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1. Introduction

Let C be a nonempty, closed and convex subset of a real Hilbert space H. The Variational
Inclusion Problem (VIP) is defined as finding « € C such that

0 ¢ (B+ D)z, (1)

where D : H — 2 is a set-valued mapping and B : H — H is a single-valued mapping. We
denote the solution set of (1) by (B + D)~!(0). Numerous problems in image processing,
machine learning, and linear inverse problems can be modeled mathematically as problem
(1) (for instance, see [1-5]). The forward-backward splitting method (see [6-12]) is a widely
recognized approach for solving the inclusion problem (1) and it is defined as follows:

xr1 GH,
Tn+1l = ‘]rD(mn —rBxy),r > 0,n>1,

where JP = (I + rD)~! is the resolvent of D and I is the identity operator on H.
Alvarez and Attouch [13] employed the heavy ball method for approximating the zeros
of maximal monotone operators by using the inertial proximal point algorithm which is
given as follows:

UYn = Tn + en(mn - ':U'rl—l)v

Tny1 = (I +rpD) Ly, Vn > 1.

A weak convergence result was obtained under the condition that {r,} is nondecreasing
and {6,} C [0,1) with

(o.9]
Z On ||z — Zn1|* < c0. (2)
n=1
Furthermore, Moudafi and Oliny [14] introduced the following inertial forward backward
algorithm for solving zero problem for the sum of two monotone operators:

3)

Yn = Tn + Qn(xn - xnfl)a
Tn4+1 = (I + TnD)_l(yn - TnByn)vn > 1.

They established that the sequence generated by (3) converges weakly provided that r,, <
2, where L is the Lipschitz constant of B and (2) is satisfied.

Moreover, the following inertial forward-backward splitting algorithm was proposed by
Cholamjiak et al. [15] in 2018 for solving variational inclusion problem (VIP) in the
framework of Hilbert spaces:

Yn = Tp + en(:nn - :Un—l)a
Tpt1 = anv + Bpyn + UnJan (Yn — 1nByn),n > 1,

where B: H — H and D : H — 2 are inverse-strongly monotone and maximal monotone
, respectively, J2 = (I+r,D)~! {on},{Bn}, {on} C [0,1], and oy, + B, +05, = 1. A strong
convergence result was established under some suitable conditions.
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On the other hand, let C be a nonempty, closed and convex subset of real Hilbert space
H, and let f : C x C — R be a bifunction such that f(z,x) = 0 for all z € H. The
Equilibrium Problem associated with f and C' is defined as follows: Find x € C such that

f(z,y) >0,Yy € C. (4)

We denote the set of solutions to the equilibrium problem (4) by EP(f,C). It is well known
that the equilibrium problem is a generalization of several other optimization problems
which include variational inequality problem, fixed point problem, convex minimization
problem, Nash equilibrium problem (see [16, 17]). Several methods such as projection
methods, Bregman distance method, proximal method, regularization methods, etc., (see
[18, 19] and references therein) have been proposed for solving EP (4) and several other
related optimization problems.

The Bilevel Equilibrium Problem (BEP) introduced by Chadli et al. [20] in 2000 is defined
as follows: Find x € EP(f,C) such that

g(w,y) >0,y € EP(f,C), (5)

g : C x C — R is a bifunction. The solution set of (5) is denoted by I' i.e. T' = {x €
EP(f,C): g(z,y) > 0Vy € EP(f,C)}. The BEP has recently attracted the interest of
several authors, hence, iterative algorithms have been proposed for solving it (see [1, 18, 21]
and the references there in).

In 2014, Quy [22] proposed an algorithm by combining proximal method and Halpern’s
method to establish a strong convergece result for approximating a common solution to
bilevel equilibrium and fixed point problems in real Hilbert spaces.

In 2018, the following extragradient method for solving BEP (5) was introduced by Yuying
et al. [21] :

Algorithm 1.
Step 0: Set xg € H,{a,} C [0,1],0 <X < i—g, {6n}, {m} satisfying the following

lim,, o0 , = 0, Zzo:() Oy = 00,
0<6, <1—ay,lim, .xd,=0<1,VYn >0,

0§7<7n<¢<min<2i1,2i2>.

Set n =0 and go to Step 1.
Step 1: Compute

t, = arg min ,

. 1
s = axgmin{ 309 a,0) + 31l ~ 2l 1 € O

1
Mg (sn9) + 5y = zo|? iy € C

Step 2: Compute wy, € d2f(tn,tn) and

Tpt1 = OnZn + (1 — 0p)up — apAwy,
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Set n:=n+ 1 and go back to Step 1.

where f satisfies strong monotonicity and g satisfies pseudomonotonicity and Lipschitz-like
condition. Under some appropriate conditions, the authors established that the sequence
generated by the Algorithm 1 converges strongly to a solution of BEP (5). We note
that the step size in the Algorithm 1 depends on the prior estimate of the Lipschitz-like
constants a; and ao.

Furthermore, the following subgradient extragradient method was proposed by Anh and
An [23] for solving BEP (5):

Sp = argmin{’yng(xn,y) + %Hy — )%y € C},
tn = argmin{vng(yn,y) + %Hz —zp|?:z € Dn}, (6)

Tpil = argmin{ﬁnf(tn,y) + %Ht —z|?:te C’},

where D,, = {v € D : (x, — YnWn — Sn, ¥ — $p) < 0}, wy, € 029(Tn, sn), {1} and {B,} are
two nonnegative sequences.

Li [24] introduced the following iterative algorithms for solving pseudomonotone equilib-
rium problem :

Algorithm 2.

Step 0: Select xg,yo,y1 € C and the parameters f >0 and A > 0, put n = 0.
Step 1: for a given x,, solve the strongly convex problems :

Up = argmin{ﬁg(wn,y) + 3llzn —yl?:y € C},

ty = argmin{ﬂg(un,t) + %Hﬂcn —yl?:te C'n},

where C, = {v € H : (xy, — Pwy, — Up, v — uyp) < 0} with wy, € dag(xn, uy).
Step 2: Solve the strongly convex problems:

xm1=a@nm4}f@my»+amn—ywzyefu}
®)
zm+1ZEHgnﬂn{Af@m4ﬁ+-Hhm+1—yH2:yéi%},

where Hy, = {z € H : (xy, — AVp, — Yn, 2 — Yn) < 0} with v, € dof (Yn—1,Yn), Tn = {2 € H :
2 = tall < 12 — 2all}

Step 3: If xpy1 = yn = Tn = un, then the algorithm stops, x, € §); otherwise, set
n=n+1 and return to Step 1.
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Algorithm 3.

Step 0: Select xg,y—_1,y0 € C and the parameters 5 > 0 and A > 0, put n = 0.
Step 1: for a given xy, solve the strongly convex problems :

= argmin{/ag@n,y) o=yl y e o},
= argmin{ﬁg(umt) e =yl it € cn},

where C, = {v € H : (xy, — Pwy, — Up, v — uyp) < 0} with wy, € dag(xn, uy).
Step 2: Solve the strongly convex problems:

Tnp1 = argmin{kf(yn,y) +5len—yl?:y € Hn}
(10)
Yni1 = argmin{)\f(yn,y) + %||.’1§'n+1 —yl?:y e Tn},

where Hy, = {z € H : (xy, — Avp, — Yn, 2 — Yn) < 0} with v, € dof (Yn—1,Yn), Tn = {2z € H :
[z = tull < |lz — znll}-

An, f(ynfla'iUTH*l) - f(ynfbyn) - f(yna xn+1) <0,

)\n+1 == 2 2
mi plyn=yn—1|*+llyn—znt1[*) .
inq A, fWn—1,2n41) = F(Yn—1,9n) = f(Un,Tn+1) otherwise.

(11)
Step 3: Modify Br11 by the following formula:

ﬂny Q(CEn,tn) - g(xmun) - Q(Umtn) < 07

Prsr =4 . pllltn —an |2+l tn—wnl?) :
mln{ﬁn, T =g (i) =gt ) otherwise

(12)
Step 4: If Tn11 = Yny1 = Tn = Yn, then the algorithm stops, x, € §; otherwise, set
n=n+4 1 and return to Step 1.

Using the above methods, they proved that the sequence of iterates converges weakly when
the associated operators f and g are pseudomonotone bifunctions.

The following Algorithm 4 proposed by [21] is an improvement on Agorithm 1, although
the two algorithms necessitate calculating two projections onto the feasible set C for each
iteration, which can be computationally demanding if the set C is complex. In addition,
the line search procedure in [21] involves an inner iteration that requires extra computation
and execution time.

Algorithm 4.

Initialization: Select xop € H,0 < p < i—;?, the sequences {oan} C (0,1),{6,} and {y,}
are such that
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limy, o0 @, = 0, Z;?LO:O Qp = 00,
0<6,<1—0a,,Vn>0, limy, o0 0y, = 6 < 1,
0 <<7 <p <7 <min (5, 50=)-

Set n =0 and go to Step 1.

Step 1. Compute

Yn = argming v,9(xn,y) + %Hy —zp|?:y € C},
Zn = argming Yng(Yn, y) + 5lly — anl? 1y € Cn},

Step2. Compute u, € Oaf(2n,2n) and
Tnt1 = OnZpn + (1 — 0p)2n — Qppitiy,.

Setn=n+1 and go back to Step 1.

In light of the above, this paper presents a novel inertial self-adaptive subgradient extra-
gradient method for solving a common solution of BEP and inclusion problems in real
Hilbert spaces. Additionally, our algorithm uses only one strongly convex optimization
problem within the feasible set, while the second level optimization problem is solved over
a constructible half-space that can be easily computed using established techniques in
convex optimization. Moreover, the algorithm’s stepsize is determined by a step-adaptive
process, eliminating the need for prior estimates of the Lipschitz-like constants. We estab-
lish a strong convergence theorem for approximating the solution of BEP and inclusion
problem in real Hilbert spaces. Furthermore, we present numerical experiments to demon-
strate the efficiency of the proposed method and the results outlined in our article build
upon and broaden several related findings in the existing literature.

We emphasize the features provided by our proposed algorithm as follows:

(i) We employ the inertial technique to accelerate the rate of convergence of our pro-
posed algorithm.

(ii) Our convergence analysis is not established under two-cases approach which is com-
monly used.

(iii) Our cost operator of bilevel equilibrium problem is pseudomonotone which is more
general than monotone.

(iv) We solve a common solution of BEP and inclusion problem.

(v) Our algorithm focuses solely on one strongly convex optimization problem within the
feasible set, while the second optimization problem is addressed over a constructible
half-space, which can be readily computed using well-established techniques in con-
vex optimization.

(vi) We obtain a strong convergence result unlike in [24] where a weak convergence result
was obtained.
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2. Preliminaries

In this section, we present some useful definitions and lemmas required to establish
our result. Let x,, — = denotes strong convergence and x,, — x denotes weak convergence.
Let C' be a nonempty closed convex subset of a real Hilbert space H.

Definition 1. Let f : C x C' — R be a bifunction. Then f is said to be

(i) monotone on C if
f(@,y) + fy,2) <0,Va,y € C;

(ii) pseudomonotone on C if

flx,y) > 0= f(y,xz) <0,Va,y € H.

Definition 2. Let C be a nonempty subset of a real Hilbert space H. A function f: H - R
is said to be convex if

flex+ (1 =c)y) <cf(@)+(1—-0)f(y), Vece(0,1),z,y€C,
Definition 3. A subdifferential Of of f : H — R is defined by
Of(@):={veH: f(y) = fx)+(v,y—a), v,yecH}
Definition 4. Let f: C' — R U {400} be a function.

(i) The effective domain of f, denoted by domf is defined by

domf:={x € H: f(x) < +o0};

(ii) f is lower semicontinuous at xo € domf if and only if

f(zo) < liminf f(x);

T—rT0
(iii) f is upper semicontinuous at xo € domf if and only if

f(xo) > liminf f(z).

T—T0

Definition 5. A mapping A : H — H is said to be

(i) monotone if
<A$—Ay,3?—y>20, v xayeH;

(ii) B—strongly monotone if for all 5 >0

<A.%'—Ay,$—y> Z/BHm_y‘Pa vxayeHv
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(iii) a-inverse strongly monotone if there exists a constant o > 0 such that
(Az — Ay, — y) > of| Az — Ay||*, Va,y € H;
(iv) nonexpansive if
[Az — Ay|| < ||z —yl|, Vo, y € H;
(v) firmly nonexpansive if

<A$—Ay,$—y>2 HA.’L'—AyHQ, v xayEH;

(vi) Lipschitz continuous if for all L > 0
Az — Ayl| < Lllz — yl|, Va,y € H;
if 0 < L <1, then A is a contraction mapping.

It is known that nonexpansive mappings are 1-Lipschitz continuous mappings. Moreover,
inverse strongly monotone mappings are monotone and Lipschitz continuous. However,
the converse does not hold.

Definition 6. Let B : H — 2 be a multivalued operator on H. Then
(i) The effective domain of B denoted by D(B) is given as D(B) = {x € H : Bx # (}.
(ii) the graph G(B) is defined by
G(B) :={(z,u) € H x H :u € B(z)};
(iii) the operator B is said to be monotone if (x—y,u—wv) > 0 for allz,y € D(B),u € Bz,
and v € By;

(iv) a monotone operator B on H is said to be mazimal if its graph is not properly
contained in the graph of any other monotone operator on H;

(v) for a maximal monotone multivalued mapping B on H and r > 0, the operator
JB .= (I +rB)™': H— D(B)

1s called the resolvent of B, where I is the identity operator on H. It is known that
for any r > 0, the resolvent mapping Jfg 1s single-valued and firmly nonexpansive.

For all 2,y € H, the following inequalities hold:
lz +ylI* < [l2[* + 2(y, = + ), (13)

and
Iz +yll* = =l + 2(z,y) + lyl*. (14)

Let N¢(z) be the normal cone at € C. Then,
Ne(z) ={we H: (w,x —y) >0,Yy € C}. (15)
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Lemma 1. [25] Let B : H — 2% be a maximal monotone mapping and A : H — H
be a Lipschitz continuous and monotone mapping. Then the mapping A + B is maximal
monotone.

Lemma 2. [26] Let C be a nonempty closed convez subset of a real Hilbert space H and
¢ : C — R be a convex and subdifferentiable function on C'. Then x* is a solution to the
convez problem : minimize{¢(x) : x € C} if and only if 0 € Op(x*)+ Nc(x*), where 0p(x)
denotes the subdifferential of ¢ and No(x*) is the normal cone of C at z*.

Lemma 3. [27] Let {c,} be a sequence of non-negative real numbers, {an} be a sequence
of real numbers in (0,1) such that Y o> | o, = 00, and {b,} be a sequence of real numbers.
Suppose that

eni1 < (1 —ap)en + anby,n > 1.

Iflim supy,_, o, by, < 0 for every subsequence {cy, } of {cn} satisfying the condition im infy_, oo (cpy+1—
n,,) > 0, then limy, oo ¢, = 0.

Lemma 4. [21] Let f : H x H — R be an n-strongly monotone bifunction and satisfies c-
Lipschitz continuous condition i.e. for each x,y € H,u € Oz f(z,-)(x) and v € 02 f(y,-)(y).
Suppose 0 < a < 1,0<0<1—« and0<)\<i—g, then

11— 8)z — adu— [(1 - &)y — ade]| < (1= 6 — ar)l|z — g,
where 7 =1 — /1 — X217 — Ac?) € (0,1].

Lemma 5. [28] Let {a,},{cn} C Ry, {on} C (0,1) and {b,} C R be sequences such that
ant1 < (1 —op)an + by + cp, ¥n > 0.
Assume Y 2 |en| < 00. Then the following results hold:

(i) If by, < Boy, for some >0, then {ayn} is a bounded sequence,

(i) If we have

> b
Zan =00 and limsup — <0,

n—oo On
n=0

then lim,,—yo0 an, = 0.

3. Proposed Method

In this section, we highlight some assumptions required to establish our strong convergence
result, and then we present our proposed method.

Assumption 1. Let f: H x H — R be a bifunction that satisfies the following:

(i) f(-,y) is weakly upper semicontinuous on H for every fized y € C;
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(ii) f is - strongly monotone on H;

(iii) f(x,-) is convex, weakly lower semicontinuous and subdifferentiable on H for every
fized x € C;

(iv) f is c-Lipschitz continuous, i.e. for every x,y € H, there exists a constant ¢ > 0
such that

F (02 f (x,2),82f (y,y)) < el —ylf?,
where the Hausdorff metric f on H is defined by
F (A, B) := max{supd(z, B),supd(z, A)},

Ve € A,Vy € B and VA, B € CB(H) (CB(H) is the family of nonempty closed bounded
subsets of H).

Assumption 2. Let g: H x H — R be a bifunction such that the following are satisfied:

(i) g is convex, weakly lower semicontinuous, and subdifferentiable on H for every fized
x € H;

(ii) g is pseudomonotone on C with respect to Ep(f,C) i.e.

g(z,q) £0,Vx € C,q € Ep(f,C);

(iii) g(-,y) is weakly upper semicontinuous on H for every fixred y € C;

(iv) g is Lipschitz-type continuous i.e. there exists two positive constants a; and az such
that

9(z,y) +9(y,2) > g(z,2) — ar||lz — y||* — azlly — 2[|*, V2, y, 2 € H.

It is worthy to note that the solution set Sol(g, C) is closed and convex when the bifunction
g satisfies Assumption 2(i), (ii) and (iii).

Assumption 3.
(i) Let {en} be a positive sequence such that limp_,oo & = 0, where {an}, {e,} C (0,1);
(ii) limy,so00, =0, 07 o = 00;
(117) 0 < 0p, <1 — ap,limy 000 =6 < 1,{0,} C (0,1),Yn > 0;
(iv) The solution set Q =T N (B + D)~1(0) # 0

Next, we present our proposed method as follows:
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Algorithm 5.
Step 0: Set xg,x1 € H,v1,m1 > 0,11,0,p € (0,1),0 < A < i—g
Set n =1 and go to Step 1.
Step 1: Given (n — 1)th and nth iterates, compute

Wp = Tp + en(wn - xn—l)a
where

. o .

9, = mln{ Ten—2zn 1]’ 0}7 if T # Tn (16)

0 otherwise

Step 2: Compute
. 1 9
$n = argMing Yng(wn,y) + Sllwn —yl” 1y € O,

. 1
b = argmm{%g@n,y) A R Dn},

where Dy, = {x € H : (W, — Cn — Sn, @ — Sp) < 0} and §, € 02g9(wn, sn) is chosen such

that

Wn — /yngn — Sp € NC(Sn)-
Step 3: Compute
vp = (I +r,D)" (I —r,B)t,

and
Up = Uy — Tp(Bv, — Bty).

Step 4: Select oy, € 0o f (up, ) (uy) and compute

Tpg1 = Oy, + (1 = 0p)up — anAoy,

(17)

where
: n—Sn 2 +tn—5n 2 .
S mln{’Ym 2(ggl§l”::n)fg(|iui78|7|1)_gs(slb\th)) }a 1]( g(wmtn> + g(wna Sn) - g(snatn) >0,
Yn otherwise
and

: plltn—vn|l '
mln{ TBtn—Boa» "™ (7 if Bt, # Buy,
T'n+1 =

Tn otherwise.

Setn:=n+1 and go back to Step 1.

(18)
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Remark 1.

From (16), we have
0

€
. |Zn — Zn—1]| < -,
(879 n

hence, from Assumption 3(i), we obtain

lim — ||, — 2, 1]| < lim —
n—00 (p, n—00 Uy,
Hence, we have
)
lim — ||z, — p_1]| = 0.
n—00 Uy,

4. Convergence Analysis

Lemma 6. Let {r,} be a sequence generated by (18). Then {ry} is a non-increasing
sequence. Hence

lim r, =7r > min{rl, z}

n—oo
Proof.
It is clear that {r,} is non-increasing. Also, if Bt,, — Buv, # 0, then we have
plitn — vnll s P
|Bt,, — Buy|| — L

Therefore, {r,} has the lower bound min{rl, Z}

Lemma 7. The sequence {y,} generated by (17) is monotonically non-increasing and

lim v, =v> _r
n—00 ~ 2max{ai,as}

Proof.
It is obvious that {7, } is non-increasing and ¢ satisfies Assumption 2(iv), we have

p(l|lwn — SnH2 + ||tn — 5n||2) > p(llwn — 5n||2 + |[tn — 5n||2)

2(g(wn7tn) - g(wna Sn) - g(snatn)) N 2(a1”wn - 5n||2 + UJQHSH - thQ)
"
~ 2max{ai,as}

Therefore, {7,} is bounded below by m Thus, we have

I

lim =r> -
n—00 Tn V= Qmax{al,ag}
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Lemma 8. Let {x,} be a sequence generated by Algorithm 5, then

2
o r
fnal® < o=l (=132 ) s+l —taP] = (1= 52 ) v €
In+1 Tn+1
Proof.
From the definition of {r,}, we obtain
|Btn — Bup|| < —L—|[tn — val|,¥n € N. (19)
T'n41
Moreso, if Bt,, = Bv,, hence (19) holds. Otherwise, we get
ol = min{ plltn — vall r } < plltn — vl
n - ’y'n — )
| Bt,, — Bug| | Bt,, — Buy|
from which we have
|Btn — Bup|| < —L—|[tn — val|,Vn € N. (20)
T'n+1

Hence, (19) holds when Bt,, = Bv,, and Bt,, # Bv,.
From the definition of s, and Lemma 2, we obtain

1
0€ 0 <7ng(wn, )+ §\|wn — y|]2> (sn) + Nc(sn),Vy € C.

This implies that ¢/, € dag(wn,.)(sn) and » € Ne(s,) exist, such that
Yl + Sp — Wy + 32 = 0.
Since s € N¢(sy), therefore (3,y — s,) < 0,Vy € C. Hence
(wy, — Y€ — snyy — sn) < 0,Vy € C.

Thus, C C D,. Also, from the definition of ¢, and Lemma 2, we have that
1
0€ 03 (ug(om.) + 3100 = 917 ) t) + N, (), € Do
Therefore, ¢, € d29(sn,-)(t,) and 5 € Np, (t,) exist, such that

’yngn+tn—wn+2:0,
and for all y € D,,. Since 3 € Np, (ty), so (3r,y —t,,) < 0. Thus
7n<an7y_tn> Z <wn_tn7y_tn>7vy € Dn- (21)

Also, from (,, € 9ag(sp,t,), we have

g(Smy) - g<3natn) = <§nay - tn>7vy € H. (22)
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By substituting y = ¢ in (21), then we obtain
7n<§n7q - tn> > <wn —tn,q — tn>' (23)

Since 7y, > 0, therefore it follows from (22) and (23) that

’Vn(g(sna Q) - Q(Snatn)) > <wn —tn,q — tn>-

Since ¢ € sol(f,C') together with Assumption 2(ii) which is the pseudomonotonicity of g,
then we have ¢(sy,q) < 0. Thus, we obtain

—Yng(Snytn) > (W — tn,q — ty). (24)

Also, since t,, € D,,, we have

<wn - ’YnCn — Sp,ytn — Sn> <0.

Thus,
(Wn = 8p,tn — 5n) < YnlCnytn — 5n)-

Also, ¢, € 029(wn, -)(sy), hence
9(wn,y) = g(wn, sn) 2 (Gn,y — sn), ¥y € H.
Therefore,
n(g(wn, tn) = g(wn, $n)) = Yn(Cnstn = Sn) = (Wn = Snytn — Sn). (25)
By adding (25) and (24), we get

27n(g(wnatn) - g(wn7 Sn) - g(3n7tn)) > 2<wn — Spytp — 3n> + 2<wn —tn,q — tn>
= |lwy, — SnH2 + [[tn — SnH2 — [lwn — th2

+lwn = tal® + [[tn — qll* = llwn — gl
which implies that

It = all® < llwn = gll* = llwn = sall® = llta — snll?

+ 29n(9(Wn, tn) — g(Wn, 8n) — G(Sn,stn)).

Using the update y,+1, we have

Itn — Q||2 < lwn — Q||2 — [Jwn, — SnH2 — [Itn — 5n||2 + 29 (g(wn, tn) — g(wn, sn) — g(sn,tn))

< [wn — gl = lwn — a1 = |t — snll® + %muwn — 50l + [[tn — 5all?)

n+1

)
— Jwn — gl - <1—u o )nwn—snn?— (1—u n )Hsn—tnrr?

Tn+1 Tn+1
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=l = (1= 1) = sl + s = 7). (26

n+
By combining (20) and (26), we have

lun — ql1* = v — r0(Bvn — Bty) — q|?
= ||vn — qH2 + ri”an — Bth2 — 2rp (v, — q, Bvy, — Bty,)

= [|tn — QHZ + [|vn — th2 +2(vn — tostn — @) + TiHBUn - Btn”2 — 2rp (v, — q, Bv, — Bty,)

= [ltn = qll* + lvn — tall* = 2llvn — tall* + 2(vn — tn, v — @) + || Bun, — Bty
— 2rp (v, — q, Bu, — Bty,)

= |[tn — q”2 — [Jvn — th2 + 2(vn — tn,vn — @) + 7”721||an - Bth2 — 2rp (v, — ¢, Buy, —
= |[tn — CIHZ — [Jvn — th2 — 2(ty — vy — (Bt — Bog), v — q) + TTQLHan - BthZ

2
T
< =gl = (1= 12 [l = s0l? + s = 0] = (1= 215 ) = 00

n n+1

— 2(ty, — vy, — (Bt — Buy), vp — Q). (27)

From the definition of v,, we get (I —r,B)t,, € (I+r,D)v,. By the maximal monotonocity
of D, we have h,, € Dv,, such that (I — r,B)t, = v, + rnhy, which implies that
1
hp, = —(tn, — vy — T Bty). (28)
Tn
Furthermore, 0 € (B+ D)q and Bv,,+h,, € (B+ D)v,. Since B+ D is maximal monotone,
we get
(Bvy, + hp,vn — q) > 0, (29)

by substituting (28) in (29), we obtain

1
T—(tn — Uy — T Bty + 1 Bug, v, — q) >0,
n

from which we have
(tn — v — (Bt — Buy), v, — q) > 0. (30)

By applying (30) into (27), we get

2
’}/ T
um — a2 < Hwn—ql2—<1—u n )[|wn—sn|2+||sn—tn||2]—(1—p2 n )ntn—w.
Tn+1 Tn+1
(31)

Lemma 9. Let {z,,} be the sequence generated by Algorithm 5 under Assumption 3. Then
{z,} is bounded.

Bt,)
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Proof.

Since limy,_, o v, = v exists, therefore we have lim,_, <1 —u > =1—p>0,Yn>1.

'Yn+1

Also, since limy,_s <1 — p? " ) = 1—p? > 0, then there exists ng € N such that

n+1

(1 p? TTQ ) > 0,Vn > 1. Therefore from (31), we get

n+1
lun = ql* < llwn — ql]*. (32)

From the definition of w,,, we have

|wn = qll = [[2n + On(Tn — Tn—1) — 4|
< lzn — qll + Onllzn — ]|
0
< lzn — gl + @ninxn — Tp—1]|- (33)
Qp
From Remark 1, we have lim,,_~o 2—’;”3:” — Zp—1| = 0. Then, it follows that there exists a

constant M; such that %Hmn — Tp—1|| < M;. By applying this in (33), we have
[wn = qll < llzn — qll + anMi. (34)
From (34), Assumption 1(ii), (iv), and Lemma 4, we obtain

|Zn+1 — qll = [|0pwn + (1 = 0p)un — anron —q||
= ||onwn + (1 = 0p)un — anAoy, — 0ng — (1 — 0n)q + anAv — ap ||
< (1 = bn)un — anroy — [(1 — 0n)q — O‘n)‘q] | + Onllwn — qll + anAlv]|
< (1 =6n — anT)||un — qll + dnllwn — gl + anAfv||

< (1= 6n — anT)|Jwn — ql| + dnllwn — ql| + an|v]|
<(1- anr) [z — qll + anMi] + anAlv]|
< (1= an?)|[@n — gl + an [M1 + AlJ0]]
M MM
< (1= ay)llan g+ (222 4 2020, (35)

where 7 = 1 — /1 — A(27 — Ac?). Now, let My := supneN{J\f1 + AHTU”} From (35), we

have
lTni1 —qll < (1— an?)Hxn —q|| + anTMs.

Setting a,, = ||zn — ¢l|, on := anT, by 1= a,TMs and ¢, := 0. Then by Lemma 5(i) and
assumptions on the control parameters, we can conclude that {||z, — ¢||} is bounded and
this implies that {z,} is bounded. Consequently, {u,}, {tn}, {sn}, v, and {w,} are also
bounded.
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Lemma 10. Let {v,} and {t,} be sequences generated by Algorithm 5. If Assumption 3
holds such that limy_, o ||vpn, — tn,|| = 0 for some subsequences {vy, } of {vn} and {t,,} of
{tn}, and {t,,} converges weakly to z € H, then z € (B + D)~1(0).

Proof.
Let (u,v) € G(B + D), that is v — Bu € Du. Since v,, = (I + 1, D) Y(I — 1y, B)ty, , we
obtain (I —ry, B)ty, € (I + 7y, D)vy, which implies that

(tnk — Un, — TnkBtnk> S Dvnk.
Since D is maximal monotone, we have

1
<u — Up,, 0 — Bu— —(tp, — vp, — rnkBtnk)> > 0.

Ty,
This implies that
1
(U —vp,,v) — (U — vy, Bu+ —(tn, —vp, — 10, Btyn,) ) >0.
ng
Thus, we have

1
(u —vp,,v) > <u — Up,,, Bu+ T—(tnk — Up, — ’I“nkBtnk)>

ng
(tnk — Uny, )>
1

= (u — vy, Bu— Buy, ) + (u — vy, , Buy, — Bty,) + <u — Uy

Nk

1
= (u — vy, Bu— Bty ) + <u—vnk,r

s

(s = )

1
> (u — vp,,, Buy, — Bty ) + <u — Upys r—(tnk - vnk)>
ng
Since limy_yo0 ||tn, —¥n, || = 0 and B is Lipschitz continuous, then we have limy_, || Bty, —
Buy, || = 0. Also, since lim,,_,o 7, = r > min {7’0, Z}, we obtain

(u—z,v) = lim (u — vy, ,u) > 0.
k—ro0

By the maximal monotonicity of B + D, it implies that 0 € (B + D)z, that is z €
(B + D)7Y(0).

Lemma 11. The following inequality holds for all ¢ € Q:

3M39onn — a:n_lH

anT

|Zns1 — ql* < (A = an?)||zn — q||* + a7 <2(v, q— Tpt1) + ),Vn, Ms > 0.
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Proof.
Let g € Q. Then by Cauchy-Schwartz inequality, we obtain
[|wn — Q||2 = ||2n + On(zn — xnfl)HQ
= llen — ql® + 63|20 — znal® + 205 (20 — ¢, 20 — T01)
< lzn — q”2 + 9721”3771 - 3771—1”2 + 20020 — qlll|lzn — 21|

= ||zp — q”2 + Onllzn — 1| [eanCn — Tp1|| + 2|z — qm

0
= [l = al* + 38Msatn " on — 701 (36)

where Mz := sup,eni{l|zn — 4|, Onllzn — 2n-1]]} > 0. By Lemma 5, (36) and (13), we
obtain
2ns1 = all* =[100wn + (1 = 6,)un — anday — gl
= |(1 = Sn)un — anAon — [(1 = 6n)q — M| + 6, (wn — q) — anXv|?
< (L = 8n)un — anAan — [(1 = 6n)g — anAv] + dn(wn — @)||* + 20\ (v, ¢ — Tnt1).
< (1 = Gn)un — andon — [(1 = 62)q — an o] [* + [|8n (wn — )2
+ 26, ][(1 = 6p)tn, — an Aoy — [(1 = 6n)g — anAv][[[lwn — gl + 200 A (v, ¢ — Tp41)
< (1= 00 — an?)?[lun = qll* + 03w — qll* +2(1 = 65 — @nT)dnlun — gll|wn — gl
+ 20, T(V, ¢ — Tpt1)
< (1= 00— an7)?[lun — ql|* + 03 lwy — q|?
+ (L= 8 — anT)dn(|lun — gl* + llwn — al*) + 2007 (v, ¢ — @ni1)

(1= 6p — 7)1 — nT) ||t — ql|* + 0, (1 — an®)|Jwn — q||> + 20,7 (v, ¢ — Tri1)
(37)

< (1 - anf)Hwn - Q||2 + 20%7_'<’U, q— xn+1>

_ 0 _
< (1—a,7) [Hmn —q|® + 3M3ana—onn — Tp—1]l| + 20,7(v, ¢ — Tpt1)
n

0
< (1= an?)|zn — ql* + (1 = a7)3Mz— ||z — Tp_1|| + 20,7 (v, ¢ — Tpi1)

Qp
3M39nHJL‘n — wn—lH >

anT

< (1= an?)[2n — all? + an? (2<v,q i) +

Theorem 1. Let {x,} be a sequence generated by Algorithm 5 satisfying Assumptions 1,
2 and 3. Then {x,} converges strongly to & = Pqxyg.

Proof.
Let z € ), then from Lemma 11, we get

3M30 — Ty
||xn+1—f||2§<1—ammmn—fn?mnf(z@,f_mo+ 3020 = 2n 1”)

anT
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= (1 — 7)) |20 — Z||? + anThy, (38)

where b, = 2(v, T — Tpy1) + 3M30n|2n —Tnn ] ‘f:;x”*”.

Now, we claim that {||x,, — Z||} converges to zero. In order to establish this, by applying

Lemma 3, we have to show that lim sup,,_, ., bp, < 0 for every subsequence {Hxnk — ||} of
{||xr, — Z||} such that

lim inf (H]}nk_;,_l —Z|| = |n, — f]) > 0. (39)
k—ro0
From (31), (36) and (37), we have

|Zns1 — 2% = |6nwn + (1 = 0,)upn — anio, — Z||

< (1 =08, — an?)(1 — an®)|Jtn — |2 + 60(1 — 0 7)|Jwn — Z)|? + 20,7 (0, T — Tpy1)

< (1= by = an)1 = ) [ =2l = (1= ) [ = sl + s = ]

n+

2
)
— (1= Yl =l ] 60 @l — 17+ 20070, )
n+1

< (1= o) |Jwp — Z||? — (1 = 6, — 7)1 — an7) [(1 —p n ) [[[wn, — snl?
Yn+1
2

T _ _
#llsn = 0al?] = (1= 272 )l = | + 200702 01
Tn+1

6
< (1= a7 ||lzn — Z||* + 3M3ana—onn — ZTp—1||
n

=ty )0 = ) | (1= 2 ) [ = sl st
Tn+1

2

”

- (1 — p? 5 )th — UnHQ] + 20, T(V, T — Tpy1). (40)
Tn+1

Suppose that {||z,, — ||} is a subsequence of {||x,, — Z||} such that (39) holds. From (40),
we obtain

(1= 6n, — an, 7)1 — ap,7) [(1 — ,ﬂ"k) (wng = Sl + ll5ne — tag|I?]

Tng+1
2
9 T 2
S (R [
?”Lk-i-l

< (1— an ®)len, — 7P - llems1 — |2 +ank(

3Ms0,,,

Nk

Hxnk - xnk_IH + 2%<U7j - xnk+1>)~

By applying (39) together with the fact that limg_, oy, = 0, and that limj_, (1 —
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Tn .
'urnk’L) =1—-—p>0, we get
1- — = ’Y”k _
1m (1 - 5nk - ankT)(l - ankT) 1- H Hwnk - SnkH - 07
k—oo Tnp+1
lim (1 — 6y, — o, 7)(1 — ap, T) <1 - u%’“> |sn, — tnill =0,
k—o0 Tne+
and
. T’Z 2
lim (1 — 6y, — an, 7)(1 — o, T) (1 —p? 5 k )thk —up, |7 =0.
k—o0 T.nk,-‘rl
By the conditions on the control parameters, we have
kh_{IC}O Hwnk - SnkH =0, (41)
klgrolo Hsnk —lny ” =0, (42)
and
lim ||¢,, — vy, || = 0. (43)
— 00
Indeed, we have
Hunk _U”k” :TnkHB’Unk _BtnkH' (44)
Since limg_yo0 ||Un, —tn, || = 0 and B is Lipschitz continuous, we have || Bvy, — Bty | — 0
as k — oo. By applying this in (44), we obtain
lim ||up, — vn, || =0. (45)
k—o0
Also, from (41) and (42), we get
Hwnk - an” - ”wnk ~ Yny + Yny, — Z”k”
< Hwnk - ynkH + Hynk - Z'nkH — 0.
Thus
lim ||wp, — 2| =0. (46)
—00
Similarly, we have
Jim {20, =, =0,
lim Hxnk - y”k” =0,
k—o0
and
lim ||v,, — 2n, || =0. (47)
—00
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From (45) and (47), we get

lggo Hunk - xnk” = 0.
By Remark 1, we have
On,,
|wn,, — @y || = oy, —=||Tn, — Tngp—1|| = 0 as n — oo.
Oy
From (48) and (49), we have
klggo ||wnk - u”k” =0.
It is clear that
”xnk"‘l - u”k” = Hénkwnk + (]- - 6nk)unk - Olnk)\O'nk — u”k”

= H‘Smc (wnk - unk) - ank)\ank”

< 5nkHwnk - unk” + ank||)\ank|"

By applying (50) and the condition on «,, in (51), we get

klglc}o ||xnk+1 - unk” =0.
From (48) and (52), we obtain

lim ||$nk+1 - xnk” =0.

k—o0

21 of 28

(48)

(53)

Since {x,,} is bounded, then there exists a subsequence {x,, } of {z,} such that Ty, = 2
From (43) and (47), we have t,, — z. Moreover, it follows from (43) and Lemma 10 that

2 (B+D)\(0).

Next, we show that z € Sol(g,C). Let ¢ € Sol(g,C), then f(q,y) > 0 for all y € Sol(g,C).
Therefore ¢ is a minimum of the convex function f(q,y) over Sol(g,C). Thus, by Lemma

4, we obtain
0 € d2f(q,)(q) + Nsoi(g,c)(q)-

Thus, there exists v € d2f(q, -)(¢) such that
(v,z—17) > 0,Vz € Sol(g,C).
From Lemma 4, and by the definition of {s,}, we have
0€ 02 (Angun.t) + 3w = 917 ) (50) + Ne(ss).
Therefore, there exists w € N¢(sy) and ¢, € d2g(wn, -)(s,) such that

7n<n+5n_wn+a):0-

(54)

(55)
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Since w € N¢(sp) and (w,y — sp,) < 0. Then, we obtain from (55) that

W,y — Sn) = (Wn — Sn, Y — Sn), Yy € C. (56)
Furthermore, it is known that ¢, € dag(wn, )(s,). Thus, we have

9(wn,y) = g(wn, $n) = {0,y — sn),Vy € H. (57)
From (56) and (57), we get

Tn (g(wn,y) — g(wn, 3n)> > (wn — 8n, Y — 8n), Yy € C. (58)

Let n = ny, in (58), we have

Tn <g<wnk7 y) - g(wnm Snk)> > <wnk — Sngs Y — 5nk>7vy e C. (59)

Taking k — oo and by applying Assumption 2 (i), 2(ii) together with the fact that |w,, —
Yn, |l = 0 as n — oo, we get

9(z,y) 2 0,vy € C.
Thus z € Sol(g,C). Therefore, z € Q = Sol(g,C) N (B + D)~1(0). We now show that

{zn} converges strongly to z. From (54), we get

limsup(v, Z — zp, 4+1) = limsup(v, T — x,, ) = limsup(v, & — zp, ) = (v, T — 2) <0,
k—o0 k—o0 k—o00 J

which implies

lim sup(v, Z — xp, 1) < 0. (60)
k—o0
Since limy, o0 g—szn — Zp—1|| = 0 and from (60), we obtain
lim sup b, <0, (61)
k—o0

which together with (60), (38) and Lemma 3, we get lim,,_,~ ||z, — Z|| = 0. Hence, {z,}
converges strongly to .

5. Numerical Examples

In this section, we present some numerical examples to illustrate the efficacy the efficiency
of our proposed algorithm. All simulations were carried on a personal Dell laptop with
memory size 8/256 using the MATLAB version 2025a. In Example 2, we made a com-
parison of Algorithm 3.2 with its non-accelerated version, i.e 6,, = 0. For both examples,
we use the following parameters except where a different value was used and indicated in
the example. We let # = 1/4, p = 0.25 ¢, = 1/(n +1)2, A\ = 1/7, p = 0.91, y = 2.7,
0 = nLJrs and o, = n%ﬂ The stopping criterion for both experiment is ||zp+1 — @] < b
where b = 1076.
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1
Example 1. Let H = L*([0, 1)), with ||z| = <f0 ||z (t) H2dt> and inner product (z,y) =

fo t)dt for all z,y € L*([0,1]). Suppose C = {z € L*([0,1]) : 01 La(t)dt = 1}, then
the proyectwn Po of x onto C is defined by
1¢
zdt — 1
Pox(t) = x(t) — Jo 3 TEg Yz e L([0,1]),t € [0,1].
02

Let g : L2([0,1]) x L?([0,1]) — R be a bifunction defined by
g(z,y) = (T(x),y —x),Va,y € L*([0,1]),

where T'(x) = 01 #dt, where x € L*([0,1]). Clearly, g which is monotone and hence
pseudomonotone satisfies Lipschitz-type continuous with L1 = Lo = % Also, let [ :
L2[(0,1)] x L?[(0,1)] — R be a mapping such that f(z,y) = (S(z),y — x) where S :
L?[(0,1)] — L2?[(0,1)] is given by Sz(t) = x(t) — w0, hence, S is 1-strongly monotone
and 1-Lipschitz continuous. Let D : L*[(0,1)] — L?[(0,1)] be defined by Dx = 3z, and
Bx =5x+3. Fors >0,

JP(x — sBx) = (I + sD) ' (z — sBx)
oz s(bz+3)
S 1+43s  1+43s

Let ||Zny1 — zn|| < 1074 be the stopping criterion. We consider the following cases:
Case I :xog=1+t> 21 = %exp(5t),

Case II : xg = t> — 1,11 = texp(—3t),

Case Il : xoy = %,xl = sin 3¢,

Case IV : zg = exp(3t),z1 = 1L,
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Figure 1: Example 1. Top left: Case 1, Top right: Case 2, Bottom left: Case 3, Bottom

right: Case 4.

Example 2. Let H = R" and C = {zx € R" : =5 < x; < 5,Vi = 1,2,--- ,n}. Let

Number of iterations

g:R" X R™ = R be a bifunctional that satisfies Assumption 2, and it is defined by
9(z,y) = (Pz+ Qy,y — x),Vo,y € R"

where P and Q) are randomly symmetric positive semidefinite matrices such that P — Q) s
positive definite. It is clear that g is pseudomonotone and Lipschitz-type continuous with

Ly =Ly = 3||P — Q||. Moreover, let f : R" x R" — R be defined by
f(z,y) = (Sx+Ty,y — x),Vx,y € R",

where S and T are defined by
S =N'N +nI,

and
T=S+M"'M+nI,,

where I, is the identity matriz, M and N are n X n matrices. Now, define the operator
D :R" - R" by Dr = 3z and B : R* — R" by Bx = bx + 3. Then following Example

5.1, we have that
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Case 2
T

10°

T
—Algorithm 3.2
— Unaccelerated
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Number of iterations
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—Algorithm 3.2
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Figure 2: Example 2. Top left: Case 1, Top right: Case 2, Bottom left: Case 3, Bottom

right: Case 4.

JP(x — sBx) =

(I +sD) }(x — sBx)
x s(bx + 3)
= — Y R".
1+3s  1+3s °F

Let ||Tp+1 — zn|] < 1074 be the stopping criterion. For this example, we vary the values of

Y1 as follows:
Case 1: v1 = 2.7,
Case 2: v1 = 1.5;

Case 3: v1 = 0.9;

Case 4: ~v1 = 0.01.

The report of this experiment are given in Figure 2.
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6. Conclusion

In this paper, we studied a problem of finding common solutions of bilevel equilibrium
and inclusion problems in the framework of Hilbert spaces by using a self-adaptive inertial
subgradient extragradient method. The algorithm is constructed to ensure convergence
without needing a prior estimate of the Lipschitz-like constant. Furthermore, we demon-
strated that the sequence produced by our proposed method converges strongly to the
common solution of the aforementioned problems, bypassing the conventional two-case
approach commonly employed in many studies. Also, we established a strong convergence
result under mild conditions and presented numerical experiments to demonstrate the
efficiency and accuracy of the proposed method.
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Appendix 1. Algorithm of Jolaoso et al. [18]

Step 0: Set To,T1 € H,Oﬁ > 3»’71 > 07#79 € (07 1)70 <A< %’ {an}a {(Sn}v {671} - (07 1)
Step 1: Given (n — 1)th and nth iterates, compute

Wp = Ty + Hn(xn - xn—l)a

where

. €n .
0, = mln{e’ max{||zn—zn-1]?,|tn—zn-1} }7 if Tn 7& Tn—1
0 otherwise

Step 2: Compute

. 1
Sp, = arg ming v,g(wp, y) + §Hwn — y||2 ty € C’},

. 1
bty = argmm{*yng(sn,y) + inn — yH2 (Y € Dn},

where Dy, = {x € H : (W, — Ynln — Sn, T — Sp)} and ¢, € Oag(wn, Spn) is chosen such that
Wy, — ’7n<n —Sp € NC(SH)‘
Step 4: Compute

Tnt1 = Opwy, + (1 — 0p)ty — apAop,

where

: n-—_°on 2 tn_ n 2 N
mln{’)/na Q(Q&Slﬁn)fg(lbillyll)—gs(sl,tn)) }; Zf g(wn, tn) + g(wna Sn) - g(Sn, tn) > 0,

TYn+1 =
Yn otherwise

Setn:=n+1 and go back to Step 1.

where limy, oo oy = 0, 07 g = 00,0 < 0, < 1 — ap, limy, 008, = § < 1,¥n > 0, and

€én = 0(ay,) which means limy, o0 52 =0
n



