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Abstract. We introduce Γ∆-BE-algebras as a generalization of Γα- and Γ(α,β)-BE-algebras, and
specify the algebraic conditions that govern this new structure. We investigate their fundamental
properties, define the notions of ∆-subalgebras and ∆-filters, and examine their interrelations.
Furthermore, we explore the behavior of two types of upper sets, Eα(x) and Eβ

α(x, y), within the
framework of ∆-left distributive Γ∆-BE-algebras, providing several characterizations and structural
results. These findings offer a broadened perspective on algebraic systems related to BE-algebras
and their logical extensions.

2020 Mathematics Subject Classifications: 03G25, 06F35

Key Words and Phrases: BE-algebra, Γ-BE-algebra, Γ(α,β)-BE-algebra, Γ∆-BE-algebra, sub-
algebra, and filter.

1. Introduction

Kim and Kim developed the notion of BE-algebras as a generalization of BCK-algebras
(see [1]). Ahn and So [2] formulated the concept of a generalized upper set on BE-
algebras. Additionally, these sets are analyzed within the context of transitive and self-
distributive BE-algebras. Pumila et al. [3] introduced the ideas of generalized upper
sets and generalized terminal sections in pseudo BE-algebras, and their properties are
analyzed. Furthermore, these sets are considered within the framework of distributive
pseudo BE-algebras. Several researchers have presented and examined different types of
BE-algebras and their associated structures (see [4–7]).

In 1964, Nobusawa [8] initiated the study of Γ-rings, which led to a wide range of
investigations in Γ-algebraic structures. Later, Sen and Saha [9] explored the structure of
Γ-semigroups and obtained various generalizations and analogues within semigroup theory.
Subsequently, several authors proposed and examined multiple Γ-extensions of semigroups
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and algebras, including ordered Γ-semigroups and their generating systems [10–14]. In
2023, Jun et al. [15] introduced the notion of Γα-BE-algebras as a generalization of BE-
algebras and investigated their algebraic properties, including two types of upper sets
Eα(x) and Eβ

α(x, y). Following this, Bandaru et al. [16] proposed Γ(α,β)-BE-algebras as an
extension of both BE-algebras and Γ-BE-algebras, and studied their structural aspects.
They also introduced the concepts of (α, β)-subalgebras and (α, β)-filters, analyzing their
interrelations. Moreover, recent developments in fuzzy and intuitionistic fuzzy extensions
of algebraic structures have also contributed to the theoretical landscape. In particular,
Palanikumar et al. [17] characterized level sets through multi-polar extensions of intu-
itionistic fuzzy different ideals in the context of regular ordered ternary semigroups. Their
results offer a broader perspective on the interaction between order, multi-valued logic,
and algebraic ideal theory.

This work introduces the notion of Γ∆-BE-algebras as a generalization of Γα-BE-
algebras and Γ(α,β)-BE-algebras and examines their properties. Additionally, we will pro-
vide ∆-subalgebras and ∆-filters of Γ∆-BE-algebras and examine the relationship between
these two notions. Ultimately, we will examine the two upper sets Eα(x) and Eβ

α(x, y)
within the context of (∆-left distributive) Γ∆-BE-algebras.

2. Preliminaries

In this section, we provide some basic definitions and results that will be used through-
out this paper.

Let X be a non-empty set and let Γ be a set of binary operations on X , that is, every
element δ ∈ Γ is given as follows:

δ : X × X → X , (x, y) 7→ δ(x, y) (1)

In what follows, δ(x, y) is denoted by xδy, and let (X , 1)Γ be a structure related to a
special element 1 in X and Γ.

Definition 1. [15] For a fixed δ ∈ Γ, a structure (X , 1)Γ is called a Γδ-BE-algebra if it
satisfies:

(∀x ∈ X )(xδx = 1), (2)

(∀x ∈ X )(xδ1 = 1), (3)

(∀x ∈ X )(1δx = x), (4)

(∀x, y, z ∈ X )(∀β ∈ Γ)(xδ(yβz) = yβ(xδz)). (5)

If (X , 1)Γ is a Γδ-BE-algebra for all δ ∈ Γ, we say it is a Γ-BE-algebra.

For a fixed δ ∈ Γ, we define a binary relation ≼δ on X as follows:

(∀x, y ∈ X ) (x ≼δ y ⇔ xδy = 1) . (6)

If x ≼δ y is valid for all δ ∈ Γ, we present it as x ≼Γ y.
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Definition 2. [15] Let (X , 1)Γ be Γδ-BE-algebra. For every x, y ∈ X and α, β ∈ Γ, we
consider the two upper sets

Eα(x) := {z ∈ X | x ≼α z} and Eβ
α(x, y) := {z ∈ X | x ≼α yβz}.

Definition 3. [15] For a fixed γ ∈ Γ, a Γα-BE-algebra (X , 1)Γ is said to be γ-left dis-
tributive if it satisfies:

(∀x, y, z ∈ X )(∀δ ∈ Γ)(xγ(yδz) = (xγy)δ(xγz)). (7)

If a Γ-BE-algebra (X , 1)Γ is β-left distributive for all β ∈ Γ, we say it is Γ-left distributive.

Definition 4. [15] For a fixed β ∈ Γ, a non-empty subset A of a Γδ-BE-algebra (X , 1)Γ
is called

• a β-subalgebra of (X , 1)Γ if it satisfies:

(∀x, y ∈ X )(x, y ∈ A ⇒ xβy ∈ A), (8)

• a β-filter of (X , 1)Γ if it satisfies:

1 ∈ A (9)

(∀x, y ∈ X )(x ∈ A, xβy ∈ A ⇒ y ∈ A). (10)

Proposition 1. [15] Every Γδ-BE-algebra (X , 1)Γ satisfies the following assertions:

(∀x, y ∈ X )(∀γ ∈ Γ)(xγ1 = 1 and xδ(yγx) = 1).

Theorem 1. [15] Every δ-filter of a Γδ-BE-algebra (X , 1)Γ is a γ-subalgebra for all γ ∈ Γ.

In 2023, Bandaru et al. [16] introduced the concept of Γ(γ,δ)-BE algebra as a gen-
eralization of a BE- algebra and a Γ-BE-algebra and studied its properties. Also, they
introduced the concepts of (γ, δ)-subalgebra and (γ, δ)-filter of a Γ(γ,δ)-BE-algebra and
discussed its properties.

Definition 5. [16] Given γ, δ ∈ Γ, a structure (X , 1)Γ is called a Γ(γ,δ)-BE-algebra if it
satisfies the following equations:

(∀x ∈ X )(xγx = 1 = xδx), (11)

(∀x ∈ X )(xγ1 = 1 = xδ1), (12)

(∀x ∈ X )(1γx = x = 1δx), (13)

(∀x ∈ X )(∀β ∈ Γ)(xγ(yβz) = yβ(xγz), xδ(yβz) = yβ(xδz)). (14)

Clearly, the concepts of Γ(γ,δ)-BE-algebra and Γ(δ,γ)-BE-algebra are identical.

Proposition 2. [16] Every Γ(γ,δ)-BE-algebra (X , 1)Γ satisfies the following assertions:
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(1) (∀x, y ∈ X ) (x ≼γ yδx),

(2) (∀x, y ∈ X ) (x ≼δ yδx),

(3) (∀x, y ∈ X ) (x ≼γ (xγy)δy),

(4) (∀x, y, z ∈ X ) (x ≼γ yδz ⇔ y ≼δ xγz),

(5) (∀x ∈ X ) (1 ≼δ x ⇒ x = 1),

(6) (∀x, y, z ∈ X ) (x ≼δ y ⇒ x ≼δ zγy),

(7) (∀x, y, z ∈ X ) (xγy = z ⇒ y ≼δ z),

(8) (∀x, y ∈ X )(x ̸= 1, xγy = x ⇒ xδy ̸= y),

(9) (∀x, y ∈ X )(x ̸= 1, xγy = y ⇒ xδy ̸= x),

(10) (∀w, x, y, z ∈ X )(xγy = w, xδy = z ⇒ xγz = xδw),

(11) (∀x, y, z ∈ X )

(
xγy = x, xδy = z ⇒

{
x ≼γ z, x ≼γ yγz,
x ≼δ yγz

)
,

(12) (∀x, y, z ∈ X )

(
xγy = y, xδy = z ⇒

{
xγz = z,
x ≼γ yγz, x ≼γ yδz

)
.

Definition 6. [16] A non-empty subset A of a Γ(γ,δ)-BE-algebra (X , 1)Γ is called

• an (γ, δ)-subalgebra of (X , 1)Γ if

(∀x, y ∈ X )(x, y ∈ A ⇒ xγy, xδy ∈ A), (15)

• an (γ, δ)-filter of (X , 1)Γ if

1 ∈ A, (16)

(∀x, y ∈ X )(x ∈ A, xγy ∈ A ⇒ y ∈ A), (17)

(∀x, y ∈ X )(x ∈ A, xδy ∈ A ⇒ y ∈ A). (18)

3. Generalized Γ-BE-algebras

In this section, we introduce the notion of Γ∆-BE-algebras as a natural generalization of
Γα-BE-algebras. We also revisit the properties of Γ(α,β)-BE-algebras to establish a broader
context. Furthermore, we define the concepts of ∆-subalgebras and ∆-filters within Γ∆-
BE-algebras, and examine the relationship between these two algebraic structures. Finally,
we explore the class of ∆-left distributive Γ∆-BE-algebras and their role in the internal
distributive logic of such systems.
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Definition 7. For a fixed non-empty subset ∆ of Γ, a structure (X , 1)Γ is called a Γ∆-
BE-algebra if

(∀x ∈ X )(∀δ ∈ ∆)(xδx = 1), (19)

(∀x ∈ X )(∀δ ∈ ∆)(xδ1 = 1), (20)

(∀x ∈ X )(∀δ ∈ ∆)(1δx = x), (21)

(∀x, y, z ∈ X )(∀γ ∈ Γ)(∀δ ∈ ∆)(xγ(yδz) = yδ(xγz)). (22)

Table 1: Comparison of various Γ-based BE-algebra structures

Structure Operator Set Parameter(s) Upper Sets

BE-algebra Single binary op None E(x)
Γ-BE-algebra Operator family indexed by Γ Γ: nonempty set Eγ(x)

Γα-BE-algebra γ ∈ Γ Fixed α ∈ Γ Eα(x), E
β
α(x, y)

Γ(α,β)-BE-algebra γ ∈ Γ Pair (α, β) Eβ
α(x, y)

Γ∆-BE-algebra γ ∈ ∆ ⊆ Γ Subset ∆ Eα(x), E
β
α(x, y)

Example 1. Let X = {0, 1, 2, 3} be a set and Γ = {α, β, γ, δ} be a set of binary operations
on X given in the following tables:

α: 0 1 2 3

0 0 1 2 3
1 0 1 2 3
2 0 1 2 3
3 0 1 2 3

β : 0 1 2 3

0 1 1 0 1
1 0 1 2 3
2 1 1 1 1
3 1 1 0 1

γ: 0 1 2 3

0 1 1 3 0
1 0 1 2 3
2 1 1 1 1
3 1 1 0 1

δ: 0 1 2 3

0 1 1 1 1
1 0 1 2 3
2 1 1 1 1
3 1 1 0 1

.

Then, we find that:

(1) (X , 1)Γ is a Γ∆-BE-algebra for all non-empty subset ∆ of {β, γ, δ},

(2) (X , 1)Γ is not a ΓΘ-BE-algebra for any subset Θ of Γ containting α.

According to Definitions 1, 5 and 7, we provide the following two remarks.

Remark 1. Let ∆ be a non-empty subset of Γ. Then the following conditions are equiv-
alent:

(1) (X , 1)Γ is a Γ∆-BE-algebra,

(2) (X , 1)Γ is a ΓΘ-BE-algebra for every non-empty subset Θ of ∆,

(3) (X , 1)Γ is a Γδ-BE-algebra for all element δ of ∆.

Remark 2. Let ∆ = {γ, δ} be a subset of Γ. Then the following conditions are equivalent:

(1) (X , 1)Γ is a Γ∆-BE-algebra,



W. Sukhon, A. P. P. Julatha, A. Iampan / Eur. J. Pure Appl. Math, 19 (2) (2026), 6546 6 of 15

(2) (X , 1)Γ is a Γ(δ,γ)-BE-algebra,

(3) (X , 1)Γ is a Γ(γ,δ)-BE-algebra,

(4) (X , 1)Γ is both a Γγ-BE-algebra and Γδ-BE-algebra.

Proposition 3. Every Γ∆-BE-algebra (X , 1)Γ satisfies the following assertions:

(1) (∀x, y ∈ X )(∀γ, δ ∈ ∆) (x ≼γ yδx),

(2) (∀x, y ∈ X )(∀δ ∈ ∆) (x ≼δ yδx),

(3) (∀x, y ∈ X )(∀γ, δ ∈ ∆) (x ≼γ (xγy)δy),

(4) (∀x, y, z ∈ X )(∀γ, δ ∈ ∆) (x ≼γ yδz ⇔ y ≼δ xγz),

(5) (∀x ∈ X )(∀δ ∈ ∆) (1 ≼δ x ⇒ x = 1),

(6) (∀x, y, z ∈ X )(∀γ, δ ∈ ∆) (x ≼δ y ⇒ x ≼δ zγy),

(7) (∀x, y, z ∈ X )(∀γ, δ ∈ ∆) (xγy = z ⇒ y ≼δ z),

(8) (∀x, y ∈ X )(∀γ, δ ∈ ∆)(x ̸= 1, xγy = x ⇒ xδy ̸= y),

(9) (∀x, y ∈ X )(∀γ, δ ∈ ∆)(x ̸= 1, xγy = y ⇒ xδy ̸= x),

(10) (∀w, x, y, z ∈ X )(∀γ, δ ∈ ∆)(xγy = w, xδy = z ⇒ xγz = xδw),

(11) (∀x, y, z ∈ X )(∀γ, δ ∈ ∆)

(
xγy = x, xδy = z ⇒

{
x ≼γ z, x ≼γ yγz,
x ≼δ yγz

)
,

(12) (∀x, y, z ∈ X )(∀γ, δ ∈ ∆)

(
xγy = y, xδy = z ⇒

{
xγz = z,
x ≼γ yγz, x ≼γ yδz

)
.

Proof. It follows from Proposition 2, Remark 1 and Remark 2.

Proposition 4. Let ∆ and Θ be non-empty subsets of Γ. If (X , 1)Γ is both a Γ∆-BE-
algebra and a ΓΘ-BE-algebra, then (X , 1)Γ is a Γ∆∪Θ-BE-algebra.

Proof. Straightforward.

Definition 8. Let Θ be a non-empty subset of Γ and A be a non-empty subset of a Γ∆-
BE-algebra (X , 1)Γ. Then A is called a Θ-subalgebra of (X , 1)Γ if it satisfies:

(∀x, y ∈ X )(∀ω ∈ Γ)(x, y ∈ A, ω ∈ Θ ⇒ xωy ∈ A). (23)

Example 2. Consider the Γ∆-BE-algebra (X , 1)Γ in Example 1 when ∆ = {β, γ, δ}, we
observe that the following holds:



W. Sukhon, A. P. P. Julatha, A. Iampan / Eur. J. Pure Appl. Math, 19 (2) (2026), 6546 7 of 15

(1) the set {0, 1, 2} is a Θ-subalgebra of (X , 1)Γ for all non-empty subset Θ of {α, β, δ};
however, it does not satisfies the condition to be a γ-subalgebra of (X , 1)Γ,

(2) the set {2, 3} is a α-subalgebra of (X , 1)Γ; however, it does not satisfies the condition
to be a Θ-subalgebra of (X , 1)Γ for any non-empty subset Θ of ∆,

(3) the sets {1}, {0, 1}, {0, 1, 3} and X are a Θ-subalgebra of (X , 1)Γ for all non-empty
subset Θ of Γ.

From Definition 4, 6 and 8, we have the following remarks.

Remark 3. Let Θ be a non-empty subset of Γ and A be a non-empty subset of a Γ∆-BE-
algebra (X , 1)Γ. Then the following conditions are equivalent:

(1) A is a Θ-subalgebra of (X , 1)Γ,

(2) A is a Ω-subalgebra of (X , 1)Γ for every non-empty subset Ω of Θ,

(3) A is a γ-subalgebra of (X , 1)Γ for every element γ of Θ.

Remark 4. Let ∆ = {γ, δ} be a subset of Γ and A be a non-empty subset of a Γ∆-BE-
algebra (X , 1)Γ. Then the following conditions are equivalent:

(1) A is a ∆-subalgebra,

(2) A is an (δ, γ)-subalgebra,

(3) A is an (γ, δ)-subalgebra,

(4) A is both a γ-subalgebra and δ-subalgebra.

Definition 9. Let Θ be a non-empty subset of Γ and F be a non-empty subset of a Γ∆-
BE-algebra (X , 1)Γ . Then F is called a Θ-filter of (X , 1)Γ if it satisfies:

1 ∈ F , (24)

(∀x, y ∈ X )(∀δ ∈ Θ)(x, xδy ∈ F ⇒ y ∈ F). (25)

Example 3. Let X = {1, a, b, c, d} be a set and Γ = {α, β, γ, δ} be a set of binary opera-
tions on X given in the following tables:

α: 1 a b c d

1 1 1 1 1 1
a 1 1 1 1 1
b 1 1 1 1 1
c 1 1 1 1 1
d 1 1 1 1 1

β: 1 a b c d

1 1 a b c d
a 1 1 c c d
b 1 1 1 1 1
c 1 a a 1 d
d 1 a a 1 1

γ: 1 a b c d

1 1 a b c d
a 1 a b c d
b 1 a b c d
c 1 a b c d
d 1 a b c d

δ: 1 a b c d

1 1 a b c d
a 1 1 c c d
b 1 1 1 1 1
c 1 a a 1 1
d 1 1 c c 1

.

Then, (X , 1)Γ is a Γ{β,δ}-BE-algebra and also, we find that:
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(1) the sets {1} and {1, a} are a Θ-filter of (X , 1)Γ for all non-empty subset Θ of
{β, γ, δ}; however, it does not satisfies the condition to be a ∆-filter of (X , 1)Γ for
all non-empty subset ∆ of Γ with ∆ ∩ {α} ̸= ∅,

(2) the set {1, b} is a γ-filter of (X , 1)Γ; however, it does not satisfies the condition to
be a ∆-filter of (X , 1)Γ for all non-empty subset ∆ of Γ with ∆ ∩ {α, β, δ} ̸= ∅,

(3) the set {1, a, d} is a Θ-filter of (X , 1)Γ for all non-empty subset Θ of {γ, δ}; however,
it does not satisfies the condition to be a ∆-filter of (X , 1)Γ for all non-empty subset
∆ of Γ with ∆ ∩ {α, β} ̸= ∅.

From Definitions 4, 6 and 9, we have the following remarks.

Remark 5. Let Θ be a non-empty subset of Γ and F be a non-empty subset of a Γ∆-BE-
algebra (X , 1)Γ. Then the following conditions are equivalent:

(1) F is a Θ-filter of (X , 1)Γ,

(2) F is a Ω-filter of (X , 1)Γ for every non-empty subset Ω of Θ,

(3) F is a γ-filter of (X , 1)Γ for every element γ of Θ.

Remark 6. Let ∆ = {γ, δ} be a subset of Γ and F be a non-empty subset of a Γ∆-BE-
algebra (X , 1)Γ. Then the following conditions are equivalent:

(1) F is a ∆-filter,

(2) F is an (δ, γ)-filter,

(3) F is an (γ, δ)-filter,

(4) F is both a γ-filter and δ-filter.

Proposition 5. Let F be a non-empty subset of a Γ∆-BE-algebra (X , 1)Γ and Θ be a
non-empty subset of Γ such that ∆ ∩ Θ ̸= ∅. If F is a Θ-filter of (X , 1)Γ, then F is a
Ω-subalgebra of (X , 1)Γ for all non-empty subset Ω of Γ.

Proof. Assume that F is a Θ-filter of (X , 1)Γ and Ω is a non-empty subset of Γ. Let
α ∈ Ω, δ ∈ ∆ ∩Θ and x, y ∈ F . Then

yδ(xαy) = xα(yδy) = xα1 = xα((xα1)δ1) = (xα1)δ(xα1) = 1 ∈ F .

Thus, xαy ∈ F . Therefore, F is a Ω-subalgebra of (X , 1)Γ.

Corollary 1. Every ∆-filter of a Γ∆-BE-algebra (X , 1)Γ is a ∆-subalgebra.

Proof. It follows from Proposition 5.

The following example demonstrates that the converse of Corollary 1 is false.
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Example 4. Let (X , 1)Γ be the Γ∆-BE-algebra in Example 1 when ∆ = {β, γ, δ}. The
set {0, 1, 3} is a ∆-subalgebra of (X , 1)Γ; hence, it does not satisfies the condition to be a
∆-filter of (X , 1)Γ because 3, 3δ2 ∈ F but 2 /∈ F .

Proposition 6. Every ∆-filter F of a Γ∆-BE-algebra (X , 1)Γ satisfies the following con-
ditions:

(1) (∀x, y ∈ X )(∀δ ∈ ∆)(x ∈ F , x ≼δ y ⇒ y ∈ F),

(2) (∀x, y ∈ X )(∀γ, δ ∈ ∆)(x, xγ(xδy) ∈ F ⇒ y ∈ F),

(3) (∀x, y, z ∈ X )(∀γ, δ ∈ ∆)(x, y ∈ F , x ≼γ yδz ⇒ z ∈ F),

(4) (∀x, y ∈ X )(∀γ, δ ∈ ∆)(y ∈ F ⇒ (yγx)δx ∈ F).

Proof. The conditions (1), (2) and (3) are straightforward. Next, we will show the
condition (4). Let x ∈ X , y ∈ F and γ, δ ∈ ∆. Then 1 = (yγx)δ(yγx) = yγ((yγx)δx).
Since F is a ∆-filter, we have (yγx)δx ∈ F .

We provide a condition for a ∆-subalgebra of a Γ∆-BE-algebra to be a ∆-filter.

Theorem 2. If a ∆-subalgebra F of a Γ∆-BE-algebra (X , 1)Γ satisfies the following:

(∀x, y ∈ X )(∀δ ∈ ∆)(x ∈ F , y /∈ F ⇒ xδy /∈ F), (26)

then F is a ∆-filter of (X , 1)Γ.

Proof. Straightforward.

Definition 10. For a non-empty subset Θ of Γ, a Γ∆-BE-algebra (X , 1)Γ is said to be
Θ-left distributive if it satisfies:

(∀x, y, z ∈ X )(∀α ∈ Θ)(∀δ ∈ Γ)(xα(yδz) = (xαy)δ(xαz)).

According to Definitions 3 and 10, we provide the following remark.

Remark 7. Let (X , 1)Γ be a Γ∆-BE-algebra. Then (X , 1)Γ is ∆-left distributive if and
only if (X , 1)Γ is δ-left distributive for all element δ of ∆.

Theorem 3. Let x, y and z be elements of a ∆-left distributive Γ∆-BE-algebra (X , 1)Γ
and α, β ∈ ∆. If z ≼α (xβy) and z ≼α x, then z ≼α y.

Proof. Suppose that z ≼α (xβy) and z ≼α x. Then, we get zα(xβy) = 1 = zαx. That
is,

1 = zα(xβy) = (zαx)β(zαy) = 1β(zαy) = zαy.

Hence, we have z ≼α y.
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4. Upper sets

In this section, we investigate the structural behavior of two upper sets, Eα(x) and

Eβ
α(x, y), within the framework of Γ∆-BE-algebras. These sets play a key role in under-

standing order-theoretic properties and the internal logic of the algebraic system, partic-
ularly under the condition of ∆-left distributivity.

Proposition 7. Let (X , 1)Γ be a Γ∆-BE-algebra, x, y ∈ X and α, β ∈ ∆. Then the
following holds:

(1) 1, x ∈ Eα(x) and 1, x, y ∈ Eβ
α(x, y),

(2) Eα(x) ⊆ Eβ
α(x, y),

(3) Eα(x) = Eβ
α(x, 1) =

⋂
z∈X Eβ

α(x, z).

Proof. Straightforward.

Proposition 8. Let (X , 1)Γ be a Γ∆-BE-algebra and z ∈ X . Then the following are
equivalent:

(1) z ≼α x for all x ∈ X and α ∈ ∆,

(2) X = Eα(z) for all α ∈ ∆,

(3) X = Eβ
α(z, x) for all x ∈ X and α, β ∈ ∆.

Proof. (1) ⇒ (2). Suppose that z ≼α x for all x ∈ X and α ∈ ∆. Let y ∈ X . Thus, we
have z ≼α y for all α ∈ ∆. So, y ∈ Eα(z) for all α ∈ ∆. Then X ⊆ Eα(z) for all α ∈ ∆.
Hence, X = Eα(z) for all α ∈ ∆.

(2) ⇒ (3). Suppose that X = Eα(z) for all α ∈ ∆. Let y ∈ X . Then, for all x ∈ X
and α, β ∈ ∆, we have

y ∈ X = Eα(z) ⊆ Eβ
α(z, x).

Thus, we get X ⊆ Eβ
α(z, x) for all x ∈ X and α, β ∈ ∆. Hence, for all x ∈ X and α, β ∈ ∆,

we get X = Eβ
α(z, x).

(3) ⇒ (1). Assume that X = Eβ
α(z, x) for all x ∈ X and α, β ∈ ∆. Let y ∈ X and

α ∈ ∆. By Proposition 7, we have y ∈ X = Eα
α(z, 1) = Eα(z). Thus, we get z ≼α y.

Proposition 9. Let x and y be elements of a ∆-left distributive Γ∆-BE-algebra (X , 1)Γ
and α, β ∈ ∆. Then y ∈ Eα(x) if and only if Eα(x) = Eβ

α(x, y).

Proof. Suppose that y ∈ Eα(x). By Proposition 7, we have Eα(x) ⊆ Eβ
α(x, y). To

show that Eβ
α(x, y) ⊆ Eα(x), let z ∈ Eβ

α(x, y). Then xα(yβz) = 1 and so

1 = xα(yβz) = (xαy)β(xαz) = 1β(xαz) = xαz.

Thus, z ∈ Eα(x). Hence, we get Eβ
α(x, y) ⊆ Eα(x). We have Eα(x) = Eβ

α(x, y).

Conversely, suppose that Eα(x) = Eβ
α(x, y). By Proposition 7, we have y ∈ Eβ

α(x, y)

and so y ∈ Eβ
α(x, y) = Eα(x). Then y ∈ Eα(x).
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Theorem 4. Let F be a non-empty subset of a Γ∆-BE-algebra (X , 1)Γ. Then F is a

∆-filter if and only if Eβ
α(x, y) ⊆ F for all x, y ∈ F and α, β ∈ ∆.

Proof. Assume that x and y are elements of a ∆-filter F and α, β ∈ ∆. Let u ∈
Eβ

α(x, y). Then xα(yβu) = 1 ∈ F . Since x, xα(yβu) ∈ F and F is a ∆-filter, we see that
yβu ∈ F . We get y, yβu ∈ F and by using again F is a ∆-filter, we have u ∈ F . Hence,
Eβ

α(x, y) ⊆ F .

Conversely, assume that Eβ
α(x, y) ⊆ F for all x, y ∈ F and α, β ∈ ∆. Let u, v ∈ X and

γ ∈ ∆ be such that u, uγv ∈ F . Then, we get

uγ((uγv)γv) = (uγv)γ(uγv) = 1.

Thus, u ≼γ ((uγv)γv), that is, v ∈ Eγ
γ (u, (uγv)). By the assumption, we see that v ∈

Eγ
γ (u, (uγv)) ⊆ F . Hence, v ∈ F . Therefore, F is a ∆-filter.

Theorem 5. If F is a ∆-filter of a Γ∆-BE-algebra (X , 1)Γ and α, β ∈ ∆, then

F =
⋃

x,y∈F
Eβ

α(x, y).

Proof. Suppose that F is a ∆-filter and α, β ∈ ∆. If u ∈ F , then uα(1βu) = uαu = 1,
which implies that

u ∈ Eβ
α(u, 1) ⊆

⋃
x,y∈F

Eβ
α(x, y).

Thus,

F ⊆
⋃

x,y∈F
Eβ

α(x, y).

On the other hand, let us

v ∈
⋃

x,y∈F
Eβ

α(x, y).

Then, there exist a, b ∈ F such that v ∈ Eβ
α(a, b). By Theorem 4, we see that v ∈

Eβ
α(a, b) ⊆ F . Thus, ⋃

x,y∈F
Eβ

α(x, y) ⊆ F .

Consequently, we deduce that

F =
⋃

x,y∈F
Eβ

α(x, y).

Theorem 6. Let (X , 1)Γ is a Γ∆-BE-algebra. Then Eα(1) = {1} is a ∆-filter for all
α ∈ ∆.
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Proof. Let α ∈ ∆. If x ̸= 1 and x ∈ Eα(1), then 1αx = 1. But x = 1αx = 1,
thus x = 1. It’s a contradiction. That is, Eα(1) = {1}. Since 1α1 = 1 ∈ Eα(1) but
1αx = x /∈ Eα(1) for all x ∈ X − {1}, we have Eα(1) is a ∆-filter.

Theorem 7. Let (X , 1)Γ be a Γ∆-BE-algebra and ∅ ̸= F ⊆ X . If F is a ∆-filter and
α ∈ ∆, then

F =
⋃
x∈F

Eα(x).

Proof. Assume that F is a ∆-filter and α ∈ ∆. Let u ∈ F . Then,

u ∈ Eα(u) ⊆
⋃
x∈F

Eα(x).

Thus,

F ⊆
⋃
x∈F

Eα(x).

On the other hand, let

v ∈
⋃
x∈F

Eα(x).

Then, there exists y ∈ F such that v ∈ Eα(y). Thus, we get yαv = 1 ∈ F . Since
y, yαv ∈ F and F is a ∆-filter, we have v ∈ F . Hence,⋃

x∈F
Eα(x) ⊆ F .

Consequently, we deduce that

F =
⋃
x∈F

Eα(x).

Corollary 2. Let (X , 1)Γ be a Γ∆-BE-algebra and ∅ ̸= F ⊆ X . If F is a ∆-filter, then

Eα(x) ⊆ F

for all x ∈ F and α ∈ ∆.

Proof. It follows from 7.

Theorem 8. If a Γ∆-BE-algebra (X , 1)Γ is ∆-left distributive, then Eβ
α(x, y) is a Γ-

subalgebra for all α, β ∈ ∆ and x, y ∈ X .

Proof. Assume that (X , 1)Γ is a ∆-left distributive Γ∆-BE-algebra. Let γ ∈ Γ, α, β ∈
∆, x, y ∈ X and u, v ∈ Eβ

α(x, y). Then, we get x ≼α yβu and x ≼α yβv. Thus, xα(yβu) =
1 = xα(yβv). Since Proposition 1, we get 1γ1 = 1 and so

xα(yβ(uγv)) = xα[(yβu)γ(yβv)] = (xα(yβu))γ(xα(yβv)) = 1γ1 = 1.

Hence, x ≼α yβ(uγv) which implies that uγv ∈ Eβ
α(x, y). Therefore, Eβ

α(x, y) is a Γ-
subalgebra.
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Theorem 9. If a Γ∆-BE-algebra (X , 1)Γ is a ∆-left distributive, then Eβ
α(x, y) is a ∆-filter

for all α, β ∈ ∆ and x, y ∈ X .

Proof. Assume that (X , 1)Γ is a ∆-left distributive Γ∆-BE-algebra. Let α, β ∈ ∆ and

x, y ∈ X . Then 1 ∈ Eβ
α(x, y). Next, let γ ∈ ∆ and u, v ∈ X be such that u, uγv ∈ Eβ

α(x, y).
Then, we get x ≼α (yβu) and x ≼α (yβ(uγv)). Thus, xα(yβu) = 1 = xα(yβ(uγv)) and so

1 = xα(yβ(uγv)) = xα((yβu)γ(yβv)) = [xα(yβu)]γ[xα(yβv)] = 1γ(xα(yβv)) = xα(yβv).

Hence, x ≼α (yβv), which implies that v ∈ Eβ
α(x, y). Therefore, E

β
α(x, y) is a ∆-filter.

Corollary 3. If a Γ-BE-algebra (X , 1)Γ is Γ-left distributive, then Eβ
α(x, y) is a Γ-filter

for all α, β ∈ Γ and x, y ∈ X .

Proof. It follows from Theorem 9.

Corollary 4. Let (X , 1)Γ is a ∆-left distributive Γ∆-BE-algebra. Then Eα(u) is a ∆-filter
for all u ∈ X and α ∈ ∆.

Proof. It follows from Proposition 7 and Theorem 9.

Corollary 5. Let (X , 1)Γ is a Γ-left distributive Γ-BE-algebra. Then Eα(u) is a Γ-filter
for all u ∈ X and α ∈ Γ.

Proof. It follows from Corollary 4.

5. Conclusion

In this study, we proposed the notion of Γ∆-BE-algebras as a new generalization that
unifies and extends the frameworks of both Γα- and Γ(α,β)-BE-algebras. We established
their algebraic foundations, introduced the associated concepts of ∆-subalgebras and ∆-
filters, and demonstrated their structural interconnections. The behavior of the upper sets
Eα(x) and Eβ

α(x, y) was investigated within ∆-left distributive Γ∆-BE-algebras, leading
to several new characterizations.

This research offers significant insights into the order-theoretic and logical structure
of generalized BE-algebras. Our main contributions include: (i) the formalization of Γ∆-
BE-algebras under precise algebraic rules, (ii) a unified treatment of subalgebra and filter
structures under the ∆-framework, and (iii) a novel examination of upper sets influenced
by distributive conditions. These contributions not only expand the theoretical scope of
BE-algebras, but also create a foundation for further exploration.

Future research directions include: extending the framework to fuzzy or intuitionistic
fuzzy Γ∆-BE-algebras; studying homomorphisms and congruence relations in these sys-
tems; investigating categorical representations and functorial properties; and exploring
potential applications in soft computing, algebraic logic, or decision theory.
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