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1. Introduction

Fractional calculus, whose origins date back to the correspondence between Leibniz
and L’Hôpital, has evolved into a fundamental mathematical tool for modelling complex
phenomena. The successive contributions of eminent mathematicians such as Fourier,
Grünwald, Letnikov, and Hadamard [1–3] have progressively enriched this field, leading
to the fundamental definitions of Riemann–Liouville and Caputo [4, 5], which today con-
stitute the theoretical foundations of modern fractional calculus.

The emergence of fractional operators has been structured around two major families
characterized by the nature of their kernels. On one hand, there are operators with singular
kernels, typically of the power-law type; on the other hand, operators with non-singular
kernels, involving exponential or Mittag–Leffler functions [6–10]. This diversification has
greatly broadened the base of fractional calculus, which is now applied in various fields such
as biology, chemistry, signal processing, control theory, and physical modelling [11–14].

The more recent incorporation of fractal ideas into the fractional framework gave rise
to the concept of fractal–fractional derivatives (FFDs), a huge conceptual leap. These hy-
brid operators utilize mathematically advanced kernels like the power-law, Mittag–Leffler
function, and generalized exponential decay [15, 16]. The power of FFDs is that they can
capture two intrinsic properties of complex systems concurrently: memory effects through
the fractional order parameter θ, and self-similarity features through the fractal dimension
parameter κ [17].

The applications of FFDs illustrate their scientific importance and flexibility. Within
the biomedical applications area, they have been used to simulate glucose–insulin be-
haviour through the Atangana–Baleanu derivative [18, 19] to study the spread of diseases
like malaria [20] and dengue [21]. Their applications also lie in the study of chaotic at-
tractors [22], the dynamics of ferromagnetic fluids [23], and theoretical studies of some
epidemiological models [24, 25].

This research on fractional-order partial differential equations (FOPDEs) follows nat-
urally from these theoretical advances. This rapidly developing field has necessitated
the extension and application of traditional differential equation techniques to the unique
properties of fractional operators. An important example of the versatility of FOPDEs is
in their capacity to describe intricate couplings between long and short waves—a common
occurrence in physical systems. Asymptotic analysis indicates that the long-wave compo-
nent amplitude is much less than that of the short-wave component, which is specifically
significant in characterizing long waves in shallow water [26].

In this fertile and multidisciplinary scientific background, the current work seeks to
further develop the mathematical treatment of FFDs, construct effective numerical tech-
niques for their application, and push their use into new complicated systems, thus making
a contribution to knowledge in this fast-developing field.
The BE in the 1 + 1 dimension is provided by [27]:

vℓ(y, ℓ) + (vn(y, ℓ))y + vyy(y, ℓ) + ωvyyy(y, ℓ) + vyyyy(y, ℓ) = 0, (1)
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Here ω is positive constant and n is positive integer. (1), for n=3, can be expressed as:

vℓ(y, ℓ) + 3v2(y, ℓ)vy(y, ℓ) + vyy(y, ℓ) + ωvyyy(y, ℓ) + vyyyy(y, ℓ) = 0. (2)

One of the significant contributions to the fields of non-linear wave theory and fluid me-
chanics is the equation (2). It gives a platform for understanding complex wave dynamics
in a range of mediums [28, 29]. The aim of the equation (2) is to address special system
problems such as dispersion and wave interaction. All the basic physical parameters re-
quired to accurately predict wave interaction and propagation in non-linear systems are
encompassed within its equation [30, 31]. Since the aforementioned equation may more
correctly replicate complicated processes, it is a valuable tool in both theoretical study and
practical applications, from coastal engineering to optical communications (see [32, 33]).

It is evident from the literature that researchers have not focused more on the numerical
analysis of FF problems. Recently Eiman et al. [34] have introduced LADM for FF
differential problems and studied a population dynamical model. Inspired by the work of
Eiman and her co-authors [34], we consider equation (2) under the FF derivative of power
law kernel type as follows:{

FFDθ,κ(v(y, ℓ)) + 3v2(y, ℓ)vy(y, ℓ) + vyy(y, ℓ) + ωvyyy(y, ℓ) + vyyyy(y, ℓ) = 0,
RLDθ−1v(y, 0) = v0 = g(y), θ, κ ∈ (0, 1], ℓ, y ∈ [0, T ] = J.

(3)

We applied an integral Laplace transform coupled with the decomposition approach
to obtain an estimate solution for the previously described equation (3). We give various
examples and their corresponding graphs.

We develop existence and uniqueness criteria for the given general problem.{
FFDθ,κ

0,ℓ (v(y, ℓ)) = Ψ(v(y, ℓ), ℓ),

RLDθ−1v(y, 0) = v0 = g(y).
(4)

Where the non-linear function Ψ ∈ C(R × J) → R and g : J → R is continuous and
bounded i.e. ∥g∥ ≤ m. We create the Banach space to conduct additional research as
Y = C[0, T ]×R→ R, where 0 ≤ ℓ ≤ T <∞.

The norm is described as:
∥v∥ = max

y, ℓ∈J

∣∣v(y, ℓ)∣∣.
Definition 1. [34] With a power-law kernel, the FF derivative of a continuous and dif-
ferentiable function v on J is given by:

FFDθ,κ
0,ℓ (v(y, ℓ)) =



1

Γ(m− θ)

(
d

dℓκ

)m ∫ ℓ

0
(ℓ− ϕ)m−θ−1v(y, ϕ)dϕ, m− 1 < θ < m,

1

Γ(m− θ)

(
d

dℓ

)m ∫ ℓ

0
(ℓ− ϕ)m−θ−1 v(y, ϕ)dϕ, κ = 1,(

d

dℓ

)m

v(y, ℓ), θ = m, κ = 1.
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Particularly, if θ ∈ (0, 1):

FFDθ,κ
0,ℓ (v(y, ℓ)) =

1

Γ(1− θ)

(
d

dℓκ

)∫ ℓ

0
(ℓ− ϕ)θ−1v(y, ϕ)dϕ.

Definition 2. [34] The FF integral, assuming v is a continuous function on J , is given
by:

FF Iθ,κ0,ℓ (v(y, ℓ)) =
κ

Γ(θ)

∫ ℓ

0
ϕκ−1(ℓ− ϕ)θ−1v(y, ϕ)dϕ.

Definition 3. [34] The Laplace transform of RLDθ
0,ℓv(y, ℓ) is defined as:

L[RLDθ
0,ℓv(y, ℓ)] = sθL[v(y, ℓ)]− sθ−1 RLDθ−1v(y, 0), s ≥ 0, θ, κ ∈ (0, 1].

Theorem 1. [34] Let B be a convex, closed, and bounded subset of a Banach space Y,
and let T : B → B be a continuous and compact operator. Then T has at least one fixed
point in B.

The rest of the paper is broken up into five sections. Section 2 discusses quali-
tative analysis. In Section 3, the process of derivation is examined. Only the numerical
simulations are covered in Section 4, while Section 5 presents the NN validation. Section
6 provides a thorough overview of the entire work.

2. Existence and Uniqueness

Lemma 1. Using definition 2, the following is the solution to the suggested general problem
(4):

v(y, ℓ) = g(y) +
κ

Γ(θ)

∫ ℓ

0
(ℓ− ϕ)θ−1ϕκ−1Ψ(v(y, ϕ), ϕ)dϕ.

The operator T is considered below in order to accomplish the primary goal:

Tv(y, ℓ) = g(y) +
κ

Γ(θ)

∫ ℓ

0
(ℓ− ϕ)θ−1ϕκ−1Ψ(v(y, ϕ), ϕ)dϕ.

For further work, make the following assumptions:

• (A1) The non-linear function Ψ satisfies the following growth condition:

∥Ψ(v)∥ ≤ aΨ + c∥v∥, c ≥ 0.

• (A2) There exist a constant LΨ, such that v1, v2 ∈ Y, we have

∥Ψ(v1)−Ψ(v2)∥ ≤ LΨ∥v1 − v2∥.

Moreover for Ψ there exist Ψ(0, ℓ) = 0, hold.
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Theorem 2. Under the assumption (A2), and if Γ(κ + 1)Tθ+κ−1LΨ < Γ(θ + κ), hold.
Then, there exists a unique solution for the suggested general problem (4).

Proof. Consider v1(y, ℓ), v2(y, ℓ) ∈ Y, we have

∥Tv1 − Tv2∥ = max
y,ℓ∈J

∣∣∣∣ κ

Γ(θ)

∫ ℓ

0
(ℓ− ϕ)θ−1ϕκ−1Ψ(v1, ϕ)dϕ− κ

Γ(θ)

∫ ℓ

0
(ℓ− ϕ)θ−1

ϕκ−1Ψ(v2, ϕ)dϕ

∣∣∣∣
≤ max

y,ℓ∈J

{
κ

Γ(θ)

∫ ℓ

0
(ℓ− ϕ)θ−1ϕκ−1|Ψ(v1, ϕ)−Ψ(v2, ϕ)|dϕ

}
≤ max

y,ℓ∈J

{
κLΨ|v1 − v2|

Γ(θ)

∫ ℓ

0
(ℓ− ϕ)θ−1ϕκ−1dϕ

}
≤ (κ+ 1)T θ+κ−1LΨ∥v1 − v2∥

Γ(θ + κ)
.

Hence T has a unique solution.

Theorem 3. There is at least one solution to the general problem (4), if the assumptions
(A1, A2) are true.

Proof. To prove that T : Y → Y full fill the condition of Schaudar fixed point theorem.
Suppose closed convex subset B = {v(y, ℓ) ∈ Y : ∥v∥ ≤ r}. The proof is divided in the
following steps:
Step-1: To show that T is continuous. Consider a sequence vn(y, ℓ) such that vn(y, ℓ) →
v(y, ℓ), we consider

∥Tvn − Tv∥ = max
y,ℓ∈J

∣∣∣∣ κ

Γ(θ)

∫ ℓ

0
(ℓ− ϕ)θ−1ϕκ−1Ψ(vn, ϕ)dϕ

− κ

Γ(θ)

∫ ℓ

0
(ℓ− ϕ)θ−1ϕκ−1Ψ(v, ϕ)dϕ

∣∣∣∣
≤ max

y,ℓ∈J

κ

Γ(θ)

∫ ℓ

0
(ℓ− ϕ)θ−1ϕκ−1

∣∣Ψ(vn, ϕ)−Ψ(v, ϕ)
∣∣dϕ

≤ Γ(κ+ 1)T θ+κ−1LΨ∥vn − v∥
Γ(θ + κ)

.

Hence ∥Tvn − Tv∥ → 0 as n→ ∞. Thus T is continuous.
Step-2: The image of the bounded set under T is bounded in Y.

∥Tv∥ = max
y,ℓ∈J

∣∣∣∣g(y) + κ

Γ(θ)

∫ ℓ

0
(ℓ− ϕ)θ−1ϕκ−1Ψ(v, ϕ)dϕ

∣∣∣∣
≤ max

y,ℓ∈J

{
|g(y)|+ κ

Γ(θ)

∫ ℓ

0
(ℓ− ϕ)θ−1ϕκ−1|Ψ(v, ϕ)|dϕ

}
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≤ m+
Γ(κ+ 1)T θ+κ−1(aΨ + c∥v∥)

Γ(θ + κ)

≤ m+
Γ(κ+ 1)T θ+κ−1(aΨ + cr)

Γ(θ + κ)
.

Which shows T is bounded.
Step-3: To show that T is equi-continuous, let ℓ1, ℓ2 ∈ J , such that ℓ1 < ℓ2.
Consider

∥Tv(y, ℓ1)− Tv(y, ℓ2)∥ = max
y,ℓ∈J

∣∣∣∣ κ

Γ(θ)

∫ ℓ1

0
(ℓ1 − ϕ)θ−1ϕκ−1Ψ(v, ϕ)dϕ

− κ

Γ(θ)

∫ ℓ2

0
(ℓ2 − ϕ)θ−1ϕκ−1Ψ(v, ϕ)dϕ

∣∣∣∣
≤ max

y,ℓ∈J

{∣∣∣∣ κ

Γ(θ)

∫ ℓ1

0
(ℓ1 − ϕ)θ−1ϕκ−1Ψ(v, ϕ)dϕ

− κ

Γ(θ)

∫ ℓ1

0
(ℓ2 − ϕ)θ−1ϕκ−1Ψ(v, ϕ)dϕ

∣∣∣∣
+

∣∣∣∣ κ

Γ(θ)

∫ ℓ2

ℓ1

(ℓ2 − ϕ)θ−1ϕκ−1Ψ(v, ϕ)dϕ

∣∣∣∣}
≤ (aΨ + cr)

{
κℓ1

κ+θ−1B(θ, κ)

Γ(θ)

−
κℓ1

κℓ2
κ+θ−2B

(
ℓ1
ℓ2
;κ, θ

)
Γ(θ)

+
κℓ2

θ+κ−1
(
Γ(κ)Γ(θ)−B

(
ℓ1
ℓ2
; θ, κ

)
Γ(κ+ θ)

)
Γ(θ)Γ(κ+ θ)

}
.

As ℓ1 → ℓ2 then one can write

B(
ℓ1
ℓ2
; θ, κ) → B(1; θ, κ) = B(θ, κ) =

Γ(θ)Γ(κ)

Γ(θ + κ)
,

where B(1; θ, κ) is incomplete beta function. After this calculation and as limit ℓ1 → ℓ2,
we can write

∥Tv(y, ℓ1)− Tv(y, ℓ2)∥ → 0.

Because of this, T is equi-continuous and, as a result, meets every requirement of the
Schaudar fixed point theorem. It follows that our suggested generic problem (4) has at
least one solution since T has at least one solution.

3. Derivation of the Procedure

Here in this section of the manuscript, we derive the suggested approach. For simplicity
some time, we write v instead of v(y, ℓ) in our work.
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Theorem 4. The solution of the specified problem (3) can be computed as follows under
the Laplace transform:

v0 = g(y), v1 = L−1

{
κ

sθ
L

{
− ℓκ−1

(
3A0 + V0yy + ωV0yyy + V0yyyy

)}}
,

and

vn+1 = L−1

{
κ

sθ
L

[
− ℓκ−1

(
3An + Vnyy + ωVnyyy + Vnyyyy

)]}
, n ≥ 0.

Proof. As we know that

FFDθ,κ(v(y, ℓ)) = κ−1ℓ1−κ RLDθ−1v(y, ℓ)

Therfore equation (3), becomes

κ−1ℓ1−κ RLDθ−1v(y, ℓ) + 3v2vy + vyy + ωvyyy + vyyyy. (5)

Applying Laplace transform to (5), we have

κ−1sθV (y, s)− κ−1sθ−1v0 = L
{
− ℓκ−1

(
3v2vy + vyy + ωvyyy + vyyyy

)}
. (6)

Further, one has from (6)

L{v(y, ℓ)} =
v0
s

+
κ

sθ
L
{
− ℓκ−1

(
3v2vy + vyy + ωvyyy + vyyyy

) }
.

Using the initial condition, the preceding equation becomes

L{v(y, ℓ)} =
g(y)

s
+
κ

sθ
L
{
− ℓκ−1

(
3v2vy + vyy + ωvyyy + vyyyy

)}
. (7)

By applying the inverse transform, we may derive from (7)

v(y, ℓ) = L−1

[
g(y)

s
+
κ

sθ
L
{
−ℓκ−1

(
3v2vy + vyy + ωvyyy + vyyyy

)}]
. (8)

The solution is described as:
∞∑
n=0

vn = v,

and breaking down the nonlinear terms into

∞∑
n=0

An = v2vy

where An is given by

An =
1

Γ(n+ 1)

dn

dµn

[(( n∑
j=0

µjvj

)2( n∑
j=0

µjvjy
))]

µ=0

.
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Hence (8) yields

∞∑
n=0

vn(y, ℓ) = L−1

g(y)
s

+
κ

sθ
L

−ℓκ−1

3
n∑

j=0

Aj +
n∑

j=0

vjyy + ω
n∑

j=0

vjyyy +
n∑

j=0

vjyyyy


 .

From similar terms on both sides, one can write:

v0 = L−1

{
g(y)

s

}
= g(y), v1 = L−1

{
κ

sθ
L

[
− ℓκ−1

(
3A0 + V0yy + ωV0yyy + V0yyyy

)]}
.

and so forth. The generic form can be written as:

vn+1 = L−1

{
κ

sθ
L

[
− ℓκ−1

(
3An + Vnyy + ωVnyyy + Vnyyyy

)]}
, n ≥ 0.

Remark 1. The solution of (3) in compact form is given by:

v = v0 + v1 + v2 + · · · . (9)

4. Applications of the Problem

We provide some examples of the problems that are being discussed.

Example 1. Examine (3) with the FF derivative provided as{
FFDθ,κ

0,ℓ v(y, ℓ) = −
(
3v2vy + vyy + ωvyyy + vyyyy

)
,

RLDθ−1
0,ℓ v(y, 0) = y2.

(10)

Using the previously described technique, we can apply the Laplace transform to write
(10):

v(y, ℓ) = L−1{v0
s

+
κ

sθ
L{−t−1+κ{3v2vy + vyy + ωvyyy + vyyyy}}}. (11)

With this condition RLDθ−1v(y, 0) = y2, one may write from (11)

v(y, ℓ) = L−1{y
2

s
+
κ

sθ
L{−t−1+κ{3v2vy + vyy + ωvyyy + vyyyy}}}. (12)

Decomposing the nonlinear term 3v2vy as follows:

v2vy =

∞∑
n=0

An, (13)

where An is given by

An =
1

Γ(n+ 1)

dn

dµn

 n∑
j=0

µjvj

2
n∑

j=0

µjvj,y


µ=0

.
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Certain terms are computed as

A0 = v20v0y,

A1 = 2v0v1v0y + v20v1y,

A2 = v21v0y + 2v0v0yv2 + v20v1y + v0v1v1y + 2v0v2y.

Taking into account a solution in series form as

∞∑
n=0

vn. (14)

We find the solution by applying the same process as performed in the general algorithm,
using (13) and (14) in (12):

v0(y, ℓ) = y2,

v1(y, ℓ) = −κΓ(κ)ℓ
θ+κ−1

Γ(θ + κ− 1)
(6y5 + 2),

v2(y, ℓ) =
3κΓ(κ)Γ(θ + 2κ− 1)ℓ2θ+2κ−2

Γ(θ + κ− 1)Γ(2θ + 2κ− 2)
(54y8 + 128y3 + 360y2 + 720y),

v3(y, t) =
90κ2Γ(κ)Γ(θ + 2κ− 1)ℓ2θ+2κ−2

Γ(θ + κ− 1)Γ(2θ + 2κ− 2)
y8 − 9κ2Γ(κ)Γ(θ + 2κ− 1)Γ(2θ + 3κ− 1)ℓ3θ+3κ−3

Γ(θ + κ− 1)Γ(2θ + 2κ− 2)Γ(3θ + 3κ− 3)

(216y11 + 512y6 + 1440y5 + 2880y4)− κ3(Γ(κ))2Γ(2θ + 3κ− 1)ℓ3θ+3κ−3

(Γ(θ + κ− 1))2Γ(3θ + 3κ− 3)

(10872y11 + 4848y8 + 8y)− 3κ3Γ(κ)Γ(θ + 2κ− 1)Γ(2θ + 3κ− 1)ℓ3θ+3κ−3

Γ(θ + κ− 1)Γ(2θ + 2κ− 2)Γ(3θ + 3κ− 3)

(2592y7 + 3024ωy6 + 108864y4 + 2304y2 + 768ωy + 4320y + 720ω + 5088).

and so forth. After a few terms, the solution appears as

v(y, ℓ) = y2 − κΓ(κ)ℓθ+κ−1

Γ(θ + κ− 1)
(6y5 + 2) +

3κΓ(κ)Γ(θ + 2κ− 1)2θ+2κ−2

Γ(θ + κ− 1)Γ(2θ + 2κ− 2)

(54y8 + 128y3 + 360y2 + 720y)− 90κ2Γ(κ)Γ(θ + 2κ− 1)ℓ2θ+2κ−2

Γ(θ + κ− 1)Γ(2θ + 2κ− 2)
y8

− 9κ2Γ(κ)Γ(θ + 2κ− 1)Γ(2θ + 3κ− 1)ℓ3θ+3κ−3

Γ(θ + κ− 1)Γ(2θ + 2κ− 2)Γ(3θ + 3κ− 3)

(216y11 + 512y6 + 1440y5 + 2880y4)− κ3(Γ(κ))2Γ(2θ + 3κ− 1)ℓ3θ+3κ−3

(Γ(θ + κ− 1))2Γ(3θ + 3κ− 3)
(10872y11

+4848y8 + 8y)− 3κ3Γ(κ)Γ(θ + 2κ− 1)Γ(2θ + 3κ− 1)ℓ3θ+3κ−3

Γ(θ + κ− 1)Γ(2θ + 2κ− 2)Γ(3θ + 3κ− 3)

(2592y7 + 3024ωy6 + 108864y4 + 2304y2 + 768ωy + 4320y

+ 720ω + 5088) + · · · . (15)
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Plot the of the preceding series solution of (15) is given in Figure-1, for different values of
θ, κ and for fixed value of ω = 1.
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Figure 1: Visual exploration of v for different values of θ, κ and for fixed value of ω.
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Example 2. Consider the following problem using (3):

FFDθ,κ
0,ℓ v(y, ℓ) = −

(
3v2vy + vyy + ωvyyy + vyyyy

)
,

RLDθ−1v(y, 0) = cos y.
(16)

Using the previously described technique, we can apply the Laplace transform to write
(16):

v(y, ℓ) = L−1{v0
s

+
κ

sθ
L{−t−1+κ{3v2vy + vyy + ωvyyy + vyyyy}}}. (17)

With v(y, 0) = cos y, one may write from (17) as

v(y, ℓ) = L−1{cos y
s

+
κ

sθ
L{−t−1+κ{3v2vy + vyy + ωvyyy + vyyyy}}}. (18)

The nonlinear expression 3v2(y, t)vy(y, t) can be broken down as follows:

v2(y, t)vy(y, t) =
∞∑
n=0

An, (19)

where An is given by

An =
1

Γ(n+ 1)

dn

dµn

 n∑
j=0

µjvj(y, t)

2
n∑

j=0

µjvj,y(y, t)


µ=0

. (20)

Calculating few terms as given as:

A0 = v20v0y,

A1 = 2v0v1v0y + v20v1y,

A2 = v21v0y + 2v0v0yv2 + v20v1y + v0v1v1y + 2v0v2y.

Taking into account the solution in a series form as:

∞∑
n=0

vn. (21)

We find the solution by applying the same process as performed in the general algorithm,
using (19) and (21) in (18):

v0(y, ℓ) = cos y,

v1(y, ℓ) = −κΓ(κ)ℓ
θ+κ−1

Γ(θ + κ− 1)
(−3 cos2 y sin y + ω sin y),

v2(y, ℓ) =
κ2Γ(κ)Γ(θ + 2κ− 1)ℓ2θ+2κ−2

Γ(θ + κ− 1)Γ(2θ + 2κ− 2)
(36 cos3 y sin2 y − 6ω cos y sin2 y − 9 cos5 y + 3ω cos3 y

+54 sin3 y + 21 cos2 y sin y + 60ω sin3 y − 183ω cos2 y sin y + ω2 sin y − 183 cos2 y sin y),
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v3(y, ℓ) =
3κ2Γ(κ)Γ(θ + 2κ− 1)ℓ2θ+2κ−2

Γ(θ + κ− 1)
(−3 cos4 y sin y + ω cos2 y sin y)

− 3κ2(Γ(κ))2Γ(2θ + 3κ− 2)ℓ3θ+3κ−3

Γ(θ + κ− 1)Γ(2θ + 2κ− 2)Γ(3θ + 3κ− 3)
(−27 cos4 y sin3 y − β2 sin3 y

+12β2 cos2 y sin3 y + 9 cos6 y sin y − 3β cos4 y sin y + β2 cos2 y sin y)

+
3κ2Γ(κ)Γ(θ + 2κ− 1)Γ(2θ + 3κ− 2)ℓ3θ+3κ−3

Γ(θ + κ− 1)Γ(2θ + 2κ− 2)Γ(3θ + 3κ− 3)

(−216 cosy 3 sin3 y + 324 cos5 y sin y + 12ω cos y sin3 y − 42ω cos3 y sin y

+ 772 cos2 y sin2 y − 324 cos4 y + 360 cos y sin2 y − 366ω cos4 y + 532ω cos2 y sin2 y

+ 2ω2 sin2 y + 72 cos4 y sin3 y − 12ω cos2 y sin3 y − 18 cos6 y sin y + 6ω cos4 y sin y

+ 108 cos y sin4 y + 42 cos3 y sin2 y + 120ω cos y sin4 y − 366ω cos3 y sin2 y + 2ω2 cos y sin2 y

− 1058 cos3 y sin2 y + 216 cos y sin4 y + 117 cos5 y + 60ω cos y sin2 y − 21ω cos3 y

+ 1258 cos2 y sin y − 652 sin3 y + 360ω cos y sin y + 1081 cos2 y sin y − ω2 sin y − 216ω sin5 y

+ 3240ω cos2 y sin3 y − 2169ω cos4 y sin y + 99ω2 cos2 y sin y − 60ω2 sin3 y

+ 84ω2 cos3 y sin y − 3674ω cos y sin2 y + 1258ω cos3 y + 360ω2 cos2 y − 360ω2 sin2 y

+ 1081ω2 sin3 y − 2960ω2 cos y sin2 y − ω3 cos y − 7560 cos y sin4 y

+ 18396 cos3 y sin2 y − 2169 cos5 y − 99ω cos3 y − 198ω cos y sin2 y − 180ω sin2 y

− 252ω cos2 y sin2 y + 84β cos4 y − 7348 cos2 y sin2 y − 3674 sin3 y − 1440ω cos y sin y

− 9163ω cos2 y sin y + 2960ω sin3 y + ω2 sin y).

Therefore, the solution may be written as

v(y, ℓ) = cos y − κΓ(κ)ℓθ+κ−1

Γ(θ + κ− 1)
(−3 cos2 y sin y + ω sin y) +

κ2Γ(κ)Γ(θ + 2κ− 1)ℓ2θ+2κ−2

Γ(θ + κ− 1)Γ(2θ + 2κ− 2)

(36 cos3 y sin2 y − 6ω cos y sin2 y − 9 cos5 y + 3ω cos3 y + 54 sin3 y + 21 cos2 y sin y

+ 60ω sin3 y − 183ω cos2 y sin y + ω2 sin y − 183 cos2 y sin y)

+
3κ2Γ(κ)Γ(θ + 2κ− 1)ℓ2θ+2κ−2

Γ(θ + κ− 1)
(−3 cos4 y sin y + ω cos2 y sin y)

− 3κ2(Γ(κ))2Γ(2θ + 3κ− 2)ℓ3θ+3κ−3

Γ(θ + κ− 1)Γ(2θ + 2κ− 2)Γ(3θ + 3κ− 3)
(−27 cos4 y sin3 y − β2 sin3 y

+12β2 cos2 y sin3 y + 9 cos6 y sin y − 3β cos4 y sin y + β2 cos2 y sin y)

+
3κ2Γ(κ)Γ(θ + 2κ− 1)Γ(2θ + 3κ− 2)ℓ3θ+3κ−3

Γ(θ + κ− 1)Γ(2θ + 2κ− 2)Γ(3θ + 3κ− 3)
(−216 cos3 y sin3 y

+324 cos5 y sin y + 12ω cos y sin3 y − 42ω cos3 y sin y + 772 cos2 y sin2 y

−324 cos4 y + 360 cos y sin2 y − 366ω cos4 y + 532ω cos2 y sin2 y + 2ω2 sin2 y

+72 cos4 y sin3 y − 12ω cos2 y sin3 y − 18 cos6 y sin y + 6ω cos4 y sin y

+108 cos y sin4 y + 42 cos3 y sin2 y + 120ω cos y sin4 y − 366ω cos3 y sin2 y

+2ω2 cos y sin2 y − 1058 cos3 y sin2 y + 216 cos y sin4 y + 117 cos5 y + 60ω cos y sin2 y
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− 21ω cos3 y + 1258 cos2 y sin y − 652 sin3 y + 360ω cos y sin y + 1081 cos2 y sin y

− ω2 sin y − 216ω sin5 y + 3240ω cos2 y sin3 y − 2169ω cos4 y sin y + 99ω2 cos2 y sin y

−60ω2 sin3 y + 84ω2 cos3 y sin y − 3674ω cos y sin2 y + 1258ω cos3 y + 360ω2 cos2 y

− 360ω2 sin2 y + 1081ω2 sin3 y − 2960ω2 cos y sin2 y − ω3 cos y − 7560 cos y sin4 y

+18396 cos3 y sin2 y − 2169 cos5 y − 99ω cos3 y − 198ω cos y sin2 y − 180ω sin2 y

− 252ω cos2 y sin2 y + 84β cos4 y − 7348 cos2 y sin2 y − 3674 sin3 y − 1440ω cos y sin y

− 9163ω cos2 y sin y + 2960ω sin3 y + ω2 sin y) + · · · . (22)

A plot of the previous solution of (22) is given in Figure 2 for different values of θ, κ
and for a fixed value of ω = 1.
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Figure 2: Visual exploration of v for different values of θ, κ and for fixed value of ω = 1.0.

Both Figure 1 and Figure 2 show that as the fractional and fractal values approach 1,
the solution curves approach the classical solution curves. Clearly one can see the impact
of fractal and fractional orders on the dynamics of the specified problem.
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5. Neural Network Validation

To enhance the analysis, we consider three distinct cases in this example. To evaluate
the accuracy of the proposed approach, a NN based on the LM algorithm is employed,
supported by regression analysis and error distribution statistics. The dataset is divided
into training (70%), validation (15%), and testing (15%) subsets. The network input con-
sists of spatiotemporal pairs (v, ℓ), while the output corresponds to the predicted value
ψ(v, ℓ). The hidden layer employs the tansig activation function, while the output layer
is linear.

Case 1: In this case, for the simulation’s purpose, we used the same solution and data
as the current example.
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Figure 3: MSE performance of the model at epoch 67.
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Figure 6: Training regression of the model at epoch 67.

Figures 3-6 provide illustrations of MSE performance and training tests of the model
(3) for θ = 0.95, κ = 1 and ω = 1.

Case 2: In the current case, we use the same information as in the preceding case;
the only difference lies in the values of θ and κ.
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Figure 7: MSE performance of the model at epoch 87.
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Figure 8: Training test of the model at epoch 87.
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Figure 9: Training histogram of the model at epoch 87.
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Figure 10: Training regression of the model at epoch 87.
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Figures 7-10 provide illustrations of MSE performance and training tests of the model
(3) for θ = 1, κ = 0.95 and ω = 1.

Case 3: To study more about the ongoing analysis, we consider one more case for
different θ and κ values.
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Figure 11: MSE performance of the model at epoch 132.
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Figure 12: Training test of the model at epoch 132.
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Figure 13: Training histogram of the model at epoch 132.
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Figure 14: Training regression of the model at epoch 132.

Figures 11-14 show illustrations of MSE performance and training tests of the model
(3) for θ = 0.95, κ = 0.95 and ω = 1.

It is clear from the above three cases that the influence of fractional order θ and fractal
order κ on the NN convergence rate. When θ = 1 and κ = 0.95, the network converges
in approximately 67 epochs, reflecting a relatively smooth and near-classical dynamic
behaviour. For θ = 0.95 and κ = 1, the number of epochs rises to 87, indicating that
fractional memory effects introduce additional complexity in the learning process.The most
computationally demanding case corresponds to θ = 0.95 and κ = 0.95, where convergence
requires 132 epochs. This slower convergence can be attributed to the combined influence
of fractional memory and fractal heterogeneity, which increase the nonlinearity of the
system and the richness of its dynamic patterns.

Table 1: NN performance metrics for the FF BE.

Case θ κ MSE R Epochs / Time (s) ω

1 0.95 1.0 1.297× 10−6 1.0 67 / 4.12 1.0

2 1.0 0.95 1.3412× 10−6 1.0 87 / 4.85 1.0

3 0.95 0.95 1.423× 10−6 1.0 132 / 5.10 1.0

Table 1 summarizes the performance of the NN validation for the FF BE solved through
the LADM. The results correspond to different values of θ and κ.
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5.1. Quantitative Comparison Between NN and LADM Solutions

A quantitative comparison between the NN predictions and the analytical solutions
obtained by the LADM has been carried out. The Mean Absolute Error (MAE) and
Root Mean Square Error (RMSE) are calculated for several combinations of the fractional
order θ and the fractal order κ. Lower MAE and RMSE values reflect a strong agreement
between both approaches, indicating that the trained NN successfully captures the complex
FF dynamics embedded within the BE.

Table 2: Comparison between NN predictions and LADM solutions for different values of θ and κ.

Case θ κ MAE RMSE

1 0.25 0.60 1.87× 10−3 2.41× 10−3

2 0.40 0.70 1.35× 10−3 1.78× 10−3

3 0.55 0.80 1.02× 10−3 1.43× 10−3

4 0.70 0.90 8.40× 10−4 1.09× 10−3

5 1.00 1.00 6.92× 10−4 8.85× 10−4

It can be clearly observed from Table 2 that the MAE and RMSE values decrease as
θ and κ increase, implying improved smoothness and reduced deviation between NN and
LADM solutions.

6. Conclusion

In the manuscript, nonlinear BE under FF derivative has been investigated. We have
used LADM to obtain the approximate series solutions; the validity of the solutions was
confirmed via NN-based validation. The findings illustrate the effectiveness of the FF
Benney model in describing nonlinear dispersive wave dynamics with memory and self-
similarity effects. The hybrid framework suggested in our study properly integrates analyt-
ical and computational methods to provide promising approaches for modelling problems
in fluid dynamics, nonlinear optics, and signal processing. Future research can be extended
to other nonlocal fractional operators and investigate the possibility of deep learning in-
tegration to further improve computational performance and accuracy.
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