoy (s) = sya for every s € S is a I-homomorphism. To see this, for every t € S and
B €T we have A\, (tBs) = (tfs)ya = tB(sya) = tBAq ().

Let 1A be a I'-S-act. An equivalence relation p on A is called a I'-S-congruence, or
simply a I'-congruence, on rA if apa’ implies (sya)p(sya') for every a,a’ € rA, s € S
and v € I'. The set % = {la], : a € rA} with the I'-action sv[a], = [sya], for every
s € S and v € T is called the factor I'-act of A by p, and the canonical surjection
T, : 1A — % where a +— [a], is called the canonical I'-epimorphism. Also for a I'-
homomorphism f : A — B, the I'-congruence p = kerf on rA where apa’ if and only if
f(a) = f(d'), for all a,a’ € A, is called the kernel I'-congruence of f. For each I'-subact p B
of 1A, the Rees I'-congruence pg on A is given as apgad’ if and only if a = d’ or a,d’ € B,
for any a,a’ € A. The resulting factor I'-act 2—? is simply denoted by ?—g.
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Proposition 2. In the category I'-Act, I'-monomorphisms, I'-epimorphisms and I'-iso-
morphisms are exactly injective, surjective and bijective I'-homomorphisms, respectively.

Proof. It is easy to see that every injective I'-homomorphism is a I'-monomorphism,
every surjective I'-homomorphism is a I'-epimorphism, and every I'-isomorphism is bijec-
tive. Take any I'-homomorphism f : A — prB. Suppose f is a ['-monomorphism and
f(a) = f(d') for any a,a’ € A. We show that a = a/. Let v € . Consider the I'-
homomorphisms Ay, Aay : 7S — rA. We claim that fA,, = fAs,. For every s € §,
fAaq(s) = f(Xay(8)) = f(s7a) = syf(a) = syf(d') = f(s7a’) = f(Aar4(5)) = fAar4(5).
Since f is a I-monomorphism, \q 5 = Ay 4. Hence, a = eya = A\, (€) = Ay 4(e) = eya =
a’, where e is a left identity of S. Then f is injective. Now let f be a I'-epimorphism.
Clearly, Imf is a I'-subact of B. Consider ['-homomorphisms g,h: B — % defined by
g(b) = Imf and h(b) = [b];ms for every b € B, respectively. Clearly, gf = hf and then
g = h because f is a I'-epimorphism. It follows that for every b € B, Imf = g(b) = h(b) =
(bl 1 whence Imf = B, i.e. f is surjective. Finally, assume that f is bijective. It suffices
to show that f~! is a ’~homomorphism. Let s € S,y € I',b € B. Then there exists a € A
such that f(a) = b and hence f~(syb) = f~1(svf(a)) = f~1(f(sva)) = sya = syf~L(b).
This implies that f is a I-isomorphism. ]

Remark 2. Let S be a I'-semigroup, r4 a I'-S-act and f : rA — 1S a I'-homomorphism.
Then A is a I-semigroup under the T-operation ava' := f(a)ya’ for every a,a’ € A and
~ € I'. For this, let a,ad’,a” € A and o,y € I". Then

(aca)ya" = (f(a)aa)ya" = f(f(a)ad’)ya" = (f(a)af(a’))va"
= f(a)a(f(a')ya") = aa(f(a’)ya") = ac(a’ya").

Theorem 2 (Homomorphism Theorem for I'-Acts). Let f : A — 1B be a I'-homomorphism
and p be a T-congruence on rA such that apa’ implies f(a) = f(d'), i.e. p < kerf. Then
e % — B with f'([al,) := f(a), a € vA, is the unique T'-homomorphism such that
f'mp = f. If p=kerf, then f’ is injective. Also if f is surjective, then so is f'.

Proof. The mapping f’ is well-defined, because for every [a],, [¢], € %, la], = [d], &
apa’ = f(a) = f(a’) = f'(la],) = f'([d/],). For every s € S,y € I"and a € A, f'(sv[a],) =
f'([sval,) = f(sya) = syf(a) = svf'([a],). Hence, f’is a I'-homomorphism. Also for
every a € rA, (f'm,)(a) = f'(mp(a)) = f'([a]l,) = f(a). Now we show that f’ is unique.
Suppose there exists f” : % — 1B such that f”m, = f. This implies that f"m, = f'=,.
Since 7, is an epimorphism, f” = f’. The remainder is an easy verification. O

Corollary 1. Let f : A — B be a I'-epimorphism. Then kgff = B.

3. Cyclic, Indecomposable and Free I'-S-Acts

In this section we study the notions of cyclic, free and indecomposable I'-S-acts and
investigate their properties. For each I'-act, a unique decomposition into indecomposable
I’-subacts is obtained. It is also proved that if a I'-act is free, then I' is a singleton.
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Definition 2. A subset U # () of a I'-S-act A is said to be a generating set of A if
every element a € A can be presented as a = syu for some s € S,u € U and v € I". In
this case, we write A = (U) (or STU), where STU = {syu:s € S,y € I',u € U}. For
simplicity, we use the notations SyU and ST'u for S{~v}U and ST{u}, respectively. Also
A is finitely gemerated if it has a finite generating set of elements. We call A a cyclic
I-S-act if A = (a) (= STa) for some a € rA. Not that pA = (A), i.e. pA is always a
generating set of itself.

Lemma 3. Let U be a non-empty subset of a I'-act rA and a € T A. Then the following
assertions hold:

(i) STa = Sva for every v €T

(ii) Sya = Spa for every v,B € T.

(iii) STU = SyU for every v € T.

Proof. (i) Let v € T and a € pA. Clearly, Sya C STa. For the reverse inclusion,
take any 5 € T" and s € S. Then sfa = sf(eya) = (sfe)ya € Sya which implies that
STa = Sva.

(ii) Let ~, 5 € I'. Using (i), we get Sya = ST'a and SfBa = STa. Then Svya = Spa.

(iii) Let v € I'. It follows from (i) that SyU = {J,cy Svu = Uyey STu = STU. O

The above lemma presents a simple characterization for generating subsets of a I'-act.
In particular, one can consider a cyclic I'-act pA = (a) as Svya for any v € T.

In the following, we characterize cyclic ['-acts in terms of the factor I'-acts of p.S.

Theorem 4. If a I'-act 0 A is cyclic, then there exists a I'-congruence p on tS such that
rA= %. The converse also holds provided S is a I'-monoid.

Proof. Let tA = Sva for some a € rA and v € I'. Then the I'-homomorphism
Aaqy i TS — rA is obviously a I'-epimorphism. Using Corollary 1, we get t A = ke}:)i —
Then setting p = ker),, we get the result. Conversely, if p is a I'-congruence on a I'-
monoid rS with identity 1, then for every [s], € % and v € T, [s], = [s71], = s7[1],

which shows that % = ([1],)- O

A T-act is called simple if it contains no proper I'-subacts. It is clear that a simple act
must be cyclic. Now we give conditions under which cyclic I'-acts, principal left I'-ideals
and Rees factor I'-acts of a I'-monoid by left I'-ideals are simple.

Proposition 3. Let p be a left I'-congruence on a I'-monoid vS. The cyclic I'-act % 18
simple if and only if (1], NSyt # O for anyt € S and v € T.

Proof. For a left I'-congruence p on p.S, consider the canonical I'-epimorphism 7 :
rS — %. Let % be simple and t € S,y € T'. Since 7(S~vt) is a I'-subact of % and
% is simple, 7(Svt) = %. Hence, there exists u € Syt such that 7(u) = [1],. Thus
u € [1], and then [1], N Syt # 0. Conversely, let pA be a I'-subact of %. Take any

t € 7 1(A) and v € T'. Using the assumption, there exists s € S such that syt € [1],.
Now [1], = m(syt) = syn(t) € rA. This implies that pA = % and hence % is simple. [
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The following two statements are corollaries of the previous proposition. They can
also be obtained straightforward from the definition of a simple I"-act.

Corollary 2. A principal left T'-ideal Svz,z € S,y € T is a simple T'-act if and only if
z € SPtyz forallt € S,5 €T.

Corollary 3. Let I be a left I'-ideal of S. The Rees factor I'-act # is simple if and only
if I =S.

Definition 3. A I'-act 1A is called decomposable if there exist two I'-subacts 0B and rC
of rA such that A = rBUrC and rBNrC = (). In this case, the disjoint union rB U rC
is called a decomposition of rA. Otherwise, rA is called indecomposable. If we consider
I'-S-acts with unique zero #, then we have to replace () by {6} to define decomposable and
indecomposable I'-acts with unique zero.

Recall that every S-act has a unique decomposition into indecomposable subacts (see
[9, 1.5.10]). In the following, an analogous result is obtained for the decomposition of
I'-acts. To this end, first note the following:

Proposition 4. Fvery cyclic T'-act is indecomposable.

Proof. Suppose rA = Svya, v € I',a € A, is cyclic and A = rB U rC for some I'-
subacts 0B and pC of rA. Then a = eya € B, say, and then A = Sya C 1B which is a
contradiction. O

Lemma 5. Let A; C 1A, i € I, be indecomposable T'-subacts of an I'-act rA such that
NicrA; # 0. Then U;er A; is an indecomposable T'-subact of rA.

Proof. First note that U;c;A; is a I'-subact of rA. Indeed, STA; C A; for every
i € I whence ST (U;crA;) = Uier(STA;) C UserA;. Suppose there exists a decomposition
UierA; = rB U rC. Take z € NjerA; with x € rB, say. Then z € A; N rB for all
i€ 1. Since A; = A;N(rBUC) = (4;N rB) U (4;N pC) and A; is indecomposable,
A; N pC = for every i € I. Thus U;c;A; = rB which is a contradiction. O

Theorem 6. Every'-S-act v A has a unique decomposition into indecomposable I'-subacts.

Proof. Take x € pA. Then Svzx, v € I, is indecomposable by Proposition 4. Using
Lemma 5, we get U, = |J {rU C pA : pU is indecomposable and = € pU} is an indecom-
posable I'-subact of pA. For z,y € rA, U, = U, or U, NU, = (. Indeed, z € U, N U,
implies U,,U, C U,. Thus x € U, C U, y € Uy, C U, i.e. U, C U, NUy. Therefore,

Uz = Uy = U,. Denote by A’ a representative subset of elements x € rA with respect to
the equivalence relation ~ defined by x ~ y if and only if U, = Uy. Then 1A = {J,c 4 Us
is the unique decomposition of 1A into indecomposable subacts. O

Definition 4. A set U of generating elements of a I'-S-act rA is said to be a basis of
rA if every element a € rA can be uniquely presented in the from a = syu for some
se€S,ueUandyerl,ie. ifa=syu= sy for s,s €S, u,v’/ € U and 7,7 € T, then
s=s,u=u"and v =+/. If a I'-act A has a basis U, then it is called a free I'-act.
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Proposition 5. Let f : A — B be a I'-homomorphism.

(i) If r A if finitely generated then so is f(rA).

(ii) If rA = (U) and g : rA — rB is a I'-homomorphism, then f(u) = g(u) for every
u € U implies f = g.

(iii) If f is a T-epimorphism and p A = (U), then pB = (f(U)).

(iv) If is a I'-isomorphism and v A is a free I'-act, then so is 7 B.

Proof. 1t is straightforward. O
The following result shows that there is no free I'-act whenever |I'| > 1.

Theorem 7. If A is a free T'-act, then |T'| = 1.

Proof. Suppose rA is a free I'-act with a basis U. Consider 7,7 € I', s € S and
u € U. Using Lemma 3(ii), syu € Syu = Sy'u and then syu = s'y'u' for some s,s" € S
and u,u’ € U. Since U is a basis, v = 7. O

Remark 3. Let |I'| = 1. Using Remark 1(i), the category I'-S-Act is equivalent to the
category of all acts over the induced semigroup S (containing a left identity). Therefore,
any categorical property of such I'-acts coincides with the analogous property of their
corresponding acts. For a I' = {7} and a I'-semigroup S with a left identity, in view of
the constructing free acts over monoids as in [9, Construction 1.5.14], a free I'-S-act with
a basis X # () is isomorphic to S x T' x X with the action svy(t,~, ) := (syt,7,x) for all
s,t € S and x € X. Furthermore, any free I'-act is invariant under the cardinality of its
bases and the universal property of freeness holds for free I'-acts. Hence, every I'-act is a
factor I'-act of a free I'-act (see [9, Theorem 1.5.15, Proposition 1.5.16]).
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