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Abstract. Pneumonia caused by Streptococcus pneumoniae remains a major public health con-
cern, especially in vulnerable populations. Its transmission is affected by uncertain and irregular
factors such as environmental changes, contact variability, and imprecise clinical data. This study
introduces a novel fuzzy fractal–fractional mathematical model incorporating epidemiological com-
partments: susceptible, exposed, infected, vaccinated, and recovered groups. To handle uncertain-
ties in biological parameters, fuzzy logic is applied, while the fractal–fractional Atangana–Baleanu
operator captures memory and hereditary effects in disease transmission. Theoretical analysis
confirms the existence, uniqueness, and Ulam–Hyers stability of the model. Numerical solutions
are derived using Lagrange polynomial interpolation. Simulation results show a decline in exposed
and infected populations within 20–30 time units, while vaccinated and recovered classes steadily
increase and stabilize. The susceptible population also reaches a steady state, indicating poten-
tial disease control under uncertain conditions. Compared to classical and standard fractional
models, the proposed model achieves improved convergence and better accommodates parameter
imprecision. Overall, this integrated fuzzy fractal–fractional approach enhances the accuracy and
robustness of pneumonia modeling, offering a valuable framework for analyzing infectious diseases
under uncertainty in public health settings.
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1. Introduction

Pneumonia is a serious respiratory infection that affects the lungs and causes in-
flammation of the air sacs. These air sacs are filled with fluid or pus, leading to shortness
of breath. Other common symptoms include coughing, fever, and chills. The disease is
caused by various pathogens, such as bacteria, viruses, and fungi. Pneumonia can range
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from mild to severe and is associated with the elderly, young children, and people with
weakened immune systems[1, 2]. The diagnosis typically involves a combination of phys-
ical examination, chest radiographs, and laboratory tests. Treatment includes antibiotics
for bacterial pneumonia, along with rest, hydration, and oxygen therapy in severe cases.
Prevention measures include vaccination, good hygiene practices, and avoiding smoking
[3, 4]. Among the pathogens, Streptococcus pneumoniae is a major bacterial cause and has
more than 90 serotypes. This bacterium often lives in the respiratory tract and is carried
by children and healthcare workers[5, 6].

In many developing countries, pneumonia remains one of the leading causes of death in
children, often linked to the prevalence of HIV and poor access to healthcare[7, 8]. Research
shows that children with S. pneumoniae are more likely to require hospitalization[9, 10].
In Africa, non-vaccinated children show carriage rates ranging from 7% to 90% [11–13].
Despite available treatments, the increase in antibiotic-resistant strains has increased the
risk of infection. As a result, early interventions such as vaccination and short-course
antibiotic treatment are critical[14].

Mathematical models have played an essential role in analyzing their transmission
and supporting intervention strategies. Early models using classical differential equa-
tions provided insight into stability and control measures, while later studies incorporated
treatment, vaccination, and optimal control approaches to improve predictions[15–17].
Serotype-specific models and household transmission analyzes refined our understanding
of infection patterns. Recent research [18] has dealt with the fractional-order SVEIR
framework and incorporated memory effects and partial immunity. This has shown that
increased vaccination and recovery rates can lead to disease elimination when the repro-
duction number falls below one. Although these models often overlook uncertainty in key
parameters.

Traditional differential equations are essential for modeling dynamic processes, but
they often struggle to capture memory effects and irregular behaviors. Fractional differ-
ential equations extend classical calculus through the non-integer derivatives and improve
the accuracy of models from disease dynamics to industrial applications. The limitations
of fractional differential equations are faced when dealing with fractal-like structured sys-
tems, and this led to the introduction of fractal-fractional differential equations.

Atangana [19] introduced the fractal–fractional differential equations by integrating the
fractional calculus with fractal geometry, and these models consider both a fractional or-
der and fractal dimension and achieve better representations of non-smooth dynamics[20].
Recent studies have demonstrated the effectiveness of fractal–fractional operators in mod-
eling viral diseases such as monkeypox and viral diarrhea[21, 22], showing an improved
data fit compared to classical and purely fractional models[23–25].

Based on Zadeh’s fuzzy set theory, fuzzy derivatives have been formulated to deal with
uncertainty in parameters and initial conditions[26]. Using fuzzy numbers and general-
ized Hukuhara (gH) derivatives[27], these models accommodate ambiguous or imprecise
data without oversimplification[6]. Researchers have recognized the need for a compre-
hensive approach and proposed fuzzy fractal–fractional differential equations to integrate
memory effects and uncertainty handling[28, 29]. This unified framework offers the most
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essential tool for modeling complex biological and epidemiological systems, including in-
fectious diseases such as pneumonia under uncertain conditions[30, 31]. Motivated by
recent applications of fuzzy logic in healthcare diagnostics, COVID-19 decision support,
and environmental monitoring [32–34], we aim to extend these ideas to pneumonia mod-
eling under uncertainty. The recent developments in fuzzy-based multi-criteria decision
systems, renewable energy selection, and cybersecurity frameworks [35–37] support the
broader applicability of such hybrid intelligent models in complex systems.

1.1. Literature Review

Understanding the spread and control of pneumonia has long been a focus of infectious
disease modeling. Over the years, researchers have developed mathematical models from
classical ordinary differential equation frameworks to fractional differential approaches.

One of the earlier models [18] was developed to analyze the transmission of pneumonia
among children under five years of age, a group at high risk of infection and mortality.
The model was formulated using ordinary differential equations and investigated equi-
librium points and performed a bifurcation analysis. Building on this foundation, [38]
introduced a model designed to assess the impact of treatment and vaccination strategies
on pneumococcal pneumonia among children. Treatment alone was shown to be insuffi-
cient, highlighting the importance of a comprehensive approach to pneumonia control. In
[39], a model was developed to evaluate childhood pneumonia in Kenya, and focusing on
local epidemiological conditions. The study emphasized that interventions for improved
vaccination, increased treatment rates, and environmental management were crucial in re-
ducing the burden of the disease. The researchers [40] proposed a model that incorporates
serotype-dependent transmission of Streptococcus pneumoniae. This model revealed that
the strain with the higher reproduction number tends to dominate and has implications for
vaccine development and deployment. The study [16] examined the genetic variation and
serotype switching, showing how a single sequence type could manifest as either a vaccine
or non-vaccine serotype and how this affects disease persistence. More recent works have
explored control strategies and cost-effectiveness. In [41], a model examined treatment
and screening interventions and concluding that the combination of both was more effec-
tive than either alone. Similarly, [42] applied optimal control theory to assess education,
treatment, and screening strategies. The findings supported the idea that prevention com-
bined with treatment is the most cost-effective approach for managing pneumonia spread.

Real-world data-driven insights were provided in [17], which analyzed S. pneumoniae
transmission in households in the UK. Using swab data from 121 families, the study fit-
ted a density-dependent model and found that children under five had longer carriage
durations and were more likely to acquire the infection. Adults were more infectious but
less susceptible. In-household transmission highlights the need for targeted public health
interventions. Another recent contribution [43] uses an SVEIR model to assess the role of
vaccination in pneumonia control.

A key advancement in pneumonia modeling is the introduction of fractional calculus.
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Figure 1: Workflow of the study

The foundational work[44] presents a fractional SVEIR model that investigates the spread
of pneumonia, and the model accounts for partial immunity, indicating that individuals
with high antibody levels do not require revaccination. It highlights the importance of
increasing recovery rates, which contributes to a decrease in infection levels over time. Al-
though this model offers powerful insights, it notes some limitations: it may not accurately
capture the dynamics among vulnerable populations, and its predictions heavily depend
on precise estimation of key parameters such as transmission and infectiousness rates.
The model presented stands out for its use of fractional calculus and partial immunity
mechanisms to understand the dynamics of pneumonia. Further improvements, such as
integrating fuzzy parameters to address real-world uncertainty, remain necessary. These
observations motivate the current work and propose a fractal–fractional model with fuzzy
parameters to more accurately reflect the transmission of pneumonia under uncertainty.
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Motivation

Pneumonia remains a significant global health burden, especially among vulnerable
populations where timely detection and intervention are critical. Traditional mathematical
models often fail to capture the uncertainty and memory-dependent nature of disease
dynamics. Motivated by this limitation, the present study integrates fuzzy logic and
fractal–fractional calculus to provide a more realistic and robust description of pneumonia
transmission.

Contribution of the Study

This study proposes a novel fuzzy fractal–fractional model for pneumonia dynamics,
incorporating biological imprecision through fuzzy logic and memory effects via the Atan-
gana–Baleanu fractal–fractional operator. The existence, uniqueness, and Ulam–Hyers
stability of the model are mathematically established. A Lagrange polynomial interpola-
tion scheme is used for the numerical simulation of the system, enabling the evaluation of
disease behavior under uncertain conditions.

Research Gaps

Conventional and classical fractional models inadequately handle both memory effects
and uncertainty in parameters simultaneously. There is a lack of literature integrating
fuzzy systems with fractal–fractional operators, particularly in the context of infectious
disease modeling. Most existing studies do not provide rigorous theoretical backing such
as Ulam–Hyers stability under fuzzy environments. Moreover, numerical comparisons with
classical and fractional models are rarely conducted to validate the impact of uncertainty.
This study fills these research gaps by presenting a hybrid fuzzy fractal–fractional model,
supported by strong analytical and computational results.

Structure of the Manuscript

Section 2 provides the fundamental definitions that set the groundwork for the study.
Section 3 presents the mathematical formulation of the fuzzy fractal–fractional pneu-

monia model. Each compartment in the population and the parameters are described in
detail.

Section 4 is devoted to the existence and uniqueness of solutions to the proposed sys-
tem. The analysis is established using Schauder’s and Banach’s fixed-point theorems.

Section 5 investigates the Ulam–Hyers stability of the model to assess how small per-
turbations in the system influence the long-term behavior of solutions.

Section 6 provides the numerical results and discussion. The model is solved using
Lagrange piecewise interpolation and the results are illustrated graphically. The implica-
tions of the results and the key findings are reported in 6.1

Section 7 offers a comparative analysis between the proposed fuzzy fractal–fractional
model and an existing fractional-order model [44], highlighting improvements in memory
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handling, uncertainty treatment, and system behavior.
The sequential methodology adopted in this study is illustrated in Figure 1.

2. Preliminaries

Definition 1. [45] A fuzzy membership function ũ : R → [0,1] is a fuzzy number if ũ is
convex, normal, upper semi-continuous and the closure of its support is compact.

Definition 2. [45] A fuzzy number ũ is defined in the parametric form [ũ]α = [u. (α),u̇(α)],
where 0 ≤ α ≤ 1 and

(i) u. (α) is increasing left continuous on α ∈ (0,1] and right continuous at 0.

(ii) u̇(α) is decreasing left continuous on α ∈ (0,1] and right continuous at 0.

(iii) u. (α) ≤ u̇(α), ∀ α ∈ [0,1].

Definition 3. [19] The fractal-fractional derivative with fractional order γ of a fractal
differentiable A(t) function, in Riemann-Liouville sense is given as:

Dγ,ρ(A(t)) =
MAB(γ)

1− γ

d

dtρ

∫ t

0
Ξγ

[
− γ

1− γ
(t − s)γ

]
A(s)ds, (1)

where normalizer function is MAB(γ) = 1 - γ + γ
Γ(γ) and Mittag-Leffler Kernel is Ξγ(t)

=
∞∑
n=0

tn

αt+1 .

Definition 4. [19] The fractal-fractional integral with fractional order of γ is formulated
as:

Iγ,ρ(A(t)) =
(1− γ)ρtρ−1

MAB(γ)
A(t) +

γρ

MAB(γ)Γ(γ)

∫ t

0
sρ−1(t − s)γ−1A(s)ds (2)

Definition 5. [45] Arithmetic operations on fuzzy numbers ũ1, ũ2 and ũ3 are

• [ũ1 ⊕ ũ2]α=[u. 1(α)+u. 2(α), u̇1(α)+u̇2(α)],

• For η ∈ R, [η ⊙ ũ]α=

{
[ηu. (α), ηu̇(α)], if η ≥ 0

[ηu̇(α), ηu. (α)], if η < 0,

• [ũ1 ⊖ ũ2]α = [min{u. 1(α)-u. 2(α), u̇1(α)-u̇2(α)},max{u. 1(α)-u. 2(α), u̇1(α)-u̇2(α)}]

where ⊖ is Generalized Hukuhara difference operation.
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Table 1: Outline of the parameters

Parameter Description Value

a The vaccination coverage rate 0.2 [38]

1-a The susceptibility rate within
a subset of herds

0.8

b Susceptible class entry rate 10.09 [38]

c The amount of susceptibility
within the vaccinated class

0.0621 [38]

d Recovery to susceptible tran-
sition rate

5.4 [Assumed]

e The vaccination degree within
the susceptible class

0.15 [44]

f The rate of natural mortality 0.2 [38]

h Effectiveness of vaccination 0.3 [43]

j The degree of recovery
through natural immune
protection

0.00083 [44]

k̃ The degree of infection within
the exposed class

[0.01+0.00096α,
0.01192-
0.00096α]

Ë Infection-induced mortality
rate

0.0002 [Assumed]

m The rate of recovery within
the infection class

0.0714 [38]

n The temporary immunity
waning rate within the
recovered class

0.007 [44]

δ̃ Effective contact rate [0.01+0.0187α,
0.0474-0.0187α]

σ Antibiotics production rate of
infected individual

8 [44]

Definition 6. [45] The Hausdorff distance ϱ : 𭟋R ×𭟋R → R+ ∪ {0} is formulated by

ϱ(ũ, ṽ) = sup
α∈[0,1]

max{|u. (α)− v. (α)|, |u̇(α)− v̇(α)|},

where 𭟋R is the space of all fuzzy numbers.
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3. Pneumonia Model

The model pneumonia [44] integrated the recovery, immunization, and vaccination
processes for better understanding of the dynamics of pneumonia. The model is derived
as:

dS̈
dt

= (1− a)b+ cV̈(t) + dR̈(t)− (e+ f+ g)S̈(t)

dV̈
dt

= ab+ eS̈(t)− (f+ c+ g(1− h))V̈(t)

dË
dt

= gS̈(t) + g(1− h)V̈(t)− (k+ f+ j)Ë(t)

dÏ
dt

= kË(t)− (f+ l+m)Ï(t)

dR̈
dt

= jË(t) +mÏ(t)− (f+ d+ n)R̈(t) (3)

The flow chart in Figure 2 provides a systematic overview of the structure of the model.
In this section, the pneumonia model is examined using fractal-fractional derivatives, and
the model comprises five compartments: Susceptible (S̈),Vaccinated (V̈), Exposed (Ë),
Infected (Ï), and Recovered (R̈) populations. The total human population is N̈ (t) = S̈(t)
+ V̈(t) + Ë(t) + Ï(t) + R̈(t). The initial conditions are S̈(0) = S̈0, V̈(0) = V̈0, Ë(0) =
Ë0, Ï(0) = Ï0, R̈(0)= R̈0. The fractal-fractional pneumonia model is formulated as:

Figure 2: Structure of the Pneumonia Model

Dγ,ρ(S̈(t)) = (1− a)b+ cV̈(t) + dR̈(t)− (e+ f+ g)S̈(t)
Dγ,ρ(V̈(t)) = ab+ eS̈(t)− (f+ c+ g(1− h))V̈(t)
Dγ,ρ(Ë(t)) = gS̈(t) + g(1− h)V̈(t)− (k+ f+ j)Ë(t)
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Dγ,ρ(Ï(t)) = kË(t)− (f+ l+m)Ï(t)
Dγ,ρ(R̈(t)) = jË(t) +mÏ(t)− (f+ d+ n)R̈(t) (4)

where g = δÏ(t)
1+σÏ(t) , γ = fractional order and ρ = fractal order.

The transmission dynamics of Streptococcus Pneumoniae are influenced by environmental
factors such as seasonal changes and climatic conditions. To better capture this uncer-
tainty, the present study models two critical parameters: the contact rate and the infection
rate within the exposed class as fuzzy numbers, which reflect their variability and impre-
cision. The contact rate δ is treated as a fuzzy number in parametric form, with a central
value 0.0287. Similar ambiguity affects the infection rate of exposed individuals k, which
is influenced by inconsistent testing, reporting delays, and variation in incubation periods.
To address this, the infection rate is also modelled as a fuzzy parameter, with a central
value of 0.01096. The effect of fuzziness of δ and k across varying confidence levels is shown
in Figure 3 and Figure 4 . By incorporating fuzzy logic through α-cut representation, the
model does not rely on exact point estimates. Instead, it captures a range of plausible val-
ues for each uncertain parameter, offering a more robust structure for simulation. This is
especially useful when the goal is to explore possible outcomes under limited data, rather
than to make a single deterministic prediction.
The modified fractal-fractional pneumonia model with fuzzy contact and infected rates is
formulated as:

Figure 3: Fuzzy δ̃ values for different α levels.

Dγ,ρ(S̈(t)) = [(1⊖ a)⊙ b]⊕ [c⊙ V̈(t)]⊕ [d⊙ R̈(t)]⊖ [(e⊕ f⊕ g̃)⊙ S̈(t)]
Dγ,ρ(V̈(t)) = [a⊙ b]⊕ [e⊙ S̈(t)]⊖ [(f⊕ c⊕ g̃⊙ (1⊖ h))⊙ V̈(t)]
Dγ,ρ(Ë(t)) = [g̃⊙ S̈(t)]⊕ [g̃⊙ (1⊖ h)⊙ V̈(t)]⊖ [(k̃⊕ f⊕ j)⊙ Ë(t)]
Dγ,ρ(Ï(t)) = [̃k⊙ Ë(t)]⊖ [(f⊕ l⊕m)⊙ Ï(t)]
Dγ,ρ(R̈(t)) = [j⊙ Ë(t)]⊕ [m⊙ Ï(t)]⊖ [(f⊕ d⊕ n)⊙ R̈(t)] (5)
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Figure 4: Fuzzy k̃ values for different α levels.

where g̃ = δ̃⊙Ï(t)
1⊕σ⊙Ï(t) , t ∈ [0,T].

4. Existence and Uniqueness

The mathematical validity of the proposed model requires confirming both the ex-
istence and uniqueness of its solutions. In this section, the existence of a solution is
valid under continuity and compactness, and it is obtained by Schauder’s Fixed Point
Theorem[46]. The uniqueness of the solution ensures a single, stable solution when a con-
tractive condition is met, and it is demonstrated using Banach’s Fixed Point Theorem.
The space of bounded positively solution, ∆ =

{
(S̈(t), V̈(t), Ë(t), Ï(t), R̈(t)) ∈ R5

+ |
0≤ S̈(t) + V̈(t) + Ë(t) + Ï(t) + R̈(t) ≤ b

f

}
with norm || ψ || = max

t∈[0,T]

(
|S̈(t)| + |V̈(t)| +

|Ë(t)| + |Ï(t)| + |R̈(t)|
)
.

The model (5) becomes,

φ1

(
t , S̈, V̈, Ë , Ï, R̈

)
= [(1⊖ a)⊙ b]⊕ [c⊙ V̈(t)]⊕ [d⊙ R̈(t)]⊖ [(e⊕ f⊕ g̃)⊙ S̈(t)]

φ2

(
t , S̈, V̈, Ë , Ï, R̈

)
= [a⊙ b]⊕ [e⊙ S̈(t)]⊖ [(f⊕ c⊕ g̃⊙ (1⊖ h))⊙ V̈(t)]

φ3

(
t , S̈, V̈, Ë , Ï, R̈

)
= [g̃⊙ S̈(t)]⊕ [g̃⊙ (1⊖ h)⊙ V̈(t)]⊖ [(k̃⊕ f⊕ j)⊙ Ë(t)]

φ4

(
t , S̈, V̈, Ë , Ï, R̈

)
= [̃k⊙ Ë(t)]⊖ [(f⊕ l⊕m)⊙ Ï(t)]

φ5

(
t , S̈, V̈, Ë , Ï, R̈

)
= [j⊙ Ë(t)]⊕ [m⊙ Ï(t)]⊖ [(f⊕ d⊕ n)⊙ R̈(t)] (6)
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Fractal-fractional integration(4) implies

S̈(t) = S̈0 ⊕
(1− γ)ρtρ−1

MAB(γ)
⊙ φ1

(
t , S̈, V̈, Ë , Ï, R̈

)
⊕ γρ

MAB(γ)Γ(γ)

∫ t

0
sρ−1(t − s)γ−1 ⊙ φ1

(
s, S̈, V̈, Ë , Ï, R̈

)
ds

V̈(t) = V̈0 ⊕
(1− γ)ρtρ−1

MAB(γ)
⊙ φ2

(
t , S̈, V̈, Ë , Ï, R̈

)
⊕ γρ

MAB(γ)Γ(γ)

∫ t

0
sρ−1(t − s)γ−1 ⊙ φ2

(
s, S̈, V̈, Ë , Ï, R̈

)
ds

Ë(t) = Ë0 ⊕
(1− γ)ρtρ−1

MAB(γ)
⊙ φ3

(
t , S̈, V̈, Ë , Ï, R̈

)
⊕ γρ

MAB(γ)Γ(γ)

∫ t

0
sρ−1(t − s)γ−1 ⊙ φ3

(
s, S̈, V̈, Ë , Ï, R̈

)
ds

Ï(t) = Ï0 ⊕
(1− γ)ρtρ−1

MAB(γ)
⊙ φ4

(
t , S̈, V̈, Ë , Ï, R̈

)
⊕ γρ

MAB(γ)Γ(γ)

∫ t

0
sρ−1(t − s)γ−1 ⊙ φ4

(
s, S̈, V̈, Ë , Ï, R̈

)
ds

R̈(t) = R̈0 ⊕
(1− γ)ρtρ−1

MAB(γ)
⊙ φ5

(
t , S̈, V̈, Ë , Ï, R̈

)
⊕ γρ

MAB(γ)Γ(γ)

∫ t

0
sρ−1(t − s)γ−1 ⊙ φ5

(
s, S̈, V̈, Ë , Ï, R̈

)
ds

The generalized system is represented as

Dγ,ρ

(
χ(t)

)
= ⅁

(
t , χ(t)

)
χ(0) = χ0 (7)

χ(t) = χ0 ⊕
(1− γ)ρtρ−1

MAB(γ)
⊙ ⅁

(
t , χ(t)

)
⊕ γρ

MAB(γ)Γ(γ)

∫ t

0
sρ−1(t − s)γ−1 ⊙ ⅁

(
s, χ(s)

)
ds

(8)

where χ(t) =


S̈
V̈
Ë
Ï
R̈

 and the fuzzy valued function ⅁
(
t , χ(t)

)
=


φ1

(
t , S̈, V̈, Ë , Ï, R̈

)
φ2

(
t , S̈, V̈, Ë , Ï, R̈

)
φ3

(
t , S̈, V̈, Ë , Ï, R̈

)
φ4

(
t , S̈, V̈, Ë , Ï, R̈

)
φ5

(
t , S̈, V̈, Ë , Ï, R̈

)

.

An operator Ψ : ∆ → ∆ defined as

Ψ
(
χ(t)

)
= χ0 ⊕

(1− γ)ρtρ−1

MAB(γ)
⊙ ⅁

(
t , χ
)
⊕ γρ

MAB(γ)Γ(γ)

∫ t

0
sρ−1(t − s)γ−1 ⊙ ⅁

(
s, χ
)
ds

To find the existence of the considered model, Schaefer’s fixed point theorem was used.
The theorem implies that Ψ has at least one fixed point if

[I ] λ(Ψ) =
{
χ ∈ ∆ | χ = αΨ(χ), 0 ≤ α ≤ 1

}
is a bounded set.

[II ] The operator Ψ is completely continuous.

Theorem 1. [Existence] The proposed system has unique solution if [I] and [II] holds.

Proof. To prove that ⅁
(
t , χ(t)

)
satisfies the Lipschitz condition.

Let χ, κ ∈ ∆.
(i) For φ1,

ϱ
(
φ1

(
t , S̈1, V̈, Ë , Ï, R̈

)
, φ1

(
t , S̈2, V̈, Ë , Ï, R̈

))
≤ Yφ1

s ϱ
(
S̈1, S̈2

)
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with Yφ1
s = |e+ f+ g̃|,

ϱ
(
φ1

(
t , S̈, V̈1, Ë , Ï, R̈

)
, φ1

(
t , S̈, V̈2, Ë , Ï, R̈

))
≤ Yφ1

v ϱ
(
V̈1, V̈2

)
with Yφ1

v = |c|.

ϱ
(
φ1

(
t , S̈, V̈, Ë , Ï, R̈1

)
, φ1

(
t , S̈, V̈, Ë , Ï, R̈2

))
≤ Yφ1

v ϱ
(
R̈1 − R̈2

)
with Yφ1

r = |d|.
Let Yφ1 = max

{
Yφ1
s ,Yφ1

v ,Yφ1
r

}
∴ ϱ
(
φ1

(
t , χ(t)

)
, φ1

(
t , κ(t)

))
≤ Yφ1ϱ

(
χ(t), κ(t)

)
(ii) For φ2, Yφ2

s = |e|, Yφ2
v = |f+ c+ g̃(1− h)| and Yφ2 = max

{
Yφ2
s ,Yφ2

v

}
.

∴ ϱ
(
φ2

(
t , χ(t)

)
, φ2

(
t , κ(t)

))
≤ Yφ2ϱ

(
χ(t), κ(t)

)
(iii) For φ3, Yφ3

s = |g̃|, Yφ3
v = |g̃(1− h)|, Yφ3

e = |f+ j+ k̃| and Yφ3 = max
{
Yφ3
s ,Yφ3

v ,Yφ3
e

}
∴ ϱ
(
φ3

(
t , χ(t)

)
, φ3

(
t , κ(t)

))
≤ Yφ3ϱ

(
χ(t), κ(t)

)
(iv) For φ4,Yφ4

e = |̃k|, Yφ4
i = |f+ l+m| and Yφ4 = max

{
Yφ4
e ,Yφ4

i

}
.

∴ ϱ
(
φ4

(
t , χ(t)

)
, φ4

(
t , κ(t)

))
≤ Yφ4ϱ

(
χ(t), κ(t)

)
(v) For φ5, Yφ5

e = |j|, Yφ5
i = |m|, Yφ5

r = |f+ d+ n| and Yφ5 = max
{
Yφ5
e ,Yφ5

i ,Yφ5
r

}
∴ ϱ
(
φ3

(
t , χ(t)

)
, φ3

(
t , κ(t)

))
≤ Yφ3ϱ

(
χ(t), κ(t)

)
Hence, φ1, φ2, φ3, φ4, φ5 satisfies the Lipschitz condition.

Consider Y = max
{
Yφ1 ,Yφ2 ,Yφ3 ,Yφ4 ,Yφ5

}
, then for χ, κ ∈ ∆

ϱ
(
⅁
(
t , χ(t)

)
,⅁
(
t , κ(t)

))
≤ Yϱ

(
χ(t), κ(t)

)
(9)

Hence ⅁
(
t , χ
)
satisfies the Lipschitz condition.

Assume that a sequence of
{
χn

}
converges to χ in ∆.

∥∥∥Ψ(χn

)
−Ψ

(
χ
)∥∥∥ ≤ max

t∈[0,T]

(
(1− γ)ρtρ−1

MAB(γ)
ϱ
(
⅁
(
t , χn(t)

)
,⅁
(
t , χ(t)

))
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+
γρ

MAB(γ)Γ(γ)

∫ t

0
sρ−1(t − s)γ−1ϱ

(
⅁
(
s, χn(s)

)
,⅁
(
s, χ(s)

))
ds

)

≤ (1− γ)ρT ρ−1

MAB(γ)
Yϱ
(
χn , χ

)
+

γρ

MAB(γ)Γ(γ)
Yϱ
(
χn , χ

)
max
t∈[0,T]

∫ t

0
sρ−1(t − s)γ−1ds

Since
∫ t
0 sρ−1(t − s)γ−1ds =

∫ 1
0 tγ+ρ−1z ρ−1(1− z )γ−1dz by taking s = tz .

Substituting Beta function B(γ, ρ),∥∥∥Ψ(χn

)
−Ψ

(
χ
)∥∥∥ ≤

[
(1− γ)ρT ρ−1

MAB(γ)
+

γρT γ+ρ−1

MAB(γ)Γ(γ)
B(γ, ρ)

]
⊙ Yϱ

(
χn , χ

)
∥∥∥Ψ(χn

)
−Ψ

(
χ
)∥∥∥ ≤ ξY ⊙ ϱ

(
χn , χ

)
(10)

where ξ =

[
(1−γ)ρTρ−1

MAB(γ)
+ γρTγ+ρ−1

MAB(γ)Γ(γ)
B(γ, ρ)

]
.

Hence Ψ
(
χn

)
→ Ψ

(
χ
)
whenever

{
χn

}
→ χ as n tends to ∞.

∴ Ψ is continuous.
For a bounded set χ of ∆, there is a bound ϑ.

For all χ,
∥∥∥Ψ(χ)∥∥∥ ≤ ξ ϑ.

∴ Ψ is uniformly bounded.
For t , z ∈ [0,T ],∥∥∥Ψ(χ(t))−Ψ

(
χ(z )

)∥∥∥ ≤

[
(1− γ)ρ

MAB(γ)
ϑ

](
tρ−1 − z ρ−1

)
+

[
(1− γ)ρT ρ−1

MAB(γ)
+

γρϑ

MAB(γ)Γ(γ)
B(γ, ρ)

](
tγ+ρ−1 − z γ+ρ−1

)
∴
∥∥∥Ψ(χ(t))−Ψ

(
χ(z )

)∥∥∥ → 0 as t → z . Then, Ψ is uniformly continuous.

Arzela-Ascoli theorem implies that Ψ is equicontinuous and relatively compact.
∴ Ψ is completely continuous. Hence, [I] holds
Let κ ∈ λ(Ψ). Then ∥κ∥ = ∥αΨ(χ)∥ ≤ ξ ϑ.
Hence, [II] holds.
∴ Ψ has atleast one fixed point.

Theorem 2. [Uniqueness] If ξY < 1, then the system (5) has unique solution.

Proof. Let Θχ = max
t∈[0,T ]

ϱ
(
⅁(t , 0), 0

)
< ∞ such that ξ

(
YA+Θχ

)
≤ A.

Assume that GA =
{
χ ∈ ∆ : ∥χ∥ ≤ A

}
. To verify that Ψ(GA) ⊂ GA.

∥Ψ(χ)∥ ≤ max
t∈[0,T]

(
(1− γ)ρtρ−1

MAB(γ)

[
ϱ
(
⅁
(
t , χ(t)

)
,⅁
(
t , 0
))

+ ϱ
(
⅁
(
t , 0
)
, 0
)]
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+
γρ

MAB(γ)Γ(γ)

∫ t

0
sρ−1(t − s)γ−1

[
ϱ
(
⅁
(
t , χ(t)

)
,⅁
(
t , 0
))

+ ϱ
(
⅁
(
t , 0
)
, 0
)]
ds

)

∴ ∥Ψ(χ)∥ ≤ ξ
(
Y ∥χ∥+Θχ

)
≤ ξ
(
YA+Θχ

)
≤ A

Hence ∥Ψ(χ)∥ ≤ A, ∀ χ ∈ GA.
∴ ∥Ψ(χ)−Ψ(κ)∥ ≤ ξYϱ(χ− κ), ∀ χ, κ ∈ ∆ and t ∈ [0,T ]
Since, ξY < 1, then the operator Ψ possess contraction.
Banach fixed point theorem verifies that the system (5) has unique solution.

5. Ulam-Hyers Stability

This section reveals how sensitive the model’s results are to slight adjustments in
parameters or initial conditions. The Ulam-Hyers stability. confirms that approximate
solutions stay close to the exact solution when small deviations occur.
Consider a small change perturbation by Φ on the system 7 such that Φ(0) = 0 and

∣∣Φ(t)∣∣
≤ σ .
The system

Dγ,ρ

(
χ(t)

)
= ⅁

(
t , χ(t)

)
⊕ Φ(t)

χ(0) = χ0 (11)

Lemma 1. The system (11) satisfies∣∣∣∣∣χ(t)⊖ (χ0 ⊕
(1−γ)ρtρ−1

MAB(γ)
⊙ ⅁

(
t , χ(t)

)
⊕ γρ

MAB(γ)Γ(γ)

∫ t
0 sρ−1(t − s)γ−1 ⊙ ⅁

(
s, χ(s)

)
ds
)∣∣∣∣∣ ≤ (ξσ).

(12)

Proof. Equation (8) and
∣∣Φ(t)∣∣ ≤ σ implies the solution (12).

Theorem 3. If (ξY) ≤ 1 and Lemma 1 holds, then the system is Ulam-Hyers stable.

Proof. For t ∈ [0,T ],

∣∣χ(t)⊖ κ(t)
∣∣ = ∣∣∣∣∣χ(t)⊖

(
κ0 ⊕ (1−γ)ρtρ−1

MAB(γ)
⊙ ⅁

(
t , κ(t)

)
⊕ γρ

MAB(γ)Γ(γ)

∫ t
0 sρ−1(t − s)γ−1 ⊙ ⅁

(
s, κ(s)

)
ds

)∣∣∣∣∣
≤

∣∣∣∣∣χ(t)⊖
(
χ0 ⊕

(1− γ)ρtρ−1

MAB(γ)
⊙ ⅁

(
t , χ(t)

)
⊕ γρ

MAB(γ)Γ(γ)

∫ t

0
sρ−1(t − s)γ−1 ⊙ ⅁

(
s, χ(s)

)
ds

)∣∣∣∣∣
⊕

∣∣∣∣∣
(
χ0 ⊕

(1− γ)ρtρ−1

MAB(γ)
⊙ ⅁

(
t , χ(t)

)
⊕ γρ

MAB(γ)Γ(γ)

∫ t

0
sρ−1(t − s)γ−1 ⊙ ⅁

(
s, χ(s)

)
ds

)
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⊖

(
κ0 +

(1− γ)ρtρ−1

MAB(γ)
⊙ ⅁

(
t , κ(t)

)
⊕ γρ

MAB(γ)Γ(γ)

∫ t

0
sρ−1(t − s)γ−1 ⊙ ⅁

(
s, κ(s)

)
ds

)∣∣∣∣∣
≤ (ξσ) + (ξY) ∥χ− κ∥

∴ ∥χ− κ∥ ≤
(

ξ

1− (ξY)

)
σ = Cσ

Hence, the system is Ulam-Hyers stable.

6. Results and Discussions

In this section, the system is solved using the Lagrange piecewise interpolation method
and the results obtained from the MATLAB software simulations. The solution of the
system (5) is

[ ˜̈S(ti+1)]α = [ ˜̈S0]α ⊕
(1− γ)ρtρ−1

i

MAB(γ)
⊙ φ1

(
ti, S̈, V̈, Ë , Ï, R̈

)
⊕ ρkγ

MAB(γ)Γ(γ + 2)

⊙
i∑

n=0

[
tρ−1
n ⊙ φ1

(
tn, S̈, V̈, Ë , Ï, R̈

)(
(i+ 1− n)γ(i− n+ 2 + γ)− (i− n)γ(i− n+ 2 + 2γ)

)
⊖ tρ−1

n−1 ⊙ φ1

(
tn−1, S̈, V̈, Ë , Ï, R̈

)(
(i− n+ 1)γ+1 − (i− n)γ(i− n+ 1 + γ)

)]

[ ˜̈V(tj+1)]α = [ ˜̈V0]α ⊕
(1− γ)ρtρ−1

i

MAB(γ)
⊙ φ2

(
ti, S̈, V̈, Ë , Ï, R̈

)
⊕ ρkρ

MAB(γ)Γ(γ + 2)

⊙
i∑

n=0

[
tρ−1
n ⊙ φ2

(
tn, S̈, V̈, Ë , Ï, R̈

)(
(i+ 1− n)γ(i− n+ 2 + γ)− (i− n)γ(i− n+ 2 + 2γ)

)
⊖ tρ−1

n−1 ⊙ φ2

(
tn−1, S̈, V̈, Ë , Ï, R̈

)(
(i− n+ 1)γ+1 − (i− n)γ(i− n+ 1 + γ)

)]

[ ˜̈E(ti+1)]α = [ ˜̈E0]α ⊕
(1− γ)ρtρ−1

i

MAB(γ)
⊙ φ3

(
ti, S̈, V̈, Ë , Ï, R̈

)
⊕ ρkγ

MAB(γ)Γ(γ + 2)

⊙
i∑

n=0

[
tρ−1
n ⊙ φ3

(
tn, S̈, V̈, Ë , Ï, R̈

)(
(i+ 1− n)γ(i− n+ 2 + γ)− (i− n)γ(i− n+ 2 + 2γ)

)
⊖ tρ−1

n−1 ⊙ φ3

(
tn−1, S̈, V̈, Ë , Ï, R̈

)(
(i− n+ 1)γ+1 − (i− n)γ(i− n+ 1 + γ)

)]

[ ˜̈I(ti+1)]α = [˜̈I0]α ⊕
(1− γ)ρtρ−1

i

MAB(γ)
⊙ φ4

(
ti, S̈, V̈, Ë , Ï, R̈

)
⊕ ρkγ

MAB(γ)Γ(γ + 2)

⊙
i∑

n=0

[
tρ−1
n ⊙ φ4

(
tn, S̈, V̈, Ë , Ï, R̈

)(
(i+ 1− n)γ(i− n+ 2 + γ)− (i− n)γ(i− n+ 2 + 2γ)

)
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Figure 5: Fuzzy susceptiple population over time

⊖ tρ−1
n−1 ⊙ φ4

(
tn−1, S̈, V̈, Ë , Ï, R̈

)(
(i− n+ 1)γ+1 − (i− n)γ(i− n+ 1 + γ)

)]

[ ˜̈R(ti+1)]α = [ ˜̈R0]α ⊕
(1− γ)ρtρ−1

i

MAB(γ)
⊙ φ5

(
ti, S̈, V̈, Ë , Ï, R̈

)
⊕ ρkγ

MAB(γ)Γ(γ + 2)

⊙
i∑

n=0

[
tρ−1
n ⊙ φ5

(
tn, S̈, V̈, Ë , Ï, R̈

)(
(i+ 1− n)γ(i− n+ 2 + γ)− (i− n)γ(i− n+ 2 + 2γ)

)
⊖ tρ−1

n−1 ⊙ φ5

(
tn−1, S̈, V̈, Ë , Ï, R̈

)(
(i− n+ 1)γ+1 − (i− n)γ(i− n+ 1 + γ)

)]
(13)

To study the behavior of the proposed fuzzy fractal–fractional pneumonia model, nu-
merical simulations were carried out over the time interval t ∈ [0, 100]. The model was
solved using the Lagrange piecewise interpolation, and the integral limits were partitioned
into ‘i’ with difference k and then the results obtained with γ = 0.99, ρ = 0.98 and fuzzy
level (α) = 0. The fractional order captures the memory effect inherent in the progres-
sion and control of infectious diseases like pneumonia. This accounts for the influence
of past states on current dynamics, which is particularly relevant in cases of immunity,
delayed symptoms, or gradual recovery. The fractal dimension was selected to incorporate
the non-smooth, irregular interactions within populations, such as inconsistent contact
patterns and irregular immune responses, which are not well-represented in classical mod-
els. Although these values were assumed for this theoretical study, they can be adjusted
and calibrated using real clinical or population data in future applications to reflect more
accurate disease dynamics. Once actual data are available, the model can be simulated
using optimized values of the fractal and fractional dimensions, improving its relevance
and predictive power.
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Figure 6: Fuzzy vaccinated population over time

Figure 7: Fuzzy exposed population over time

Susceptible Population: Figure 5 captures the dynamics of the suspectible class. The
population rises briefly in the early stage due to active case detection, peaking around
time t = 10, then gradually stabilizes. The population settles between 26 and 27.5,
suggesting that early surveillance and monitoring play a key role in controlling the
outbreak before it escalates.

Vaccinated Population: In Figure 6, the vaccinated population demonstrates a mono-
tonic increase within the first 20 time units and stabilizing slightly above 23. This
trend confirms sustained and effective vaccination implementation over time. The
observed fuzzy band between solution curves reflects uncertainty in vaccination effi-
cacy or uptake rate but remains stable, ensuring the reliability of long-term predic-
tions.
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Figure 8: Fuzzy infected population over time

Figure 9: Fuzzy recovery population over time

Exposed Population: The exposed class, Figure 7 shows a similar decline within the
first 15 time units and approaching near-zero levels by time t=30. This indicates that
potential cases either move to the infected class or are neutralized due to preventive
measures. The gap between the fuzzy solutions is slightly wider in this compartment,
emphasizing that uncertainty in incubation or exposure response rates can influence
early-stage predictions.

Infected Population: The infected class shown in Figure 8 exhibits a steep initial de-
cline. Starting from around 10, the population falls below 1 within the first 20 time
units and trends toward zero afterward. This rapid decay highlights the combined
effectiveness of vaccination and natural recovery in curbing active infections. The
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Figure 10: Evolution of all compartments; Black-Susceptible, Green-Vaccinated, Red-Exposed, Blue-Infected,
Yellow-Recovered

narrow gap between upper and lower fuzzy bounds indicates that the model is stable
under the assumed parameters.

Recovered Population: As illustrated in Figure 9, the recovered population rises ini-
tially and then steadily declines. This behavior is attributed to temporary immunity
waning over time, where recovered individuals may either become susceptible again
or exit the system. The close alignment between fuzzy solution bounds indicates
that, under the given α-cut, uncertainty has a minimal effect on this compartment’s
long-term behavior.

Figure 10 shows the evolution of all model compartments over time. The susceptible
and vaccinated populations tend toward constant values, indicating that the system has
reached a disease-free equilibrium. The vaccinated class stabilizes around 23, while the
susceptible class reaches approximately 27. The exposed, infected, and recovered com-
partments all decay toward zero, with a rapid decline in the early phase. The zoomed
panels on the right side confirm the stability and convergence of these values in smaller
time intervals and finer resolution. This validates the numerical consistency of the fuzzy
fractal–fractional model.

6.1. Implications and Observations

The simulation results of the proposed model reveal that the infected and exposed
populations rapidly decline to near-zero levels, while the susceptible and vaccinated com-
partments stabilize at constant values. This suggests that disease elimination may be
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achievable if vaccination coverage and natural recovery rates are sustained over time. The
dynamics of the recovered class, which peaks early and declines thereafter, align with the
presence of temporary immunity and potential reinfection risks. The relatively narrow
gap between fuzzy bounds across compartments indicates that the model remains stable
even in the presence of moderate uncertainty in parameter values. These findings suggest
that incorporating both memory effects and fuzzy uncertainty provides a more adaptable
framework for exploring disease control strategies. While these outcomes are based on
assumed inputs, they offer a foundational understanding of system behavior and indicate
that, when calibrated with real epidemiological data, the model could serve as a practical
tool for predicting and managing pneumonia transmission in uncertain environments. The
key findings of this study are

• Disease Elimination Observed: The exposed and infected populations declined rapidly
toward zero, indicating that pneumonia transmission can potentially be eliminated
under sustained vaccination and recovery conditions.

• Recovered Class Decline: The recovered population initially increased and then de-
creased, suggesting a temporary immunity cycle and possible return to susceptibility.

• Fuzzy Stability Maintained: Despite uncertain parameters, the narrow spread be-
tween fuzzy solution bounds indicates that the system remained stable and reliable.

• Data-Driven Potential: Though the model was run under assumed conditions, it
provides a solid framework that can be recalibrated using real epidemiological data
for practical forecasting and control planning.

7. Comparitive Analysis

In this section, a comparison is made with the reference model 4 that uses a fractional-
order SVEIR framework[44]. Both models aim to describe pneumonia transmission under
vaccination and recovery influences. The comparison focuses on solution behavior, han-
dling of uncertainty, memory effects, and system stability. Table 2 illustrates the detailed
comparison between the fractional model [44] and the proposed model 5.
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Table 2: Comparison between Fractional Model [44] and Proposed Model 5

Feature Reference Model Proposed Model

Model Type Fractional SVEIR Fuzzy Fractal–Fractional SVEIR

Memory Effects Present Enhanced via fractal structure

Fractal Dimension Not included Included

Fuzziness in Parameters Not addressed Incorporated using fuzzy numbers

Vaccinated Population
Trend

Steady rise Steady rise with uncertainty bounds

Infected Class Behavior Decline over time Faster convergence to zero

Recovered Class Approaches steady
state

Peaks then declines

Exposed Class Gradual decline Sharper drop with fuzzy progression

Numerical Method Adams-Bashforth type Lagrange piecewise interpolation

Uncertainty Handling Absent Modeled explicitly using fuzziness

8. Conclusion

This study proposed a fuzzy fractal–fractional differential framework to model the
transmission dynamics of pneumonia, addressing the limitations of existing models in
handling uncertainty and memory effects. Unlike classical and purely fractional models,
the presented approach integrates fuzzy logic and fractal–fractional calculus to accommo-
date parameter imprecision and irregular dynamics observed in real-world disease spread.
The model was analytically validated through theorems establishing existence, unique-
ness, and Ulam–Hyers stability. Simulations using the Lagrange piecewise interpolation
method showed that the infected and exposed populations decreased rapidly, converging
toward zero within the first 20–30 time units. The susceptible and vaccinated populations
stabilized around 27 and 23, respectively, reflecting a transition toward a disease-free
equilibrium. These results demonstrate that the combination of vaccination and natural
recovery, even under uncertain conditions, is sufficient to suppress disease transmission.

Compared to previous studies such as the classical fractional SVEIR model in [32],
the proposed model achieved improved convergence and more realistic representation of
fuzzy uncertainty in key parameters like contact and infection rates. The exposed class
exhibited a sharper decline due to the inclusion of fuzziness, and the infected class showed
faster stabilization, confirming the model’s enhanced responsiveness. Furthermore, the re-
covered class initially increased and then declined, capturing temporary immunity effects
absent in prior models.

The significance of this work lies in its contribution to uncertainty-aware epidemiolog-
ical modeling. While many earlier models either neglected fuzziness or handled memory
effects separately, this framework unifies both under a single structure. It offers a versatile
tool for analyzing disease dynamics in settings where parameter values are not precisely
known or are subject to environmental fluctuations.

Limitation of the current work lies in the use of theoretical assumptions without val-
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idation against real clinical data. The adopted numerical method provides approximate
results, which may need enhancement for handling highly stiff or complex biological sys-
tems.

Future Work

While the proposed fuzzy fractal–fractional model has shown promising results in mod-
eling pneumonia dynamics, several avenues for future research remain open. One poten-
tial improvement is to calibrate the model using real clinical or epidemiological data,
which would enhance its applicability in public health planning. The proposed modeling
framework can also be extended to study other complex diseases such as tuberculosis,
COVID-19, or multi-strain influenza, where uncertainty and memory effects are critical.
Furthermore, integrating the current approach with deep learning techniques could facili-
tate real-time forecasting and decision-making in healthcare settings. For instance, hybrid
models combining neural networks and fuzzy-fractal operators could better capture non-
linearity and learn from noisy datasets. Further theoretical advancements can be made by
exploring optimal control strategies, sensitivity analysis, and multi-objective optimization
under fuzzy fractal–fractional dynamics.
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