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Abstract. By making use of the principle of differential subordination, we investigate several inclu-
sion relationships and other interesting properties of certain subclasses of meromorphically multiva-
lent functions which are defined by certain linear operator involving the generalized hypergeometric
function.
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1. Introduction

For any integer m > —p, let Zp,m denote the class of all meromorphic functions f of the
form:

@)=+ qzf (peN=1{1,2..}), 1)
k=m

which are analytic and p-valent in the punctured disc
U*={z:2€Cand 0 < |z| < 1} = U\{0}. For convenience, we write Zp,—p+1 = Zp. If f and
g are analytic in U, we say that f is subordinate to g, written symbolically as follows:

f=gorf(z)<gz),

if there exists a Schwarz function w, which (by definition) is analytic in U with w(0) =0 and
|[w(2z)| < 1(z € U) such that f(z) = g(w(2))(z € U).
In particular, if the function g is univalent in U, we have the equivalence (cf., e. g., [7]; see
also 8, p. 4]):

f(2) < g(z) = £(0) = g(0) and f(U) C (V).
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For functions f € Zp’m, given by (1), and g € Zp,m defined by

g@) =27+ bzt (m>-p;peN), 2)

k=m
then the Hadamard product (or convolution) of f and g is given by
o0
(Fxg) =27+ aebz* = (g f)z) (m>—p;peN). (3)
k=m

For complex parameters

A1,..- Qg B, B ([J’jaéZO_={O,—l,—2,...};j=1,2,...,5),

we now define the generalized hypergeometric function qu(al, v g By, B s;2) by (see,
for example, [14, p.19])

(a)k---(agd 2
oFs(ar, . aq; 815, B5;2) = Z([o’ i - (ﬁq)k k!

(q S‘S—+_]-Jq)$e]\/v0 :NU{O})ZEU)) (4)

where (0),, is the Pochhammer symbol defined, in terms of the Gamma function I', by

) _F(Q-I-V)_ 1 (v =0;06 e c\{o}), )
voore | 66-1)...(6+v—-1) (veN;06€C).
Corresponding to the function hp(al, ey Ogs B1,--.,0B;2), defined by
hp(a],z"'zaq;ﬁ],)'")ﬁs;z)=z_pqFS(a]_J"':aq;ﬁlz"')ﬁs;z)z (6)
we consider a linear operator
Hp(ay,...,aq;B1,---,B5:2) : Ty = 5y,
which is defined by the following Hadamard product (or convolution):
Hp(al,"-,aq;ﬁl"--’ﬁs)f(z) = hp(alﬁ'--’aq;ﬁ13'--3ﬁs;z)*f(z)- (7)
We observe that, for a function f (z) of the form (1), we have
-p 1)k+p (aq)k+p ag k
Hy(a, ... 0 B, BOF () =277 + Z 5, ®)

)k+p (ﬁ )k+p (k+p)'

If, for convenience, we write

Hp,q,s(al)=Hp(a1)'")aq;ﬁlr"zﬁs)) (9)
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then one can easily verify from the definition (7) that

Z(Hp,q,s(al)f(z))l = aal,q,s(al + 1)f(2) - (al +p)Hp,q,s(a1)f(z)- (10)

For m = —p + 1(p € N), the linear operator H, ; ;(a;) was investigated recently by Liu and
Srivastava [5] and Aouf [1].

In particular, for s = 1,9 = 2,a; > 0,8; > 0 and a, = 1, we obtain the linear operator
{,(ay,81)f () = Hp(ay,1;81) f(2)(f € Zp), which was introduced and studied by Liu and
Srivastava [4].

We note that, for any integern > —p and f € Y,

p,m’

1
H,,1(n+p,1;1)f(2) = D"PTIf(2) = 2(1—z)7P * f(2)

where D""P~1 is the differential operator studied by Uralegaddi and Somanatha [17].
Making use of the principle of differential subordination as well as the linear operator
H,, ; (a1), we now introduce a subclass of the function class Zp’m as follows:

For fixed parameters A and B(—1 < B <A < 1), we say that a function f € . pm is in the
class Z;n q J(a1;A,B), if it satisfies the following subordination condition:

P Hpg (a)f ) 144
p 1+Bz’

(11)

In view of the definition of subordination, (11) is equivalent to the following condition:

2P (H, , (a)f () +p
BzPT1(H,, , ((a7)f (2)) +pA

<1 (ze€l).

For convenience, we write

27
o gstal— I D=x7 (a1;0),

m

Where Zp’ s

ity:

(aq; ¢) denotes the class of functions f(z) € %, ,, satisfying the following inequal-

Re {~2""(Hpqs(a)f(2) } > ¢ (0<{<p;z€l).

—p+1
We note that ZP,Z: (a;;A+ (B —A)%,B) = Xp45(21,4,B,p),0 < p < p;p € N), where the

class %o, ; ;(a1,A, B, p) was introduced and studied by Aouf [1]. We also observe that:

6) Z;gﬁl(n +p,1;1;A,B)=C,,(A,B) (n> —p;p €N; -1 <B <A< 1), is the subclass of
Zp studied by Uralegaddi and Somanatha [17];

(i) Z;f;l(n +p,1;1;1— 27“, -1 = Zn’p(a) (n> —p;p €N;0 < a < p), is the subclass of
Zp studied by Cho and Nunokawa [2];
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(iii) Forg=2,s=1,a;=a >0, #; =c >0 and a, =1, we have

zp+1(£p(a,c)f(z))/ . 1+ Az
D 1+ Bz

Za,c(p;m’A,B):{f(z)ezp,m:_ ,—1SB<AS 1,ZEU ,

(12)
where the class X, .(p; m,A, B) was studied by Patel and Cho [12].

2. Preliminary Lemmas

To establish our main results, we need the following lemmas.

Lemma 1 ([3]). Let the function h be analytic and convex (univalent) in U with h(0) = 1.
Suppose also that the function @ given by

0(2) =1+ Cppm2’ ™ + Cppmir 2 T 4L (13)
in analytic in U. If
z¢p (2)
¢(z)+ <h(z) (Re(y)=0;y #0), 14
then .
Y

p(z) <yY(z) =

_r v
grtm | tprm “h(t)dt < h(z),

0

p+m

and 1) is the best dominant of (14).

With a view to starting a well-known result (Lemma 2 below), we denote by P(y) the class
of functions ¢ given by
©(z)=1+Dbyz+byz?+..., (15)

which are analytic in U and satisfy the following inequality:
Re{p(z)} >y (0<y<1l;z€l).
Lemma 2 ([10]). Let the function , given by (15), be in the class P(y). Then

2(1-7)
1+ |z|

Re{p(@)} =2y -1+ (0<y<1;z€l).

Lemma 3 ([16]). For 0 < y,,7, < 1, we have

P(y1)*P(y) CP(y3) (r3=1-2(1—71)A—72)).

The result is the best possible.
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For real or complex numbers a, b and c (¢ ¢ Z; ), the Gaussian hypergeometric function is

defined by
ab z ala+1)b(b+1) 22
Fi(a,b;c;2)=1+—-—+ sy
2f1(a, b;¢;2) ¢ 1 e+ 1) 2!
We note that the above series converges absolutely for z € U and hence represents an analytic
function in U (see, for details [18, Chapter 14]).
Each of the identities (asserted by Lemma 4 below) is well-known (cf., e.g., [18, Chapter

14)).

Lemma 4 ([18]). For real or complex parameters a,b and c(c & Z;),

1

'(b)'(c—>b
f tb_l(l — t)c_b_l(l —gt) 4t = % oI'1(a,b;c;2) (Re(c) > Re(b) >0); (16)
0
2F1(a, b;c;2) = (1 —2) ™ ,Fy(a, bic; il); 17)
z —_—
oF1(a, b;c;2) = 5F1(a,b—1;¢;2) + = oF1(a+1,b;c+1;2); (18)
C

a+b+1 1 VAT

Fi(a, b; =)= .
ST e

(19)

Lemma 5 ([13]). Let ® be analytic in U with
1
®(0) =1 and Re {®(z)} > > (z€U).

Then, for any function F analytic in U, (® x F)(U) is contained in the convex hull of F(U).

3. Main Results
Remark 1. Throughout our present paper, we assume that:
—-1<B<A<1,A>0,peN and a; € C\{0}.
Theorem 1. Let the function f defined by (1) satisfying the following subordination condition:

(1 - A')Zde(I_Ip,q,s(al)f(Z))/ + Azp—‘rl(Hp,q,s(al + 1)f(2))/ 1+Az
p BTN

Then

RaCTRCON 1+ 4z

» Q=) = m,

(20)
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where the function Q given by

5T (1= PA+B) R LS+ i) (B#0)

Qz) =

}A —
1+ 7L(p+m)+alz (B - O)

is the best dominant of (20). Furthermore,

p+1 !
re { 2 (pqs(al)f(z))}> - o1

p

where
51— =B LR LS+ 155) (B#0)

_ A _
1 Alp+m)+a, (B - O)'

The estimate in (21) is the best possible.
Proof. Consider the function ¢ defined by

2PH(H,  (a)f (2))
p

p(z)=— (z€U). (22)

Then ¢ is of the form (13) and is analytic in U. Differentiating (22) with respect to z and
using (10), we obtain

(1= )P (Hp g (a0)f (2)) + AP (Hp g (01)f (2))
p

=)+ izc,o/(z) =< (z€U).
a

14 Bz

Now, by using Lemma 1 for § = %, we obtain

2P Hp g (a)f ()
p

z

aq __* 1+ At
= g Aptm) tl@+m) dt
Alp +m) 14 Bt

0
A A
A4+ (1-D1+B2) LR L S + 1) (B#0)

=< Q(z)

oA

1+ Alp+m)+ay

(B=0),
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by change of variables followed by the use of the identities (16), (17) and (18) (witha =1,

c=b+1,b= A(paim)). This proves the assertion (20) of Theorem 1.

Next, in order to prove the assertion (21) of Theorem 1, it suffices to show that

|zi|rif1 {Re(Q(2))} = Q(-1). (23)

Indeed we have, for |z| <r <1,

1+Az 1—-Ar
Re > .
1+ Bz 1—Br

Upon setting

LS V(@) = gt lay (0=¢<1),

8(6.2)= 1037 Ap+m)

which is a positive measure on the closed interval [0, 1], we get

1
Qz) = J g(¢,2)dv(Z),
0

so that
1

Re {Q(2)} > f (1 _AC”) Q) =Q(-r) (sl <r<1).

1—BLr
0

Letting r — 17 in the above inequality, we obtain the assertion (21) of Theorem 1.

Finally, the estimate in (21) is the best possible as the function Q is the best dominant of
(20).

Taking A=1,A=1- 2?0 (0 <0 <p)and B =—1in Theorem 1, we obtain the following
corollary.

Corollary 1. The following inclusion property holds true for the function class Zl’f . J(ag;0):

Zostan+ o) nl (ay; B(p,may,0)) c o) (ag;0),

where
o 1
ﬁ(p’m,al,o'):0'+(p_o') 2F1(131’—+13 _)_1 .
p+m 2

The result is the best possible.

Taking A=1and m=1—p(p € N) in Theorem 1, we obtain the following corollary.
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Corollary 2. The following inclusion property holds true for the function class %, 4 ;(a1;A, B):

20
Tpgs(ar+t LAB)C X, o (aq;1— ?, -1 cx, (a4 B),

where
2+ -9 +B) " F (L1 a1 +1;525) (B#0)
o=
aA —
ST (B=0).

The result is the best possible.

Remark 2.

() TakingA=1,q=2,s=1, a; =a, f; =c(a > 0;c >0)and ay, =1 in Theorem 1, we
obtain the result obtained by Patel and Cho [12, Theorem 1];

(i) Takingm=-p+1, A=1,q9q=2,s=1, a; =n+p(n> —p), ay = B, =1 in Theorem
1, we obtain the result obtained by Patel and Cho [12, Corollary 2] which improves the
corresponding result obtained by Uralegaddi and Somanatha [17];

(iii) Takingq=2,s=1, a; =a >0, f; =c > 0and ay, =1 in Corollary 2, we obtain the
result obtained by Patel and Cho [12, Corollary 1].

Theorem 2. If f € X

p’q’s(al; 0)(0 <6 < p), then

Re {—2"*" [(1 = A)(Hp g s(a1)f (2)) + AHy g (s + DF ) ]} > 6 (12 <BR), 24

where .
p+_m
_ Va2 +22(p+m)2 - Alp +m)
aq
The result is the best possible.
Proof. Since f € er)rtq,s(al; 0), we write
~P 1 (Hy (a1)f (2)) =0+ (p—Ou(z) (z€U). (25)

Then, clearly, u is of the form (13), is analytic in U, and has a positive real part in U. Differ-
entiating (25) with respect to z and using (10), we obtain

#ra- x)(Hp,q,s(al)f(z;)’ +9 Myl + DI | +6 aiZu/(z). (26)
_ 1
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Now, by applying the well-known estimate [6]

zu (2)

2(p +m)rptm
Re{u(z)} = 1—r2@+tm)

(Izl=r<1)

in (26), we obtain

Re {_Z"“ [(1 = 2)(Hp q.5(a1)f (2)) + A(Hp g (a1 + Df ()Y ] +6 }
p—0

_— 27
aq (1 — r2e+m) 7)

+m
> Refu(z)} - (1 _2Mprmr? ) .

It is easily seen that the right-hand side of (27) is positive provided that r < R, where R is
given as in Theorem 2. This proves the assertion (24) of Theorem 2.

In order to show that the bound R is the best possible, we consider the function f € &, ,
defined by

1 p+m

/ +2z
—zPT(H, 4 (a1)f (2)) =0+ (p - Q)W (0<6 <p;peN;zel).

Noting that

_zp+1 [(1 — k)(HM,S(al)f(z))/ + AMHp g (a1 + 1)f(z))'] +0
p—0
ay — a22PM 4 2A(p + m)zP _

a;(1 —zPtm)2

1 .
for z = Rr+m exp (zﬁ) , we complete the proof of Theorem 2.

Putting A = 1 in Theorem 2, we obtain the following result.

Corollary 3. If f € 2" (a1;0)(0 <60 <p;p €N), then f € Z™_ (a; + 1;0) for |z] < RY,

I)’q’S p’q!s
where .
ptm

vai+(p+m)?—(p+m)

A

R" =

The result is the best possible.

Remark 3. Takings=1,q=2, a; =aand ; =c(a > 0; ¢ > 0) and a, = 1 in Corollary 3,
we obtain the result obtained by Patel and Cho [12, Theorem 2].
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Theorem 3. Let f € 7" (a;;A,B) and let

P,4:s
o
F5,(f)(z) = =5 toP7lf()dt (6 > 0;z € U). (28)
0
Then . .

2P (H, , (a)F z 1+ Az
_ ( p,q,s( 1) 5,pf( )) < CP(Z) < ’ (29)

P 1+ Bz

where the function ® given by

A A -1 ) . Bz
A+(1-HA+B) TR+ L) (BAO)
o(z) =
o _

is the best dominant of (29). Furthermore,

p+1 !
e {_z (Hp,q,s(a;)Fg,p(f)(z)) } e el 0
where
STA=DA-B) AL L+ 1) (B#0)
£ =
1— 5+§+mA (B=0).

The result is the best possible.
Proof. Defining the function ¢ by

2PTU(H, o (a1)F5 ,(F)(2))
p

p(z) = - (z€U), (€3Y

we note that ¢ is of the form (13) and is analytic in U. Using the following operator identity:
Z(Hp,q,s(al)FB,p(f)(z))/ = 6Hp,q,s(a1)f(z) - (5 +p)Hp,q,s(a1)F5,p(f)(z) (32)
in (31) and differentiating the resulting equation with respect to z, we find that

M Hp g (a)f ) 2p' ()  1+4

=< .
p () + o 1+ Bz

Now the remaining part of Theorem 3 follows by employing the techniques that we used in
proving Theorem 1 above.

Puttingm =1 —p (p € N) in Theorem 3, we obtain the following corollary.
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Corollary 4. If 6 > 0 and f € %), ; ((a1;A,B), then

28
Fﬁ,p(f)(z) € Z:p,q,s(al; 1- ?, _1) - Zp,q,s(al;A’B),

where
S+(1-2)(1+B) 1 F(L L6+ 1) (B#0)
§= o
1-:24 (B=0).

The result is the best possible.

Remark 4. By observing that

Z

p+1 - i 5+p / .
2 (Hp,q,s(al)Fé,p(f)(z)) 25 J t (Hp,q,s(al)f(t)) dt(f < Z]p,m’z < U)’ (33)
0

Corollary 4 can be restated as follows:
If6>0and f €%, (as;A,B), then

4

5 [ 45 ,
Re ——Jt P(H, g (a)f (D)) dt p > & (z€U).
pz

0

where £ is given as in Corollary 4.
In view of (33), Theorem 3 forA=1— 2179 (0< 8 <p;peN)and B = -1 yields

Corollary 5. If 6 > 0 and if f € &, , satisfies the following inequality:
Re {—zPH(Hp,q’s(al)f(z))/} >0 (0<6<p;peN;zel),

then
_5 7 5 1
Red — | (H qs(al)f(t))dt >0+(p—0)|.,F(1,1;,——+1;=-)—1 (ze€l).
%0 P>q; p+m 2
0

The result is the best possible.

Remark 5. Puttings =1, q =2, a; =a, 3; =c(a > 0;c > 0) and ay = 1 in Theorem 3, we
obtain the result obtained by Patel and Cho [12, Theorem 3].
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Theorem 4. Let f € %, ,,. Suppose also that g € %, , satisfies the following inequality:

Re {28 (H, q5(a1)g(z)} >0 (z€U).

If
Hp,q,s(al)f(z)
Hyoelang | < B
then )
Z(Hp,q,s(al)f(z))
° {_ Hpqo(a)] ) } 70 (<R,
where
r_ VE@+mP+4pp+m)—3(p+m)
0~ 2(2p + m) :
Proof. Letting
Hy ¢5(@1)f (2) . .
W(z) = H:;,Z,s(ai)g(z) —-1= tp+mzp+ + tp+m+lzp+ + +... (34)

we note that w is analytic in U, with w(0) = 0 and |w(2)| < |z|P*™ (z € U). Then, by applying
the familiar Schwarz lemma [9], we obtain

w(z) = 22 TM(z),
where the functions ¥ is analytic in U and |¥(z)| < 1(z € U). Therefore, (34) leads us to

Hp g5(a1)f (2) = Hp ¢ (a1)g(2) (1 +2P7"0(2)) (2 €U). (35)

Differentiating (35) logarithmically with respect to 2z, we obtain

2(H, q5(a1)f () B 2(Hyqo(a))g(x) 2Pt {(p +m)¥(z) + zq/(z)}
Hp q5(a1)f (2) - H, 4 (a1)g(2) 1+ 2PTMY(z)

(36)

Putting ¢(z) = 2PH, 4 ((a1)g(2), we see that the function ¢ is of the form (13), is analytic in
U, Re{y(2)} > 0(z € U) and

2(Hpq5(01)8(2) _2¢'(2)
Hp,q,s(al)g(z) (p(z) P

so that we find from (36) that

Ca(Hpgs(a)f @) |
Re{ Hyqs(@)f () }Z

gPtm {(p +m)¥(z) + z\I//(z)}
1+ 2PtMP(z)

2 ()
v(2)

(z€U). (37)
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Now, by using the following known estimates [11] (see also [6]):

(p/(z) 2(p + m)rptm-1 ~
v(z) = 1 — r2tm) (Jzl=r<1)
and |
(p+m)¥(z)+2¥ (z)| _ (p+m) s
1+ 2PTMmP(g) =1 pm BT

in (37), we obtain

—Z(Hp’q’S(al)f(z))/ > pP— 3(p + m)rp+m — (Zp + m)rZ([H-m)
H, (o) () T

(lzl=r<1),

which is certainly positive, provided that r < R, R being given as in Theorem 4.

Theorem 5. Let —1 < B; < A; < 1(j = 1,2). If each of the functions f; € X, satisfies the
following subordination condition:

(1—A)2PH, g (a1)fj(2) + A2PHp, g (a1 + 1)f;(2) < ——=— (= 1,2;2 € V), (38)
& . 1+Bjz
then
1+(1-20)z2
(1= A)2PH, 4 (a1)G(2) + A2PH,, 4 (o +1)G(2) < — 1, (z€ ), (39)
where
G(z) = Hp,q,s(al) (f1*f2)(z)
and 4(A; —B1)(Ay —By) 1 1
1 1~ b1 )\ Ay — By L e L
=TT a -8y [1 g2fb Lo+ 2)} '

The result is the best possible when B; = B, = —1.

Proof. Suppose that each of the functions f; € %, (j = 1,2) satisfies the condition (38).
Then, by letting

¢;(2) = (1= A)2PH, o (a))f;(2) + AsPH, o (ag + Dfi(2)  (j=1,2), (40)

we have

¢;j(z)eP(y;) (r;= 1_—];; j=12).
j

Using the identity (10) in (40), we observe that

Z

ay _,_a 2 _q .
Hp,q,s(al)fj(z)zyz P=% ftl ¢j(t)dt (]=1:2):

0
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which, in view of the definition of G given already with (39), yields

Z

H,:(a1)G(z) = 7z 3 f 7 Lo (t)dt, (41)
0

where, for convenience,

Po(z) = (1-2A)PH, q5(a1)G(2) + A" H), g (a1 +1)G(2)

Z
al o

= 72 x J £7 ! (p1*xpo)(t)dt. (42)

0

Since ¢, € P(y,) and ¢, € P(y,), it follows from Lemma 3 that

(p1x9) €P(r3) (r3=1-2(1—7)(A—712) (43)

Now, by using (43) in (42) and then appealing to Lemma 2 and Lemma 4, we obtain

1

a —_
Re{po(2)} = 71( 7 "Ref{yp; * o} (uz)du
o
g
a4 a_q (I-7s)
> — 2 —)d
o e Caae gy
0
g
431 a_q 2(1-7s)
— 2y, — 14+ ——=)d
~ A RS + 1+4+u Jdu
0

_ _ 4(A; — B1)(Ay —By) et a1 -1
=1 1-B)(1-B,) (1 A Ju (1+w) du)

0

_ 4(A; —B1)(Ay — By) 1
= T TasBa-s) [1 z2hlb L AH _)}
= (¢ (ze€l).

When B, = B, = —1, we consider the functions f; € %, (j = 1,2), which satisfy the hypothesis
(38) of Theorem 5 and are defined by

Z

ay _u -1
Hp,q,s(al)fj(z)=72 lf (

0

)dt (=1,2).
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Thus it follows from (42) and Lemma 4 that

1

a a 1+A,)(1+A
cpo(z):—lfuT_l{l—(l +A))(1+A)+ ( 1)( 2)}du
A 1—uz
0
1 a,; z
1 a 1
= 1= (1A +45) + (1 +AD(L +42) 2 Fy(L 15 71 +1)ass— -1,

which evidently completes the proof of Theorem 5.

PuttingA; =1—-260;,B;=-1(j=1,2;0<0;<1),s=1,q=2,0;,=a>0,,=c>0
and a5 = 1 in Theorem 5, we obtain the following corollary.

Corollary 6. If the functions f; € X, (j = 1, 2) satisfy the following inequality:

Re{(l +Ap)zp£p(a,c)fj(z)+7tzp+1 (Zp(a,c)fj(z))/}
>9]~ (O§9j<1;j=1,2;z€U), (44)

then

Re {(1+2p)2PL,(a, )(fy * £o)(2) + A2 (€p(a, )y * )@ } > my (2 € V),
where

1 a 1
No=1-4(1-061)(1-0,) |:1 - EzFl(l’l’i + 1,5)} .

The result is the best possible.

Choosing Aj=1-2¢;,B;=1(j=1,2,0<¢;<1),q=s+1,a; =, =p,
a;=1(=2,3,...,s+1)and 3; =1(j =2,3,...,s) in Theorem 5, we obtain the following
result which refines the work of Yang [19, Theorem 4] and the work of Srivastava and Patel
[15, Corollary 6].

Corollary 7. If the functions f; € 3, (j = 1, 2) satisfy the following inequality:

Re {(1 + )2 fi(z) + %zpﬂfj/(z)} >¢;(0<¢;<1;j=1,2;2€U), (45)

then

A ,
Re {(1 # R £+ 2y o)) } > py (zED),

where

_ 1 p .1
po=1-401-9)1=¢2) |1- 7R LE +1:3)]

The result is the best possible.
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Theorem 6. If f € I, ,, satisfies the following subordination condition:

1+ Az
14 Bz

(1 —A)zPHp 4 s(a1)f (2) + AzPHp g ((aq +1)f (2) <

>

then
Re {#H, ¢ (a)f @)} > €1 (d€N;zeU),

where & is given as in Theorem 1. The result is the best possible.

Proof. Defining the function ¢ by

¢(z) =2"Hp ¢ s(a1)f (2) (f €Xpm;z €U), (46)

we see that the function ¢ is of the form (13) and is analytic in U. Differentiating (46) with
respect to z and using the identity (10), we obtain

1+ Az
14+Bz’

A
(1 - A)ZpHp,q,s(al)f(z) + Aszp,q,s(al + 1)f(2) = SO(Z) + a_lzso (Z) =

Now, by following the lines of the proof of Theorem 1 mutates mutandis, and using the
elementary inequality:

Re (w%) > (Rew)i (Re(w)> 0:d € N),

we arrive at the result asserted by Theorem 6.

Putting

Alp +m) Alp +m)

B=-1,s=1,q=2,a;=a>0,8; =c>0,a,=1and d =1 in Theorem 6, we obtain the
following corollary.

oy 1 oy 1771
A= 2F1(1,1;—+1;§)—1 : 2—2F1(1,1;—+1;§) ,

Corollary 8. If f € %, , satisfies the following inequality:

3—2,F(1,1; +1;D)

’ 7L( +m)

2[2- Rt + 1)

Re {(1+ Ap)zP€,(a,0)f () + AP (L, (a,0)f (2)) } > z€U),

47)
then

1
Re {zpﬁp(a,c)f(z)} > 5 (z€U).
The result is the best possible.

From Corollary 6 and Theorem 6 (for m=—-p+1,A=1-2n,, B=—-1and d = 1), we
obtain the following result.
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Corollary 9. If the function f; € &, (j = 1,2) satisfy the inequality (44), then

Re {2P€,(a,c)(f1 * f2)(=)} > mg+ (1= mp) [zFl(l, ;2

1
A+1;§)_1} (z€U),

where 1, is given as in Corollary 6. The result is the best possible.

Putting

A=l pa—L 151 e r a1 =P 1D o

TETT T Ap+m) 72 T Ap+m) 27
B=-1,q=s+1,y=B1=p,a;=1(=2,3,...,s+1),,=1(=2,2,...,s)andd =1
in Theorem 6, we obtain the following result which refines the work of Srivastava and Patel
[15, Corollary 7].

Corollary 10. If f € &, , satisfies the following inequality:

1
32,7 (1, L ks + 155

1
2[2- R (1,1 5= + 11)]

Re{(1+k)zpf(z)+%zpﬂf/(z)} > (ze€l), (48)

then
1
Re {zPf(2)} > 5 (z €U).

The result is the best possible.

From Corollary 7 and Theorem 6 (form=—-p+1,A=1-2n,B=-1,d=1,q=s+1,
a=B1=p,a;=1(=2,3,...,s+1)and f; =1(j =2,3,...,s)), we deduce the following
result.

Corollary 11. If the functions f; € &, (j = 1,2) satisfy the inequality (45), then

p

1
Re (0 + £)(2)) > o+ (= po) |3 (1154115 ) 1] Gew,

where p, is given as in Corollary 7. The result is the best possible.

Theorem 7. Let f € Z;” 0

(a1;A,B) and let g € &, , satisfy the following inequality:
1
Re {zPg(2)} > 5 (z €U).

Then
(f *g) € . (a1;A,B).
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Proof. We have

P Hyq () x)2) 2 (Hp g (on)f ()
b p

x2zPg(z) (ze€U).

Since
1
Re {zPg(2)} > 5 (zel)
and the function
1+Az
1+ Bz

is convex (univalent) in U, it follows from (11) and Lemma 5 that (f xg)(z) € Z];” q J(ag;A,B).
This completes the proof of Theorem 7.

In view of Corollary 10 and Theorem 7, we have Corollary 11 below.

Corollary 12. If f € ZITQ s
(f *g) € =, (an;AB).

(a1;A,B) and the function g € %, ,, satisfies the inequality (48), then
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