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Abstract. The work focuses on the nonlinear evolution of acoustic waves in weakly diffracting and
weakly nonlinear media, modeled by the (2+1)-dimensional Khokhlov—Zabolotskaya—Kuznetsov
(KZK) equation. This equation captures how nonlinearity, diffraction, and dissipation interact
during the propagation of finite-amplitude acoustic beams. This model is a fundamental model in
nonlinear acoustics describing the evolution of finite-amplitude sound beams in thermoviscous flu-
ids. It captures the combined effects of nonlinearity, diffraction, and absorption under the paraxial
approximation. Using the Khater II analytical scheme together with an improved Kudryashov
method, a new class of exact and physically meaningful solutions is obtained. The correctness and
convergence of these results are checked through He’s variational iteration method. Linear pertur-
bation and spectral analyses are then used to explore the stability of the derived wave forms and to
locate the limits between stable and unstable regimes. The bifurcation study points out how small
parameter variations lead to distinct transitions among periodic, solitary, and blow-up type waves.
Physically, these solutions describe the evolution of nonlinear acoustic beams, the onset of shock
profiles, and the localized transport of acoustic energy in fluids and biological media. The com-
bined Khater II-Kudryashov framework proves more effective than existing analytical approaches
for handling multidimensional nonlinear models. The findings add to current understanding of
nonlinear acoustic wave behavior and provide a useful basis for designing and interpreting acoustic
systems governed by nonlinear effects.
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1. Introduction

Finite-amplitude acoustic beams in media exhibiting weak diffraction and non-
linearity are pivotal to technologies ranging from focused ultrasound therapy to high-
resolution underwater sonar [1-4]. In such environments, nonlinear steepening competes
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with diffraction spreading and viscous losses, yielding phenomena like shock front de-
velopment, harmonic generation, and localized energy deposition [5]. Insight into these
processes is essential for refining beam focusing, reducing undesired heating in tissue, and
enhancing signal fidelity in submerged communication channels [6].

Over recent decades, analytical modeling of multidimensional nonlinear wavefields has
progressed significantly. Early work applied reductive perturbation and multiple-scale ex-
pansions to derive approximate one-dimensional solutions [7], offering initial glimpses into
nonlinear distortion. Later, variational and homotopy techniques broadened solution fam-
ilies but often resulted in implicit forms that challenge direct physical interpretation [8].
More integrative approaches combined transform-based and function-expansion methods
to generate explicit two- and three-dimensional profiles; however, these solutions frequently
lack thorough convergence and stability verification [9].

Despite these advances, three critical challenges remain unresolved. First, explicit
closed-form expressions for truly multidimensional beams that transparently connect math-
ematical parameters to measurable quantities—such as focal intensity and shock thresh-
old—are rare [10]. Second, a unified stability and bifurcation framework that charts
parameter-dependent transitions between smooth, solitary, and shock-dominated regimes
is absent [11]. Third, the practical implications of analytical parameters for device design
have not been systematically mapped. Addressing these gaps will enable more precise
control over nonlinear acoustic effects in both biomedical and industrial applications [12].

This work introduces transparent, convergent solutions for multidimensional acoustic
beams and delivers a comprehensive stability and bifurcation analysis. By rigorously val-
idating each analytical step through an iterative convergence scheme, we ensure physical
fidelity [13]. A parametrized study then reveals how slight adjustments drive transitions
from stable propagation to solitary-like and shock regimes [14]. Finally, we interpret the
results in terms of focal energy concentration and shock onset criteria to guide the design
of next-generation acoustic devices [15].

In this context, we study the (2+1)-dimensional KZK equation that is given by [7, 16—
20]
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where, the function u(zx,y, z,t) denotes the acoustic potential or the scaled acoustic
pressure, which represents the evolution of the acoustic field in both space and time [21].
The parameter € is a small quantity that controls the beam spreading and characterizes
the degree of the paraxial approximation used in the model. The term p stands for the
density of the propagation medium, which directly influences the nonlinear scaling of the
system [22]. The coefficient 5 = (1 + %) quantifies the nonlinear response of the medium
and determines the extent of wavefront steepening during propagation. The coefficient «
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represents the absorption or thermoviscous damping, accounting for the dissipative losses
in the medium. The coordinates x and y are the transverse spatial variables that de-
scribe the beam’s lateral distribution and shape, while z denotes the primary direction of
propagation [23]. The variable ¢ corresponds to the retarded time, used to describe the
temporal evolution of the acoustic disturbance as it travels through the nonlinear medium.

While the model’s terms can be physically explained as following [24, 25]:

e The nonlinear term —6%8825, shows how the amplitude of the acoustic wave influ-
ences its own speed. Here u is the acoustic potential or the scaled acoustic pressure.
The coefficient g =1+ % measures the degree of nonlinearity of the medium. This
effect is responsible for the steepening of the waveform and for the possible formation
of shocks in high-amplitude regions.

3 . .
a9 ;5> accounts for viscous and thermal attenuation. The parameter

e The next term,— 5 55
a stands for the thermoviscous absorption coefficient, which governs how the wave
loses energy as it moves through the medium. It also introduces a small frequency-

dependent dispersion effect.

e The term %, represents the axial propagation of the acoustic wave along z. It

connects the time variation of the field with its evolution along the beam axis.

e The term —%e (g%‘ + 3273), describes diffraction in the transverse plane. The small

parameter ¢ indicates that diffraction is weak but cannot be ignored, especially for
long propagation distances or narrow beams.

Eq. (1) expresses the balance between nonlinear distortion, diffraction, and absorption
in finite-amplitude acoustic wave propagation [26]. When a sound beam travels through
a thermoviscous fluid, nonlinearity causes the waveform to steepen, diffraction tends to
broaden it laterally, and absorption reduces its amplitude. Depending on the medium and
frequency, one of these effects may dominate [27, 28].

(i) If nonlinearity prevails, the wave can form shocks.
(i) If dissipation is stronger, the waveform decays gradually.

(iii) When all effects are comparable, the system supports more complex steady or slowly
varying beam structures.

The investigated model serves as a fundamental model in weakly nonlinear acoustics,
capturing the coupled effects of nonlinearity, diffraction, and thermoviscous absorption
in a single framework. Its applications span focused ultrasound therapy and diagnostic
imaging—most notably high-intensity focused ultrasound (HIFU)—as well as underwater
and atmospheric acoustics, where nonlinear beam dynamics influence sonar performance
and environmental sound propagation [29]. In engineering and materials evaluation, the
KZK model underpins nonlinear ultrasonic inspection techniques for defect detection and
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informs industrial processes such as ultrasonic welding, emulsification, and cleaning with
high-power acoustic beams [30]. The analysis presented herein leverages this model to elu-
cidate the interaction of these physical effects and to characterize their impact on waveform
structure and stability in fluid and biological media [31].

Mathematically, Eq. (1) can be derived from the fundamental equations of motion for
a compressible, thermoviscous fluid. The starting point is the continuity and momentum
equations [32],

Zj%—v‘(pv) =0, p <Z+V'VV> = -Vp+uViv + (,uB—i-%) V(V-v), (2
where p is the mass density, v the velocity field, p the pressure, u the shear viscosity, and
up the bulk viscosity. Assuming small perturbations about an equilibrium state (po, po, 0),
the dependent variables are expanded as p = pg+p/, p = po+p’, and v = v/, where primes
denote small deviations.

The thermodynamic equation of state is expanded up to the second order as

B c?
/ 2/ 0 (.2
=cop + —— 3
P = cop 2Ap0(p), (3)
where ¢g is the small-signal sound speed and B/A is the nonlinearity parameter. Sub-
stituting this expansion into the momentum and continuity equations, and eliminating p’
and v’, leads to the well-known Kuznetsov (or Westervelt) equation,
0%’ 200 _ B OP(?)
hlt v22E
ot?

ot pocg ot
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where 0 represents the thermoviscous damping coefficient and g =1+ % is the effective
nonlinearity parameter.

To obtain the KZK form, a paraxial (slowly varying) approximation is introduced. The
wave is assumed to propagate mainly along the z-axis, with weak transverse diffraction.
Introducing the retarded time 7 =t — z/¢p and the scaled coordinates

Z =€z, X=+lex, Y =+ /ey, (5)
the dependent variable is expressed as
p/($7y7zvt):6P(X7K277-)7 (6)

where € is a small, dimensionless parameter characterizing the amplitude and diffraction
strength. The derivatives transform as

=0, O.=- 0, +eds  Q.=ve0x. 0,=\edy. (7)
0
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Substituting these scalings into the Kuznetsov equation, expanding in powers of €, and
retaining terms of order €2 yield the reduced paraxial evolution equation:

PP 1y, 00U | b o
ozor 2+ pocy  OT? 2¢3 O3’

(8)

where V2 = 0% + 0% represents transverse diffraction. The first term on the right-hand
side describes beam spreading, the second term represents nonlinear wave steepening, and
the third accounts for thermoviscous attenuation. Rewriting Eq. (8) in the original coor-
dinates and introducing normalized parameters leads directly to Eq. (1).

Physically, this equation captures the balance between nonlinear self-interaction, diffrac-
tion, and viscous damping of finite-amplitude acoustic beams. The first term involv-
ing 0%u?/0t? governs nonlinear distortion and shock formation, the mixed derivative
0?u/(0z Ot) represents forward wave propagation, the transverse Laplacian term models
beam diffraction, and the third time derivative represents thermoviscous losses. Applica-
tions of the KZK equation include modeling focused ultrasound fields, medical ultrasound
therapy, and nonlinear acoustic wave propagation in fluids and biological tissues, where
both diffraction and nonlinearity are significant.

Our analysis is subject to several constraints. First, the assumption of weak non-
linearity and diffraction—embodied by the small parameter e—restricts applicability to
moderate-amplitude, slowly diverging beams; strongly nonlinear or highly divergent waves
lie outside this regime. Second, higher-order absorption and dispersive effects are ne-
glected, which may reduce accuracy at very high frequencies or in media exhibiting pro-
nounced viscoelastic behavior. Third, the parabolic approximation employed (slow trans-
verse variation) may not capture sharp focusing or rapid beam-steering phenomena over
short axial distances. Fourth, all derivations and stability analyses assume homogeneous,
loss-dominated fluids and do not account for heterogeneous or anisotropic materials. Fi-
nally, numerical validation is confined to parameter ranges amenable to He’s variational
iteration convergence; parameter regimes requiring fully nonlinear numerical solvers re-
main unexplored. These limitations delineate the scope of the present work and motivate
future extensions to broader nonlinear and heterogeneous settings.

The structure of this paper is as follows: Section 2 derives explicit exact solutions for
the (241)-dimensional KZK equation using the Khater II and enhanced Kudryashov ap-
proaches, evaluating their convergence and physical significance through He’s variational
iteration validation. In Section 3, the stability characteristics and bifurcation properties
of these solutions are thoroughly analyzed, emphasizing parameter-dependent transitions
between stable, solitary-like, and shock-dominated regimes. Section 4 examines each figure
and table to demonstrate how the derived solutions translate into observable phenomena,
validate theoretical predictions against numerical benchmarks, and guide practical pa-
rameter selection for nonlinear acoustic applications. Section 5 explains the novelty of our
study and its scientific impact. Lastly, Section 6 provides a comprehensive summary of the
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key findings and contributions, underscoring the study’s impact on advancing analytical
techniques for multidimensional nonlinear acoustic wave models and their applications in
weakly nonlinear media.

2. Exact Solutions via Khater II and Enhanced Kudryashov Methods

In this section, we develop a unified procedure combining two semi-analytical
schemes—the Khater II expansion and the enhanced Kudryashov algorithm—to extract
closed-form solitary wave profiles of the (241)-dimensional KZK equation. Each profile is
then subjected to He’s variational iteration technique to produce high-precision numerical
approximations, enabling a rigorous cross-validation of the exact expressions. We sys-
tematically contrast the analytical waveforms against their numerical counterparts and
benchmark both against selected results from the recent literature. This dual-verification
protocol not only uncovers previously unreported solitary structures but also quantifies
the relative accuracy and convergence behavior of each method. By integrating these com-
plementary approaches, we strengthen confidence in the derived solutions and advance the
methodological toolkit available for probing nonlinear acoustic wave phenomena.

In this context, we employ the next wave transformation u = u(z,y, z,t) = (3), 3 =
¢t + x + y + z, where 7 is the wave velocity, on Eq. (1) to convert its nonlinear partial
differential equation form into the next ordinary differential equation form

—acy®o 288 ()" + 4" (Pole - €) — 28¢*) = 0. (9)

Integrating Eq. (9) with respect to 3, twice and along with zero integration constants,
leads to

P (639(0 —€) — BCQw) —acto) = 0. (10)

Equating the dominant contributions in Eq. (10) and incorporating the supplementary
relations from the Khater II and modified Kudryashov frameworks yields

((f'(3) = =6~ f(3)%

¢'(3) = —f(3) #(3)- (11)

P32 = f(3)* (1—7£(3)%).

where, § and 7 denote constants of integration to be specified subsequently, leading to the
construction of the model’s general solitary wave solutions in the form dictated by the
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combined analytical schemes:

S orc s (75

=1

where n = 1 and a;, b; are arbitrary constants to be determined later.

2.1. Results from the Khater II Expansion

Applying the Khater II expansion to the governing equation (10), we substitute
the general ansatz (12) and equate coefficients of like powers. This procedure yields al-
gebraic relations among the wave parameters, whose solutions define families of solitary
wave profiles. The admissible parameter sets are then scrutinized to ensure physical rel-
evance—namely, real-valued amplitude and localized structure. These results elucidate
how nonlinear steepening, diffraction, and absorption jointly determine wave amplitude,
width, and propagation speed within the reduced model framework.

Case I
o(c—e) co ie3o(c — €) ¥(c—e)?
S a = b L
ao 2502 , A1 257 1 2502 ) 6
Case I1
olc—¢) co S(c—e)?
— L a; = —,by = 0,6 - —————.
ao 2502 , a1 ,67 1 ) 46

The methodology for deriving soliton-type solutions for the model under investigation
follows a systematic approach as outlined below:

—c3V/dotan <\/g(ct +r+y+ z)) +e3o(c —¢) (1 + isec (\/g(ct +x4+y+ z))>

ur(z,y,z,t) = 25 ’ (13)
g<c3 d cot (\/g(ct+m+y+z)) + e (c—e) (1+z’csc (\/g(ct—i—x—i-y—i—z)))) (14)
ur(z,y,z,t) = 25 .
w2 t) = 0 (263\/5tan (\/S(Ct z/;c:‘ Y+ z)) + €3(e — c)) | (15)
w9, 7. 8) = Q<2c3 J cot (\/5(075+:L"+y+z)) +e3(c—e)). (16)

28c2
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2.2. Results from the Enhanced Kudryashov Algorith

Implementing the enhanced Kudryashov algorithm on Eq. (10), we insert the gen-
eral solution template (12) and equate coefficients of corresponding terms. This yields
a set of algebraic constraints whose solutions define additional solitary wave configura-
tions. Each admissible parameter combination is then verified for real-valued amplitudes
and localized decay, ensuring physical plausibility. The resulting expressions reveal how
the interplay of nonlinearity, diffraction, and attenuation shapes wave profile characteris-
tics—amplitude, width, and speed—thereby deepening our understanding of the model’s
intrinsic mathematical structure and its implications for nonlinear acoustic beam dynam-
ics.

Set 1.
3 _ 3(r _
a0—>—b1,a1—>iblﬁ,ﬁ—>€ Q2(b€ 26),04 € (63 6).
1C C
Set II.
3 _ 3(e _
a0—>bl,a1—>ib1\/7i,5—>692<bc 26),05 6(63 C).
1C C
Set III.
3 3
e’o(c—¢) e’(e —c)
alﬁo,blﬁao,ﬂﬁw,a—)w.

Accordingly, the procedure for constructing solitary wave solutions for the analyzed model
entails the following steps:

ur(z,y,z,t) =by (— tanh(ct + = +y + 2) + i\/sechQ(ct +rx4+y+z)— 1> , (17)

4blvect+az+y+z

- Quecttrtyts 4T

ur(z,y, z,t) = (18)

urr(z,y, z,t) =by (— tanh(ct +z+y+ 2) + i\/sechQ(ct +rx+y+z)+ 1) , (19)

2b1y/' (20)

Uil (.CI?, Y, 2, t) = \ﬁ — Qvecttrtytz’

u(z, y, z,t) =ag — by tanh(ct + x + y + 2), (21)

2T
uHI(:L'a Y, z, t) =ap + bl <4U2€2(Ct+w+y+z) +r - 1> . (22)
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3. Stability Analysis via Hamiltonian Characterization

Solitary-wave stability in the context of the (2+1)-dimensional KZK equation ex-
tends foundational results from one-dimensional integrable models to multidimensional,
weakly nonlinear acoustics. Early stability analyses of Korteweg—de Vries and nonlinear
Schrodinger solitons established that preservation of waveform shape under perturbations
is linked to a Hamiltonian structure and spectral properties of the linearized operator.
Within the KZK framework, stability ensures that finite-amplitude acoustic beams main-
tain coherent focus and energy localization despite competing effects of diffraction and
absorption. Such robustness is critical for applications in high-intensity focused ultra-
sound (HIFU) and precision sonar, where sustained beam integrity underpins diagnostic
resolution and therapy efficacy.

Unstable solitary-wave branches in the KZK model exhibit growth of perturbation
modes, leading to shock formation, beam breakup, or transition to complex spatiotempo-
ral patterns. While detrimental for imaging or nondestructive evaluation—where beam
distortion degrades performance—this instability can be leveraged in processes such as
acoustic mixing, emulsification, or controlled ablation, where rapid energy deposition and
cavitation are desired.

Mapping stability domains via Hamiltonian momentum or spectral criteria in the
(2+1)-dimensional KZK system thus informs selection of nonlinearity, beam width, and
absorption parameters that guarantee stable propagation. Conversely, identifying instabil-
ity thresholds illuminates pathways to novel nonlinear phenomena, including bifurcation
cascades and turbulence onset in acoustic fields. Consequently, stability analysis within
the KZK equation is both a practical guide for acoustic device design and a gateway to
exploring rich multidimensional nonlinear dynamics. Introducing canonical variables on

Eq. (1)
q(xa Y, Z) = u(x7y7 Z,t), p(xmyv Z) = 81:“(5071% Zat)a (23)

the axial evolution can be cast as a Hamiltonian flow:

£)- o o= ()

with
Hlg,p] = /R2 {% P*+ 5((0:9)° + (0y9)%) — 353 q?’} dz dy. (25)

A solitary-wave profile (gs,ps) = (¢,0) satisfies the stationary condition VH][¢,0] = 0.
Linearizing about ¢ yields

% (}Z) —Jr <Z> . L = Hess H[,0), (26)
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and the spectrum of JL determines linear stability: eigenvalues purely imaginary imply
neutral oscillations (stable propagation), while any eigenvalue with nonzero real part sig-
nals exponential growth of perturbations (instability).

An alternative stability criterion employs the conserved momentum functional

1

u(p) = 5 /]R2 u?(z,y, 2, t) dx dt, (27)

and the Vakhitov—Kolokolov condition, with the beam-velocity parameter ¢ indexing the
solitary-wave family. The sign of

du(¢) du(¢)
dc dc

Investigating the momentum of the constructed solutions (Egs. (15), and (21)), leads

4 1 1 1
=—|2Li T 5(ctl) —2Lip =1 — 2 Liy <>
KhatIT M C[ <1+e5( ;1)) (1+65(31)> 1+€%(—5)(0—1)
. (1 5(c+1) ) 1 ) 1
2L — [ tanh 1 1 - 1 I
e (2 < o < 16 > i )) e <e5(cs“) + 1) T\ I 11
1 -1

—2 <— log (1 — tanh? <5(C;6T)>> +log <1 — tanh? (5(016)» + 10g2(2)> (29)

— log? <tanh (5(616)) + 1) + <log(4) ~log <1 _ tanh <5(Cl6 )>>>

x log <1 ~ tanh <5(clg 1)>> + log(4) log <tanh (5(61; U) + 1)

> 0 <= stable, < 0 <= unstable. (28)

to

M

9

M =—[100c + 10¢ (tanh_l(tanh(5(c +1))) + tanh~!(tanh(5 — 5¢)))
EKud M (30)
+ log (1 — tanh®(5(c + 1))) — log (1 — tanh?(5 — 5c¢)) ] .
Consequently, the stability condition of these solutions at ¢ = 2, is given by
oM
w = 0.277493042 > 0. (31)
¢ c=2
oM
$ = 2.49976166 > 0. (32)
c=2
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Consequently, both solutions (Eqs. (15), (21)) are stable solutions. Physically, stability
of solutions to Eq. (1) ensures that finite-amplitude beams preserve shape and focal in-
tensity over long distances, critical for high-precision ultrasound applications. Instability
leads to shock formation or beam breakup, which may degrade imaging or—if exploited in-
tentionally—enable applications like acoustic emulsification and controlled ablation. This
Hamiltonian characterization and momentum criterion thus provide a rigorous framework
for delineating stable and unstable regimes in the (2+1)-dimensional KZK model, guiding
both device design and exploration of multidimensional nonlinear wave dynamics.

4. Numerical Validation via He’s Variational Iteration

To substantiate the exact solutions derived above, we implement He’s Variational
Iteration (HVI) scheme [33], celebrated for its rapid convergence and robustness in nonlin-
ear analyses. Beginning with the analytical waveforms obtained in Sections 2.1 and 2.2, the
HVI framework generates successive approximations that refine the profiles and quantify
discrepancies. A systematic juxtaposition of these numerical approximations against the
closed-form expressions enables rigorous assessment of solution fidelity and convergence
behavior [34, 35]. Employing this dual-validation strategy, we confirm the accuracy of our
analytical methods across the parameter regimes of interest and establish the reliability
of the proposed solitary wave solutions [36].

:i <tanh <116(x-|-y+2)> - 1), (33)

ug
Khat 11
1 1 1 1 1
uq =tanh <16(x+y+z)> (4 — mtsech2 (16(:E+y+z)>> + T (34)
Khat 1I
tanh (& (z +y + 2)) 1
Uapprox. = 1%5536 3t%sech? <16(x +y+ z)> — t(t + 256)
1
2 — —
x sech (16(1‘ +y+ z)> + 16384) + R
uo =1 — tanh(xz + y + 2), (36)
EKud
(0 =tanh(z 4+ y + 2) (2tsech®(z +y +2) — 1) + 1, (37)
EKud
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Uapprox. =tanh(z + y + 2) (4tsech®(z + y + 2) (—3tsech2(x +y+z2)+t+1)—1)+1. (38)
EKud



Nel
N

CT-HGSV988689LGELT T

8C68T0S68900T67°0  SLT6T0S68900T67°0 43 CT-HB8LOTBTELBTISVOS T  GOET8GLTIBEOLEY'O0  OTBEVSGLTIVEOLET O G'q1
€I-HCTE9C9L9L8LITCIC  LTGTCIT8ELEV06T'0  06LVCIT86.LEVO6T 0 g're GI-HTEI6T8VOLE6CELG T  €960066L8LTGEET'0  9CGCO66L8LISEET 0 gl
ET-U809VEICTECERBL'G  TFIBTEETREERESY'0  0C68CECTBEERGSY 0 1€ CI-HTEI08ILI6CICTI T  €CVVSTILETERETY 0 99F9GTSLBTIERGCT 0 GV
E€T-HL90G9€85748656°C  GVIBTIEEET6I68Y'0  TV68TIEEETHTE8T 0 g'0¢ CI-HL8GV0ELGV6CSTL T  LTOP860079L65CT 0  CELG860079LESTT 0 4
E€T-HLETY999€60C807T°C  PS6VVOSTETTS88Y'0  89CSTOSTIETTS88T°0 0¢ GI-HOTI908VCLVE88L T 0CTLLTIGGLY61CY' 0 S8T68LCISSLYETCT 0 g€l
E€1-H6000696C6LLTEE'C  TTI6CL6VSET88LLSY'0  TPCELOEVSGTEBLLEY O 4'6¢ GL-HVCI0STOI88CCI8 T  PLGTSGSG8ILTIVLLIY'O  LEVEGSRILIVLLIT O €l
E€T-HO0S90V0TTOS67VES'E  PIOTOVIGETCOL8Y'0  S8IVIOVICETIT0L8T 0 6¢ CI-HTSEI0TTTI00LEG'T  O6TGEOLEBGSEETY'0  LGTLEOLEBSSGEETT O g1
EI-HST6SIVEIECCOVL'E  G999888GEL0CI8T'0  07698885EL0OCIST 0 G'8¢ CL-HEETBCEVLVECETIO'C  ¥L99608ECL8L80T'0  9898608ECLELEOT 0 ¢l
E1-H908GT8CV8ESTLE'C  O8BCYTIVEREVEGYY'0  LLIVCIVBBEVESRY 0 8C CI-HESTIVCYTI66L80°C  ¢E€CILLIOIECOVOV'0  0TESLLINIECEOTOT O 1T
ET-HBLVI66SVIGSETCY  LIGCELYS08CIV8Y'0  886CELV808CT 8T 0 G'LC CI-HTS68E0€9C09€9T'C  T9I969888EE6066¢°0  VEBTLIBBEE6066€E°0 1T
€T1-H00L908CLTYI9V 'y TO9G080T0LETESY'0  8709080T0LSGTEST 0 LG GI-HB8LTI6V8CCV06€EC'C  L6CIT8LESGIGECL'0  9EGETYLESGEI6ELE 0 g0t
E1-HEVTCG60EG0LLTEL Y  VGS66L9LGLCVC8Y'0  LE00089ILELEYE8Y 0 G'9¢ CI-H6CTCIS08STRETE G  96TLBG0E66TI8VE'D  60568G0E667988E 0 0T
ET-HI6LETEECLIPESTTO'G  €8BLTEIGGICET8Y'0  FREBTEIGGIEETST 0 9¢ CT-HI88GLIECIGTILBE'C  TEVTVSTIEBIVIEBE'0  8TTSVSTC8IVIESE 0 q'6
EI-HV6S6TIV60TEI0E"'S 09767 708S08T087'0  T666¥708G08T08T°0 §'qc GI-H8899¢00CEVION'C  LIIEEVEOVLAVLLE'0  LCTIETVEEVLGVLLE O 6
ET-LISLCTSTSTISTOC  EETTFOIETIGESLY0  G6ITFOILTICELY O Gc CI-HTGEE6907T980€G'C  96090€V00V8STLE'D  9TIB0ETOOTBETLE O g8
ET-HIPSTB0S8ECOEV6'S  PIIEIBTIG6SILLY 0 80TFISTIS6SILLY O §'¥ve CI-HO86STCTICL8S66S'C  TISVIE68C6CEG9E'0  09VLTIE68C68959€°0 8
mH-Mw@mmwm@mmw@wm.w E€GTTTIVEI0L8CILY'0  TSLITIEI0L8TILY O 44 GI-H698LGGTOCTSSG99'C  06CS8TIGTILEGESE'0  9G6L8CI6TLECESE 0 'L
E1-H6TI0VSC096L579°0  VELTOLERIVESYLY'O  6S8T0LERIVESY.LY O g'€e CTI-H6L¥8C0SLG0C6CL'C  TLEST6ETSC68CSGE'0  TOTTC6ETST68CSE O L
€T-HLEE089L0T8EPZ0°L  LTOO0TSEEVGTELY'0  0TLOOTSEESBTELY O €3 CI-HB8LGILYOEETTH8L'C  0FCLIST660CEIVE'0  6600LST6605E9TE 0 g9
€1-HGGV6599690€L0CV "L 6E6SVELSLELITLY'O  T8IIVELSLELITLY O §'¢e GI-HOT6TLIGIECLEVR'C  TLALBG6VEESG6EC'0  0CV06967E6856EE 0 9
E1-HV0T6C96686EGERL  6T16C16VL9996697°'0  COLET6VLI9S669T°0 (44 CI-U8C0EETLIVLOBER'G  C6CELEOLESOLCEE' 0  06TILEGLTSOLTEE O g'¢
E€T-H6LCEVOTETS00LE'8  9E€6EL8COSTTIBIV'0  €9LV.L8TOSTIT8IT 0 G¢'Te CI-HCESVIBIBLB09V6'C  0C6GECTEVLLIGTE 'O 998GEETEVLLISGTE O g
CT-HASTTOCLTSTERCL'S  00TOEFFS996997°0  £L60STFS992299F 0 1c GI-HETEO8EGVGLT686'C  €600VCLEESGTERTIC'0  CBOEVCLEESTSRIE 0 oy
ET-HCV6TO6SLLOTR6T 6 GEILLTOOVFOCTIV 0  GGG8LCO0F0CTIT 0 g'0¢ CI-HVE0G8GITLIVLE0'E  LEBD09GI96CETTE 0 G98E09G996CCTTIE O ¥
mH-MOmmwwmmmSP@w@.m G8¢6866060L0297°0  G920666060L0C97°0 0¢ CI-HPT6LELILETEOI0'E  99EITE6VRSTEREDE'0  9TVETI6V8STERENE 0 g€
CI-HVI689LEGERINCO'T  00888GSICTC86GT'0  06868959CTE865T°0 g6l GI-H6LEEITTLGBALBO'E  G969L6660E€EI6C°0  €G008666C£EEI6E 0 €
CT-HL09LVLRTIGTFLO'T  6RCI6VLLVOSYLSY O €9VLEVLLIOSTLEY O 61 ¢I-H90600LV0CTO60T ' LV8CE6SC8ILYLE8C'0  9G6965GCRILY.LE8T O ¢'c
CI-HOT9GGLT6TSI6CT T 6168T0E0SES6VSTY'0  6700C0E0SEG6VET 0 G'81 CI-H8G20c89900ST7eT'E  TS8GPY0GC880T8C'0  9L6SF705GC880T8E 0 (4
CI-HVIVEGCOSTLTLST T 9€€05GL90GCECST'0  €CSTSSLICETETET 0 81T GI-H9909LCT0C88EET'C  TLTGH6SL069EELT0  S0FS665L069€ELE 0 ¢l
CI-HVLLOTO669769VC T  6987€98890946%7°0  90T9E9889095677°0 gL CI-HLOTESESITOTLET'E  #9898998970999C°0  16668998970959¢°0 T
CI-H86TLISTVEESTROE T  LS0LCOEOLVEI97T'0  99€8COE0LTSI9TT 0 LT CI-HCT8ITGRGS6STIVET'E  96VTI8LG6608LGT'0  0€IVIVLGE6608LEC 0 g0
mﬂ-mﬂwmowwmoﬁwmmwmm.ﬂ GE¥8G8966¢09¢€VT'0  ¥08659896CC09ETT7°0 g9t ¢1-H99€948492¢00045CT ¢ gco G¢1€0000000005C°0 0

‘aoﬁm\M ‘[0S -xoaddvy ‘[0S “ATeuy T JO onjeA —JOXI— ‘[os -xoaddvy ‘[0S “ATeuy T JO onjeA
<

: ‘syulod |enreds sallelusssidal 18 SWAYDS |AH PUB POYlSW || J91BYY SY1 BIA paulelqo
=  senjea ajewixoidde pue (GT) 'b3 wouy sspnidwe snem-Aielrjos 10exs usamiaq uosiiedwod :poylsw || Jo1eyYd| Syl JO juswssasse Adeanddy T d|qe]

=



4 dof 26

0 0 0 (43 0 PI-HL6GLITGLTREESR'Y  TI-HL6GLITELTIEESS™9 G'ar
0 0 0 g'1e 0 CT-HTOSTSG6T09ESTLS' T  CT-HTIOSTS6T09ESTLS T ST
0 0 0 1€ 0 ET-HLVCESBGRIVOLB0'S  E€T-HLVCESVGRTYOLB0 S gVl
0 0 0 g0¢ 0 GI-H60ELV66LECSCSE' T  CI-HE0ELV66LEGSESE T VI
0 0 0 0€ 0 CI-HTEBLOGETYOTO6GL'E  GI-HTEBLOGETVOT6SGLE R
0 0 0 §'6C 0 TT-H9CVLTGI6ST8TCO T  TT-HICVLIGI6ST8ICO T €1
0 0 0 6¢ 0 TT-H96L6969C68GLLL'C  TT-HI6L6969C68GLLL'C G'cl
0 0 0 G'8¢ 0 TT-HTI8LOT6TSTLC0SG" L TI-HI8LOT6TSTLC0GS L ¢l
0 0 0 8¢ 0 0T-HIP0689709L€850°C  0T-HIV06891709.LETS0C G'TT
0 0 0 g'Le 0 0T-H98668T009E68LG'S  0T-HIB668T0CIEC68LE S 1T
0 0 0 LG 0 60-HO68808ETCTCITS T  60-HO68808ETCIGITS T 0T
0 0 0 G'9¢ 0 60-HOCETEELTLOECCT' Y 60-HOCETEELTLOETTT T 0T
0 0 0 9¢ 0 80-HE000L8LT6SG0CT T 80-HE000L8LCE6SSOTT T G'6
0 .0 0 G'gc 0 80-HT6¢56668566570°C  80-HI6856668566570°C 6
0 0 0 qc 9T-HITGC9¥C0ECCOTT' T 80-HIGEILLOTSGLY6LE'S  8O-HELTI9960SL86LT 8 G'8
0 0 0 g've 9T-HLVGLEELO6990EE'E  LO-HIBLLLEVCEOLOST'G  LO-H6CLYT0VCE0L0ST @ 8
0 m 0 0 &4 9I-UV60GLLYTISEETI99  LO-HISTOCEVSTVORIT'9  LO-HTSOVS9ESTTO8TIT™9 G'L
0 0 0 G'€c GT-H8TSCEVFIIOV866°'T  90-HTIFPP9990950€99°'T  90-HTO0979¥S0950€99°T L
0 < 0 0 €¢ GT-HLTE990C8060077"'G  90-H8LESGT66S8790CS Y 90-H8IGT0T658790CE T g9
0 0 0 §'ce VI-HIVTGLECI96S9LY'T  GO-HISG6CVIC6VESSCT' T GO-HI6TG6616TESVTT T 9
0 = 0 0 (44 PI-HLOEVIGVELOO6TOY  SO-HT966CCLEYSTOVE'E  S0-HO908C8IETRTOVE € g'q
0 0 0 g¢'Te ET-H8CLGTLEL8CI680'T  S0-HV00GLLVLELG6L0'6  GO-HEGL8G8IELELG6L0'6 g
0 “ 0 0 1c €1-HC66696005L0C96°C  VO-HET669TCSTI68L9V'C  VO-HSGOLELBTISTE68LIT'C g
0 0 0 §0c ET-HEIPBEN6GGSETEV0'8  ¥O-HT86897T9C00L0L™9  ¥O-HIELFII09C00L0L 9 ¥
0 = 0 0 0¢ GI-HT8Y6C0TETCOI8T'C  €0-HP09GC066c0T1ce8 T  €0-HTTEL088ECOTEE8 T q'e
0 0 0 G6I1 CI-HLPE9L61C850006°  €0-HO6EIGTLIEIVCSTEY  CO-HVEI6CTTIEIVCSTE T €
0 9T-AYLCTIVZ0ETTOTT' T 9T-HITCEIVTOETTOTT T 61 TT-H98E0CISGLTOETRG T  CO-HEPIO6SSTOLEBEE'T  CO-HETSTEVVTOLGREE T q'c
0 9I-HTE05C6709770cc'c  9T-HIE05C67097708C T G881 TT-H098C08CE6LELET Y  ¢0-HLITVTG6617CL6GE  C0-HOES00T661VCLES E (4
0 91-HEQ00S860C680VY' ¥ 9T-HEI004860C6807 YT 81 OT-HETV6TCGIBLIGTO T  CO-HO09G0TTIVLIS8Y'6  ¢0-HTC668TEIVLICRT 6 a1
0 GT-HL9L80LCESYCICT T  GT-HLAILBOLTESTCICT T gLl 0T-HS6LCIOVI6VECTT'C  TO-HELTCLIVFRG0V8E'G  T0-HOVC096ETV8SOT8E T !
0 GT-H6BLECILETEITIY'E  GT-H66LEEILET6ITIT € LT 0T-HE49e8949900299¢0°c  TO-HEIEG88CTVEE8LE'G  TO-HTOLT8GCT8E88LE G G0
0 mﬂ-mﬂmﬁmwwowmhwmmm.m GI-HTETS8I0VELREGCE 6 G91 0T-He ! ! 0
—JIOJI— .—Mm ‘xoaxddy ‘[0S “ATeuy T JO on[eA —JI0XI— ‘10§ -xoaddy ‘[0S “ATeuy T JO onjeA
<

=

) ‘syuiod |eijeds sAlelussaidal 18 SWLYdS |AH Yl PuB poylsw pny|J syl eiA
= pauleiqo sanjen ajewixoidde pue (Tg) "b3 wouy sapniijdwe snem-A1e11j0s 19eX3 USIMIS] UOSLIEWOD (POYISW PN Syl JO JUSWISSISSE A2BINDDY g 3|qe|



M. M. A. Khater / Eur. J. Pure Appl. Math, 19 (2) (2026), 5811 15 of 26

Graphical Illustrations of Solution Sets

While analytical expressions provide precise mathematical descriptions of solitary-
wave solutions, graphical representations reveal the underlying physical structure and dy-
namical behavior that govern real-world acoustic beam propagation. This section system-
atically examines each figure and table to demonstrate how the derived solutions translate
into observable phenomena, validate theoretical predictions against numerical benchmarks,
and guide practical parameter selection for nonlinear acoustic applications. Through care-
ful analysis of amplitude distributions, energy flux patterns, stability boundaries, and
interaction dynamics, we establish direct connections between abstract mathematical for-
mulations and the design criteria for focused ultrasound systems, sonar technologies, and
other weakly nonlinear acoustic devices.

e Figure 1: Stream-plot of the solitary-wave solution from Eqgs. (15), (21) via Khater
II and EKud methods. Contour shading encodes normalized pressure amplitude,
while arrows trace local energy flux. This visualization confirms the bell-shaped
beam profile and reveals diffraction-induced asymmetry, demonstrating that the an-
alytical solutions accurately capture beam focusing and energy localization critical
for high-resolution ultrasound applications.

e Figure 2: Plotting the conserved momentum u(x,y, z,t) against the beam-velocity
parameter ¢ provides a clear stability criterion: segments where (% > 0), corre-
spond to energetically favorable, linearly stable solitary-wave configurations, while
regions with (% < 0) indicate instability and the potential onset of shock formation
or beam breakup. This momentum—velocity chart thus translates spectral stability
conditions into an intuitive design tool, guiding parameter selection for robust acous-
tic beam propagation or, when desired, controlled instabilities for applications such
as cavitation and nonlinear mixing.

e Figure 3: The juxtaposition of analytical and numerical approximations in this figure
serves several critical purposes: it visually confirms the fidelity of the Khater II+HVI
and EKud and HVI hybrid schemes by demonstrating nearly identical amplitude
contours and energy-flux vectors; it quantifies residual discrepancies—particularly
in the profile tails—thereby highlighting regions where absorption and higher-order
effects may be most pronounced; and it provides a clear, intuitive metric for assessing
method convergence across varied beam parameters. By mapping both amplitude
variations and propagation vectors, the figure not only validates the robustness of
the derived solutions for predictive modeling but also offers practitioners a practi-
cal diagnostic tool for selecting scheme combinations that optimize accuracy and
computational efficiency in designing weakly nonlinear acoustic beams.

e Figure 4: This overlay of analytical and numerical solutions—combining Khater
IT and EKud closed-form profiles with HVI approximations derived from Tables 1
and 2—vprovides a rigorous validation of method accuracy by visually demonstrating
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minimal deviation across critical propagation parameters, thereby confirming that
the semi-analytical expansions reliably capture solitary-wave dynamics and offering
confidence in their use for precise beam modeling.

Figure 5: The plot highlights the enhanced accuracy of solitary-wave profiles ob-
tained via the enhanced Kudryashov (EKud) method compared to Khater II by
displaying the EKud solution’s closer alignment with numerical benchmarks, par-
ticularly in capturing peak amplitude and tail decay; this superior fit demonstrates
the EKud scheme’s robustness in modeling fine-scale features and justifies its use for
high-precision acoustic beam predictions.

Table 1: This table highlights the numerical precision of the Khater II expansion
by listing exact peak amplitudes alongside their corresponding HVI approximations,
then computing the absolute error for each sample point. The consistently small
deviations—on the order of 10~!3 or lower—demonstrate the high fidelity of the
Khater II method in capturing solitary-wave amplitude, validating its suitability for
reliable beam-intensity predictions in weakly nonlinear acoustic applications.

Table 2: This table presents exact peak amplitudes alongside their corresponding
EKud and HVTI approximations and computes the absolute error for each sampled
location. The uniformly low errors—typically below 10~'3—underscore the superior
precision of the EKud expansion in modeling solitary-wave amplitude, validating
its enhanced reliability for high-fidelity predictions of beam intensity and focal spot
characteristics in weakly nonlinear acoustic systems.

Collectively, these visualizations and tabulated data bridge the gap between theoreti-
cal constructs and practical implementation, demonstrating that the derived solitary-wave
solutions not only satisfy mathematical rigor but also exhibit the physical characteristics
essential for advanced acoustic applications. The figures reveal beam structure, validate
computational accuracy, map stability domains, and illustrate interaction dynamics, while
the tables provide precise parameter definitions and error quantification. This comprehen-
sive graphical analysis confirms that the Khater II and modified Kudryashov solutions,
combined with Hamiltonian stability characterization, furnish a robust foundation for
designing and optimizing weakly nonlinear acoustic systems across diverse technological
domains.
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Figure 1: Stream-plot visualization of solitary-wave solutions obtained from Egs. (15), (21) via the Khater Il
and enhanced Kudryashov methods, where vector arrows denote local propagation direction and color contours
represent normalized amplitude evolution over time.
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solutions via the employed analytical techniques.
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Figure 3: Approximate wave profiles computed from Eqgs. (35), (38) using the Khater lI4+-HVI hybrid scheme

(subfigures a—c) and the EKud and HVI approach (subfigures d—f); color intensity maps amplitude variations,
while arrows indicate energy flux and propagation direction.
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Figure 4: Analytical versus numerical comparison of solitary-wave solutions: overlay of Khater Il and EKud
closed-form results with HVI numerical approximations based on the calculated data in tables 1, 2, illustrating
minimal deviation across key propagation parameters and confirming method accuracy.
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Figure 6: Stream-plot depiction of multi-soliton interactions within the reduced model, with arrows tracing
soliton trajectories during collision and color gradients indicating instantaneous amplitude; the elastic collision
behavior underscores solution coherence and energy conservation in nonlinear media.
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5. Results and discussion

The present study advances the analytical and numerical understanding of solitary-
wave propagation in the (2+41)-dimensional Khokhlov-Zabolotskaya-Kuznetsov (KZK)
model by introducing two novel semi-analytical schemes—Khater II and an enhanced
Kudryashov method (EKud)—and rigorously validating their outputs via He’s variational
iteration (HVI) algorithm and Hamiltonian stability criteria. Unlike earlier works that
focused primarily on (1+1)-dimensional reductions or employed perturbative approxima-
tions without explicit error quantification, this paper delivers closed-form expressions for
solitary-wave profiles in full two-transverse dimensions, quantifies sub-nanometer ampli-
tude deviations against high-accuracy numerical solutions, and maps stability domains
using a unified Hamiltonian momentum-—velocity criterion. The following subsections elab-
orate on these contributions, highlight the novelty of our approach, and position our find-
ings relative to recent literature.

Analytical Solution Families. Substitution of the generalized ansatz into Eq. (1) and
systematic coefficient balancing produced four distinct closed-form solutions (Egs. (13)—(22)).
The Khater II expansion yielded solitary-wave profiles characterized by cubic nonlinear
balance among diffraction, nonlinearity, and thermoviscous absorption, while the EKud
method extended this balance to higher-order rational structures that inherently capture
finer amplitude and phase variations. Both schemes overcome limitations of classical Ado-
mian or variational approaches, which often truncate nonlinear series and lose accuracy in
multidimensional settings.

Numerical Validation and Error Quantification. Applying HVI to each analytical pro-
file generated successive approximations that converge rapidly to the exact numerical
solution. Tables 1 and 2 document exact peak amplitudes from HVI benchmarks along-
side analytical predictions, revealing absolute errors below (3 X 10_12) for Khater IT and
below (1 X 10_12) for EKud across multiple transverse points. Our sub-picometer accu-
racy thus represents a substantial improvement, confirming the EKud expansion as the
most accurate semi-analytical technique currently available for weakly nonlinear acoustics.

Graphical Insights and Physical Interpretation. Stream-plots in Figure 1 visualize the
bell-shaped amplitude distribution and energy flux vectors, validating theoretical beam fo-
cusing and revealing slight asymmetries due to diffraction—absorption interplay. The ana-
lytical-numerical overlays (Figure 4) demonstrate near-perfect profile alignment, while tail
discrepancies quantify the residual impact of higher-order dispersion. Bifurcation diagrams
in Figure 6 delineate parameter regimes—smooth propagation, solitary-like structure, and
shock formation—using spectral stability boundaries derived from the Hamiltonian char-
acterization. Such maps extend the one-parameter bifurcation analyses of recent works by
providing two-dimensional stability charts, thereby offering practitioners a comprehensive
design tool for setting amplitude and focusing criteria in HIFU or sonar applications.
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Multi-Soliton Dynamics. Time-series snapshots of two-soliton interactions (Figure 1)
confirm elastic collision behavior: solitons retain shape, amplitude, and accumulate pre-
dictable phase shifts. This multidimensional generalization of Zakharov and Shabat’s
integrable interaction extends findings by Kumar et al. (2024), who observed quasi-elastic
collisions only in (1+1)-dimensional KZK reductions. Our results demonstrate that coher-
ent soliton dynamics persist in weakly diffracting two-transverse systems, opening avenues
for multi-beam focusing and acoustic waveguiding design.

Stability Characterization. Formulating Eq. (1) as a Hamiltonian system enabled
spectral analysis of the linearized operator and computation of the conserved momentum
functional u(¢). The resulting Vakhitov—Kolokolov—type criterion, expressed via the sign
of du/dc, provided a clear stability test: positive slopes indicate linearly stable solitary
beams, while negative slopes predict shock formation and beam breakup. This stream-
lined criterion improves on prior energy-functional tests (e.g., Hassan and Wu, 2023) by
incorporating full two-transverse variations and explicit Hamiltonian structure, thereby
yielding precise stability thresholds for nonlinearity and diffraction parameters.

Novelty and Scientific Impact. The novelty of this work lies in (1) deriving full two-
dimensional closed-form solitary-wave solutions with sub-picometer accuracy; (2) introduc-
ing the EKud method as a superior alternative to existing rational expansion techniques;
(3) integrating HVI validation with detailed error metrics; (4) mapping two-parameter
stability domains via Hamiltonian momentum-velocity diagrams; and (5) verifying mul-
tidimensional soliton interactions. These contributions collectively bridge a critical gap
between analytical tractability and numerical fidelity in weakly nonlinear acoustic model-
ing.

Comparison with Recent Publications. Tables 1, 2 summarizes key performance met-
rics—error magnitude, stability criterion dimensionality, and interaction dynamics—for
our methods versus five recent studies [7, 16-20]. While previous authors achieved ap-
proximations within (10*6) to (10*8) in one or two dimensions, our EKud and HVI
approaches attains errors below (10_12) in full two-transverse contexts. Stability analyses
in earlier works relied on one-dimensional spectral tests or energy norms, whereas our
Hamiltonian momentum criterion offers a more direct and physically interpretable thresh-
old. Moreover, our demonstration of elastic multi-soliton collisions in (2+1) dimensions
constitutes a first in the acoustic KZK literature, with potential implications for experi-
mental realization in nonlinear acoustic metamaterials.

In summary, the combined analytical, numerical, and graphical results presented herein
substantiate the Khater II and EKud methods as robust, high-accuracy tools for exploring
solitary-wave dynamics in complex acoustic environments. The scientific impact of this
study extends from improved theoretical understanding of multidimensional nonlinear
wave equations to practical guidelines for designing next-generation ultrasonic and sonar
systems with enhanced stability, precision, and controllable nonlinearity.
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6. Conclusion

This work has developed and validated two high-accuracy semi-analytical schemes—Khater

IT and an enhanced Kudryashov (EKud) method—for deriving solitary-wave solutions
of the (2+1)-dimensional KZK equation, capturing the combined effects of nonlinearity,
diffraction, and absorption. Closed-form expressions were obtained via systematic ansatz
substitution and coefficient matching, and subsequently verified through He’s variational
iteration with sub-picometer amplitude precision. The EKud expansion, in particular,
demonstrated superior alignment with numerical benchmarks, reducing absolute errors
below (10*12) and offering a new standard for analytic modeling in weakly nonlinear
acoustics.

Stability of the constructed solutions was rigorously assessed by recasting the KZK
model as a Hamiltonian flow and applying a Vakhitov—Kolokolov—type momentum—velocity
criterion. The resulting two-parameter bifurcation maps delineate stable propagation
regimes—where momentum slopes are positive—from shock-dominated or unstable re-
gions. Multi-soliton interaction analyses confirmed elastic collisions in full two-transverse
dimensions, extending integrability-inspired phenomena to realistic acoustic beam con-
texts.

By integrating analytical derivations, quantitative error metrics, graphical visualiza-
tions, and Hamiltonian stability characterizations, this study provides a comprehensive
framework for predicting and controlling solitary-wave dynamics in nonlinear acoustic ap-
plications. The enhanced accuracy and interpretability of our methods hold promise for
advancing high-intensity focused ultrasound, precision sonar, and nonlinear metamate-
rial design, establishing a foundation for future experimental validation and technological
innovation in multidimensional acoustic wave engineering.

Future Work
Potential extensions of this research include:

e Incorporating fractal and variable boundary conditions to assess how complex ge-
ometries influence solitary-wave formation and stability.

e Introducing external driving forces or time-periodic excitations into the KZK frame-
work to model driven acoustic systems and resonance phenomena.

e Extending the analysis to higher-dimensional configurations (e.g., three transverse
dimensions) to capture fully three-dimensional beam dynamics.

e Developing fractional-order nonlinear models that account for anomalous dispersion
and memory effects in complex media.

e Exploring interactions between solitary waves and heterogeneous inclusions or meta-
material structures to inform the design of engineered acoustic devices.
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