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1. Introduction

Currently, the area devoted to epidemiology has great attention. Various diseases like
HIV, HBV, Ebola, malaria, etc, have been investigated from various aspects. Controlling
these diseases in society is a great challenge since ancient times. Human beings contin-
uously have been trying to save society from such diseases. Here it is remarkable that
acquired chronic neurological disease known as multiple sclerosis is increasingly affecting
young, adults, and in many countries like Australia affects three times more women than
men. The said disease is one of the neural diseases. The aforesaid infection is an auto-
immune affiliated neurological syndrome comprising the vital nervous system, primarily
destroying oligodendrocytes and consequently upsetting the neural function in the brain
and spine. Symptoms include gait disturbance, impaired vision, and other neurological
infections. The type and inflexibility of symptoms differ from one case to another from a
slight case that needs no treatment to a severe case with disturbing diurnal activities that
need relapse preventative therapies. For instance, authors have conducted some reviewers
in this regard by analyzing existing literature about the aforementioned disease in [1] and
[2]. Also, some further detail about the neural disease can be found in [3] and [4].Moreover
[5] discussed the dual-path network for automated polyp segmentation in colonoscopy and
Researchers, therefore, use various tools to investigate such diseases for treatment, aware-
ness of the public, and cure purposes. In this regard, mathematical epidemiology has got
considerable attention recently. Various epidemic disease models have been studied in
[6]. Since approximately, three million people around the world have had the neurological
disease. The reason for the said disease is quite unsatisfying and numerous aspects have
been planned to describe the tools of the syndrome, similar as inheritable, immune, viral,
or ecological. As compared to men, the said disease is more than three times in women.

Various diseases are investigated by the use of mathematical models. The powerful
tools to study and analyze various diseases from different perspectives are known as math-
ematical models. Recently neurological diseases are severer threat to men, women as well
as to young people throughout the world. Several research articles have been published on
the mathematical models of the mentioned disease. For instance, authors [7] have investi-
gated a simple mathematical model for relapsing-remitting the said infection. Therefore,
authors [8] have studied the following three compartments model as

dr
—p == b)) b,
dls
2y —
dt flfg afg, (1)
dr
d—: — cly — dlylz — ki,

kEl (0) = 61’0, £2<0) = 62?0, 53(0) = £3’O

Here we explained that ¢; stands for the ratio of the robust nerve cells at time ¢, /o
denoted the density of the affected nerve cells and f3 denotes the toxic effector’s nerve
cells. The other parameters have been explained in Table 1. The proposed multiple
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Nomenclature Description

{10 Initial data of robust nerve cells

la Inial data for affected nerve cells

/3 Initial data for toxic effectors nerves

r Growth rate of the healthy cells

k Death rate of virus

a Death rate of cells

b Attack rate on healthy cells

c Cache rate of the virus

d The rate at which virus is affected by the healthy cells

Table 1: Nomenclature and description of the model (2).

sclerosis (MS) model captures important biological characteristics of the disease and pro-
vides insight into how the immune system interacts with neural tissues over time. The
inclusion of fractional-order derivatives introduces memory effects, which are biologically
meaningful as they reflect the long-term dependence of neurological damage and immune
responses. In MS, the immune system does not act instantaneously; instead, cumulative
past events (such as prior relapses or inflammatory activity) influence the present state
of the disease. This phenomenon is well represented in the fractional-order framework.
Recently authors [9] have investigated a model for automated diagnosis of amyotrophic
lateral sclerosis. They have used neural networks with fractional position updated based
on electromyogram and firefly algorithm. In the same line, authors [10] have investigated
the psychological disease by using artificial intelligence tools. Authors [11] have estab-
lished some theoretical analysis on multiple sclerosis recently. Authors [12] have induced
control of neuro-inflammation in a preclinical model of multiple sclerosis which included
a promising simple, effective, non-invasive, and low-cost therapy. Currently, authors [13]
have discussed microstructure-weighted connectomics in the aforesaid disease. The su-
perficial white matter integrity has been identified in the said disease in early stages in
[14]. Moreover [15] also discussed the human papilloma virus (HPV) disease with new
perspectives of fractional calculus. It is important to note that ordinary calculus has not
been able to adequately describe certain features of mathematical models. Consequently,
non-integer-order derivatives can provide a more thorough definition of memory and ge-
netic traits. Because a derivative of non-integer order is a definite integral that provides
the whole range of a function. As a specific case, the aforementioned spectrum maintains
its integer counterpart. Additionally, compared to integer order, analogous operators offer
greater degree of freedom. A thorough overview, background, and basic findings have been
examined in [16], [17], and [18]. Additionally, some intriguing uses of the mentioned field
have been studied [19], [20], [21]. Given the significance of fractional calculus, [22] and
[21] have examined mathematical models and their optimization under the aforementioned
idea. In [23], [24], and [25], several mathematical models for examining fractional order
dynamics have been examined. There is currently no unique definition for differential op-
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erators with non-integer orders. There are several definitions in literature. One definition
of a power law uses a singular kernel, whereas the other uses a nonsingular kernel. In
2015 and 2016, respectively, certain new definitions of non-integer order derivatives were
introduced. Numerous mathematical models have been studied using the concerned op-
erators [26], [27], [28], and [29]. Non-local non-singular derivatives are another name for
the aforementioned operators. In light of this, numerous methods have been developed to
solve different derivatives-related problems analytically or numerically. Similarly, in [30],
a biological model under the aforementioned derivative was numerically solved using the
Adam Bash-Forth approach. For semi-analytical conclusions of different models under the
aforementioned derivatives, the authors in [31] have also employed the iterative technique.
For qualitative results, such as stability and numerical simulations, the model (1) has not
been examined under the &7 % derivative. We point out here that the .« Z%€ derivative
is a nonlocal differential operator with a non-singular kernel that may be used to describe a
wide range of processes and phenomena. Furthermore, the typical fractional order deriva-
tive is insufficient to represent certain types of dissipative phenomena. The non-singular
derivatives have thus been employed to great effect (see [31]). Additionally, since the ma-
jority of these real-world applications rely on the function’s history, nonlocal derivatives
are becoming increasingly intriguing and useful in accurately describing the phenomenon
in the form of a mathematical model. Additionally, compared to Caputo-Fabrizio’s dif-
ferential operator, which likewise uses a nonlocal kernel but is not a fractional differential
operator, the aforementioned differential operator is more broad. However, the aforemen-
tioned &/ B€ derivative has certain drawbacks because differential operators of this type
have finalization conditions, therefore the function on the right side of the equation should
be subject to an additional assumption.

Since integer order derivative is a local operator while that of fractional order is the
global operator. Also derivative of order w € (0, 1) is defiant integral but ordinary deriva-
tive at w = 1. Therefore, in the interpretation of numerical presentation graphically, we
see that as w — 1, the concerned curves are converging to integer order. Also, the global
dynamics cannot be explained by integer order. Fractional differential operators are what
enable us to better grasp real-world problems by describing their global dynamics. Al-
though several mathematicians have been studied multiple sclerosis using classical integer-
order or singular fractional-order operators, these approaches often fall short in non-local
characteristics that are fundamental to the progression of neurodegenerative disorders. To
address this limitation, we adopt the Atangana-Baleanu-Caputo (ABC) fractional deriva-
tive with its non-singular kernel. Through the development of a three-compartment MS
model under this framework, together with existence and stability analysis and supporting
numerical simulations, our study advances the mathematical modeling of MS and offers
a more realistic description of its progression dynamics Therefore, inspired by aforesaid
literature, we study existence theory, stability, and numerical analysis of the following MS
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disease model under &7 A% derivative with order w € (0, 1] as given by

'Q{‘%%ngl (t) = rfl(l — 61) — bl /Y3,
SBCDL Yy (t) = b1l — aly, (2)
p/%%”p;ugg(t) = cly — (dfl - k’)f?n

under the conditions
£,(0) >0, ¢=1,2,3.

In order to deduce some sufficient criteria for the existence of a solution to the suggested
model, we develop the existence theory using the arguments presented in [32], [33]. We
also set some requirements for stability of the U-H type. We simulate our results for some
supplied data using the numerical scheme for o % type derivative that has been devised
in [34] and [35]. Additionally, we refer to [36] for the specific features of the &/ A% type
derivative. Additional pertinent findings about fractional order models can be found in
[37-39].

We have produced our manuscript as follows: In order to provide an overview of the
model and methodology that we use, Section 1 is linked to some theory. Some supporting
documentation needed for study is included in Section 2. The model’s stability results and
qualitative analysis are presented in Section 3. We present a method to simulate a series
solution to the problem in Section 4. In Section 5, the Matlab graphs and discussion are
shown. Section 6 concludes with a brief comment.

2. Preliminaries

We recollect some definitions from [36].

Definition 1. Let o € H'(0,T) be Hilbert space and w € (0, 1], one has

AECD (p(1)) = /0 mg/(ﬂ)Ew [M] dd.

Here, E,, is called as a Mittag-Leffler function and o/ B%€ (w) is the normalization function.
Definition 2. The fractional integral of of BE is

W t wl(t — w—1
TIT (o)) = gf@%iﬁ? + /0 mg%(i))r(w)g(mdﬁ'

Lemma 1 ([36], Proposition 3). Ift =0, then o(0) = 0, therefore, the solutions of
LI (o(t) =0(t), w e (0,1],
0(0) =00,
s described as

(1-wo(t) | [* w(t—v)~!

o) =+ Tz T ), 7@ W)@
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Theorem 1. [33]. Let E C W, is closed subset of Banach space, and one has A, B, with
(i) Aor+Bos € E;
(i) A is a contractive, and B is completely continuous,

then Ao+ Bo = ¢ has at least one solution.

3. Analysis of the Proposed Model

Fixed point theory is a dominant technique to study qualitative behavior for the afore-
said problem. By applying the Krasnoselskii’s theorem, we check the qualitative behavior
for solutions of problem (2). For this purpose, our considered model (2) takes the form

¢1(t,€1,€2,€3) = Tﬁl(l — 61) — bﬁlﬁg,
$2(t, L1, 02, 03) = bl1l3 — als, (3)
B3(t, 01,02, 03) = cly — dl1l3 — kl3.

Further we use

0(t) lip P1(t, 41,02, l3)
Z(t)=Kla(t), Zo=(lao, O Z() =1 d2(t,l1,02,03) (4)
l3(t) l30 ¢3(t, 01,02, 03).

In view of (3), and (4), the system (2) yields

IICDL ()] = Ut Z (),
70) = Z, J=0,T) (5)

In view of the Definition 2, the problem (5) can be transformed as

— W w t
Z(t) =2+ [U(t, .,@W(t))} ;1%%(&) + BT @) /0 (t—9)* 10, Z0))dY, t € J.

(6)
Here, we define W = C(J x R3,R) with the norm || 2| = sup,c/{|Z ()| : Z € W}.
Following assumptions are stated for onward analysis:

(A1) For constant {5 > 0, one has
[B(t, Z) - O(t, Z(1)| < Q|2 — Z].

(Ag) For constants A > 0, Vs >, 0 we have |U(t, Z(t))| < As|Z| + V.

Theorem 2. Problem (5) has at least one solution under assumption (Asz), if Qs < M(w).
Consequently, the concerned model (2) has at least one solution.
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Proof. T E={%Z € W : || Z| <r} CW be closed bounded set, then we describe the
operators as
(1-w)
frd (b _—
A©®) = Ga+ ot 2(0)| S22

tw - w—1
B(Q)<t)=/0 %@(0, Z(9))dy.

To show the operator A in equation (7) is contraction, let 2, = W, we have

IAG) — A(Z)| = §3jp|A<g><t>—A<ﬂ’fB<t>|,

= sup

teJg A BE ()

(d-w) [U(t, 7Y —U(t, .,@7)} ‘

From which, we have

(1 —w)ks =

IA(G) — A(Z)|| < |z — 7],

= A BE ()

which represents that A is contractive.
To prove that B is completely continuous operator, let

bow(t — )t
/0 T B )T (w) 2 v w)dd
Eow(t— )«

W

IB(Z)(?)]

Y

U(9, ff(z?))‘dﬁ. (8)
Taking supremum over J of equation (8) which yields
bow(t —9)et
B(gG < _—
IBON = 5w | e
T w(T — Y1
~ Jo ABEC(w)'(w)
TUJ
< A .
< e () )

Hence B is bounded in (9). Let to > 1, then one has

t1 w[(t1 _ ﬂ)w—l _ (t2 _ ﬂ)w—l] to w(t2 _ ﬁ)w—l
/0 FE B, Z)d9 +

69, Z(9))|dY,

[Auufu + vu} a0,

B(G)(t2) = B(9) ()] =

1

S AT (w) Mo+ Vol — i+ (2 — 1)),

From (10), we see that

’Bf(h) — Bg(tl)’ — 07 as to — t1.

t, A RBEC(w)(w)

U, )dY|,
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Also B is uniformly continuous and bounded. therefore B is equi-continuous and hence B
relatively compact. Hence criteria of Theorem 1 full filled. Thus the proposed model has
at least one solution.

Theorem 3. Under assumption (A1) and continuity of ® if the condition % < T'(w)

satisfies, then the problem (2) has a unique solution.
Proof. Let V: W — W be an operator define by

(1—-w) Eow(t —9)e !

V(G)(t) = 20+ ch() [U(t, Qp(t))] 0 m

D9, Z(9))dV.

Let &, 7 e W, then

V@) - Z)|| = sup V(O)(t) — V(Z)(1)],
(1-w) =
< s M(ﬂ)[w, 2(0) - 6. 20|
ﬂ)w 1 -
- WW A ““W”w”\
(-w)
< gar™|? 2|+ vmeero
which implies that [V(G) = V(Z)| < %;;Tw ‘gp ZEH

Hence the proof.
Let the function p. such that p — 0 at ¢ — 0, and

e |p(t)| <e, for e > 0;
o THCDL (1) = U(t, Z(1)) + p(t).
Lemma 2. The solutions of the perturbed problem
67D (1) = U(t, Z (1) + p(1),
Z(0) = 2,
satisfy the given equation

'ff(t) - (% + [G(t, Z(t) - Uo] % + Ot %U(ﬁ, f»’f(ﬁ))dﬁ) ‘ < Lye,

_ Fo(4T)
where £ W .
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Theorem 4. The solutions of problem (5) is H- U stable under assumption (As) with
Lemma 2, if L5 < 1 . Therefore, approximate solution of the concerned problem (2) is

H-U stable.

Proof. Let 2 € W be any solution and 2 € W be at most one solution, then

o~ _ —w w—1
20~ F0) = |20~ (2+ [0 F0) - 0] G+ [ LI, 7))
—w w—1
< |z - (.,% + [U(t, > (1)) — Ug] (/1\4 (w)) d;%(z)m)uw g(ﬁ))dﬂ)‘
( ,lg)w 1
+ <36 + [U(t, Z(t)) — Uo] M m0(07 Z(9))d >
1

_ <Go+[®(t,.§”\(t))—60} ;@;’ / %%%(z;‘;()@w .Q’(z?))dv&‘)'

< Lye+ Ly|Z — Z).

This implies that

€.

_ L
¥ -7 <
1% - 2] < =5

So, the solutions of model (5) is H- U stable.

H-U stability demonstrates the resilience of the system to small perturbations, imply-
ing that minor variations in biological processes—such as immune activity, demyelination
rates, or repair capacity—do not significantly alter the overall course of the disease. This
interpretation highlights that the stability results go beyond mathematical validation,
offering meaningful insight into the robustness or fragility of the disease system when
subjected to slight biological or therapeutic changes, thereby enhancing the practical sig-
nificance of our findings

4. Numerical solution of the concerned biological problem

Here, we write the equivalent integral form of our considered model as applying the

initial condition together with the operator “*“Z¢ and convert the fraction model (1)

into system of fractional integral equations as below

01 (t) — £1(0) =B ZLp1 (8, 01(1), La(t), £3(1)),
Ua(t) — £2(0) =B T ho(t, £1(t), La(t), £5(1)), (12)
C3(t) — £5(0) =B T§ (L, €1 (t), La(1), £5(2)),

Y
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which gives

o (=00t 60.60.60) | [T w0
(t) =l + - 1%@))2 + \ TBC()T (@) G190, 41(9), £2(9), £3(9))d,
g+ LZIBB0O.LO.LO) | [ a0
Oo(t) = lap + FE () + ; %%%(W)F(w)qﬁz(ﬂ,él (9), £2(9), £3(9))d0,(13)
—w t wlt — w—1
£5(1) = Lo + W?’%gﬁ( L L a0, 4(0). 2(0), ()0

Now we apply two point interpolation polynomial to approximate the nonlinear functions
Gi(t, 1(t), 2(t),€3(t)), ¢ =1,2,3 over the interval [tp, tp+1] as

gbi(t,ﬂl(t),fg(t),fg(t)) o ¢i(tp’€1(tp)v€2(tp})la ZS(tp))(t - tpfl)

¢i(tp—1’€1 (tp—l)a 52(t};1>—1)7f3(tp—1))(t - tp) ' (14)

+

Hence writing the system (15) at ¢t = t,,4.1, and then using the approximations described
n (14) for i = 1,2,3 in (15), and using h = ¢, 1 — t;,, we have

1—w

fl(tp-l—l) = 51704-m¢l(tagl(tp)7£2(tp)7£3(tp))
w tp+1 wet [01(tp, €1 (tp), Lo (tp), 3(tp))
e el R e e

P1(tp-1, 61(tp_1),]fg(tp_1),Eg(tp_l)) (9 — tp)} "

(9 —tp-1)

1—w

bo(tpy1) = 52,0+m@(tvfl(tp%@(tp),ﬁs(tp)) (15)
w tpt1 — ¢2(tp7€1(tp)7gQ(tp)a&i(tp))
T BE (@) (@) /t (t =) 1[ h

¢2(tp—17gl(tp—l)ﬁz(tp—l),53(tp—1)) 0 — tp)} a0,

(19 - tp—l)

l3(tp+1) = 53,0+Q{(lg;g:wqﬁ?)(taEl(tp)7€2(tp)a€3(tp))

W tpt1 yw—1 ¢3(tp,£1(tp)7€2(tp)a63(%))
T BE (@) (@) /t (t =) [ h

3(tp—1,01(tp—1),

(79 - tp—l)

_l’_

a(tp—1), £3(tp-1))
h(p P )(ﬁ—tp) do.
Hence after solving above integral system (15), we finally obtain

l1—w

U(tpr1) = fl(t0)+m

$1 (t’ b (tp)v EQ(tp)v 63(tp))
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+

lo(tpr1) =

l3(tpr1) =

p

T I B () kzo

<¢1 (tp, L1(tp), La(ty), £3(tp))
INw+2)

xh“[(p+1i)“’(pk‘+2+w)(pk:)“’(pk‘+2+2w) (16)

-l (tpfl(if(;l))_l)7g3(tp_1))h“’[(p +1-k)“t —(p—k)“p—k+1+ w)]>,

balto) + s 0 (11(1p).£aty). (1)
w : ¢1(thgl(tp)v@(tp)?g?)(tp))
t ) ( T(w+2)

k=0

xhw[(p+1—i)“(p—k+2+w)—(p—k)“(p—k+2+2w) (17)

-t (tprl(z;%%l)’gg(tp1))hw[(p 1=k —(p—k)“p—k+1+ w)]>,

l—w

m¢l (t, 01(tp), La(tp), L3(tp))

w - ¢l(tpael(tp)v@(tp)v@(tp))
T 7w ( T(w+2)

k=0

xhw{(p—l—l—i)“’(p—k—i-?—i-w)—(p—k)“’(p—k+2+2w) (18)

- Oltomte o) o). tlloot Dy — ot — (o= )t — b1+ )-

5. Results and discussion

For graphical presentation of our approximate solutions of different classes of the pro-
posed model, we use the given numerical values of parameters in Table 2.
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Initial data/ Parameters | Numerical value
gl,O 0.4

la0 0.3

430 0.1

r 0.05

k 0.1

a 0.13

b 0.025

c 0.2

d 0.01

Table 2: Parameters with numerical values.
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Figure 1: Plot of robust nerve cells at different fractional orders.
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Figure 2: Plot of affected nerve cells at different fractional orders.
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Figure 3: Plot of toxic effectors nerves cells at different fractional orders.

In Figures 1-3, we have presented the approximate solution to the three compartments
in the proposed model for distinct values of fractional order w using Matlab-16. In Figure
1 — 3, we have presented plots for the approximate solutions of robust nerve cells, affected
nerve cells, and toxic effectors nerve cells at different values of w. As we increase the
values of w, then the solutions approach to integer order solution. Moreover, with proper
cures (vaccination) and physiotherapy, the density of robust nerve cells is increasing with
time. The growth and decay process is not the same at different fractional values. Hence,
in Figures, 2, and 3 affected and toxic effectors nerve cells are decreasing with time. As
we observe that different curves are shown in Figures 1-3 at different values of w. The
decrease in the dynamics is a little bit faster at lower fractional value as compared to the
higher fractional order. On the other hand, an increase in dynamics can be observed for
larger fractional orders as compared to smaller ones. To observe such behaviors see figures
4,5, 6.



G. Nazir et al. / Eur. J. Pure Appl. Math, 19 (2) (2026), 6482 14 of 21

0.6
—0.75
0.85
0.5 — 095
- 1.00
® 0.4 B
503 -
£0.2 |
0.1 |
0 Il L L
0 5 10 15 20 25 30
Time (Days)
Figure 4: Plot of robust nerve cells at different fractional orders.
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Figure 5: Plot of affected nerve cells at different fractional orders.
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Figure 6: Plot of toxic effectors nerves cells at different fractional orders.

The chaotic dynamics of the suggested model is also examined in Figures 7, 8, 9,
and 10. To demonstrate the model’s memory and heredity features, we select several
fractional order values. These simulations show that when the fractional order value
varies, so does the disease’s evolution. We observe that at lower fractional orders, the
model reaches stability faster than at higher orders. Furthermore, when the fractional
order increases, the graphs of each class resemble the dynamics of the integer order model.
Consequently, we draw the conclusion that the suggested model is more sophisticated
and comprehensive than the traditional paradigm. Furthermore, the method enables a
quantitative evaluation of how fractional orders affect the solution trajectory. At lower
fractional orders, stronger memory effects emerge in the system, resulting in slower disease
progression and longer remission periods. In contrast, higher orders enhance immune
activation and intensify the severity of relapses. The Adams—Bashforth scheme successfully
reproduces these variations, demonstrating its effectiveness for fractional epidemiological
modeling.

From a biological standpoint, the numerical outcomes obtained through the AB method
are valuable for assessing therapeutic interventions. For instance, an increase in the
treatment-related parameter reduces both the amplitude and frequency of oscillations
in the solution, corresponding to fewer and less severe relapses. Quantitatively, the re-
sults indicate that even small improvements in relapse-preventive therapy can significantly
lower the long-term disease burden.

In summary, the Adams—Bashforth method serves as a reliable quantitative approach
for approximating the MS model. It maintains numerical stability under realistic param-
eter settings, effectively captures the nonlinear and memory-dependent characteristics of
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the disease, and provides a practical framework for evaluating treatment strategies. Thus,
it bridges the gap between theoretical modeling and clinical interpretation.

4000

Figure 7: chaotic dynamics of the proposed model at different fractional orders.

4000

Figure 8: chaotic dynamics of the proposed model at different fractional orders.
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4000

Figure 9: chaotic dynamics of the proposed model at different fractional orders.

Figure 10: chaotic dynamics of the proposed model at different fractional orders.
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6. Conclusion

A comprehensive analysis of the neural disease model has been performed within the
framework of the o7 A% fractional derivative, which captures memory and hereditary
effects more effectively than classical operators. Rigorous theoretical results have been
derived concerning the existence of approximate solutions to the proposed nonlinear sys-
tem, together with meaningful findings on Ulam-Hyers (U-H) stability, ensuring the ro-
bustness of the model under small perturbations. For the numerical investigation, the
Adams—Bashforth method was extended and applied with biologically relevant parameter
values to obtain approximate solutions. The numerical simulations, displayed graphically
for various fractional orders, reveal how changes in the fractional order significantly influ-
ence the dynamics of different compartments. In particular, lower fractional orders am-
plify memory effects, leading to prolonged inflammatory responses and delayed recovery,
whereas higher orders generate sharper transitions resembling classical dynamics. These
results provide valuable insights into the progression of multiple sclerosis and illustrate
the potential of fractional operators in capturing complex disease behaviors.
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