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Abstract. We present a systematic investigation of the time—fractional Kundu—Mukherjee—Naskar
equation in (2+ 1)-dimensions (FKMN ), formulated with a truncated Mittag—Leffler kernel and a
(8)—fractional derivative to incorporate memory effects and nonlocal temporal dynamics. This for-
mulation captures dispersive-nonlinear wave propagation in heterogeneous media with fractional
temporal responses, making it pertinent to applications in fluid mechanics, nonlinear optics, and
plasma physics, including shallow-water dynamics, optical fiber transmission, and plasma instabil-
ities.

A combined fractional-calculus and dynamical-systems framework is employed to characterize
the model across parameter regimes. Bifurcation analysis delineates stability boundaries, while
quasiperiodic and chaotic responses are identified and organized. Sensitivity analyses further quan-
tify the impact of key coefficients. Exact traveling-wave solutions are derived using the Khater
IT (KII) method and an enhanced Kudryashov (EKud) approach, revealing new waveform ge-
ometries and dissipation patterns. These solutions are independently validated by the Adomian
decomposition method, ensuring consistency between closed-form constructions and numerical ap-
proximations.

The findings highlight complex waveform structures, dissipative signatures, and parameter-dependent
transitions, underscoring the FKMN model’s versatility in representing nonlinear phenomena across
disciplines. Methodologically, the study advances a hybrid analytical-numerical pipeline that in-
tegrates fractional operators with rigorous dynamical analysis, thereby improving both solution
fidelity and interpretability. These contributions establish the (2 4+ 1)-dimensional FKMN equa-
tion as a paradigmatic test case for fractional evolution equations in applied mathematics and
physics.
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1. Introduction

Nonlinear evolution equations (NLEEs) occupy a central position in mathemati-
cal physics as they encapsulate the interplay of dispersion, nonlinearity, and dissipation
underlying wave phenomena in fluids, plasmas, and optical media [1]. While classical
integer-order formulations provide useful models in many regimes, they often fail to cap-
ture hereditary effects and spatial heterogeneity that lead to anomalous transport and
long-tailed relaxation [2]. Fractional differential equations address these limitations by
incorporating memory and nonlocality through fractional operators, thereby offering a
more faithful representation of complex dispersive—dissipative dynamics observed in natu-
ral and engineered media [3]. Within this broader framework, the KMN class of equations
has emerged as a versatile model for studying derivative-type nonlinearities and envelope
dynamics, with applications ranging from nonlinear optics to shallow-water waves and
plasma instabilities [4, 5].

Motivated by these developments, the present work investigates the (24 1)-dimensional
time—fractional FKMN equation, expressed as

0u
Ly oy

+Z'D§u+iqu<u§;—vgz>:0, (1)
where u(z,y,t) is the complex wave envelope, v(z,y,t) = u(z,y,t) its complex conjugate,
(z,y) denote transverse and longitudinal coordinates, and ¢ is time [6-9]. The cross-
dispersion term u,, describes anisotropic propagation in two spatial directions, while
the time-fractional derivative Df with (0 < ¢ < 1) introduces memory-driven tempo-
ral responses. In this study, Dj is realized via a truncated Mittag-Lefller kernel and
a f—fractional derivative, balancing physical interpretability with analytical tractability
[10-14]. This formulation is particularly suitable for media exhibiting viscoelasticity, mul-
tiscale relaxation, or anomalous diffusion, such as optical fibers with noninstantaneous
response, stratified shallow-water flows, and magnetized plasmas [10, 11].

To clarify the physical meaning of each term in (1), we summarize:

e Dispersion: pu,, represents mixed spatial dispersion, where p is the dispersion
coefficient controlling wave spreading along both x and y.

e Fractional temporal response: i D;u encodes anomalous diffusion and nonlocal
memory effects via a fractional derivative of order .

e Nonlinear self-interaction: i q u (uv,; — v u,) models wave self-modulation, with
g governing the strength and nature of nonlinear interactions.

These components jointly establish the FKMN equation as a robust framework for sim-
ulating nonlinear dispersive media, especially in contexts where both nonlinearity and
memory effects are prominent [15, 16].
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The key coefficients p and ¢ admit the following interpretations:

e Dispersion coefficient p: regulates the strength and directionality of spatial dis-
persion; its sign determines distinct dispersive regimes.

e Nonlinearity coefficient ¢: controls nonlinear interactions and their qualitative
nature, with the sign of ¢ distinguishing between focusing and defocusing behaviors.

Recent studies of the FKMN equation have advanced soliton theory, deriving solutions
that characterize the balance of nonlinearity and dispersion [17]. Techniques such as the
Kudryashov method, Adomian decomposition, and variational iteration have provided sig-
nificant insight into solution structures and their stability properties. Nonetheless, open
questions remain concerning the fractional and dissipative features of the model, which
are fundamental for a deeper physical interpretation [18-21].

The present study seeks to extend the theoretical understanding of the FKMN equa-
tion by integrating two powerful analytical techniques that named by the Khater IT (KII)
method and an enhanced Kudryashov (EKud) approach. These techniques supplemented
by validation through the Adomian decomposition method. This hybrid methodology
yields novel closed-form solutions and facilitates the exploration of dissipative dynamics
inherent in fractional systems. Beyond solution construction, we examine a wave trans-

formation,
A<KF(<+1)tf +ac) ,(NF(<+1)tE +LE)
£

u=pel * , v=2ype , (2)

with & = M + z + Ky, applied to (1) under the truncated (S-fractional derivative
(see Appendix 6), where A and k are constants to be determined, we get

e W) (—iap i A+ rp) + mpy” +2q¢%) =0. (3)
Separating the real and imaginary parts in Eq. (3), yields
Re. —k + Kk pY" 4+ 2q3 = 0,
Im. YA+ kp)=0.
Thus, Eq. (1) converts into the next ordinary differential equation

—kY+rpyY" +2q¢° =0, (5)

where A = —p . Balancing the highest order derivative term and nonlinear term in Eq.
(5) along with the auxiliary equations of the suggested analytical scheme

¢'(§) = —f(§)o(6),
F1(€) = =0 = f(&)%, (6)

EKud method’s auxiliary equation f”(&) — f(&) — 27 f(€)3,

KII method’s auxiliary equation
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where §, 7 are arbitrary constants to be determined later, yield constructing the general
solutions of Eq. (5) in the next form

NE

(ai F(E)" + b 0(€) f(f)z_l) +ap, KII method’s Sol.,
1

() = | (7)
> (acf(e)i+ b (L@ > . EKud method’s Sol.,
Z; (G f&)" + (f(§)> + agp ud method’s So

<.
Il

where n = 1, while a;, b; are arbitrary constants to be determined later.

In the broader setting of NLEEs, the FKMN equation is distinguished by its ability
to capture fractional-order wave dynamics. Unlike classical models such as the nonlin-
ear Schrodinger or Kadomtsev—Petviashvili equations, the FKMN framework incorporates
nonlocal memory effects and long-range interactions, rendering it especially valuable for
optical, fluid, and plasma systems where dissipative wave behaviors are prevalent [22—
24]. While this study is primarily theoretical and computational, the results provide a
foundation for future experimental exploration of fractional nonlinear dynamics.

Paper organization. Section 3 develops analytical and numerical solutions of the FKMN
equation. Section 4 presents simulations illustrating solution dynamics and physical inter-
pretation. Section 5 discusses theoretical implications and highlights novel contributions.
Section 6 concludes with a summary of findings and future perspectives.

2. Dynamical Analysis of the FKMN Model

This investigation delves into the nonlinear FKMN model, focusing on its dy-
namical properties through bifurcation analysis, exploration of chaotic and quasi-periodic
behaviors, and assessment of sensitivity to parameter variations. The goal is to uncover the
fundamental mechanisms governing the system’s evolution using advanced mathematical
tools from nonlinear dynamical theory.

2.1. Bifurcation Analysis

The bifurcation analysis involves examining the phase-space trajectories of the
planar dynamical system derived from the Riemann coupled wave equation. By applying
a Galilean transformation to the original equation, the system can be expressed in its
canonical form as:

W _,
¢

dv 1/)(/-@—2(]1/}2)
s wp
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This system allows for the characterization of the traveling wave solutions based on
the principles of planar dynamical systems. The Hamiltonian function associated with the
system is given by:

kY2 +Kkpov?+ gyt B

H(w,v) = e

g, (9)

where H(v,v) represents the total energy of the system, comprising the kinetic energy

2 qw4_n,¢2)

term (%) and the potential energy term ( Trp

2.1.1. Equilibrium Points

The equilibrium points of the system are determined by setting (% = 0) and (fl—g = 0) ,
which leads to:

v =0,
2 (10)
V(r-2q9%)
Kp ’
The solutions to (10) yield the equilibrium points £y = (0,0) , By = (— &,0), and
_ (L
By = ( - ﬁ,o).

2.1.2. Stability Analysis

To assess the stability of the equilibrium points, we compute the Jacobian matrix
J (1, v) for the system (8):

0 1
~7(”¢7U) = <1£6 q > 0) . (11)

K P
The determinant of J (v, v) is:
6 q? — K
=

The stability of the equilibrium points depends on the eigenvalues of 7 (1, v). These
eigenvalues are obtained by solving the characteristic equation:

det(J (1, v) — AT) = det ((H_BOW (1)) “ (é ?)) — 0. (13)

This simplifies to:
—A 1
det k—6 qw2 )\ =0. (14)

Kkp

det(J (¢, v)) (12)



M. M. A. Khater / Eur. J. Pure Appl. Math, 19 (2) (2026), 5804 6 of 27
Simplifying this expression:

Kk —6qi? _
Kp N

M- 0. (15)

Solving this quadratic equation yields the eigenvalues of the matrix J (¢, v).

The eigenvalues of this matrix indicate the system’s stability and rate of change. Since
the eigenvalues are real and have opposite signs, they suggest a saddle point, where the
system exhibits both stable and unstable directions. The positive eigenvalue corresponds
to an unstable direction, where trajectories move away from the equilibrium, while the
negative eigenvalue corresponds to a stable direction, where trajectories converge toward
the equilibrium. This behavior implies that the system is not oscillatory but evolves mono-
tonically along certain directions. The magnitude of the eigenvalues indicates the rate of
growth or decay in the system, with larger magnitudes suggesting faster dynamics. Thus,
the eigenvalues provide crucial information about the system’s stability and the speed at
which it responds to perturbations.

The analysis reveals that the nature of the equilibrium points varies significantly with
the parameter values (p, K, ¢), as summarized below:

e For (p,k,q) = (—2,16,4), E; is a center point, and Fs, E3 are saddle points.
e For (p,k,q) = (3,—36,—-9), E1 is a saddle point, and Fy, E3 are center points.

The bifurcation diagrams in Figure 1 illustrate these scenarios, showcasing the signifi-
cant influence of parameter variations on the system’s dynamics.

2.2. Chaotic and Quasi-Periodic Dynamics

To investigate the chaotic dynamics, a perturbation term of the form 3 cos(Y¢) is
introduced into the system, yielding the modified equations:

dip
hak S
d¢ ’
(16)
dv (k=299
dg kP
Here, 3 denotes the amplitude of the perturbation, and T represents its frequency.
Simulations indicate that small perturbations can lead to quasi-periodic and chaotic be-
haviors, as illustrated in Figure 2.

+ 3 cos(T ).
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2.3. Sensitivity Analysis

The sensitivity of the system to variations in initial conditions and parameters is
analyzed using numerical simulations. The results, depicted in Figures 3 and 4, demon-
strate the profound impact of small changes in these factors on the system’s trajectory,
underscoring its sensitivity and complexity.

3. Exploring Waveform Evolution and Behavior

Building upon the outlined methodologies, this section delves into the analytical
solutions of the investigated model, applying the proposed analytical schemes to thor-
oughly explore and derive relevant solution structures.

3.1. Solitary Wave Computations Via Khat II method

By employing the previously described analytical scheme, the solutions to Eq. (5),
together with Egs. (6) and (7), yield the following parameters:

Case i
2 1
ag — 0,a1 —>0,/€—>b1q,p—>—g.
Case ii
ag — 0,01 = —=,k = —2b7q,p = —.
NG 5
Case iii

1
ap— 0,b1 - 0,k — —2a%(5q,p — %

Consequently, the expressions that define the traveling wave solutions of the examined
model are given for § # 0 as follows:

((b2qT(s+1) ¢°
i At I 1)t¢
ui(z,y,t) =bre ( ‘ ) sec (\fd (_np(g—i—) +x+ ny)) , (17)

3

S

(b3gT(s+1)t°
L T 1)t°
ui(z,y,t) :b1€z< : x) csc ( (Hp(g:) +x+ my)) . (18)

. 2b%qF(<+1)z5)
- r 1)¢¢
uii(z, Y, t) :blel(z © sec (\f <_fw(g€+) + x4+ ﬁy))

4]
_tan<\/5(_'ﬂ7r<+1)te+x+my>)>’ (19)

3
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. 262 T(s+1) t°
-l 1 T 1)t°
uii(z,y, 1) :blez<w © ) cot (2\/5 (—Kp(ﬁ_) +x+ ny)) . (20)

3

. 2a35q T (s+1) 18
7Y [ e R b LI LA T 1)¢t¢
uii(z, y, t) a1 Vo (e ( c )> tan <\/5 <Hp (§€+ )t + x4+ my)) . (21)

; x_?a%&qr(s‘-Fl)tE e
wiii(x, y, t) —a1Vde ( : ) cot <\/5 <_/£pI‘(§+1)t +x+ ﬁy>> . (22)

3

3.2. Solitary Wave Computations Via EKud method

Utilizing the previously described analytical scheme, the solutions to Eq. (5), in
conjunction with Eqgs. (6) and (7), produce the specified parameters as follows:
Family I:

1
ag — 0,a1 = 0,p — —§,m — 2b%q.
Family II:
ap — 0,a1 — ib1\/T,p — =2,k — Qb%q.

Accordingly, the expressions that characterize the traveling wave solutions of the examined
model are as follows:

[ 2b2qT(c41) ¢ ) 2 €
L b r 1)t 2
ur(z,y, t) :ez< : ’ <b1 tanh( 14 (I's +6) + 2ey) +x> +b2> , o (23)
(262 qT(s+1) ¢° )
) 2
ul(x7y7t> :el( : : by 4 -1 —=0b2

4¢2 exp (2 (bfq(r(<+1)te+2sy) i x)) g

)

(26qT(s+1) 18 2
ey 2b7q (2T 1)t
unr(z,y,t) :iblez( c I) <\/sech2 < 1q( (o + ) + €y> + x)

€
202q (2T (s + 1)t (%)
—l—z’tanh( 142+ 1) +5y)+$>>7
€
[(263qT(c41) ¢ ) 9 .
i| Lz 262 q(2T(s+1) t°+ey)
bie ( : 2ce E T 7'>

1 ( vr (26)

ur(z,y,t) = —

262 (2T (s+1) t€+ey)

2 = TT4iyT

(24)
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3.3. Numerical solutions

Here, we investigate the accuracy of the above—constructed solutions (Egs. (17),
(23)) via Khat IT and EKud methods by implementing the Adomian decomposition scheme
. Evaluating the requested conditions for the suggested numerical scheme from Eqgs. (17),
(23), leads to evaluate the analytical and numerical solutions as shown in Table 1, 2.
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4. Solution’s graphical representations

This section presents a detailed graphical and tabular analysis of the analytical
and numerical solutions to the nonlinear fractional model. The figures illustrate solution
profiles obtained via the Khater II (KII) and enhanced Kudryashov (EKud) methods,
focusing on oscillatory behavior, amplitude stability, phase dynamics, and energy dis-
tribution. Complementary tables provide a quantitative comparison between analytical
and approximate solutions obtained through the Adomian decomposition method (ADM),
thereby validating both the fidelity and robustness of the derived results.

e Fig. 1: Phase-space trajectories of the FKMN system across different parameter
sets. The diagrams capture the influence of parameter variation on dynamical behav-
ior and highlight transitions from stable to unstable equilibria through bifurcation
structures.

e Fig. 2: Phase portraits illustrating quasiperiodic and chaotic responses. The in-
tricate patterns formed under perturbations demonstrate the system’s sensitivity to
parameter shifts and emphasize the complex topology of solution trajectories.

e Fig. 3: Sensitivity of solution dynamics to small variations in initial conditions
and parameters. Results show how minor perturbations strongly affect trajectory
evolution, confirming the system’s complexity.

e Fig. 4: Effects of distinct initial positions on system evolution. The trajectories
reveal that initial conditions play a decisive role in determining long-term behavior.

e Fig. 5: Graphical representation of solution (17) obtained using the KII method.
The real component (subfigures a, d, g) shows persistent oscillatory profiles charac-
teristic of soliton-like dynamics. The imaginary component (b, e, h) exhibits periodic
variations consistent with balanced energy flow. The absolute value plots (c, f, i)
confirm amplitude stability, indicating robust, non-dispersive propagation.

e Fig. 6: Graphical solution of (21) under the KII method for a distinct parame-
ter regime. The real part displays increased amplitude and waveform broadening.
Imaginary parts reveal periodicity in energy transfer, while absolute value plots
demonstrate preserved amplitude, reinforcing soliton-like stability despite parame-
ter changes.

e Fig. 7: Waveform behavior of solution (23) derived via the EKud method. Real
parts (a, d, g) highlight oscillatory modulation; imaginary parts (b, e, h) capture
phase shifts essential for energy distribution; absolute values (c, f, i) confirm stable
amplitude propagation, demonstrating the EKud method’s reliability in capturing
nonlinear wave features.

e Fig. 8: Additional EKud solution (25) with alternative parameters. Real parts show
amplitude variations, imaginary components emphasize phase stability, and absolute
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values illustrate robust energy dispersion, underscoring the method’s effectiveness in
describing fractional nonlinear wave dynamics.

e Table 1: Comparison of analytical solution (17) with ADM approximations. The
table lists values of £, exact and approximate solutions, and absolute errors, which
remain consistently small, demonstrating the high accuracy of ADM.

e Table 2: Comparison of solution (23) with ADM approximations under varied pa-
rameters. As with Table 1, the close correspondence between analytical and approx-
imate values confirms the reliability and precision of ADM in replicating fractional
nonlinear dynamics.

In summary, the graphical analyses reveal soliton-like oscillatory stability, amplitude
preservation, and robust phase dynamics, while the tables confirm the high accuracy of
ADM in approximating exact solutions. Together, these results establish the effectiveness
of the KII and EKud approaches for capturing intricate wave phenomena in nonlinear
fractional systems and demonstrate the consistency of the hybrid analytical-numerical
framework.

(@) b)

e G
Figure 1: Bifurcation diagrams illustrating the phase-space trajectories of the FKMN model. The diagrams
show the equilibrium points and their stability characteristics for different parameter values. For (p,k,q) =
(—2,16,4), E; is a center point, and E», E5 are saddle points. For (p,k, q) = (3,—36,—9), E1 is a saddle
point, and E5, F3 are center points. These diagrams highlight the significant influence of parameter variations
on the system’s dynamics.
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Figure 2: Phase portraits illustrating the chaotic and quasi-periodic behaviors of the FKMN model under
perturbation. The introduction of a perturbation term 3 cos(T¢) leads to complex dynamics, including quasi-
periodic and chaotic behaviors. The amplitude 3 and frequency T of the perturbation significantly influence

the system'’s trajectories, as depicted in the simulations.

e

e

Figure 3: Sensitivity analysis of the FKMN model to variations in initial conditions.
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Numerical simulations

demonstrate the profound impact of small changes in initial conditions on the system'’s trajectory. The results
highlight the system’s sensitivity and complexity, underscoring the importance of precise initial conditions in
predicting the system's behavior.
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Figure 4: Sensitivity analysis of the FKMN model to variations in parameters. Numerical simulations demon-
strate the profound impact of small changes in parameters on the system'’s trajectory. The results highlight the

system'’s sensitivity and complexity, underscoring the importance of precise parameter values in predicting the
system’s behavior.
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Figure 5: Graphical representation of the solution obtained via the analytical Khat Il method. The subfigures
(a, d, g) show the real component; (b, e, h) show the imaginary component; and (c, f, i) display the absolute

value of the solution from Egq.

(17). The evolution of the waveform is depicted, revealing key properties

including amplitude, shape, and velocity. These figures visualize the spatial-temporal dynamics of the solution
derived by the Khat Il method. The real and imaginary components reflect the oscillatory behavior, while the
absolute values provide insight into energy propagation. The solution showcases stability in amplitude over time,

indicative of a soliton-like structure.
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(a)

15
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I 0.5
0.

x

-1 6
Figure 6: Solution representation via the Khat |l method, showing the waveform’s real (a, d, g), imaginary (b,
e, h), and absolute (c, f, i) values from Eq. (21). These figures illustrate the waveform evolution for a different
parameter set, providing insight into amplitude growth and waveform expansion. The periodic nature observed
in imaginary components signifies energy transfer consistency, while the absolute value indicates solution stability
and conservation properties.
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Figure 7: Graphical solution representation via the EKud method, displaying the real (a, d, g), imaginary (b, e,
h), and absolute (c, f, i) values from Eq. (23). In this figure the EKud method’s results reveal characteristics of
the waveform, such as amplitude oscillation, phase shifts, and wave stability. The comparison between real and

imaginary components allows for observing changes in wave phase, crucial for understanding energy distribution
across space.
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Figure 8: Solution representation for the investigated model obtained via the EKud method, with subfigures
illustrating real, imaginary, and absolute values from Eq. (25). This figure shows the waveform behavior
under different conditions, as predicted by the EKud method. This figure highlights phase stability and energy
dispersion patterns, demonstrating the EKud method’s utility in capturing the solution’s intrinsic properties.
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Figure 9: Comparative Analysis of Analytical and Numerical Solutions Using Khat Il and EKud Methods:
Subfigure (a) and subfigure (b) show the alignment between the analytical solution from the Khat Il method
(Eq. (17)) and the numerically constructed solution via the Adomian decomposition scheme, demonstrating
high consistency and accuracy. Subfigure (c) and subfigure (d) illustrate the comparison between the EKud
method'’s analytical solution (Eq. (23)) and its numerical counterpart, highlighting areas of agreement and
variance. Subfigure (e) contrasts the Khat Il and EKud methods in terms of accuracy and precision, underscoring
the Khat Il method’s superior performance in approximating the model’'s behavior, particularly in stability and
reliability over time.
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5. Results and Discussion

This section synthesizes the analytical, numerical, and dynamical findings ob-
tained for the (2 + 1) —~dimensional fractional FKMN equation. The analysis proceeds in
three steps: (i) dynamical characterization of the model via bifurcation and sensitivity
studies, (ii) construction of solitary-wave solutions using the KII and EKud methods, and
(iii) validation of analytical results through comparison with the ADM. Together, these re-
sults provide insight into the stability, coherence, and parameter dependence of fractional
nonlinear waveforms.

Dynamical characterization

Bifurcation diagrams and phase-space trajectories (Figs. 1, 2) demonstrate tran-
sitions from stable equilibria to quasiperiodic and chaotic regimes under parameter vari-
ation. These transitions highlight the role of dispersion and nonlinearity coefficients in
shaping solution stability. Sensitivity analyses (Figs. 3, 4) further confirm that small
changes in parameters or initial conditions can qualitatively alter long—term dynamics,
underscoring the complexity of the system. Such features are consistent with the expected
behavior of nonlinear dispersive systems governed by fractional operators.

Closed-form solutions

Application of the KII and EKud schemes yields explicit solitary-wave solutions.
The KII Tech. —derived solutions (Figs. 5, 6) exhibit three consistent features: oscillatory
real components, periodic imaginary components, and nearly constant modulus profiles.
These collectively indicate soliton-like propagation with sustained coherence. Solutions
obtained by the EKud method (Figs. 7, 8) show similar amplitude preservation and
stable phase evolution, with parameter—-dependent modulation that remains bounded over
time. These results confirm that both analytical methods are effective for constructing
families of fractional solitary waves.

Numerical validation

Tables 1 and 2 compare analytical results with ADM approximations. In both
cases, absolute errors remain uniformly small across sampled points, confirming the re-
liability of ADM in reproducing closed-form solutions. The agreement between ADM
reconstructions and analytical forms demonstrates that the solutions are not only mathe-
matically consistent but also numerically robust under fractional operators.

Interpretation

The persistence of amplitude and phase coherence across a broad parameter range
suggests that fractional temporal memory stabilizes nonlinear dispersive waveforms more
effectively than integer-order formulations. The enlarged stability window observed in this
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study supports the hypothesis that memory effects, encoded by fractional derivatives, can
suppress instabilities and extend soliton—like behavior. These findings complement earlier
work on fractional wave equations [8, 9], while providing new explicit solution families
that align with semi-analytical approximations.

Limitations

Two limitations warrant consideration. First, truncation of fractional kernels may
introduce approximation bias near bifurcation thresholds. Second, while ADM provides
accurate reconstructions, its accuracy depends on truncation order and step size; small
deviations in amplitude under parameter variation likely stem from these numerical con-
straints rather than model inconsistency. A systematic quantification of these effects is
left for future work.

Implications

The results establish a hybrid analytical-numerical framework for studying frac-
tional nonlinear equations. The derived solitary—wave families demonstrate stability and
coherence across parameter regimes relevant to optical fibers, magnetized plasmas, and
shallow—water flows. These findings indicate that the FKMN model is well suited for
capturing nonlocal and memory—driven dynamics in dispersive media, and that fractional
operators provide a powerful extension of classical nonlinear evolution equations for both
theoretical investigation and applied modeling.

6. Conclusion

This study has investigated the (2 + 1)-dimensional fractional FKMN equation
formulated with truncated Mittag—Leffler and S—fractional operators. By applying the
KII and EKud methods, we derived families of solitary—wave solutions that exhibit os-
cillatory coherence, amplitude preservation, and soliton—like stability across a range of
parameter regimes. Independent validation through the ADM confirmed close agreement
between analytical solutions and semi-analytical reconstructions, with consistently small
errors. These results demonstrate that fractional temporal memory can stabilize nonlin-
ear dispersive waveforms and broaden the conditions under which coherent propagation
persists.

Despite these advances, several limitations remain. The truncation of fractional oper-
ators may introduce approximation errors, particularly near regime boundaries, and the
Adomian decomposition method, while accurate, is sensitive to truncation order and dis-
cretization. These factors may explain minor discrepancies in amplitude profiles under
certain parameter variations.

Future research should extend the present analysis in several directions: (i) exploring
alternative fractional kernels and higher-order approximations to assess their effect on sta-



M. M. A. Khater / Eur. J. Pure Appl. Math, 19 (2) (2026), 5804 23 of 27

bility margins; (ii) conducting systematic parameter studies to map bifurcation structures
and delineate precise stability boundaries; and (iii) comparing the fractional model against
integer-order baselines to isolate the specific influence of memory effects. Extensions incor-
porating spatial heterogeneity, cross-diffusion, or stochastic perturbations would further
clarify the role of fractional dynamics in realistic environments.

Overall, this work establishes the FKMN equation as a rigorous and flexible framework
for modeling nonlinear dispersive systems with memory effects. The analytical and semi-
analytical solutions presented here contribute to the broader theory of fractional evolution
equations and provide a foundation for future applications in optical, fluid, and plasma
systems where robust, soliton-like waveforms are of central importance.

Appendix

Here, we provide the definition of the truncated Mittag—Leffler function and out-
line the fundamental properties of the truncated S-fractional derivative, following the
framework established in [25].

Definition 1. The truncated Mittag-Leffler function with a single parameter is defined as
follows [26]:

i _ : K"
where 3 > 0 and k € C.

Definition 2. Let U : [0,00) — R. The truncated B-fractional derivative of the function
U of order ¢ is defined by the following expression [27]:

DU = tim B EET)) ZUE)

e—0 IS

, VE>O, (28)

where 0 < e < 1 and 3 > 0. If the truncated B-fractional derivative of the function U of
order € exists, then the function U is said to be e-differentiable.

Theorem 1. Let 0 < e <1, 3 >0, and 61,2 € R, with U and Z being e-differentiable
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functions at a point £ > 0. Then, the following properties hold [28]:

(/D5 (01U(€) + 2 2(€)) = 61D U(E)) + 62:D57 (2(€)),

D UE) - 2(9) =U(E) DT (2(6) + 2(6) D U(E)),

(u@) _ 2D U ) - U(€) D5 (2(€))
(2(97) |

iDE’B(é) =0 for a constant § =U(E).

For a differentiable function U, the truncated B-fractional derivative is given by

1—¢
DU = T e (30)
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