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Abstract. Enumerating burst errors enables to obtain bounds on parameters of codes. Recently, Jain
in [5] established a Reiger’s type bound for burst error correcting matrix codes over finite fields with
respect to a non Hamming metric. Here, we extend these results to array codes over finite rings.
Further, we also introduce a new constructive method for counting burst errors that avoids solving
Diophantine inequalities in order to compute burst errors for each given weight. Finally, we apply our
results on establishing some bounds for array codes over finite rings.
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1. Introduction

The RT (non Hamming) metric for m-array codes has gained quite interest recently. On
the other hand, burst error correction of array codes is also another important topic investi-
gated by several researchers lately [1, 11, 2]. In [5], the author emphasizes the importance
of considering burst errors by giving an application of array codes with respect to the RT met-
ric. By enumerating burst errors of particular weights, a Rigger’s Type bound is established.
Recently, an alternative approach that relies on generating type of multivariable polynomials
in order of computing the number of a class of burst errors is presented in [10]. Here, we
generalize these results to array codes over finite rings. In [5], counting of burst errors over
fields relies on solving Diophantine inequalities 2. Further, this computation needs to be car-
ried out for each particular weight when the question is to compute the number of burst errors
of a particular weight or less which is the case. Here, we also introduce a new constructive
method for counting burst errors that avoids solving Diophantine inequalities in order to com-
pute burst errors for each given weight. Moreover, we introduce a multivariable polynomial
whose coefficients enumerate the number of burst errors of particular weight and hence this
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method avoids recalculations. Finally, we apply our results on establishing some bounds for
array codes over finite rings.

The RT (non Hamming) metric for array (matrix) codes over fields is defined in [7] and
some bounds for the minimum distance are established. Some applications of this metric to
uniform distributions are given in [8]. A MacWilliams type identity for codes over matrices
with respect to the RT metric is proven in [3]. Further, a MacWilliams type identity for
complete weight enumerators of codes over matrices with respect to the RT metric is proven
in [9].

R be a commutative finite ring with unity. Throughout the paper we assume that the
cardinality of R equals to q.

Definition 1. Let M = M, (R) be the set of m x s matrices with components from R . A subset
C of M is called an m-array code. If C is a linear R-submodule, then C is called a linear m-array
code.

In this paper we will always refer to linear array codes.

Definition 2 (Non Hamming-RT weight). Let x = (x;,Xs,...,X;) € R’. The RT weight (or
p-weight) of x is defined by

wN(x)={ max {i|x; #Oé, iig

Let A€ M,,y,(R) and A; be the ith row of the matrix A. Then the RT weight of the matrix
A is the sum of the RT weights of its rows, in other words wy(A) = Z;":l wy (A)).

The RT metric (p distance) is defined by p(x,y) = wy(x — y) where x,y € M.

Note the difference between the weight and distance notations of Hamming and RT (Non
Hamming) metrics. The letter "N" for RT metric is used to emphasize the non Hamming case.

Definition 3. Let C be an R-linear code. The minimum nongero p distance between the code-
words of C is denoted by dy(C). The minimum nonzero p weight among all codewords of C is
denoted by wy(C). In linear case, dy(C) = wy(C), and dy(C) is called the minimum distance
of C with respect to the RT metric.

The concept of burst errors for codes in a classical setup is introduced in [4]. Recently, in
[5], the notion of burst errors for matrix codes with respect to RT metric has been introduced
and some formulas on enumeration of burst errors has been obtained and by use of this enu-
meration Reiger’s type bounds are stated and proved. We extend the definitions introduced
by Jain in [5] from finite field case to finite commutative ring case. Work on linear codes over
rings is an interesting and ongoing topic in coding theory. Mostly, the work is done over finite
rings such as Z,,, Galois rings, chain rings and etc. In this paper, all this well known rings are
covered.

In the introduction, the basics and definitions are covered. In Section 2, generic burst
errors are defined. An equivalence relation on the set of burst errors is introduced. The
equivalence classes are shown to be the generic burst errors. Later, a generic multi variable
polynomial that represents all generic burst errors is introduced. By substituting suitable
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variables in a generic multivariable polynomial, we show how to obtain a new polynomial
that gives the number of burst errors and their weights. Finally, applying a final substitution,
we obtain a new polynomial called the burst weight enumerator polynomial with coefficients
being the number of burst errors that correspond to the powers which gives the RT weights.
Thus, the new computation method of burst errors of order p X r in the space M, (R) (the
set of matrices of order p X r with entries from a finite commutative ring with g elements R)
is given. In Section 3, the computation method of burst errors of order p x r in the space
M,,«s(R) where 1 < p <m,1 <r <s is presented by making use of the results obtained in
Section 2. In Section 4, some applications for obtaining bounds are presented. Finally, the
paper is concluded by some remarks.

Definition 4. A burst of order pr or (p X r) (1 <p <m,1 <r <s) in the space M,,(R) is an
m X s matrix in which all the nonzero entries are confined to some p X r submatrix which has non
gero first and last rows as well as nongero first and last columns. Bf::;rs(R) denotes the number of
burst errors of order p X r.

The number Bixrs(Fq) that is used in establishing some bounds for array codes over a finite

field F, is presented by Jain in [5] with the following theorem:

Theorem 1 ([5]). Let ny;rs(Fq) denote the number of bursts of order pr in Mp,,(Fq). Then,
ms(q—1), p=1,r=1,
m(s—r+1)(q—1)2%¢"2, p=1r>2
Br(Fg) = (m—p+Ds(g—1°¢P % p22r=1,
(m—p+1)(s —r+1)g"? 2 [(¢" — 1)
—2(¢" ' =1’ P +(¢"* = 1)*¢**], p=2,r=>2.

Further, in [5] a formula for the number of bursts of a particular order and not exceeding
a given p-weight is stated and proved in the following theorem:

Theorem 2 ([5]). The number of bursts of order pr (1< p <m,1 <1 <s)in My,,,(F,) having
p-weight w or less (1 <w < ms) is given by

m(q — 1)min(w,s), p=1,r=1,

mmin(w —r+1,s —r +1)(q — 1)?q" 2, =1,r>2,
(m—p+1)B;, p=>2,r=1,

(m—p+1)B;, p=2,r=>2.

BY(F,,w)=

mXs

where
min([w/2],s) p— p—2
B, = Z Z (q—l)z( )(q—l)“,
N=0:mj<w—2j N

min(w—r+1,s—r+1)
-1 -2
By=(m—-p+1) > (L — 2127t 4 1272,
=1
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and )
! — 1\ Zimo kit e
1P — Z p! q — 1Y =0 S+ . o U+ Dk (1)
J r—1 kool I k. | q
Kijyeookjgr—1 1=0 Kj+1* | P Zl:o j+L )
where kj,kjq,...,kj.—1 being nonnegative integers such that
k} >O, kj+1,kj+2,...,kj+r_2 Z 0,kj+r_1 >O,
r—1
ijﬂ <p
=0
r—1
(J+ Dkjyy < w. (2)
=0

In Theorem 2, computing the number of burst errors of a particular order is still a chal-
lenging task. In Equation 2, the two Diophantine inequalities are first to be solved in the set of
natural numbers. Then, the L¥ numbers are computed by using the k; solutions. In [5], some
examples using this approach are worked out explicitly. In the next sections, we first extend
the results obtained by Jain in [5] to array codes over R by introducing a new constructive
method that gives the number of burst errors. This new method, it does not only give the
number of a particular burst error weight but it also gives all spectra of the weights in a single
computation. The spectra of the number of burst errors shall be called the burst error weight
enumerator. Finally, we apply our results to obtain new bounds for array codes over rings.

2. Enumerating Burst Errors

In this section, we shall work on the space M,,,..(R) and consider only burst errors of order
p x r. In the next section, we shall consider burst errors of order p x r in the space M,,,(R)
where 1 <p<m,1<r <s.

In order to introduce the new approach for computing burst error matrices we need to
state some definitions and introduce some new concepts.

Definition 5. If A € M,,(F;) and wy(4;) = a;, then the matrix A is said to have a weight
distribution of type (a1, @y, ..., Ay)-

If A; is the jth row of an A € M,,,., matrix, then the index of A; denoted by (k;,[;) where
1<k;<lj<risdefinedbya; =0foralll1<i<k;—1anday, #0andl;= wy(4;). The
index of a matrix with rows A;,A,, ... A, is defined by ((ky,1;), (ky, 5), - - ., (kp,1)). Let

a;y -0 Ay

asy - dor
A=

ap apr

The first row and column, and the last row and column of the matrix A are shown in the
following rectangle which is called the frame of matrix A.
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a;; | Qi o Qi1 | Qyp
a21 .. PEEY azr
apl ap2 apr—l apr

The restrictions on the first and last rows together with the first and last columns determine
whether a matrix is a burst error or not. Hence, we focus on the frame of the matrix and
introduce some new definitions in order to control these entries and transform the problem
of computing the number of these errors into an algebraic problem. Further, the four entries
a11,01,,ap and a,, of A shall be referred as the corners of the matrix.

Definition 6. A generic burst error A € My, of order p X r is a burst error of order p X r such
that the first and the last rows have exactly two or one nongero entries, and the submatrix of size
p — 2 x r — 2 that is obtained by removing first and last rows and first and last columns (i.e. the
borders) has all entries equal to zeroes, i.e, the entries that fall out off the frame are all equal to
zeroes.

Example 1.

B1: B2:

o

The matrices By, B, and Bs are generic burst errors. Note that the matrices E = [

1 01
010 '
2x3

01}
1 1
2%x3

are burst errors but they are not generic burst errors. However, the

o= O O
S O O O
[ e e
o= OO
S O O -
S O O O
[ e e

4x4 4x3

—_ =

1
0
1
01
matrix 0 0 is a generic burst error.
01

In order to determine the generic burst errors, we need to classify matrices according to
their corners.

Let A = (a;;) € M, (R) be a generic burst error and the jth row A; = (aj1,ajy,---,aj.).
By definition, the jth row has at most two nonzero entries. Let (k;,[;) be the index of A;. We
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associate a multi variable term to the jth row of A in the following way:
Xj], 1<k]:l]<r
ijyj, 1<k]<l]=r
l:
ZijJ, 1=k]<l]<r
ijj, 1:k]<l]:r.

We associate z; and y; variables for the first and last column entries respectively. If there exist
two nonzero entries in the first or last row which are different from the corner entries, then
we associate x}’.‘X Jl where the small letter indicates the beginning and capital X; indicates the

end of the nonzero entries. We use x§, when the jth row has only one nonzero entry on the
i-thentry, 1 <i<r.

In a natural way, we extend this representation to the matrix A by taking the product of all
terms u(A;) corresponding to the rows of A. The terms that correspond to the rows different
from the first and last contain only the terms composed by z and y variables.

For example, the representations of the following matrices are given below:

Example 2.
010 1 01
Genericerrors A= | 1 0 O B=|0 0 O C:[(l) (1) 8 (1) (1):|
0 01 010
The terms x%zz Y3 21 ylxg fo fzz Yo

Given a p multi variable representation of a generic burst error, it is possible to list all
burst errors by using it. In general, we have

j l l

all e alr Zl .. .xl,xle 1,X 1... yl

G= || e 2% : )
J I, vl

ap1 pr Zp ---xp,xkpX P X%y

and the term l_[5:1 u(Aj) corresponds to the term of the matrix A.

We classify generic burst errors by considering their corners. There are 2% = 16 possible
cases for these corners and corresponding multi variable terms. We list them in Table 1.

In order to solve the problem of representing burst array errors in terms, we need to split
it into cases. First, we need to split it to two main cases as p > 3 and r > 3 and otherwise. We
work out these cases by the following theorems.

Let £=(21,...,2p), X =(x1,---,%p), § = (V155 ¥p) and X = (X1, Xp)

Definition 7. Let K,, be the set of all generic burst errors of size p X r. Let G, %,X,7) =
> ACK l_[f:1 U(A;) be the multivariable polynomial whose terms represent generic burst errors.
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‘ (a11,a1,,ap1,ap1) ‘ term H ” (a11,a1,,ap1,ap1) | term
(0,0,0,0) 1 (0,1,1,0) »1%p
(1,0,0,0) %1 (0,1,0,1) Y1Yp
(0,1,0,0) 1 (0,0,1,1) ZpYp
(0,0,1,0) Zp (1,1,1,0) 21Y1%p
(0,0,0,1) Yp (1,1,0,1) 21Y1Yp
(1,1,0,0) 1)1 (1,0,1,1) 212pYp
(1,0,1,0) 212, (0,1,1,1) Y12pYp
(1,0,0,1) 21Yp (1,1,1,1) 21Y1%pYp

Table 1: Terms with respect to the corners

In the following theorem we first determine multivariable polynomial G that gives the
terms of generic burst errors of size p < 2 and r < 2. The remaining case is treated separately
in the next theorem.

Theorem 3. 1. Let p=1and r > 2. Then,
G(i’i’)zx)?):zlyl'

2. Letp>2andr =1. Then,
G(2) = 212,-
3. Letp=2andr >2.Let S = {(i,],k,1) € Z3|(i,k) # (0,0),(j,1) # (0,0)}. Then,
G(gz JNC:X,JN’) = Z ziy{zlz(yZYij(Xl)Ykl(Xp)'
(i,j,k,1)es
4. Letp>2andr =2
Let T ={(i,j,k,1) € {0,1}*

(i,7) # (0,0), (k,1) # (0,0)}. Then,

CE2X, )= D, SyisyZals.
(i,j,k,)eT

where

{ —1+1‘[P ,(1+2), (s,6)=(0,0)

(1 +z;), otherwise

—1+1‘[P L (1+y), (5,6)=(0,0)
(1 +yi), otherwise

- (1+Z] i+1 )"‘x;z_l, (s,t) =(0,0)

V(X)) = 1+35 3 %k (5,)=(0,1)
1+Zi:2 b (s,t)=(1,0)
1, (s,t) =(1,1).
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Proof. The cases 1 and 2 follow directly from the definitions. We give the proof of case
3 and the proof of the case 4 also can be shown by using similar arguments. Let p = 2 and
r 22 and A= (a;;) € My, (R) be a generic burst error. Hence the matrix A has only two rows
and r > 2 columns. There are 2% = 16 possible values (as zero and none zero) for the corners
of A. Since the matrix A is a burst error, the first and last column must be nonzero. The first
column is equal to zero if (i,k) = (0,0) and the last column is equal to zero if (j,1) = (0,0).
Excluding these seven cases the possible values for the corners are all values of the set S.

If both corners of the first row are equal to zero, then the term that corresponds to A must
consist of § = xf(Xf + - +X{_1) + xf(Xi1r + - +X{_1) +--- 4+ x""1. Otherwise, the term
that corresponds to A must consist of 1 4 . These two cases are represented by the multiple
7:j(X1). In a similar way we can argue for the last row.

Example 3. The following generic multivariable polynomial G gives the term representation of
A € My,5(F,) generic burst errors of order 2 x 3. By Theorem 3 part 3, we have

G(£,%,X,5)= Z Z§y{Z§y§YU(X1)Ykz(Xz) =2 71X5 + 299X}
(i,j,kDes
+2z,y,(1 +Xf)(1 + x%) +2,y;(1+ xf)(l +X§) +27y1y,(1+ x%)
+ y122Y2(1+ X)) + 212,51(1 +X3) + 212,y2(1 + X7) + 21 y122)2
= 2171X3 + 22Y2X7 + 212 + 21Y2X5 + 21Y2X; + 21X x5
+2oy1 + 22Y1X5 + 21X7 + 201X X5 + 51y1Y2 + 21Y1Y2X5
+ Y122Y2 + Y1%2Y2X] + 21521 + 2122Y1X5 + 21222 + 51520X;
t21Y1%2)2-

Using the generic multivariable polynomial, we can list all generic burst errors of size 2 X 3.

1 01 010 1 00 100 1 10
010 ) 101 )°’t0 0 1) 01 00 1)’
1 10 0 01 0 01 011 011
o1 1) 100 /)’t1 1 0 ) 1 00 110 )’
1 01 1 01 0 01 011 1 01
0 0o1) o011 /)°’t1 0 1) 1 01 10 0 )’
1 01 1 00 1 10 1 01

1 10)> 101 )’V101)> {101

Theorem 4. All generic bursts of order p X r (p,r > 3) are obtained as terms of the following
multi variable polynomial, say generic multivariable polynomial:

G(%,2X,7)= D, #yisy Zu ry (X ,).
(i.j,k,Dez]
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Proof. Let A= (a;;) € M,,«(R) be a generic burst error.

an air

A= zero submatrix

ap

We consider the corners of A. There are 16 cases depending on the corner’s values as whether
they are equal to one or zero. If any pair of adjacent corners corresponding to the first row,
column or last row or column both equal to zero, then at least one of the entries between the
corners must equal to one. As argued in the proof of Theorem 3, y;;(X;) represents the term
that corresponds to the first row. Similarly, y;;(X,) represents the term that corresponds to
the last row. Again, if the first and the last entry of the first column both equal to zero, then
the term corresponding to the matrix has to include the factor —1+ ]_[J?:_z1 (142;) since at least

. . -1
one of the entries must equal to one excluding the zero column. In other cases, l_[fzz (1+2)
represents the first column. Arguing similarly for the last column, we get the result.

Example 4. The following generic multivariable polynomial G gives the term representation of
A € M5, 5(F,) generic burst errors of order 3 X 3 :

GExX )= D,  #yxkylV @)y (X)ru ).
(i,j,k,1)€{0,1}*

Now, we shall make use of generic burst errors to determine all burst errors especially the
number of burst errors.
First, we introduce a relation on burst errors that is based on the frames of matrices.

Definition 8. Let B be the set of all burst errors of order p X r. Let A,B € B C M, (R). It is said
that the matrix A is related to the matrix B, i.e A= B, in the set B if and only if u(A;) = u(B;)

for j=1,p and p(Aj)|x;=x;=1 = M(B;j)|x;=x;=1 for j # 1, p.
The proof of the following Lemma follows from the definitions.
Lemma 1. The relation “~” defined on the set B is an equivalence relation.

Now we have a partition of the space of burst errors into disjoint classes which are generic
burst errors. Let C, represent the set of equivalence class of matrix A. We determine the
representative set C, in the following way: Let A; be the first row of a generic burst error
matrix A. If the weight of the row is two (the term consists of 2z;y;, ;X il, x]le il or xlfl Y1),
then these two entries are nonzero and the choices for the entries in between run through all
nonzero elements of the ring R. If the weight is equal to one (the term consists of y;, z; or
xf ! only), then a nonzero choice for this entry from R\{0}. In a similar way we can argue for
the last row of the matrix. Also we note that the entries that fall out off the frame can take
any value without any restriction.
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Now we use generic burst error matrices in Example 3, to find all burst errors of size 2 x 3
over F,. We list the equivalency classes with respect to the relation:

{EREI A EREY) S (SR RV ECRRY )]

—_ O

oo D)HGe v TG o )L 1 1))
(7o o) M0 S0 s oML 1))
(o) e MGGk
(o) (0 G s ) (0 ))
(ioo)(ioo){iie) (o)}
o)y G ) )
(o) (e )

The sets are classes that correspond to a generic burst error. Altogether, they add up to 32
burst errors of order 2 x 3 over F,. If we were working over the field F;, then, for example,

1 0 1
the generic burst error class that correspond to the generic matrix Z = ( 01 0 ) would
be;

a b c
CZ:{(O d O)la,c,dng\{O}andbng}

and |C;| = 23 -3 = 24. In general, over a ring R, the generic matrix Z € M, 5(R) represented
by the term x; y; X % will have a burst error class of size (q — 1)3q.
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Corollary 1. The number of terms of generic polynomial G, gives the number of equivalence
classes of equivalence relation “~” which are generic burst errors.

Under this observation, we can make use of generic burst terms and hence generic multi
variable polynomial to obtain the number of burst errors.

Definition 9. Let A€ B C M, .(R). Assume that A has a weight distribution of type (a1, @y, - .., p)-
We associate a term X f X g ... X ;,1  to the matrix A. Then, the p-variable polynomial

~ a
Hpor(R) =D X11X52 X,
AeB

P

is said to be the weight spectra polynomial of the burst errors in M, (R).

Now we shall make use of generic polynomial in order to compute the weight spectra
polynomial of burst errors. Here, we point out that the frame of the arrays hence generic
bursts lead to construction of burst errors. So, if we have for instance a term z‘llle 'X il yf !
for the first row, then the first and the last if any nonzero entry will lead to (q — 1)? choices
and there is no restriction in between with g choices for each entry. However, if this row
consists of a single nonzero entry then the total number of choices is equal to g — 1. In order
to accommodate all cases we will invent the following compact substitution. Assume that the

b dy . ' . . .
term z‘ll fx X il ¥, is related to the first row of a generic burst error with the convention that

the powers may equal to zero in generic polynomial. The term zf 1xf X il yf ! that corresponds

to the first row of the generic matrix leads to

(q— 1)2[W(ald1)+W(111€1)+W(b1d1)] +w(b1) ,wlaydi)(r—2)+w(ajc1)(c;—2)+w(bydy)(r—by—1)

q
number of possibilities for the first row of burst error that falls into the generic class where
w(a) = 0 if a = 0 and otherwise w(a) = 1. The same argument is still valid for the last row.
Thus, for j =1 and j =p, if

,}/(X]) — (q _ 1)2 [W(a1d1)+w(alcl)+w(b1dl)] +W(b1)'

gV (@dr=D+wae)(e-2+w(bid)(r-b1 1) xmaxtrdj,cj.bj.ajd
J

. . i b d;i. . .
is substituted for the term z’ x.’X;’ y.’ in the generic polynomial, then the new term expres-
sion gives all possible weight distributions for the jth row.

For j = 2,...p — 1, there are four cases to be considered. If the term z;y; exists then,

we substitute (q — 1)2qr_2X]'7. If the term y; exists only, then we substitute (q — 1)qr_2XJT. If

the term z; exists only, then we substitute (q — 1)X; + 2:2—21 q2(q - 1)2X;. Finally, if none

of z; or y; exist, then we substitute the term 1 + Z:;Zl q 1 (q - 1)X;. Hence, we obtain the
multivariable polynomial H,,, which is the spectra weight enumerator of burst error arrays
of order p X r in M, (R).

Thus we obtain the following theorem:
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Theorem 5. Let G(&,%,X,¥) be the generic polynomial. Then, for j = 1 and j = p, by sub-
stituting y(X;) for z;.lj x]l.)jX;jy;.ij in G, and further substituting (q — 1)*>q"2X", (¢ — 1)qr_2XJT,
and (@ — 1)X; + Z::_zl q2(q— 1)2X]l: for z;y;, yj, and z; and multiplying the terms that do not
include the factors z; and y; by 1 +er:_21 g (q— 1)X;forj # 1 and j # p, we obtain the spectra
weight enumerator polynomial H pXr(X ) in the space of burst errors of order p X r.

Example 5. Let G be given as in Example 3. For instance, for z;y,X § and 25 y9X f we substitute
2X g’X f respectively. Hence, by applying the necessary substitutions, we have

H(X1,X5) =4X7X, + 6X3X5 + 12X5X7 4+ 6X X2 + 4X5X .

Now, we can compare the terms of H(X,X,) with the list in the Example 3. For instance, the
term 12X gX f indicates that there are 12 burst errors of weight distribution (3, 3).

Example 6. Let G be given as in Example 4. By applying Theorem 5, we get

H(X1,X2,X3) =28XX3X3 4+ 6X X3 + 12X7X3 + 14X 1X5X3
+28X3X2X3 + 8X3X,X3 + 4X 1 X, X3 + 8X 1 XX
+ 16X, X5X5 +4X X3 + 56X X5X3 + 16X, X,X ;5
+ 14X3X2X3 + 28X3X3X5 + 8XX3X, + 14X3X2X 5
+ 8X 1 X2X3 + 6X53X2 4+ 4X 1 X5 X3 4+ 4X X, X5 + 4X3 X5
+8X XX 3 + 8X3X2X5 + 16X, XX 5.

Definition 10. The polynomial, BP*"(t) = Y., N = 5'):1 b;t! is said to be the weight
enumerator of bursts of order p X r in the space Mj,,(R).

Corollary 2. By substituting X; = t in H(X), we obtain By, (t) which is the weight enumerator
of bursts of order p x r. Further, the B,.(R,w) numbers formulated in Theorem 2 by [5] are
reobtained as follows:

By (R,w) =Y b;
i=1

where b;’s are coefficients of By (t).

We would like to emphasize that by applying Corollary 2, we are able to compute B, (R, w)
quite easily. In [5], for each weight w where 1 <w < pr, the computation of B, (R,w) has
to be carried out separately by solving the necessary Diophantine inequalities (see Eq.(2)) and
then applying the formula (see Eq. (1)).

Example 7. The following generic polynomial G gives the term representation of A € Myy4(F,)
generic burst errors of order 4 X 4 :

G(£,%,X,5) = Z zb’{ziyﬁafik(a)vjl(a)Yij(Xl)Ykl(XAr)-
(i,j,k.Def0,1}4
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Applying necessary substitutions given in Corollary 2, we obtain the weight enumerator of burst
errors:

Buya(t) =3840t'° 4+ 7680t + 9600t* + 9728113 + 8288112 + 5856t
+3504¢10 + 1824t + 792t8 + 272¢7 + 72¢° + 16¢°.

Letting t = 1, in B4y 4(t) we have B4y 4(1) = 51472. Further, B4y4(F5,7) = 164724272 =360
which is the number of burst errors of type 4 X 4 of weight 7 or less.

3. Enumerating Bursts in Larger Space

In this section we consider burst of errors of order p x r in the space M,,.,(R) where
1<p<mandl1l<r<s.

Example 8. We list two burst errors of order 3 x 3 in the space M4y 4(F5).

0 00O 0 011
0 01O 0110
A= 01 0 0|’ B= 01 0O
0 0 01 0 0 0O

Lemma 2. Let A be a burst of order p X r in the space M,,,«s(R) where 1 <p <mand1<r <s.
If TPXT(R) is the number of burst errors of order p X r in the space M, (R), then

pXr

TE"(R) = (s —r + 1)(m — p + 1)TE T (R) gives the number of burst of order p x r in the space

mxs pXr

M5 (R).

Proof. By definition, a burst of order p X r in the space M,,,(R) is a matrix of order m x s
that includes a submatrix A which is a burst error of order p X r itself in the space M, (R) and
the entries that fall out of this submatrix are all zeroes. Hence, placing A as a submatrix of a
matrix of size m X s is possible in s — r + 1 ways moving from the left to the right starting from
the position (1, 1) for both the matrix and the submatrix. Also, for a given possible position
obtained above, there exist also m — p + 1 movements downwards for obtaining submatrices.
Thus, there exist (s —r 4+ 1)(m — p+ 1) ways that give raise to new submatrices for each burst
error of order p X r in the space M,,,,(R). Therefore, the number of burst of order p x r in
the space M, (R) is (s — r + 1)(m — p + DTE T (R).

pXr

Hence, it is possible to construct all burst errors of size p X r in M,,,«(R) knowing all burst
errors of size p X r in M,,(R). This can be done easily by positioning the matrices of size
p X r as sub matrices of matrices of size m X s. Since after repositioning, the RT weights will
change, the main problem is to control the weights of burst errors when repositioning is done.
If we know the weight spectra polynomial H(X) of burst errors of size p x r in M. (R), then
by multiplying H(X ) with suitable variables or in other words applying a translation map, we
can obtain the weight spectra of burst errors of size p x r in M,,,..(R) as explained below.
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Definition 11. Let

HX1 X Xp) = O iy g, ip)X VX5 X

(i1, igyerrip JENP

be the weight spectra polynomial where h(iy, iy, ...,1,) € N and N is the set of natural numbers.
Then, we define a translation map

THE) = > ki, ip)x ) OO0, D,

P
(i1,igyemipJENP

Lemma 3. Let H(X) be the weight spectra polynomial of burst of errors of order p X r in the space
M, (R). The weight spectra polynomial of burst of errors of order p X r in the space Mp,;(R) is

given by
s—r+1

WE)=(m-p+1) > T'(H).
i=0

Proof. Polynomial H gives the terms that correspond to burst errors of order p x r whose
(1,1) entry position is located at (1, 1). The polynomial T(H) gives the terms that correspond
to burst errors whose (1, 1) entry position is located at (1,2). There are s — r + 1 translations
possible for a submatrix of order p X r in the space of matrices of order m X s. The sum of all
these give all possible submatrices as burst errors of order p x r whose first rows are situated
as first rows of burst error of order m x s. For each submatrix obtained above, we can move
it downwards to obtain all possible burst errors. This is possible in m — p + 1 ways for each
case.

Definition 12.
ms
Xr ]
Whii(t) = Zwitl
i=0
is called the burst weight enumerator of burst errors of order p X r in the space M,,5(R).

Now, it is clear that by setting X; =X, =---=X, =t in W (X) we obtain the burst weight

enumerator W2 7 (t) = Y. w;t'.

Example 9. The weight spectra polynomial of burst errors of order 2 x 3 in the space of matrices
M;5(F5) is computed in the following way. First, the weight spectra polynomial of burst of errors
of order 2 x 3 in the space of matrices Moy 5(F,) is already computed in Example 3. Next, by
Lemma 3 by applying T(H) and T?(H), we get all possible weight distributions of the terms that
correspond to burst errors.

H+ T(H)+ T*(H) = 3X;X5 + 4X;X5 + 12X3X3 + 5X X3 + 6X7X5
3y 7 7v5 45,7 2v4 4+,3
+X3XT 4+ 2X7X5 + XTX5 + 3X2X5 + 4X 71X
44 3y4 45,2 2y6 6y 4
+ 12X X5+ 5X X5 + 4X X3 + X2X5 + 2X X5
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+X3XS 43X, X3 +4x2x3 + 12X 3X3 + 5X3X 2
+4X, X5 + X1 X5 + X5X3.
Setting X =Y = t and multiplying by p—r + 1 in W(X) = 2(H + T(H) + T?(H)), we obtain
WES(t) = 46" + 21 + 30610 4+ 2067 + 448 + 20t7 + 40¢° + 18¢° + 14¢™.

Hence, the number of burst errors of p-weight 3 or less is equal to T32:32(F2, 3)=10+6+2.

Corollary 3. By substituting X; = t in W(X), we obtain Wn[iisr(t) which is the weight enumerator
of bursts of order p X r in M,,,«(R). Further,

w
X
B (R,w) = Zwi
i=1

where w;’s are the coefficients of WY " (¢).

4. Some Applications

From previous sections we have presented a constructive method for computing Bﬁ:;'; (R)
and Bﬁ:;'; (R,w). By making use of these results we have the following theorems:

Theorem 6. Let C be an array code over R. If C corrects all burst errors of type p X r, then

|R|ms

o=t +Bh L (R) 3)

where “| - |” stands for the cardinality of the set.

Proof. C is an abelian additive group. If C corrects all burst errors of type p X r, then all
these bursts must fall into different cosets. So the number of cosets including C itself should
be larger or equal to the number of burst errors plus one which stands for zero codeword.

A similar argument that depends on syndrome decoding leads to the following theorem:

Theorem 7. Let C be an array code over R. If C corrects all burst errors of type p X r and
RT-weight equal to w or less, then

|R|ms p i
>1+> Y Byl (Rw). 4)

R EFE

Burst error correction is based on assumption of errors occurring nearby and sometimes
in particular predesigned places. Reiger [6] proved an inequality by assuming predesigned
burst errors (burst errors occurring in the last consecutive digits) for block codes over fields.
Later, Jain in [5] extended these results for array codes over finite fields. Here, we extend
them further for array codes over finite commutative rings.
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Theorem 8 ((A Reiger’s Type Bound)). Let C be an array code over R with no burst errors of
type p X r or smaller in a predesigned place of size p X r. Then,

|R|ms

> qPr. (5)

Proof. Without loss of generality, we may assume that the predesigned place is the first p
rows and the first r columns of size p X r. In other words we assume that the burst errors of
size may appear only in this place. Two different bursts of this type does not fall into the same
coset. Otherwise, If two different burst errors of this type fall into the same coset, then their
the difference will be a codeword in the code. This will lead to a contradiction since the array
code does not contain such burst errors. Hence, the number of cosets must be larger or equal
to the number of all possible burst errors of type p x r which equals to gP".

5. Conclusion

A new approach that avoids solving integer inequalities on enumerating burst errors of
arrays is presented. This method is applied to array codes over finite rings which is a general-
ization of previous results. Finally, some applications of the results are presented .
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