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Abstract. The aim of this work is to show the existence of weak solutions and supersolutions for
a nonlinear system modelling Ions migration through biological cells membranes with L!- Data. In
the first step, we describe the mathematical model after that we define an approximating scheme.
Under simplifying assumptions on the model equation, we prove some L' a priori estimates, then
we prove that the solution of the truncated system converges to the solution of our main problem.
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1. Introduction

Mathematical models is an abstract model that uses mathematical language to describe
the behaviour of a system. Mathematical models are used particularly in the natural
sciences and engineering disciplines such as physics, biology, and electrical engineering in
order to solve a complicated or the difficult nonlinear systems [1, 8, 13, 14, 7, 2], so one of
the models that we are interested in is the ions electro-migration through biological cell
membranes. Recently some several authors have introduced this model [15, 12, 10, 5, 19,
11]. Concerning those who have obtained the numerical results, here are some references
[3, 4, 6].

These kinds of models have been studied by many researchers in the biophysical litter-
ature, [12, 10]. For more understanding this model, we will begin by a simple description
of this phenomena that arise across membranes.

A membrane, in simple terms, may be defined as a phase that acts as a barrier to
prevent mass movement but allows restricted and/or regulated passage of one or several
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species through it. It can be a solid or liquid containing ionized or ionizable groups, or
it can be completely un-ionized. Functionally, all membranes are active when used as
barriers to separate two other phases unless they are too porous or too fragile.

Passing through the barrier of a cell is to move materials into and out of a cell and
this is important in cell communication and normal cell function. For example the cell
of the nervous system function properly. The ions water, proteins, macromolecules and
Nutrients need to be able to pass in and out of the cells.

The first proposal that cellular membranes might contain a lipid bilayer was made in
1925 by two Dutch scientists, E. Gorter and F. Grendel [9], these two reaserchers extracted
the membrane lipids from a known number of red blood cells, corresponding to a known
surface area of plasma membrane. They then determined the surface area occupied by a
monolayer of the extracted lipid spread out at an air-water interface. The surface area
of the lipid monolayer turned out to be twice that occupied by the erythrocyte plasma
membranes, leading to the conclusion that the membranes consisted of lipid bilayers rather
than monolayers.

The cells of the nervous system form networks. They are like all the cells that are
able to function because they can control the substances inside of the cell and out of the
cell, all this materials move in and out of the cell by passing to the plasma membrane.
The plasma membrane surround the cell and separate the interior (intracellular)from the
exterior (extracellular) of the cell environment.

The impermeability of the cell membranes is composed of a lipid bilayer, which is a
universal component of all cell membrane, its role is critical because its structural com-
ponents provide the barrier that marks the boundaries of a cell. The structure is called
a lipid bilayer, because it is composed of two layers of fat cells organized in two sheets.
The lipid bilayer is typically nanometers thick and surrounds all the cells providing the
cell membrane structure. The phospholipids organize themselves in a bilayer to hide their
hydrophobic tail regions and expose the hydrophilic regions to water. This organization is
spontaneous, meaning it is a natural process and does not require energy. This structure
forms the layer that is the wall between the inside and outside of the cell.

One of the mechanisms for getting in and out of the cell, we have the diffusion across
the lipid bilayer. Since membranes are held together weak forces, certain molecules can slip
between the lipids in the bilayer and across from one side to the other. This spontaneous
process is termed diffusion. This process allows molecules, that are small and lipophilic
(lipid soluble),including most drugs, to easily enter and exit cells. More on this later.

The electrochemical equilibrium of the electro-diffusion system is the result of deli-
cate balance between concentration gradients and electrostatic forces and requires a true
compromise; microscopic electro-neutrality does not hold in a boundary layer around the
location of membrane impermeability. This implies the presence of excess positive or neg-
ative changes on either side of the membrane and causes a nonzero electrostatic potential
difference across the membrane. In turn, a portion of the permeable salt is excluded from
the compartment confining the large, charge-carrying protein, which causes a nonzero
concentration gradient across the membrane which is the key component of the biological
world.
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In this work, we consider a class of models of ions migration through biological cell
membranes. where the concentrations satisfy the Nernst Planck flux equation, including a
kinetic reaction terms and the potential is given by the Poisson equation, forall 1 <i < NS

% — d; Aw; — midiv(w; Vo) = S;(w, @) on Qr
*SAaéf) = F (w1, &Z«)NS) on Qr
w; .
—di 8U miwi% =0 1m ZT (1)
P(t,r) =0 in Xp
#(0,2) = ¢o(x) on
wi(0,z) = w;o(x) on €

where Q denotes an open and bounded subset of RY with smooth boundary 9. For each
1, w; is the concentration of the 7 species which has diffusion coefficients d; which are non-
negative inside the channel and a valency z;. ¢ is the electrical potential which describes
the Coulomb interaction in a mean-field approximation, m; is the electric mobility that
depends on the the universal gas constant, the charge carried by a mole of each species,
the diffusion coefficient and also on the local temperature.

The normal exterior derivative on 952 is denoted by 9, and A denotes the Laplacian op-
erator on . Also, we have Q7 =]0,T[xQ and X7 =]0,T[x9Q with T is a nonnegative
constant.

We set

NS
Z ZWi
i=1
— w7

1+ed w
i=1

F(w) =

where w = (w1, ..,wng), f is the fixed charges concentration and the dimensionless param-

A
eter ¢ is given by /¢ = TD’ the [ denotes the reference length scale and \p is the Debye

screening length of the reference solution defined by the following [18]

eskT
2e2w

Ap = ( )2

where €, is the dielectric permittivity of the solution (roughly equal to that of the solvent)
and assume to be constant, k denotes the Boltzmann constant, T' the absolute temperature,
e the elementary charge and @ is a reference concentration of ions. In order to describe
our result and to more illustre it, we have the following example. We are interested in the
suicide substrate system, represented by Walsh and al. [19]

E+S=}! XYy ME+P vV ME,

where F, S and P stand for enzyme, substrate, and product, respectively; X and Y,
enzyme- substrate intermediates; F;, inactivated enzyme; and the ks are positive rate
constants.
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We denote the concentrations of the reactants by

w1 = [E],wg = [S],w;g = [X],CU4 = [Y],w5 = [Ei},w(} = [P]
Then, the basic suicide substrate reaction model becomes

0

agjtl — d1Aw; — midiv(w; Vo) = —kjwiws + k_qws + kswy on Qr
8(;;2 — daAws — madiv(wa Vo) = —kjwiws + k_qws on Qr
8523 — d3Aws — mgdiv(w;a,Vd)) = kiwiwy — (k—l + kQ)W3 on Qr
é;): — dgAwy — mydiv(wg Vo) = kows — (ks + kg)wy on Qr
agj: — dsAws — m5diU(W5v¢) = kqwy on Qr
% — dgAwg — mediv(wgV o) = kswy on Qr
—diawi — miwi% =0 inYpforalll1 <i<6
ov v
NS
Z ZiWi
—€A¢ = % - f on QT
1+e Z Wi
=1
o(t,x) =0 X7
(0, x) = o) on £}
w;(0,2) = w;o(x) on Qforalll <i<6

2. The main result

2.1. Assumptions

At first, we introduce the notion of weak solution of the problem (1), so let us begin
by giving some hypothesis on the nonlinearities and also the initial data. These two main
properties are ensured by the following assumptions.

For all i € {1,..., NS} and Vr € [0, 4+00)V, the nonnegativity of solutions is preserved if
and only if the quasi-positive condition is verified

(H1) Si(r1,7r2, ... 7i-1,0,Tit1, ..., 7ns) > 0, for all r = (r1,79,...,7n5) € [0, +00)V?
Furthermore, we restrict ourselves to the case of nonnegative solutions satisfying the tri-
angular structure, which means that

Si(r)y <O+ S 7)) ¥rel0,+o0)VS
(H2):{ 1<i<NS 1<i<NS
where C >0, and Vi =1,...,. NS
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Since we allow the nonlinearities to depend on (¢, x), let us assume that for alli = 1,..., NS

S; : Qr x [0,400)N5 — R is measurable; S;(.,0) € L' (Qr)

3K : Qr x [0, +00) — [0, +00) with VM > 0, K (., M) € L'(Qr)
and a.e (t,z) € Qr, Vr,7 € [0, +00)VS with |r|, |F| < M,
|Si(t,x,r) — Si(t,x, )| < K(t,z, M)|r — 7.

(H3) :

Then, we make the following assumptions
wio € L*(Q), such that w; o > 0. (2)
and
$o € L=(Q). (3)
and there exists a function © € L*(Qr), such that

|F(t,z,7)] < O(t,x) a.e. (t,x) € Qr,
Vr € [0, 00)V9,

(4)

Now, we clarify in which sense we want to solve our problem. In the following, we define
the notion of weak solution.

Definition 1. (w,¢) = (wi,...,wns, @) is said to be a weak solution of (1) if, for all
1<i< NS

for all v € CY(Q7) such that v(T,.) =0

_ fQT wigq; +d; fQT VwiVv+m; fQT wiVoVv — [ wi(0,2)v(0,z)dr = fQT Si(w, d)v
for all 6 € D(Q) and t €]0,T

o eVeVO = [, F(w)0

¢(0,z) = ¢o() in

wi(O, 33) = wi,g(x) in

(5)
The principal result of this paper is the following theorem

Theorem 1. We assume that (H1) — (H3), (2), (3) and (4) hold. Then there exists a
weak solution (w,d) of (1) satisfying w; > 0 in Qp for all1 <i < NS.

3. Proof of the main result

In this paper, we organized the steps of our work as follows. At first, we will prove
the nonnegativity and the L' bound of solutions uniformly in time, after that, we will
show that the nonlinear terms are also bounded in L'(Qr), where here we add some
assumptions on the nonlinearities, in order to obtain the desire estimation. The second
main purpose is to give an approximate problem using the truncated functions not only on
the nonlinearities but also on the initial data, where we will be inspired from the method
of Michel Pierre [16].

w e C([0,T]; LYQ)N%) N LY(0,T, WEHQNS), ¢ € L=(0,T, Wy (), Si(w. ¢) € LY(Qr)
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3.1. Existence of global weak supersolutions for bounded L!—nonlinearities

Now, we need to approximate the system (1). For this, we truncate the nonlinear
terms S; as follows S7' = T;,0S5; where the truncated function 75, : R — R is given by

Th(o) =0 if o € (—op,n), T(o) =—0opif 0 < —op and Ty,(0) =nif o > n

where o, = (NS)n.
Also we need to truncate the initial data, so, we set w;'y = inf{w;g,n} foralli=1,...,NS.
The next step is to consider an approximated system of (1), namely classical solutions

(Wnad)n) = (wl,n) <y WN S, ¢n) of

((forall1<i< NS
8;;71 — diAw; p, — midiv(w; V) = S (wn, ¢n) on Qr
Owi n 8¢n ‘
—d; —miwip—— =0 in Yp
. - 6)
on(t, ) =0 in Xp
6n(0,2) = do(2) B

Where S} are essentially truncations of the nonlinearities S; and wZO tends to w; g in ! (Q).
Moreover, we assume that S have the same properties (H1) — (H3) as \S;, and we choose
the nonlinearities in such a way that they will be uniformly bounded for each n.
First of all, we will need to prove the nonnegativity of w,, for that we introduce the
function Z,, = (Z1n, Za.n, ..., ZNS,n) Which is defined by
m;

n

Zi7n:wi7n€ di 1<i<NS

and we have,
m;

n 1
Din = € di and qi;n = 5
Pin
where the terms (¢;n)1<i<Ns, (Pin)i<i<ns are uniformly bounded by a constant that not
depends on n.
Then, the concentrations (Z;,)i<i<ns and the potential ¢, will satisfy the following
system
(qz,antznm) - didlv(Qi,nVZi,n) = Sin(Zm ¢n) m QT
_5A¢n = F(‘]nZn) in QT
in
70 =0 on Xp (7)
On(t,z) =0 on Xp
dn(0,2) = ¢o(x) on Q
in(0,2) = Z(x) on Q

N
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where S7' =T, noS'Z- and the nonlinearities SZ" are defined in RYS by

N Si(ﬁﬂ”Q,n-ﬂ"NS) if (7”1,7“2,...,?"1\75) € [0,+OO)NS (8)

SZ(T) = SZ‘(Tl,'r‘Q, ..,TNS) - { Si(T1, ...,Tj_1,0,7“j+1, ...,Tm) if ] < 0.

Now, we introduce the function sign~ defined on R by

Lo —1ifr<o0
SIT=Y 0 ifr>0

as sign~ is an increasing function, we consider the convex function j. € C?(R) such that
jo(r) — sign”™r when £ — 0

Also we put v = j.(Z;) as a test function in (7), then we have

T 1 0(ginZin) + T Y T n ./
| [ Rz« [ aaV 26 @)+ [ ] SH 605 i)
0 Q 0 Q 0 Q

we denote by I; and I the two members in the right side of previous equality, and by
using the convexity of the function j., we deduce that

T
L o= —d / / GinV ZinV (o Zin)
0 Q

T 2
= _di/ /Qi,n|vzi,n|2jg(zi,n) <0.
o Ja

Concerning the second member Iy, we define the second term I, then, we deduce

T
liml, = lim / / S Zn, dn)ie(Zin)
0 Q

e—0 e—0
= lim S™M(Zn, n)je(Zip) + lim S (Zny $n)je(Zin)
e—0 [Zi,nZO} e—0 [Zi,n<0}
= lim S Zy d0)je(Zim)-

e—0 [Zz‘,n<0}

By using (H1), we have

lim [2 = —/ S?(Znaﬁtn)
[Zi,n<0]

e—0

S / T (Si(Zims oo Zio1s 0 Zis s ooos Znsms 8)) < 0
[Zz,n<0]

Then, we obtain

T
znZzn !
hm/ /a(q”)]s(zin)go
0o Ja ot ’

e—0
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which means that by passing to the limit, we obtain

T
/ / 8(%,71 z,n) sign_(Zi n) <0
o Ja ot ’

T . .\
/ / a(Qz,nZz,n) < 0
o Ja ot

this implies the following inequality

therefore

/Q(Qi,nzi,n)_(t’x) < [)(Qi,nzi,n)_(07$)

as (¢inZin)(0,z) > 0 for almost everywhere then we deduce

/(Qi,nZi,n)_(t,ZE) <0.
Q
Finally (¢;nZin)” (t,2) = 0 and then Z;,, > 0, for all i = 1,..., N'S.

3.1.1. A priori estimate

First, we start by proving the following lemmas, where we are going to use the fact that
Win = Qi,nZi,n

Lemma 1. Assume that (H2) and (7) are satisfied. Then we have the following result
/ > (GnZin)t) <€ | > (q10Zio) + k(€€ = 1)
Q1<i<Ns Q1<i<Ns
Proof. We sum the NS equations. Then, we have
0(qin2Z; .
S MnBin) (S g Vza = Y SHaz)
1<i<NS 1<i<NS 1<i<NS

and by using (H2), we have the existence of a positive constant denoted by C such that

0(q; nZ; .

E (%’g Z’n) — dw( E diqi,nVZm) < C(l =+ E Qi,nZi,n)
, t , ’

1<i<NS 1<i<NS 1<i<NS

Now, we set Vp,(t) = > (qinZin)(t) , so by integrating on 2, we obtain
1<i<NS

OV, (t) 0Zin
_ P L
L ot / 5 diGin 50 _C/Q(lJrVn(t))

M1 <i<NS
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Since 8?’” =0foralli=1,...,NS, we have
v

OV (t
g() < / C[1 + Vi (8)]
o Ot Q
Here, we integrate over (0,t), for each t in the existence interval, we get

/ Q(Vn(s)e_sc) < Ce™5¢
QTa

§ Qr
1
/ Va(t)e € < / Vi (0) + / C(1 — 1€
Q Q C Jo
and we put k = meas(Q2), which give us the following estimate
/ Va(t) < etc/ Vi (0) + k(ef€ — 1).
Q Q

According to the definition of the initial data, It follows that the total mass [ V;,(t) is
bounded on any interval.

Remark 1. Let ¢, be the unique solution of the elliptic problem

—eA¢, = F(QnZn) on  Qr
On(t,z) =0 on X 9)
¢n(0,2) = do(x) on ,

where ¢, is the solution of the Poisson equation.

Lemma 2. There exists a constant C' depends only on T and on the L°°—norm of ¢,
such that

|\¢n||Loo(o,T;W3’°°(Q)) =C

Proof. We have Vt €]0,T[, ¢, is the unique solution of the elliptic problem (9)
Where ¢,, satisfies

an(t,az):/QH(s,a:)G"(t,s)ds

and 0" is given by
0" (t,s) = F(t,s,qnZn), s€Q,

where H denotes the Green’s function associated to (9) . Then we have
1E(t: 5,90 Zn)|Loo(@r) < C

hence

|\¢n||Loo(o,T;W3’°°(Q)) =C
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Concerning the nonlinearities (S!)1<;<ns, we may indeed show the L' bounded of
those nonlinearities S7* for all 7'. The proof needs to give more restrictive assumptions on
the nonlinear terms (S7")1<i<ns. We assume that
There exists a lower triangular invertible matrix A = (a;;)1<ij<ns with nonnegative
coefficients, such that

3b € (0, 4+00)V9, Y(t,z,7) € (0,T) x Q x [0, +00)V°
(10)
AS(t,x,r) < (1+ >, m)b
1<i<NS
Where S(r) = (S1(r), Sa(r), ..., Sns(r)).

Proposition 1. Assume that (H1) and (10) hold. Then, if (Zy,, ¢n) is solution of (7) on
(0,T), there exists a nonnegative constant denoted by C' such that, for all1 <i < NS and
foralln >1

/ ST (Zn, ) |dtdz < C < +o00. (11)
Qr

Proof. We denote by Cy any constant depending only on the initial data and T'. Then
for all t € [0, 7], we have fQ(qum)(t) < Cpfor all 1< ¢ < NS. Now, we take the equation

verified by ¢; ,Z; , and we sum the NS equations to obtain that, for 1 <7 < NS and for
1 < j <1, we have

Zam q]n jm) Za” [d;div(qjnVZjn)] Zam (Zny n)

7=1

we multiply this equation by ¢ = 1 and integrating on Q7. Indeed, we have

d(q;
/ Zaz,j Jn ]n _/ Zaz,j jQJn / Zalj Z?’mqsn)
Qr j—1 v Q

le T]l

we use the boundary conditions, then we obtain
(g
/ Zaz,] ]n jn = / Zaz,j Zna¢n)
QTJ 1 QTJ 1
therefore

)
Zai,j/ QJn ]n Zaz,]/ Sn Zn;¢n +Zaz,]/ﬂ QJ,an,n)(07x>
j=1

7j=1

the nonnegativity of solutions gives us

_;Cbi,j /QT S]n(Znad)n) < ;ai,j/g(%, )(O l‘) (12)
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Now, we use (10). This leads us to the following estimate

/T Z“%J/ 4jnZjn)(0, ) / 1+qu in) (13)
where

Zalj Zna¢n +b +Zan zn

By using (12) and (13), we Obtaln

HZCLWSJ" (Zn ¢n)HL1(QT) <C.

Therefore, for 1 <7 < NS
”S?(Zna(ﬁn)HLl(QT) <C.

Before continuing the proof of the main result. First of all, we define the following the
following set

D= {4 € C®(Qr); ¥ >0; %(0,T) =0} (14)
or, we choose all the Dirichlet condition as follows
D={yeC™®Qr); >0; ¥(,T)=0, ¢ =0on Ir}. (15)

Definition 2. The function (w, @) = (w1, ...,wNs, @) is called a supersolution of problem
(1), if
[ we O, T]; LYY N LY0, T; WHH(Q)N9),

¢ e L®(0,T; W, °°(Q)) S(w,d) € LXQr)N®, and for all ¢ € D

— fQ wi o (0) + f [—w; + d;Vw; Vi + miw; VoV ] > fQ (w, ®)Y

16
for all 6 € D(Q) and t €]0,T[ (16)
[ eVoVo = [ F(w)
¢(0,z) = do(x) in Q
Theorem 2. Let (wn,¢n) = (Wi WNSms Pn) be a nonnegative solution to the ap-

prozimate system (6) satisfying (11) and the hypothesis of Theorem 1. Then up to a
subsequence of (wy) also denoted by wy, converges in L*(Q7)N° and almost everywhere in
Qr to a supersolution of system (1) given by (16), which is equivalent to the following
definition

Z e O([0, T} L' ()N%) n L0, T; WHH () N9),

¢ e L>(0,T; WO1 °°(Q)) S(Z,¢) € LNQp)NS, and for all ¢ e D,
— Jo(@i.0Zi0)0(0) + [o, [=¥e(a:Z:) + &gV ZiVY] > [, S Z,6)0
for all 6 € D(Q) and t €]0,T'

[0 eVoVo = [, F(qZ)0

¢(0,z) = ¢o() in §

(17)
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Proof. (Existence of Supersolution)

Lemma 3. [17] Let Q be an open bounded subset of RN with smooth boundary and Win
solution of (6). Then for every T > 0, the mapping

(who, S € LYS) x LHQr) = win € LHQr). (18)

is compact from L'(Q) x LY(Qr) into L'(Q7), and even into L*(0,T; WH(Q)), and for
the compactness of the trace, we use the continuity of the trace operator from Wh(Q) into
LY(0R2). Then the trace mapping

(wi'0, Si') = (Win) sy € LY(S7) is also compact.

According to the a priori estimate (11) and to the compactness lemma, there exists
w € LY Q)N with Vw € [L'(Q7)V]V® such that, up to a subsequence, one may assume

that
wy, — w in LY Q7)Y and a.e in Qr, Vw, — Vw in [LY(Q7)V]VS

we L0, T; WhH(Q))NS. (19)

Now, we need to prove that the nonlinearities (S7')1<<ns and (S;)i1<i<ns belong to L'
So, first we define the function 1}, such that

775\1/[ = sup !S?(t,x,r) — Si(t,l',?")’
0<|r|<M, 1<i<NS
where
Ny — 0 almost everywhere in Qp
and

Indeed, since
77?\4 < Sup X[—Un<Si<n]|Si(t7$>r)"
0<|r|<M, 1<i<NS

From the Lipschitz property (H3), we find the following inequality
Ir] < M = |Si(t,z,r)| < |S;(t,2,0)| + K(t, z, M) M.

By using the fact that K (., M), S;(.,0) € L'(Qr), we obtain the required result. It means
that %, — 0 in L'(Qr) and almost everywhere in Qr.
Now, thanks to the continuity of S;(.,.,7) where r € (R;)V, we also have

S?(Wm an) — Si(wa ¢) a.e in QT (20)

and By Fatou’s lemma, we obtain

/ |Si(w, ¢)| < lim inf |7 (wny D) (21)
T Qr

n— 400
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and in particular, we have S;(w, ¢) € LY(Qr) for all 1 <i < NS. To accomplish the proof
and in order to pass to the limit in the equation, we will need the convergence in L'(Q7)
of S*(wp, ¢n), which is not true in general, however we will show that we could have at
least one inequality in the limit so this is the purpose of the second theorem. Now we are
left with the following step, which is the boundedness of the gradient terms. For this, we
need to ennunciate the following lemma.

Lemma 4. Let (7) and (11) be satisfied and there exists € > 0. Then, for all k > 0 and
n>1

(di — 5)/ 4inV Zin|* < CK* + k[/ lqi,0Zi0| +/ 1S (Zn, dn)]- (22)
(l9i,nZi,n|<K] Q Qr

where C' is a constant depending only on e, || and T.

Proof. We may suppose S is a regular function. To show how the estimate (22) is
easy to obtain, we introduce the function ji(r) = [ Ti(s)ds where Ty(s) is the projection
of s onto [—k, k].

Multiplying the following equation by T} (ginZin)

8(Qi,nZi,n)

ot - didiv(Qi,nVZi,n) = S?(va ¢n)

and integrating by parts on Qr, we get

8t(jk(Qi,nZi,n)) - dz/ Tk(Qi,nZi,n)diU(Qi,nVZi,n) = / Tk(‘]i,nZi,n)Szn(Zna an)
T

T

Qr

Using now the boundary conditions to obtain
O(k(@inZin)) +di | VTi(tinZin)(@inV Zin) = / T%(9i,nZin)Si (Zn, bn)

Qr Qr T
which implies that

hGk(@inZin)) + di | Til@inZin)l@inV Zinl?

Qr Qr
= / Tk(qi,nZi,n)Szn(Zm ¢n) + mz/ Tl;(Qi,nZi,n)(Qi,nVZi,n)(Qi,nZi,n)v¢n
T

T
the integration over (0,7) yields to the equality above
/]k(Qz,nZz,n)(t) +dz/ T];(%,nzz,n)|%,nvzz,n|2 = /.]k(qZTfOZ:,LO) +/ Tk(anZz,n)S?(vagbn)
Q Qr Q Qr
+ mz/ T3(Gin Ziin) (50N Zin) (@50 Zim)V .
T
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Since T,;(qi,an) =1 for all |gi nZ; | < k and by using the following estimates
I @inZin)(t) >0, Ti(¢inZin) < k and ji(¢i0Z0) < klaioZi0l,

we obtain

0 / GV Zin2 < K| / ISP (Zo, )| + / g0 Z8o ]
H‘Ii,nZi,n|§k] Qr Q
+ mz/ Tl;(Qi,nZi,n)(Qi,nvzi,n)(Qi,nZi,n)v¢n-
QT

As ||Vl (@) < C; and by using Young’s inequality

@ | 6V Zial? < K[ 152 Cnonl + [ lalo ]
qu,nZz,n‘Sk] T Q

+ Ce |qi,nZi,n|2 +5/ |Qz‘,nVZi,n|2
HQi,nZi,n|§k] [‘Qi,nzi,n‘gk]

consequently

(i — o) / GV Zinl? < K] / S (Zons )| + / g0 Zigl] + Ck?.
gi,nZin|<K] QT Q

Continuing the proof of Theorem 2

Now, we fix n € (0,1) and we introduce Vi, = ¢inZin + Y, 1(¢jnZjn), also we
1<j<NS
J#i
denote U; p, = T(Vin).
Since we need to differentiate twice T}, we replace T}, by a C? — regularized function,

such that

Ti(r) = r f0<r<k-1
0 ifr>k
Ti(r) <1ifr>0
1 < T (r)<0ifr>0

=
o =
IN I

when £ — 400, we have

Ti(r) — 7 ae
T,;(r) — 1lae

”

T.(r) — Oae

this enables us to state the main result of this section which means that in order to
finish the proof of Theorem 2, we propose to pass to the limit when n tends to infinity, then
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n — 0 and after that k — +o0, for this we need to use the hypothesis on the truncated
function.

Our goal now is to continue the proof of the second theorem. The first step is to fix
an n € (0,1), Then, for all : = 1,..., NS, we set

Cin = Z GnZins Vin = GimZin +1Cin, Uin = Tp(Vip).
J#
First, we have
AU = —div(Tj(Vin)VVin)
= T (Vi) Vi = Te(Vin) AVin
Ui n / Vin

and = Tk(Vm)W
Then, we obtain
ag?" ~ dilUin = Té(Vm% — AT (Vin) AV = diTy (Vi) [V Vi
= TV AV - AT (V) TV
= Tx;(Vn)[a(Qi’"Zi’") 1 yin diA(GinZin) — ndiA(Ci )]

| ot ot
- diTk (Vi,n)|vvi,n|2

and we have

O(Qi,nzi,n)
ot

—diN@GinZip) = (q<9t) — didiv(qinVZ;i ) — didiv(Z; nVqin)

= SZL(ZTH ¢n) - didiv(zi,nv%,n)

also, for j =1,..., NS, and j # i we get

0(@jnZin n . .

(jét” - diA(Qj,an,n) = Sj (Zna ¢n) + (dj - di)dZU(Qj,nvzj,n) - didZU(Zj,nVQj,n)'
This yields to the following
aUz n / n n 1

at’ - diAUi,n = Tk(Vz,n)[SZ (Zna ¢n) +n Z Sj (Zna an) - did“}(zi,nv%',n +n Z Zj,anj,n)

J#i J#i
+1 ) (dj = di)div(qjnV Zjn)] = diTy, (Vi) [V Vin]®
J#i

Therefore
oU; / . g 2

8t, _diAUi,n = [Y%,n"i_nXi,n]_diTk(Vi,n)dlv(zi,nvq@n"i_n Z Zj,nVQj,n>_diTk (‘/7,,71)|VV7:,71‘

J#
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where
Yin = To(Vin)SH(Zn,dn) +1Y . S3(Zn, én)]
J#

Xin = Tp(Vin) > _(dj — di)div(q;nV Z; )
i

we may write for ¢ € D :

8Uzn
1/}[ — d AU,Ln +d / I/JTk Zn)dZU(ZrL nqun +7]ZZJ nVQJ n)
QT VE
— [l i) = di [ OT (Vi) [TV
Qr Qr

After an integration by parts, we obtain

— Jo ¥( —I-fQ Ui + diVYVU; ]| — d; ng@Z} (%’
—d; fQ l/}T (Vir))(Zi V@i +1 %2 ZinVajn)
j#i
+d; fg Q;Z)T i n)(Zz nav(h ntn ; Z] nav% n fQT 1/}[1/1,71 + nXi,n] —d; fQT wTk (Vi,n)|v‘/i,n|2-
j#i

Using the homogeneous Neumann boundary conditions, it is clear that
— Jy B OUin(0) + [ [~iUi + diVOVUi] — d; [, VT Vi) ZinV i + 1 Y Zin Vi)

J#i
= fQT w[}/;,n + nXi,n] - dz fQT wTk (W,n)’vw,an
(23)
this lead us to the following

- fQ ¢(0)Uz n(O) + fQ [_thi,n + dszVUz n d fQ va ( i n)(Zz nVQz n T n E Z] nv% n)

J#i
_d fQ @DT i n)vv; TL(ZZ nv% ntn Z Z] TLV(:I] n > fQ Y;,,n + 77Xz,n]
i
(24)

Where —d; ‘[QT @ZJT,; (Vin)|VVin|? > 0. Then (24) could be written as follows

- fQ ¢(O)Uz‘ n(0) + fQ [_thz‘,n + div¢VUz n| —d; fQ V¢T (Vi n)(Zz nVin+1 Z qu',n)

j )

+m; fQ ﬂJT zn)vvz n( i,n4i, nv¢n > fQ K,n +77in Tld fQ 1/1T 1n)vvz n(z Zj anJ n)
(25)
We keep k and 7 fixed. We know that U;,, converges in LY(Qr) and a.e to U, 1 where

Uik =Th(Vi), Vi=aiZi+n > _ ;2
J#i
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and then it is clear that the reaction terms converge only a.e. The point is that, Since
T,(r) = 0 for 7 > k then, Y; , is equal to zero on the set [V;,, > k]. But on the complement
of this set, we have

k
Qi,nZi,n < k? vj 7& i, Qj,an,n < E
By using the dominated convergence theorem, we can find that as n — +oo
Yin = Yir = T,(VW)ISi(Z.0) + n)_ 5i(Z,)) in L'(Qr).
J#L

In addition we have VU; ,, converges in L'(Qr). So from here on, everything looks good
but this is not sufficient, in other words we are not able yet to pass to the limit in (25) and

still to control the terms —d; fQT @Z)T,; (Vin)VVin(>- ZjnVajn) and fQT Y Xin, so this is
J#i
the main point of the following lemma

Lemma 5. There exists C depending only on k., and the initial data such that
-1
Qr

where n < 1.

Proof. We have X;,, = T},(Vin) 3 (d; — d;)div(q;nV Z; ) and for ) € D, we integrate
J#1
by parts on @7, then we use the boundary conditions to obtain

VXip = /Q WL (Vi) (3 () — di)div(g;,0V Z50)]

Qr i

- _ / V(@bT];(Vi,n))[Z(dj_di)Qj,nijm]

Qr i#i

therefore

-] #Xin= / (VUT(Vin) + T3 (Vi) WVl [3(d5 = di)gjn ¥ 75
T T JF#

In the following, we denote by C' > 0 any constant depending only on the initial data and
k, v but not n, i, then, we use Holder’s inequality, this yields

’ 1
| vd}Tk(%,n)(%}nvzj}nﬂ < C{/ ‘QJ}TLVZJ',nF}z vaHLZ(QT)
QT [sz,ngk}

and we have

1 1
| YT, (Vi) VVin(4inVZjn)| < C||¢||L°°(QT){/ |Qj,nVZj,n|2}2{ |VVi,n|2}2
[Vi,n<K] [Vin<K]
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and here we bound the last term of those inequalities as follows, first, we have

m; m;
v‘/;,n - Qi,nvzi,n + 77[ § Qj,nvzj,n] - [ d. Qi,nZi,n + 77[ E d] Qj,an,n]]v¢n
j#i ! j#i

o~

Note that [V;,, < k] is included in [¢; nZin < kI, [¢jnZjn < —] for all j # i . From lemma

3

2 and by using the result of lemma 4, we have

., C
/ |qi7nVZi7n|2 < Cv \V/] 7é 2, |QJ',7"LVZ]'7"|2 < —
[Vi,n<k [Vi,n<K] n

this implies
9 1

| wTk (Vi,n)vvi,n(Qj,nVZj,n)’ < 077_ 2.

Hence
1

|| VUT(Vin) (@50 V Zjn)| < C 2
finally we obtain the desired result, which means that

-1
| @Z}Xi,n| <Cnz
Qr

still now to bound the first term, so first of all, we have

» » my
~di | VT (Vin)VVin(Y ZinVajn) = di | T (Vin)VVin(Y | —* ZindjnVeén)
Qr i Qr j#i 7

By applying the same steps as before, we obtain

. -1
|~ d [ T (V) WVinl(3 23V < O 7
@r i#i

Now, thanks to the boundedness of ¢y, in L>(0, T, T/VO1 >°(€)), we conclude the existence
of ¢ belongs to L>°(0, T, WOI’OO(Q)), such that
Vén — V¢ for the topology o(L°(Qr), L' (Q71)). (26)

Since T}, has a compact support and HT];HLOO(QT) < 1 and T, (V;,) tends to Tp,(Vi) a.e in
Qr, we get

Ty (Vi) Ve — To(Vi)V¢ for the topology o(L®(Qr), L (Qr)).
Next, Let us show that

T (Vi) (@0 Zin)Vbn — Tr(Vi) (@i Zi)Vé in D'(Qr)
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For this reason, we will prove that
T (Vi) (@i,n Zi0) Vb = Ti(Vi) (i Zi) V' for the topology o(L'(Qr), L®(Qr)).  (27)
So let v € L*™®(Qr), we have

T ! ! T !
/ / (GinZim) T (Vi) Vb — (0525 T4(Vi)V )it = / / GinZim) — (@2:)Th(Vin) Vbodadt
0 Q 0

Q

+/OT/ (Vi) Vén — Ty, (Vi) V)udzdt

Q

Concerning the first term, we see that

T
\/O /Q((qz-,nZz-,n)—(qz'Zz‘))Tk(V%,n)Wﬁnvdwdt! < M[ollzee @ IV nllree @ 1(@inZin) = (@i Zi) |1 (@r)

then by using the Lt convergence of ¢; ,Z; n, we obtain

T /
/ / (@inZin) — (@ 2T (Vi) Vvdadt — 0
0 Q

Since T}, (Vin) Ve converges to T, (V;)Ve for the topology o(L=(Qr), L' (Q1)), we get
the following result

!

T, (Vin)(ZinNVain +1n Z#i ZinVqjn) converges to T,;(Vi)(Zl-ti +n Z#i Z;Vg;) for the
topology o (L' (Qr), L=(Qr)).
Otherwise, we know that from (19) and (26), we obtain
—eAp, — —eA¢ in D' (Qr).
Furthermore,
F(t,z,qnZn) = F(t,2,9Z) a.e in Qr

According to (4) and by applynig the Lebesgue convergence theorem, we obtain
—eAgy(t,.) = —eA¢(t,.) = F(t,.,qZ) strongly in L*(Q).

Now, let us look at the convergence of the term m; fQ (Vl n)VVin(Zi nqinVon ). First,
we can notice that on the set [V;,, < k] C [ginZin < /<;] the terms Z; , V¢, ,, are bounded

in L>®(Qr). Indeed, on one hand |g; nZ; | < k and on the other hand IVénllre(@ry < C
(see lemma 2). Then, we deduce that for all 1 <i < NS, ||¢inZinVoullre(@p) < C(k).

which imply that for a subsequence still denoted by Z; ,Vg;
ZinVin — B converges weak-* in L (Qr).

Such that 8 € L>®(Qr).
Then, since T,: has a compact support and by using the pointwise convergence of T},” (Vi »,)
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to T}, (Vi) as n tends to zero, the bounded character of T}, and the weak-* convergence of
Z;inV@in, we conclude that

T} (Vin) ZinVin — T, (VB converges weak-* in L(Qr).
Moreover, we recall that
VVin converges to VV; strongly in LYQr) and a.e in Qr.

Where VV;, =V (¢;:Z; +n > ¢;Z;). Finally, we obtain the desired result
1<i<NS,j#i

Ty (Vin)VVinZinVain = Ty, (Vi)VViB for the topology o(L'(Qr), L™(Qr)).

Now, we can let n tends to oo in (24). By using the strong convergence in L'(Qr) of
Ty(Vin) to Tx(Vi) and the L' convergence of the initial data, we obtain

— Jo v OUi(0) + [o, [=iUi + &iVOVUis] — d; [ VT (Vi)(ZiVai + 1 %2 A
» , jF#i
(28)
where €(i,n, k,¢) > —C(k:,w)n%1 so that

. ) -0
lim inf e(i,n, k1) >0

Let 7 tends to 0 in the above inequality. Since U; = Ty(Vi) = Ti(¢iZi + 1 Z.(quj))
converges to Ty(¢;Zi) strongly in LY(Qr) and T, (¢:Zi + 1 Z.(quj)) remains ]éiiformly
bounded by 1 and T,;(ini +n Z.(quj)) tends a.e to T,;(ql]Zf; Then, by passing to the
limit in the sense of distributiorjlij we found

— Jo (O T(4i,0Zi0) + Jo, [=0iT(0:2:) + &iVONTW( @i Z:)] = d; [o, VT (0: %) (ZiV i)
i [, STL(VOVViB > [ UTL(V)SH(Z,6).
(29)
Finally, let k — +oc. Since T} (¢;Z;) — 0 a.e in Qr, Tk(¢;Z;) tends to (¢;Z;) in LY(Q7),
T;.(qiZ;) tends a.e to 1 and S; € L'(Qr), we can pass to the limit and obtain

- /Q (400Z:0)6(0) + / e Z) +d ¥ @z i | V0T = | vsiz.o

(30)

Qr

finally, we obtain

_/<Qi,OZi,O)1/}(O)+/ [—(qi Zi) + diqiV Z; N Y] > Si(Z, )¢ (31)
Q T Qr
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3.2. Global existence of weak solutions

Theorem 3. Let us consider system (1) together with (14) or (15), with (H1) and (H3),
with Z;o € LY(Q) such that Zig > 0, for all 1 < i < NS. We assume the structure
(H1) + (H2) hold together with the a priori estimate (11). Then, system (1) has a weak
solution on (0,T) (i.e equality holds in (16) or (17)).

Proof. By Theorem 2, up to a subsequence, the approximate solution (g, Z,) converge
to a weak supersolution. Now, we try to prove that this supersolution is also a subsolution
and according to this two results we will deduce that the supersolution (resp. subsolution)
is a weak solution of the main system that we have considered in the beginning. From the
compactness lemma 3, we have

(Wn, Vwn) = (w, Vo) in [LHQr)]™ x [[L1(Qr)] V]

Where w,, = gnZ,, and w = qZ.

Then, for all ¢ € D nonnegative test function and all : = 1,..., N.S, we have

- /Q(Qi,ozi,o)T/J(O)+/ [—th(QiZi)+diV(QiZi)V¢]+mi/ (@ Zi)VVy > ; Si(Z, o)
T T T

where S;(Z, ¢) € L (Qr). In the following step, we introduce the notations

NS NS NS
Wy = Z Qi,nZi,ny T, = Z diQi,nZi,na Y, = Z miQi,nZi,n7
and =1 =1 =1
NS NS NS
W =73% 4z, T=7> digZ Y =) miqiZi,

i=1 i=1 i=1

We sum the equations of the approximate problem then we get

NS
- [ wow.0+ [ AT /Q RO /Q S S (Zn, )i

T =1
and from structure (H2), we have

NS
> S (Zns bn) < C(1+ W)

i=1
which means

NS
C(l + Wn) - Z Szn(Zm ¢n) >0
i=1
and we already know that

W, — Win LY(Qr)
SZFL(Z’VU ¢n) — S’L(Z7 ¢) a.e in QT
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using Fatou’s lemma, this leads to

thus

NS NS
[ X sz <tmin [ 635700 (32)
T i=1 T i=1

NS
- /Q HO)W(0) + / W + VTV + /Q RALZE / DICEL

T Qr

finally, we obtain the suitable result.
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