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Abstract. Physics-Informed Neural Networks (PINNs) are a machine learning technique that di-
rectly incorporates the governing physics of problems, such as partial differential equations (PDEs)
and ordinary differential equations (ODEs), into the neural network architecture. The primary goal
of PINNs is to approximate solutions while satisfying given constraints and minimizing the resid-
uals of the differential equations. PINNs have been employed to solve various problems, including
integro-differential equations, fractional differential equations, and stochastic PDEs. Over the past
two years, significant advancements have addressed the challenges associated with PINNs, result-
ing in notable improvements in accuracy and performance. This review provides a comprehensive
summary of the latest methodologies contributing to these advancements, focusing on innovations
in hyperparameter optimization and novel PINN variants inspired by other neural networks. Ex-
amples include MultiInNet-PINN, Transformer-based PINNs such as Tr-PINN and PINNsFormer,
as well as PINNs incorporating attention mechanisms and recurrent neural network (RNN) archi-
tectures (PIANN). Additionally, this review highlights recent research on domain decomposition
techniques in PINN architectures.By consolidating recent architectural and algorithmic advances,
this review identifies critical research opportunities for enhancing the reliability, efficiency, and
broader applicability of PINNs in scientific computing.
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1. Introduction

With time, the world is advancing towards sophistication to comply with the contempo-
rary requirements of handling complex tasks with higher output efficiency in various fields
of technology. Keeping in view the myriad applications of conventional mathematical
models in several fields of science and technology, deep learning techniques have evolved
immensely as a powerful tool to capture complex phenomena. By employing different
activation functions in each hidden layer in the ANN, an accurate and efficient approx-
imations of nonlinear complex functions can be obtained. These achievements inspire
many researchers to solve nonlinear PDEs which generally don’t have an exact solution
[1]. Some of the earliest research reported in literature where ANN has been employed to
solve differential equations is the research of I.E. Lagaris et al. [2] in which differential
equations are solved with the use of a trial function based on the initial/boundary condi-
tions of the governing equation. This trial function becomes challenging to construct for
high-dimensional complex PDEs [3]. To overcome this challenge, Raissi et al. [4] intro-
duced a Physics-informed neural network (PINN). PINN is a deep learning framework in
which an appropriate loss function is constructed for incorporating all the physical infor-
mation into the neural network described by governing PDEs with initial and boundary
conditions [5]. The main idea behind PINNs is that the NN satisfies the given constraints
and approximates the solution in a way that minimizes the loss function [6]. The great
advantage of PINN lies in its adaptability which means it can handle forward problems
without the presence of any data when the given equations are fully known and utilize
existing data to handle inverse problems even in the absence of model parameters or other
physical quantities [7]. In simple words, PINNs fill the gap between the scarcity of the
data and the data-intensive nature of deep neural networks [8] and have successfully been
applied to many physical domains including heat transfer problems [? ], fluid mechanics
[9], and biomedical engineering [10, 11] etc. Even after remarkable success in recent years,
there are still some challenges that PINN faces in solving complex problems such as the
calculation of high-order differential terms makes the training approach time-consuming
[12]. It is easy for the PINN to fall into local optima particularly the gradient pathologies,
in solving high-frequency problems because of the presence of multiple terms in the loss
function [13]. An appropriate choice of network architecture and its hyperparameters is
crucial for attaining accurate results in PINN. However, it is difficult to choose a suitable
combination of hyperparameters that yields strong generalization performance because
of the extensive number and broad range of hyperparameters [14]. Moreover, high-order
PDEs require an increasing depth of neural network which causes a slow learning rate
because of vanishing gradients [15]. It is crucial to optimize the network in such a way
that it produces accurate results with low computational cost and less running time. If
the network’s prediction is not accurate, it will cause an increase in loss function which
will eventually transverse the learning path that reduces that loss [16]. In the context
of a Physics-Informed neural network, an accuracy is generally defined by how well our
network model aligns with underlying physical laws governed by differential equations and
the precision ensures robustness of the model against noise and uncertainties in the data.
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Researchers used different error metrics to assess the computational efficiency and the
accuracy of the designed model which includes root mean square error (RMSE), mean
absolute error, relative L2 error, and so on. Using these metrics, we can analyze the re-
sults and conclude the feasibility of utilizing physics-informed neural networks (PINNs) for
intricate dynamical systems specifically about their ability to produce computationally ef-
ficient results[17]. To enhance the adaptability of PINN to specific problems along with its
accuracy and generalization capabilities, continuous improvements and optimizations in its
architecture are essential. Continuous modifications can bring about significant improve-
ments in PINN’s performance, aligning them to play a more crucial role in the broader
spectrum of scientific and engineering applications. Researchers are continuously doing
modifications in PINN architectures by using different hyperparameter optimization tech-
niques , domain decomposition strategies and hybrid network architectures to get accurate
results for better interpretation of complex science, engineering, and biomedical-related
problems. In this review, we have conducted an in-depth analysis of different techniques to
find optimal hyperparameters, innovations based on domain decomposition strategies and
variants of PINNs recently reported in the literature. Our objective is not only to present
the current state of research in this domain but also to provide valuable insights into key
pathways for enhancing precision and accuracy in PINNs. This review intends to assist
researchers in effectively applying PINN in different domains, offering practical guidance
for improved utilization. We aim to contribute to the ongoing advancement of physics-
informed neural networks by exploring the emerging trends and the methodologies that
lead to excellence and innovation in the adaptability of PINN. This review aims to system-
atically evaluate the advancements in PINNs, particularly focusing on their application in
solving high-dimensional PDEs and enhancing computational efficiency. Specifically, we
aim to address the following key questions:
1. What are the state-of-the-art techniques to optimize hyperparameters of PINN, and
how do they influence the model’s performance?
2. How do domain-decomposition strategies enhance PINN’s accuracy and efficiency for
solving complex high-dimensional PDEs?
3. What are the most emerging variants of PINN, and how do they overcome the limita-
tions of conventional PINN architecture?
4. In what ways can the flexibility of PINNs be improved to better address the broader
range of scientific and engineering problems?
By addressing these questions, we aim to present a comprehensive analysis of the cur-
rent state of PINN research and highlight the key areas for future development in this
advancing field.

2. Physics-Informed Neural Networks:

In this section, we provide an overview of the basic concepts related to PINN. The
subsequent sections entail the advances and limitations in PINNs as well as different ar-
chitectural designs, learning strategies, and optimization methods used in recent research.
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2.1. Background:

A physics-informed neural network is a deep-learning technique in which NN is trained
to approximate the solution by incorporating all the physics into the loss function. This
loss function is formulated based on terms present in the governing PDE such as ini-
tial/boundary conditions and residual of the governing equation. The crux of PINN is
that it approximates the solution that satisfies the given constraints so that the loss func-
tion gets minimized. The PINN algorithm is a mesh-free technique that transforms the
original equation into a loss optimization problem and generates the solution. The earliest
research in which artificial neural networks were employed to solve differential equations
includes the work of Isaac Lagaris et al. [2] in 1998. This approach assumes a trial func-
tion as a solution that consists of the sum of two independent terms, one for initial and
boundary conditions and the other for neural network approximation. In 2011 Ladislav
Zjavka [18] proposed a Differential Polynomial Neural network (D-PNN) which allows
each neuron to contribute to the network’s output, unlike ANN. Later, In 2017, Raissi
et al. [19] proposed hidden physics models, a machine learning technique to extract pat-
terns from high-dimensional data, incorporating underlying physics. Based on this, Raissi,
Perdikaris, and Karniadakis [20] proposed Physics-informed neural networks that integrate
the physical laws into neural networks for supervised learning tasks including nonlinear
PDEs. Discrete and continuous time models were developed based on the availability of
the data type. After that, he advanced his work to multistep neural networks [21] merging
numerical techniques with deep learning to study nonlinear dynamical systems. He also
proposed Deep-Hidden Physics Models [22] to solve nonlinear PDEs using deep learning
which further enhances the ability to learn and predict complex systems more efficiently.
In 2019, Raissi et al. [4] proposed a full version of PINN to solve both forward and inverse
problems.

2.2. Basic Concepts of PINN:

Consider the general mathematical representation of PDE as:

f(x, t, u
′
, u

′
x, u

′
t, λ) = 0 (2.2.1)

u
′
(x, t0) = β0, x ∈ ϕ (2.2.2)

u
′
(x, t) = β⌜(t), x ∈ ∂ϕ (2.2.3)

Where u
′

represents the PDE solution at x and t coordinates with given initial and
boundary conditions (could be Dirichlet, Neumann, mixed one). f and λ show residual of
PDE and trainable parameters, respectively.
In Vanilla PINN [4], a fully connected feed-forward NN with multiple hidden layers to
approximate the solution of the PDE u

′
(x, t) in which (x,t) embeds as an input into the

neural network. Suppose ωk is a hidden variable in a kth hidden layer, the flow of the
network is represented as follows:
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ω0 = (x, t)

ωk = φ(W kMk−1 + bk), for 1 ≤ k ≤ L− 1,

ωL = WLML + bL

The last (output) layer ωL is used to approximate the solution i.e, ωL ≈ u
′
. The linear

combination of weight and bias matrix of the kth layer (W k and bk respectively), are
passing through a nonlinear activation function φ. The governing PDE in eq 2.2.1 along
with its initial and boundary conditions is transformed into a loss optimization problem
in which loss L gets minimized by iteratively updating tuneable parameters θ. The loss
function L is defined as:

L = ξ1LPDE + ξ2Ldata + ξ3LIC + ξ4LBC

Where, LPDE penalizes the PDE’s residual and the remaining terms Ldata, LIC, LBC en-
sure the prediction of the model satisfies data points, initial, and boundary conditions [?
]. ξi, i = 1, 2, 3, 4, are the weight coefficients corresponding to each loss term. Gener-
ally, the mean square error (MSE) computes the losses in equation (4) and ADAM [23]
is employed as an optimizer to update the trainable parameters θ. The loss function is
problem-dependent, meaning some terms may be canceled based on the problem. Auto-
matic Differentiation is employed to compute the partial derivatives present in the loss
function. The detailed architecture of PINN is shown in Figure 1.

Figure 1: Framework of PINN

To compare the performance of PINNs with ANN, Son Seho et al. [24] experimented
using an equation of motion of a 1-DOF mass-spring-damper system by setting the same
architecture for both networks except for the learning rate. Table 1 below shows the
hyperparameters used for training PINN and ANN.

Figure 2 compares the exact solution, represented by a blue line, and the predicted
solution obtained by PINN and ANN. Figure 2(a) shows that the ANN only predicts the
solution (red dashed line) for points (green marks) used in the training, and fails to predict
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PINN ANN

Input Nodes 1 1

Hidden Layers 3 3

Hidden Nodes 35 35

Activation Function Tanh Tanh

Output Nodes 1 1

Learning Rate 0.0001 0.001

Epoch 18,000 18,000

Table 1: Comparison between PINN and ANN

the solution for other data points. This limitation underscores the need for PINN to solve
engineering problems requiring large training data. In contrast, PINN also predicts the
solution in regions outside the training data, demonstrating better generalization ability
than ANN.

Figure 2: Comparison between exact and predicted solution by (a) ANN and (b) PINN
[24]

3. Significance of Accuracy and Precision in PINN:

The significance of accuracy and precision cannot be overlooked in the realm of physics-
informed neural networks. These two are the fundamental aspects to critically analyze
the performance and reliability of any predictive model. Precision assures the predictions
of the PINN model to be consistent and robust which means it produces stable and
reliable results regardless of the variations in data inputs and scenarios being considered.
Meanwhile, accuracy evaluates how well our model predicts the solution of the problem
as compared to its true solution highlighting its ability to capture all the true physics of
the governing differential equation. In other words, accuracy ensures the predictions made
by the PINN model match real-world observations. There are different ways to check the



I. Khan et al. / Eur. J. Pure Appl. Math, 19 (1) (2026), 6334 7 of 35

precision and accuracy in PINNs which include quantitative metrics such as Mean Squared
Error (MSE), Root Mean Squared Error (RMSE), and Absolute Error, etc. These metrics
calculate the average magnitude of the errors. Also, we can compare PINN’s predictions
with present baseline methods to calculate the relative error. In summary, precision and
accuracy play a vital role in analyzing the outcomes because wrong predictions lead to
false interpretations of real-world phenomena. Therefore, the exploration of strategies to
enhance the precision and accuracy of PINNs is not only essential but also imperative to
unveil its full potential to study problems across various fields of science and technology.

4. Limitations of PINNs:

While PINNs have gained significant popularity for their ability to produce promising out-
comes across various phenomena, the initial formulation of PINN proposed by Raissi [4]
often encounters many challenges in constructing an accurate approximation of the exact
solution. A common reason for failure in PINNs arises from the unbalanced gradients
during the process of backpropagation. This challenge persists even in simple settings
such as solving linear elliptic equations [25]. This imbalance may stem from disparities in
gradients across different parts of the neural network, which ultimately leads the model to
return inaccurate predictions. Additionally, soft regularization in physics-informed neural
networks, which typically incorporates differential operator based on partial differential
equation (PDE) into the loss function, can give rise to many problems, potentially causing
the problem to become more ill-conditioned. Importantly, some of the limitations ob-
served in PINN are not due to the inability of the neural network’s architecture to handle
complex functions well, but rather the inherent complexities associated with optimizing
the loss landscape within the PINN framework [26]. The ill-conditioned differential opera-
tors in the residual term make the loss function challenging to optimize. Moreover, PINN
also faces difficulties in effectively capturing the simulations of those dynamical systems
that possess turbulent, multi-scale, or chaotic solutions [27]. These systems often exhibit
complex spatial-temporal dynamics and nonlinear phenomena which need to be analyzed
accurately. To overcome these challenges, the development of innovative approaches to
PINN’s architecture, including novel training strategies, designing new activation func-
tions, and efficient structures for the loss function is highly needed. In summary, these
limitations emphasize the importance of addressing the difficulties in the development of
PINN to unveil its full potential. In the following sections, we will explore the poten-
tial solutions to these challenges, along with recent advancements in PINN architectures,
training strategies, and optimization techniques aimed at enhancing the accuracy and
returning accurate predictions to the underlying problem.

5. Recent Innovations in Physics-Informed Neural Networks:

Researchers recently innovated Physics-Informed Neural networks to amplify their accu-
racy and overcome training challenges. This section overviews some recent modifications in
PINNs, including innovative architectural considerations via hybrid PINN models, differ-
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ent domain decomposition strategies, and optimal tuning of hyperparameters. A detailed
analysis of these advancements will give readers valuable insights into PINN research to
revolutionize computational modeling and simulation in various fields of science and tech-
nology.

6. Innovations in PINN for Optimal Architecture:

The selection of appropriate hyperparameters in PINN such as no. of hidden layers with
no. of neurons in each layer, activation function, learning rate, and optimizer, is crucial
in improving the prediction of solution. However, finding the optimal hyperparameters
within a high-dimensional search space is challenging, and slow training remains a con-
cern in PINNs [28, 29]. To address these challenges, hyperparameter optimization (HPO),
also known as (HP) tuning [30], offers a solution. While many researchers have em-
ployed grid search (resp. random) [30] to provide flexibility in choosing hyperparameters,
these approaches suffer from a curse of dimensionality and become inefficient with a ran-
dom search. To explore the optimal network parameters of PINN, there are few studies
present in the literature that involve tuning hyperparameters. Gaussian processes-based
Bayesian optimization via HPO tuning has been used to tune PINNs hyperparameters for
the Helmholtz operator [31]. This method used GP-based regression on previously eval-
uated hyperparameters to predict the next most likely optimal configuration. The same
approach was used to optimize stochastic PINN for advection-diffusion reaction problems
[32]. Manual tuning of hyperparameters to solve discontinuous heat conduction problems
is also employed in [33]. In [34], the authors used a genetic algorithm to determine the
most appropriate network design and optimization function for dynamical systems. Later,
Wang et al. [5] proposed NAS-PINN by incorporating the NAS algorithm into PINN to
search for optimal hyperparameters. NAS is an algorithm that aids in finding optimal ar-
chitecture in specific search spaces [35]. NAS-PINN is trained using bi-level optimization
with the inner one focusing on optimizing weights and biases of the NN while the outer one
optimizes the parameters of network architecture. Auto-PINN proposed by Yicheng Wang
et al. [36] utilizes the step-by-step decoupling strategy to reduce the search space by fixing
other hyperparameters and searching for one at a time for a few sets of options. A gener-
ally efficient and fully automatic method to optimize PINN architecture was presented by
Kaplarević-Malǐsić, Ana, et al. [14]. The authors proposed a PINN/GA framework which
is based on a Genetic Algorithm (GA). This framework starts with the initial population
of candidate solutions, called individuals, and evolves the population through selection,
crossover, and mutation. It keeps the search space computationally manageable by evo-
lutionary strategy from simple to more complex network architectures, as presented in
[37] while leveraging the scalable computational design to handle large-scale optimization
efficiently. Table 2 highlights the summary of research studied in this section.
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Architecture Problem
Type

PINN Opti-
mal Configu-
ration

Performance
Metrics and
Computational
Cost

Comparison

Neural
Architecture

Search [5]

2D Poisson
Equation
(Regular)

Depth: 4
Width: [50,
70, 1]

L2 Error: 4.46 ×
104

-Time to find op-
timal architecture
= 1.57 hours

-take less time to find
optimal hyperparame-
ters compared to SMAC
NAS-PINN can search
in a larger and more
flexible search space
compared to SMAC.

2D Poisson
Equation
(Irregular:
Circle, L, and
flower shaped)

Circle:[2, 110,
(50, 50, 50,
30,) 1]
L-shaped: [2,
110, 110, (10,)
1]
Flower:[2, 50,
70, (70, 70,)
70, 110, 1]

L2 Error
Circle: 2.25 ×
10−7

L-shaped: 2.05 ×
10−6

Flower: 6.91 ×
10−6

Less parameters com-
pared to Dumpy
Architecture
-Outperformed Giant,
Dumpy, and Slender

Burger’s [2, 90, 50, 110,
1] for v=0.1
[2, 90, 70, 30,
110, 1] for
v=0.07
[2, 110, 110,
70, 110, 1] for
v=0.04

L2 error
8.87 ×
10−7(for v = 0.1)
1.41 ×
10−6(for v =
0.07)
1.51 ×
10−6(for v =
0.04)

Outperformed all
manually designed ar-
chitectures like Giant,
Dumpy, and Slender

Advection’s [2, 110, 110, 1]
for β = 1
[2, 90, 90, 90,
90, 110, 1] for
β = 0.4
[2, 110, 50, 50,
70, 30, 90, 1]
for β = 0.1

L2 error
1.49 ×
10−4for β = 1
1.30 ×
10−6for β = 0.4
2.56 ×
10−6for β = 0.1

NAS-PINN shows sim-
ilar performance with
Dumpy architecture (2
hidden layers with 110
neurons) for β = 1
-NAS-PINN demon-
strates the most consis-
tent high performance
across all β values
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Architecture Problem
Type

PINN Opti-
mal Configu-
ration

Performance
Metrics and
Computational
Cost

Comparison

PINN/Genetic
Algorithm [14]

1D Stefan
Problem
with time-
dependent
Dirichlet BC’s

Hidden lay-
ers=2,
no.of neu-
rons per layer
=[3,22], Opti-
mizer=NADAM,
Activation=Tanh

Achieved the low-
est Mean Squared
Error (MSE)
compared to
Random Search
and Hyperopt for
both PDEs

Random Search demon-
strated good solutions
in the early stages but
lacked a systematic
refinement process,
whereas Hyperopt
TPE achieved rapid
initial progress but
exhibited stagnation in
optimization

2D Helmholtz
Equation

Hidden Lay-
ers=5,
neurons per
hidden layer=
[30,30,30,30,30],
Activation=sin,
Opti-
mizer=NADAM

Optimization
took approxi-
mately 1 − 2
hours to converge
for both cases

PINN/GA consistently
showed best results,
steadily improving
accuracy and stability
over time compared to
Random Search and
Hyperopt TPE.

GP-based
Bayesian HPO

[31]

Helmholtz
(Dirichlet)

Learning rate
= 10−4

Width = 275
Depth = 2
Activation =
sin

Training Loss:
1.13 × 10−3

Testing Error:
1.19 × 10−4

Training Time:
196.6s
Parameters:
77,001

-Achieved 10x lower
error than FEM for low-
frequency Helmholtz
problems (e.g., ω = 2).
-PINNs training was
100x slower than FEM.

Helmholtz
(Neumann)

Learning rate
= 1.54 × 10−4

Width = 10
Depth = 292
Activation =
sin
Weights for
boundary term
error = 19.1

Training Time:
9.3 × 102

Parameters:
1.7 × 105

-Higher metric loss
compared to FEM.
-PINNs are slower;
FEM (LU solver) com-
pletes in 1.2 × 102

seconds (approx. 2
minutes), and GMRES
is even faster (3.9
seconds)
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Architecture Problem
Type

PINN Opti-
mal Configu-
ration

Performance
Metrics and
Computational
Cost

Comparison

Manual hy-
perparameters
tuning [33]

Discontinuous
heat conduc-
tion problems
(2D/3D)

Architecture =
FCNN, DGM
Depth = 20
Activation:
SiLU, GELU,
Tanh, Sin
Learning
Rates:
7.5 × 10−3,
5 × 10−3,
2.5 × 10−3,
10−3,
7.5 × 10−4

Mean Rel. L2 Er-
ror: 5.60%
Max Rel. Error:
13.9%

-FCNN outperformed
MFNN and DGM.
-SiLU, GELU, Tanh,
Sin (consistent ac-
curacy) compared to
ReLU and SELU.
-Moderate rates (10−3

to 7.5 × 10−4) offer
optimized convergence
than large learning
rates (10−2).
-Increased depth (up
to 20 layers) improved
accuracy but required
more iterations

Auto-PINN
[36]

Heat Equation
with Dirichlet
BCs

Width:
80–512,
Depth: 5–8,
Activation:
Swish or Tanh,
Changing
Point: 0.4–0.5

Not explicitly
mentioned in the
study for each
configuration but
it consistently
achieved lowest
l2 errors across
different sampling
techniques

-Uniform sampling is
generally more effective,
regardless of the search
method.
-Moderate learning
rates (lr = 1e-4) paired
with sufficient training
epochs (15,000) pro-
duce the best results
-Optimal architectures
generally have high
width (384–512) and
moderate-to-high depth
(6–10)
-Lower widths and
depths fail to capture
sufficient complexity.
In contrast, higher
learning rates lead to
instability in training.
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Architecture Problem
Type

PINN Opti-
mal Configu-
ration

Performance
Metrics and
Computational
Cost

Comparison

Heat Equation
with Neumann
BCs

Width:
232–252,
Depth: 8–10,
Activation:
Tanh,
Changing
Point: 0.4–0.5

Not explicitly
mentioned

-Random sampling
strategies are more
effective in demon-
strating the strong
adaptability of Auto-
PINN compared to
uniform sampling tech-
niques.
- Networks with greater
width (> 160 units)
and depth (> 6 layers)
exhibited better testing
error values

Wave Equa-
tion

Width:40-180,
Depth=3-7,
Activation=Swish
or Tanh,
Changing
Point: 0.4-0.5

Not Mentioned in
the study

-Moderate network
configurations tend to
produce optimal perfor-
mance, contrasting with
the Heat equations.
-Most effective archi-
tectures were identified
with widths of 160–224
units and depths of 4–6
layers, highlighting that
shallower networks can
efficiently model wave
dynamics.
-Uniform sampling
strategies yield better
performance than ran-
dom samplings
-Auto-PINN precision
in finding optimal ar-
chitectures outperforms
both HyperOpt and
Random Search.

Table 2: Performance Comparison of Hyperparameter Tuning in Recent PINN Architec-
ture
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7. Innovations in PINN via Other Neural Networks:

Inspired by residual networks, Yan, Liangliang, et al. [38] proposed a multi-input residual
network to modify the PINNs backbone network, named MultiInNet PINNs. The multi-
step training with fixed parameters in MultiInNet PINNs greatly improves the stability
and convergence speed of traditional PINNs.Traditional PINN sometimes fails to capture
the temporal dependencies present in physical systems. To overcome this issue, Trans-
former based PINN (PINNsFormer) was proposed by Zhiyuan Zhao et al. [39]. PINNs-
Former uses the multi-head attention-based mechanism which transforms the inputs and
PINN loss from pointwise to sequential, making it able to capture these dependencies
and hence outperform traditional PINN in dealing with failure modes of high dimensional
PDEs. Tr-PINN [40] is proposed by combining the transformer model with PINN archi-
tecture. It uses a series of transformer blocks with a self-attention mechanism to capture
the non-linearity features and also includes an additional input vector for mobility ratio.
This model uses only the encoder part of transformer blocks and weighs the previous
transformer block’s output to increase the computational efficiency. A new modification
of PINN, combining the recurrent neural networks (RNNs) and attention mechanisms,
is proposed and termed as Physics-informed attentional-based neural network (PIANN)
[41]. The attention mechanism captures the nonlinear features of the solution while the
encoder-decoder GRU-based network extracts the most relevant information from fully
encoded data. Hence, the model integrates gated recurrent units (GRUs) with attention
mechanisms. Multilayer Perceptrons (MLPs) also called fully connected FFNN, serve
as a building block for neural network architecture. Recently, Liu, Ziming, et al. [42]
proposed Kolmogorov-Arnold Networks (KANs), inspired by Kolmogorov-Arnold repre-
sentation theorem. KAN showed better performance and efficiency with few parameters
compared to MLPs, primarily due to their learnable activation functions. Wang, Yizheng,
et al. [43] proposed Kolmogorov-Arnold-Informed Neural Network (KINN), a KAN vari-
ant designed for different forms of PDEs including strong, energy, and weak forms, to
compare the performance of KAN with MLP across various PDEs. The outperformance
of KAN unlocks the potential to modify MLP-based PINN. Recently, Rigas, Spyros, et al.
[44] developed a fast implementation of Physics-Informed Kolmogorov-Arnold Networks
(PIKANs) using JAX called jaxKAN which is also available on PYPI as a Python package.
PIKANs, a new type of PINN, with KAN as its foundation block for network architec-
ture. Sun et al. [? ] introduced a new architecture based on LSTM networks, termed
as physical-informed memory networks (PIMNs) which differ from fully-connected PINN
architecture. PIMNs used difference schemes as convolutional filter to approximate the
differential operator. This convolutional structure is only to speed up the computations
and doesn’t have an impact on the training process. In 2019, Lu et al. [45] proposed a new
network architecture inspired by the universal approximation theorem to operators [46],
called DeepONets. Two DNNs, branch and trunk networks, are employed in the Deep-
ONets architecture. The branch one encodes the input functions at fixed sensors (i.e.,
function values at different locations), while the trunk encodes the location information
of the output function. The solution operator is then defined as the element-wise mul-
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tiplication of outputs of branch and trunk networks (i.e., coefficients and basis functions
respectively), summed over the total output values. However, DeepONet needs a large
corpus of paired input/output observations obtained through multiple repeated experi-
ments, making the training dataset computationally expensive. An alternative version,
inspired by PINN, is PI-DeepONet [47] which demonstrates that DeepONets’ outputs are
differentiable wrt. input coordinates, allowing for the use of automatic differentiation to
compute the derivatives present in underlying PDE. PI-DeepONet greatly enhances the
generalization capabilities of PINN. Several works have focused on optimizing the compu-
tations needed to compute the derivatives which include: zero-coordinate shift to optimize
reverse-mode automatic differentiation [48] and the use of factorizable coordinates to op-
timize forward-mode AD [49]. Based on pioneering work done for separable-PINN in [49],
Mandl, Luis, et al. [50] proposed separable-PI-DeepONet. This approach leverages both
separable PINN and PI-DeepONet methodologies by employing the factorized coordinates
and separable subnetwork for each 1D coordinate to reduce the computational cost, using
a forward-mode AD for efficient Jacobian matrix computation, and combining the outputs
of branch and trunk network to further optimize the forward pass. Table 3 and 4 below
summarizes the publications studied in this section.
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Architecture Problem Type ERR† Key Advantages

MultiNet [38]

Poisson
Advection
Convection-diffusion
Helmholtz

97.0% (MSE)
95.1% (MSE)
73.9% (MSE)
68.0% (MSE)

- Fewer parameters (57% reduc-
tion)
- Better convergence stability
- Enhanced computational effi-
ciency

PINNsFormer [39]

Navier-Stokes
1D-Wave
Convection
1D-Reaction

97.1% (rMAE)
83.4% (rMAE)
97.0% (rMAE)
98.5% (rMAE)

- Superior in complex fluid flows
- NTK enhancement compatibil-
ity
- Stable training dynamics
- Handles stiff problems well

PIANN [41]
Hyperbolic PDEs
(Buckley–Leverett
problem)

Residual
decreased
by< 10−4

- Captures shock fronts without
residual regularization or prior
knowledge

PIKANs [44]

Diffusion
Helmholtz
Burger’s
Allen–Cahn

0.021% (rL2)
0.176% (rL2)
2.340% (rL2)
1.414% (rL2)

- Faster training with adaptive
methods and efficient implemen-
tation
- Scalable to smaller networks
while maintaining performance

Physics-informed
DeepONets [47]

1D parametric ODE
Diffusion reaction
Burger’s

∼0.33% (rL2)
∼0.45% (rL2)
∼1.38% (rL2)

- Accurate predictions for out-
of-distribution test data
- More accurate predictions with
paired input-output training
data, unlike conventional Deep-
ONet
- Rapid prediction of spatiotem-
poral solutions (> 10 ms) and up
to 3 orders of magnitude faster
than conventional solvers

Separable
PINN*[49]

Diffusion
Helmholtz
(2+1)-d Klein–Gordon
(3+1)D Klein-Gordan

12.2% (rL2)
93.7% (rL2)
94.9% (rL2)
90.1% (rL2)

- Memory reduction
- Less computational time

Separable PI-
DeepONets [50]

Burgers
Consolidation Biot’s
Parametrized Heat
Poisson’s

no significant
reduction in
relative L2 er-
ror compared
to [50] for all
test cases

- Significant runtime improve-
ment
- Scalable to higher dimensions
- Maintains accuracy with less
computations

PIMNs using
LSTM [? ]

1-soliton Schrodinger
2-soliton Schrodinger
KdV-Burger’s
KdV Burgers Ku-
ramoto

77.8%
86.1% (rL2)
97.7% (rl2)
0.021% (rL2)

- Enhanced Accuracy
- Works well with high-gradient
regions

Table 3: Comparison of various PINN architectures, their problem types, error metrics,
and key advantages.
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ERR† shows the error reduction rate compared to baseline Vanilla PINN performance
except for [50] and [46]. ERR = E1−E2

E1 × 100, where E1 is error in baseline method and
E2 is error of newly proposed framework.
† Error metrics vary by study: MSE (Mean Square Error), rMAE (relative Mean Absolute
Error), mrL2 (mean relative L2 error), and rL2 (relative L2 error).
*The values of error reduction are calculated by comparing the best results of PINN and
SPINN-based architectures.
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Architecture Key Features Best Suited For Limitations

MultiInNet [38]

- Multiple independent net-
works
- Parameter efficient
- Parallel training possible

- Problems requiring domain
decomposition
- Multi-scale physics

- Higher memory require-
ments
- Complex implementa-
tion

PINNsFormer [39]

- Transformer-based architec-
ture
- Self-attention mechanisms
- Compatible with NTK en-
hancement

- Complex fluid dynamics
- Problems with long-range
dependencies

- Training time overhead
- Requires careful hyper-
parameter tuning

PIANN [41]

- Attention mechanism
detects shock locations auto-
matically
- GRU-based encoder-
decoder for non-local correla-
tions
- Enforces boundary and
initial conditions as hard
constraints

- Problems with sharp dis-
continuities (e.g., shocks)
- Problems requiring non-
local relationship modeling
- Systems where bound-
ary/initial conditions must
be strictly satisfied

- Memory-intensive and
scales quadratically with
domain size
- Requires high-resolution
training data for small
residuals
- Limited scalability to 3D
domains without signifi-
cant changes

PIKANs [44]

- JaxKAN: Open-source KAN
framework in JAX and Flax
for faster training
- Loss re-weighting and col-
location resampling for small
PIKAN architectures
- Grid-Dependent Basis Func-
tions
- Grid adaptations and linear
interpolation to solve sharp
peaks in the loss function

- Applications needing mesh-
free solvers (e.g., fluid dy-
namics, quantum mechanics)
- Complex PDEs in science
and engineering

- Large training time
- Computational overhead
still higher than MLPs
- Sensitive to hyperparam-
eter fine-tuning

Physics-informed
DeepONets [47]

- Dual-network architecture
for continuous coordinates
and fixed locations
- Incorporates adjustable
weights in the loss function
- Handles multiscale behavior
in PDEs for complex physical
systems

- Complex physical systems
and processes
- Complex parametric PDEs
with variable coefficients

- Accuracy drops in re-
gions with steep PDE so-
lution gradients
- Training is generally
slower compared to con-
ventional DeepONet

SPINN [49]

- Forward-Mode Automatic
Differentiation
- Utilizes independent
sub-networks for each one-
dimensional coordinate
- Low-Rank Tensor Approxi-
mation

- Complex partial differ-
ential equations in high-
dimensional spaces such as
3D or 4D

- Increased Collocation
Points Requirement
- Performance relies on
coordinate-based MLPs,
limiting the utilization of
high-dimensional input

Separable PI-
DeepONets [50]

- Independent trunk networks
for each coordinate axis
- Decreases the number of
forward passes through trunk
and branch networks
- Operator learning frame-
work

- High-dimensional problems
- Parametric PDEs

- Limited to problems
compatible with parame-
ter and coordinate factor-
ization
- Struggles with non-grid-
based real-world domains
- Limited flexibility for di-
verse input functions

PIMNs using LSTM [?
]

- Integrates traditional dif-
ference schemes with Long
Short-Term Memory (LSTM)
networks
- Regional decomposition to
train multiple networks si-
multaneously
- Adaptive functionality to
enhance training in high-loss
regions

- Nonlinear PDEs
- Problems with high-
gradient regions

- High memory usage
- Requires more training
time
- Requires meshing, lim-
iting scalability to high-
dimensional systems

Table 4: Comparison of architectures, their key features, applications, and limitations.
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8. Innovations in PINN via Domain Decomposition:

The idea of combining several PINNs, each trained with a different network architecture,
was proposed by Jagtap et al. [51] in 2020. Jagtap et al. presented a conservative PINN
by dividing the computational domain into discrete subdomains and then patching the so-
lutions using feasible interface conditions to get a complete solution. This spatial domain
decomposition allows efficient network parallelization and flexibility in choosing hyperpa-
rameters for networks in each subdomain. To generalize domain decomposition for any
PDE, eXtended PINNs [52] (XPINNs) were proposed. XPINN not only supports domain
decomposition to any PDE irrespective of its physical nature but also endows both spatial
and temporal parallelization which enhances the computational efficiency and reduces the
training cost. The architecture of XPINN was improved by Hu, Zheyuan, et al. [53]. He
proposed APINN which utilizes a trainable gate network for soft domain decomposition
by obviating the interface losses. APINN allows the use of all the training data in each
subnetwork and employs partial parameter sharing to capture common features across
decomposed functions, averaging the outputs from multiple subnetworks. bc-PINN [54]
involves solving the PDE sequentially by training the same network across different time
segments, ensuring the solution already obtained is consistent for all preceding time seg-
ments. This approach is thus termed as backward compatible PINN (bc-PINN). XPINN
suffers from slow convergence because of the simultaneous training of multiple subnet-
works, and increasing the number of subdomains results in a large number of network
parameters. In contrast, bc-PINN involves training one network at a time but it gathers
points from previously trained subdomains each time it trains. Consequently, the training
time for each subdomain increases due to a large number of training points. Therefore,
Zhang, Dinglei et al. [55] introduce a transferable pre-trained NN depending on time
domain decomposition. It uses a simpler network to solve each subdomain independently,
by using the pre-trained network (Network trained on the previous subdomain) as a train-
ing model for subsequent subdomains. It not only reduces the training time but also
improves the prediction accuracy and generalization better than XPINN and bc-PINN.
Kharazmi et al. [56] proposed another domain decomposition based on the variational
formulation of PINNs (VPINN), named as hp-VPINNs. The variational PINN [57] is
based on the Galerkin method in which integration equivalent to the differential equation
is used and then integration is computed at the computational domain. In hp-VPINNs,
authors used domain decomposition via hp-refinement in VPINN architecture to enhance
its performance. Later, the efficiency of hp-VPINNs for handling nonlinear integrands
was greatly improved in the work of Liu Chuang and Wu HengAn [58]. They proposed
the convolutional variational physics-informed neural network (cv-PINN) in which inte-
gration is calculated at quadrature points and employed convolutional filters to specify
test functions and quadrature weights. Variational PINN faces slow convergence with
stochastic gradient descent optimizers. To improve the convergence of VPINN, Uriarte,
Carlos, et al. [59] introduced a hybrid Least Squares/Gradient-Descent optimizer that
uses a Least Squares solver for weights of the output layer which significantly enhances
the convergence. The authors also demonstrate that forward-mode AD or ultraweak-type
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scheme are faster up to 100 times than traditional backward-mode automatic differen-
tiation. Moreover, Finite basis physics-informed neural networks (FBPINNs) [60] were
proposed inspired by finite element methods, to efficiently handle large domain problems
by using smaller neural networks on overlapping domains, which mitigates spectral bias
and reduces the optimization complexity. Later, Dolean, Victorita, et al. [61] extended
FBPINNs with multilevel domain decomposition, inspired by the Schwarz domain decom-
position method. Multilevel FBPINNs perform better in the case of a large number of
subdomains. Recently, Anderson, Samuel, et al. [62] accelerated the training of FBPINNs
by replacing subdomain networks with Extreme Learning Machines (ELMs). An improved
version of Physical-informed memory networks (PIMNs) based on domain decomposition
was introduced by Sun, Jiuyun, et al. [? ]. This research focuses on splitting the domain
into multiple overlapping subdomains and computing the loss in each subdomain inde-
pendently. A network with adaptive parameters is employed to adjust the weights of loss
in each subdomain, enabling efficient training in regions with high loss values. Table 4
summarizes the publications being studied in this section.

Architecture Problem
Type

Architectural
Details

Performance
Evaluation

Comparative Analy-
sis

Conservative
PINN [51]

-Nonlinear
conservation
laws (Burgers,
KdV, Euler),
Navier-Stokes
equations
(lid-driven
cavity)

-Separate
PINNs per
sub-domain
-Adaptive
activation
functions
-Varying
depth/width
based on
domain com-
plexity

-Relative L2 error
< 10−2

-Faster con-
vergence with
sub-domain par-
allelization
-cPINN achieved
up to 10x better
accuracy.

-cPINN significantly
outperformed PINN in
capturing high gradi-
ents and discontinuities
-PINN struggled to gen-
eralize for conservation
laws and high-gradient
regions, while cPINN
provided 10x better
accuracy with efficient
domain decomposition

eXtended
PINN [52]

Viscous
Burger’s
equation

A separate
neural net-
work is used
for different
subdomains,
allowing in-
dependent
hyperparame-
ter optimiza-
tion for each
subdomain.

Relative L2 er-
ror of solution is
8.932 × 10−3 And
along with inter-
face, the error is
5.9267 × 10−3.

-XPINN outperforms
PINN due to its paral-
lelization and efficient
hyperparameter tuning
-Provides flexibility in
dividing the subdo-
main for any type of
differential equation.
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Architecture Problem
Type

Architectural
Details

Performance
Evaluation

Comparative Analy-
sis

Augmented
PINN [53]

1D Burger’s
equation, 2D
Helmholtz
equation,
Klein–Gordon
equation,
Wave
equation,
Boussinesq-
Burger equa-
tion

-Soft and
trainable
domain de-
composition
using a gating
network
-Shared pa-
rameters
across sub-
networks
-Eliminates
interface loss
conditions
by using a
soft weighted
average of
sub-network
outputs
-different vari-
ants of APINN
are used.

Burger’s:
Mean Rela-
tive L2-error =
9.1091043.689104

(best with
APINN-X)
Helmholtz:
1.275103 ±
4.710104 (best
with APINN-X)
Klein–Gordon
equation:
2.846103 ±
8.568104 (best
with APINN-M)
Wave equation:
1.2991032.941104

(best with
APINN-M)
Boussinesq-
Burger equa-
tion:for u is
1.091102 ±
4.588103 and
for function v,
its 8.185102 ±
2.973102 (best
with APINN-M)

-APINN significantly
outperforms PINN and
XPINN, particularly
near interface regions
-XPINN fails due to
large interface er-
rors, while APINN-X
achieves the best accu-
racy
-trainable gate network
utilizes all training
samples in APINN,
leading to enhance
its performance than
XPINN.
- APINN-M (with
MPINN-type gate
network pretraining)
and APINN-X (with
XPINN-type gate
network pertaining)
perform the best,
demonstrating superior
results compared to
other configurations.
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Architecture Problem
Type

Architectural
Details

Performance
Evaluation

Comparative Analy-
sis

Backward
Compatible
PINN(bc-
PINN) [54]

1D and 2D
Allen-Cahn
equations,
1D and 2D
Cahn-Hilliard
equations

-Sequentially
trains over
time segments
using a single
neural net-
work.
-Ensures
backward
compatibility
by satisfying
solutions from
all previous
time segments
-Uses Initial
Condition
Guided Learn-
ing (ICGL)
to accelerate
convergence
by aligning
solutions
with initial
conditions
and Transfer
Learning (TL)
to reduce
training time
by reusing
learned fea-
tures across
segments.
-Phase space
representation
is adopted to
approximate
higher-order
derivatives.

1D Cahn-
Hillard equa-
tion: Relative
total error with
bc-PINN is
0.0186 and std-
PINN is 0.8594
1D Allen-
Cahn:Total
relative error
with bc-PINN
=0.0068
2D Allen-Cahn:
Total prediction
error for bc-PINN
with ICGL is
2.5% and without
ICGL is more
than 95%.

-std-PINN does not
work for the Allen Cahn
equation comprising
a strongly non-linear
term whereas bc-PINN
can accurately predict
the solution for the
entire domain.
-Std-PINN also pro-
vides inaccurate so-
lutions because of a
higher derivative term
in Cahn-Hillard equa-
tion.
-bc-PINN can achieve
high accuracy by using
fewer collocation points
than std-PINN.
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Architecture Problem
Type

Architectural
Details

Performance
Evaluation

Comparative Analy-
sis

hp-VPINN
[56]

1D and 2D
Poisson equa-
tions, Linear
Advection-
Diffusion
equations

-Each sub-
domain uses
a separate
neural network
-Legendre
Polynomials
are used as a
test function,
enhancing
accuracy by
increasing
polynomial
order within
each subdo-
mains

1D-Poisson with
boundary-layer
solution:
Point-wise error
of hp-VPINN is
O(107)(superior
to PINN with
O(104))
1D-Poisson with
steep solution:
Point-wise er-
ror: O(10−5) for
hp-VPINN with
3 subdomains
and O(10−3) for
PINN

-hp-VPINNs enhance
the accuracy and pro-
vide faster convergence
for sharp-steep so-
lutions compared to
PINN.
-Combining h-
refinement(domain
decomposition) and p-
refinement (polynomial
order) leads to further
accuracy.
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Architecture Problem
Type

Architectural
Details

Performance
Evaluation

Comparative Analy-
sis

Optimizing
VPINN [59]

1D and 2D
Poisson’s
equations with
smooth, sin-
gularities, and
high-frequency
components.

-Combines
Least square
with gradient
descent (GD)
to enhance
the training
of Variational
PINN.
-Forward
model dif-
ferentiation
is employed
during least
square matrix
construction
to compute
spatial deriva-
tives, reducing
the compu-
tational cost
of backward
Automatic
differentiation.
-An alternate
formulation
(UltraPINN)
avoids differ-
entiating trial
functions, fur-
ther cuts the
computational
cost.

For Smooth
1D problem
: The relative
error is 2.72%
(with ADAM)
and 0.19% (with
LS/ADAM)
High-
Frequency
1D problem:
After 1000 iter-
ations, relative
error with ADAM
is 99.99% and
LS/ADAM is
0.66%
Singular 1D:
For discretization
M=32 Relative
error with ADAM
=23.20%, and
with LS/ADAM
=19.25%
For discretization
M=64, Relative
error with ADAM
=22.52%, and
with LS/ADAM
=16.87%
For discretization
M=128, Relative
error with ADAM
=22.33%, and
with LS/ADAM
=14.98%
For Smooth
2D problem:
Relative error
with ADAM
=2.15%,and
with LS/ADAM
=0.44%

-LS/GD significantly
reduces the iterations
compared to GD alone.
-GD optimizes all
trainable parameters
simultaneously, but
LS/GD computes hid-
den layer’s parameters
with GD and output
layer coefficients with
LS.
-For singular problems,
LS/ADAM reduces
error but it requires
more discretization in
test space which will
eventually increase the
computational cost.
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Architecture Problem
Type

Architectural
Details

Performance
Evaluation

Comparative Analy-
sis

FB-PINNS
[60]

-low and high
frequency
1D and 2D
sinusoidal
problems
-Viscous time-
dependent
Burger’s equa-
tion
-Wave equa-
tion

-uses finite
basis functions
to express
the solution
of a differen-
tial equation,
inspired by
FEM.
-
computational
domain is
divided into
small, overlap-
ping domains.
-networks are
trained in
parallel, via
separate input
normalization
for each sub-
domain
-The total out-
put is obtained
by summing
all the output
from these
sub-networks,
weighted by
a window
function.

-FB-PINN has
similar perfor-
mance as PINN
for 1D low fre-
quency problem
(L1 error approx.
10−3)
-For high-
frequency
1D problem,
FBPINN out-
performs PINN
having faster
convergency rate
and L1 error of
10−4 with less
training steps.
-For 2D problem,
L1 of FBPINN
was reduced
to 10−3 within
approx. 10,000
training steps
while PINN after
40,000 training
steps, reduced the
L1 error of 10−2

-In the case of
Burger’s equa-
tion, FBPINN-
coinciding (sub-
domain interfaces
coincide with
solution disconti-
nuities) performs
slightly worse
than PINN, but
without coincid-
ing, FBPINN
performs better
than PINN.

- Require the same
number of training
points as standard
PINNs, leading to a
high computational
workload.
-time domain decom-
position reduces the
complexity of the opti-
mization problem.
-FBPINN is effective
across all of the 1D, 2D,
and 3D problems
-number of overlapping
models in the hyper-
rectangular subdivision
grows exponentially
with dimensions, which
affects the FBPINN
optimization.
-a subdomain network
size of 2 layers and 16
hidden units is effective
for every problem ex-
cept the wave equation
-FBPINN achieves
higher accuracy in
fewer training steps
than PINN in case
of high-frequency
problems.
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Architecture Problem
Type

Architectural
Details

Performance
Evaluation

Comparative Analy-
sis

Multilevel
FBPINNs [61]

2D Homo-
geneous and
multiscale
Laplace equa-
tion

-it advances
the FBPINNs
by introducing
multiple levels
of overlapping
domains
-all multilevel
FBPINNs
use an ex-
ponentially
increasing
number of
subdomains
per level
-It employs
uniform
rectangu-
lar domain
decomposition

-Accuracy of
FBPINNs doesn’t
significantly de-
pend on number
of levels in case of
2D homogenous
Laplace problem
as L1 loss is re-
ducing to approx.
10−4–10−5.
-For multi-scale
Laplacian prob-
lem, Accuracy
of FBPINNs
increases with
increase in levels,
achieving normal-
ized L1 loss as
low as 10−4

- Multi-level FBPINN
outperforms one-level
FBPINN and tradi-
tional PINNs in terms
of computational effi-
ciency and accuracy.
-Multilevel FBPINN
is more efficient than
PINN but its training
time is slower than
traditional FDM and
FEM.

ELM-FBPINN
[62]

1D damped
harmonic
oscillator

-replaces
subdomain
networks in
FBPINN
with Extreme
Learning Ma-
chine (ELM),
a network
where only
weights and
biases of the
last layer get
trained, and
other param-
eters are left
initialized
(untrained).

L1 loss: PINN =
0.226 FBPINN
= 3.1110−3

ELM-FBPINN =
5.8710−3

-ELM-FBPINN and
FBPINN both models
accurately approx-
imated the exact
solution but it con-
verges faster and in
significantly less time
than FB-PINN.

Table 5: Performance Comparison of Different PINN models based on Domain Decom-
position
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9. Real-World Applications of PINN:

Physics-informed neural networks have gained significant popularity in recent years for
solving a wide range of real-world problems. The development of PINN is driven by several
salient advantages including improved convergence and interpretability, enhanced training
performance with physically consistent results, and reduced search space for weights along
with less reliance on large training datasets. This section will highlight some of the notable
real-world applications of PINNs across various disciplines during the period from 2023 to
2024. In medical imaging, PINN was employed to reconstruct super-resolution medical im-
ages for better analysis and diagnostics [63]. A novel approach based on physics-informed
neural networks termed PINQI was proposed by utilizing differentiable optimization layers
with learned regularization for quantitative MRI images [64]. A detailed survey of PINN
for analysis of medical images is also presented in [65]. Breast cancer remains a grow-
ing concern among women, especially in low or middle-income countries. Early detection
and diagnosis are crucial for patient recovery and reducing mortality rates in the world.
Mukhmetov, Olzhas, et al. [66] used PINN for stimulating temperature distribution in
cancerous breast tissues by solving heat transfer PDEs, aiding in the identification of ab-
normal regions for the detection of tumors. Later, a novel approach based on PINN and
temperature data of breast surface is presented to detect breast cancer by predicting tumor
heat source through bioheat transfer modeling [67]. A comparative analysis of different
network architectures used for modeling 3D blood flow using PINN is shown in [68]. In the
field of renewable energy, an improved version of PINN, named Residual Attention-based
PINN[69], was used to monitor the spatiotemporal thermal insulation aging of transform-
ers operating in renewable power plants. Wind energy generation is rapidly growing across
the world. To measure the wind speed and its direction, a residual-connected PINN [70] is
employed by using the Navier-Stokes equation and real-world noisy LIDAR measurements
to propose an anti-noise wind field reconstruction algorithm. Moreover, PINN is also used
to estimate the remaining lifetime of power electronic devices for their maintenance and
safety purposes [71]. In image processing, Namaki, N. et al. [72] proposed blending the
PDE-based PINN model to remove noise from images. In the food industry, where drying
is the most common preservation method, a PINN-MT model is proposed to predict mass
loss and the change in moisture during low-temperature drying [73]. Moreover, the PINN
has been used to predict the gasification products of biomass, such as nitrogen, hydrogen,
carbon oxide, carbon dioxide, and methane [74], as well as to analyze the transient flow
of natural gas inside the pipelines [75]. These applications of PINN highlight their effec-
tiveness in addressing complex real-world problems across various fields, including medical
imaging, renewable energy, image processing, and the food industry. The progress of PINN
is not limited to these applications, as ongoing research continues to explore new frontiers.
In this section, we have highlighted some notable applications from the past two years to
provide readers with insights into the potential of PINN architecture.
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Figure 3: Few Applications of PINNs in Different Fields of Science and Technology.
(All the Logos were created using Microsoft Copilot [76]

10. Future Directions:

This section will highlight incomplete results of previous research and propose new di-
rections for future work. Several key areas where advancements can be made to further
enhance the training performance will be explored. Activation function plays a crucial role
in training because the derivative of the loss function relies on optimization parameters,
which are, in turn, influenced by the activation function’s derivative. Recent studies have
explored improving PINN’s accuracy by modifying the activation functions. Physical Ac-
tivation Functions (PAFs) [77] represent a mathematical approach for embedding physics
into the model. The expression of PAFs can be based on terms present in analytical solu-
tion, Initial/Boundary conditions. These functions improve the training by minimizing the
residual loss and also reducing the size of PINNs by over 75% while maintaining the same
accuracy as sigmoid and tanh activation functions. Uddin, Ziya, et al. [6] improved PINN
accuracy using Wavelets (Morlet, Mexican Hat, and Gaussian Wavelets) as activation
functions, outperforming Tanh. Similarly, PINN trained with periodic (sine) activation
function achieved more accurate results and trained up to twice as fast as those using
tanh [78]. The effect of activation functions on the convergence of PINN has also been
explored [79]. Some research also focused on introducing a scalable parameter in activa-
tion functions, such as self-scalable Tanh (Stanh) [80], and Adaptive activation functions
[81], which allows gradients to flow easily to compute the derivatives, leading to faster
training and better accuracy compared to traditional functions. As introducing a scalable
hyperparameter in the activation function increases the convergence and accuracy, further
research is needed on the initialization of this trainable parameter along with sensitive
analysis. The theoretical perspective of gradient flow in these activation functions should
also be explored. To further improve the hyperparameter tuning in PINNs, advanced
HPO techniques such as multi-fidelity optimization (MFO) could be investigated. This
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approach uses a low-fidelity model to estimate the system’s state while high-fidelity further
refines the estimation, achieving desirable accuracy with less computational cost. Low-
fidelity stills provide the estimation in the absence of high-fidelity data. This approach has
proven to be successful in tuning the hyperparameters like merging MFO with recurring
learning rate in CNNs, termed MORL [82]. Moreover, combining multi-fidelity strategies
with evolutionary algorithms like CMA-ES showed an acceleration in hyperparameters’
optimization by up to 15% while maintaining the quality of the solution [83]. In recent
years, different domain decomposition strategies integrating into PINN have gained much
attention in scientific computing because they improve parallel generalization capability
and solution representation [84], [85]. To further enhance the performance, one can em-
ploy machine learning algorithms to identify and cluster domain regions that share similar
features, treating these regions as a separate subdomain. This will allow the model to
focus more on homogeneous subdomains, leading it to capture local behaviors more ef-
ficiently. In cases where a previously trained subdomain is used as a pre-trained model
for the preceding subdomain [55], collecting training points from hard-to-fit regions can
be challenging. Future work could explore employing adaptive sampling strategies within
subdomains by concentrating training points into the regions that are challenging to fit.
This will allow the model to capture intricate regions of subdomains, thereby improving
their accuracy. We anticipate substantial PINN improvements can further improve its
performance and applicability in real-world scientific and engineering problems.

11. Conclusions:

This comprehensive review encompasses an in-depth analysis of recent innovations mainly
over the past two years which have broadly contributed to improving performance and
overcoming training challenges in PINN architecture. The pioneering work of PINN, pro-
posed by Raissi et al. [4] embeds physical laws into neural networks which effectively
overcomes the limitations of traditional methods. Over the past few years, new directions
have been explored in refining the PINN architecture such as introducing the concept of
segmenting large computational domains into manageable subdomains, termed as domain
decomposition. Advanced versions of XPINN such as A-PINN and bc-PINN, along with
more robust versions of FBPINN demonstrate enhanced computational efficiency and ac-
curacy. Some researchers also explored pathways to optimize network hyperparameters.
This review also highlighted new variants of PINN which integrates residual networks,
transformers, LSTMs, and Kolmogorov-Arnold-inspired architectures. These innovations
underscore scalability by reducing computational costs. Despite these advancements, few
studies have also explored the alternatives to replace automatic differentiation (AD) with
the Finite Difference Method [86, 87] and Radial Basis Function-Finite Difference method
[88] to avoid the use of high-order derivatives; Spectral methods based on orthogonal
polynomials [89] and Fourier basis [90] to eliminate the need for computing derivatives,
resulting in faster training with low memory allocation. This review also unveils diverse
applications of evolving PINN in real-world problems from medical imaging to renewable
energy to the food industry, to give readers valuable insights into its potential capabili-
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ties. Finally, possible future directions have also been explored, which could contribute to
faster training, better interpretability, and more accurate predictions in solving increas-
ingly complex problems and beyond.
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