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Abstract. The heat kernel of the Dirac operator is obtained with respect to a particular geometry.
This is done by calculating eigenfunctions of the Dirac operator on both spheres and hyperbolic
spaces of arbitrary dimensions. They are computed by separating variables in geodesic polar
coordinates. These eigenfunctions are used to derive the heat kernel of the Dirac operator on these
spaces. The kernels can be studied as cross sections of homogeneous vector bundles.
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1. Introduction

The Dirac operator is of great importance across the area of mathematical physics [1],
[2], [3]. The operator and its eigenfunctions, for example, have applications to the study of
de Sitter and anti-de Sitter spacetimes [4], [5]. The sphere S* and the hyperbolic space H*
are Euclidean sections of these space-times. The spaces S® and H? appear as the spatial
sections of cosmological models as well. The intention is to examine the Dirac operator
and its eigenfunctions on the N-dimensional sphere, SV , and real hyperbolic spaces,
HN | respectively. These are dual to each other as symmetric spaces and are maximally
symmetric [6], [7].

Dirac operators are first-order elliptic operators on Riemannian spin manifolds. They
are fundamental and they contain crucial topological and geometrical information[8]. They
can be used in geomtries such as Riemannian geometry, in index theory, noncommutative
geometries and others that will not arise here [9]. Compared to Laplacian methods, they
provide high sensitivity to surface features and curvature. The square of the Dirac operator
is an operator of Laplace type and the connection V as well also yields the Laplacian V*V
on the manifold.

A spin structure on an oriented n-dimensional Riemannian manifold M™ is a principal
bundle over M™ with structure group Spin(M™), referred to as the bundle of spinor forms
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[10]. It has a two-to-one bundle homomorphism of Spin(M™) onto SO(M™) associated to
it which preserves fibers and is group equivariant with respect to the standard two-to-one
covering homomorphism. There is a unique fundamental spinor representation of Spin(n)
in dimension 2("=1/2 for n-odd and T4+ @ 7—, where 71 are the two fundamental spinor
representations of dimension 27/2~1 each, for n even. A Dirac spinor field on M™ is defined
as a cross section of the vector bundle E™ over M™ with typical fiber C2l"/2) and structure
group Spin(n) associated with Spin(M™) by way of represention 7, spinor means Dirac
spinor. Among the spaces mentioned here, SV and HY, only S! admits more than one
spin structure. There exist two inequivalent spin structures on S', and the nontrivial one
can be chosen [11], [12].

To carry out calculations, a spinor field and its covariant derivative have to be expressed
with respect to a local moving frame {e;}} on M™ in components [6—10]. A spin connection
is induced by a metric connection w on Spin(M™) and a covariant derivative for the cross-
sections. Let 1 be a spinor, then the components of the spinor V., ¥ in a closed spinor
frame {64} A=1,... 2ln/2) are a set of linearly independent local cross sections of E7,

1

(Ve, ) = en(p) — §wabc(2bc)§ WP (1.1)
The wgpe in (1.1) are the connection coefficients in the frame specified by e,
Ve, €b = Wabe Ec- (1.2)

The X% are the generators of the representation 7 of Spin(n) and are expressed as follows
1
nhe = Z[rb,rC], (1.3)

where I'® = (Fa)jg, a=1,...,n; A,B=1,...,2"/2 are called Dirac matrices which obey
DT 4+ o1 = 2461, ab=1,...,n. (1.4)
where 1 is the unit matrix. The Dirac operator is defined to be

)V¢ =1 vea 7/} (1.5)

2. Operators on the N-Sphere

In polar coordinates, the N-sphere S has the metric
N-1 ' '
dsy = db® + f2(0) dsy_; = d6* + f2(0) > gij dw' ® dw? . (2.1)
ij=1
In (2.1), 6 is the geodesic distance from the origin, f(#) = sin # and {w’} coordinates on
SN=1 with metric tensor gi;(w) = (9/0w',8/0w’). Let {&;} be a set of vector fields on

SN=1 with anholonomy and Levi-Civita connection coefficients given as
N-1
_ A - - _ 1 = =
6] =Y Cijrer,  @ijk = (Ve &, ) — 5 (Ciji = Cikj = Cia)- (2.2)

k=1
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It is best to work with geodesic polar coordinate vector fields {e,}¥_; on SV defined by

€; , 0
ej:—f(é), i=1,...,N—1, eNZ%ZaG- (2.3)
The only nonvanishing components of the Levi-Civita connection wgp. in the {e,} frame
are
1_ I .
Wijk = ?Wijka WiNk = —WikN = 7 Oiks 4,5, k=1,...,N —1. (2.4)

In (2.4), f' denotes the derivative of f. The spin connection on S induced uniquely by
the Levi-Civita connection w. Let us solve for the eigenfuctions of X on SV by separating
variables in geodesic polar coordinates.

1. Suppose N is even. The I'" matrices are selected such that

0 1 i 0 4lv .
IW—<1O> r—<%ﬁ 0),]—LHWN—L (2.5)

where {IV,T*} = 267¥1. Using (2.4) and (1.5), the Dirac operator can be expressed in
the moving frame

R =TV (ext = Suna(SAYP) + T (e — Sona(5) 447
=¥ (gt = Lou ) + (L 7)) Gavt - e de). @
—@+ g -nDrue L (e T e
— @+ -v5rver 1 (e e

where X =TIV ?ej is the Dirac operator on SN—1,
Suppose that the eigenvalue equation has been solved on SV~ so

= (& . +
R Xt = Hill+ p) Xty - (2.7)
The index [ = 0,1,..., indicates the eigenvalues of the Dirac operator on the (N — 1)-
sphere, and p = (N — 1)/2, while the index m runs from 1 to the degeneracy d;. Define
the spinor
¢+>
= i 2.8
v= (4 23)

Since the dimension of y is the same as the dimension of ¢, that is, 21¥/2/=1 one can
separate variables in the following way

(1)¢+nlm(67 Q) ¢nl( ) le) (Q)v (2)¢+nlm(9a Q) wnl( )le) (Q)7 (2'9)
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and similarly for the lower spinors ¢_. Here Q € SV~ and n = 0,1,... labels the
eigenvalues —\2  of X% on S and n > D. Subjecting ¢ in (2.8) to the operator X7, we
obtain

p+\ _ (0 N [(9+ i Vo 9 o4\ L+p (o-
N<¢_> (g e coto) T <¢_>+sin9 <—v¢+> (g treott) <<Z>_>+sin0 <¢+>'

and

6\ 0 é i (0 R\, é
X7? <¢+>—(80+pcot9) <¢+>+sin9 (—}_V 0>(89+pcot9) (¢+>
I4+p,0 ) d+p (0 X\ (o=
+s1n0(89 + pcot 6) <¢t> i, <—)~V 0> <¢+> (2.10)

(L ) () =0 ().

the second derivative becomes

9 l4+p,0 l4+p,0 [+ p)?
(80+’0C0t 0) (j;t)— . p(%_ cot 6) (ii)—i—p(aa—kpcoté)) (?j)—( : 2p) (zj

sin 6 sin“ @

Since

0 0 l 2
T peotB)? + p(l +p) <58 LS

2.11
= (55 89 sin® 0 sin® 0 ( )
The equation X2 = — n7 N ¥ gives the following equation for the scalar functions ¢,;
0 cosf (14 p)?
t 0 l — nl = —An.N®n- 2.12
[(5g +p o )? toltp) —ay o NOn,l (2.12)

The unique regular solution to this equation is given in terms of Jacobi polynomials
pie? (z) up to a normalization constant,

0
2

with n — [ > 0. This condition is needed for the regularity of the eigenfunctions with the
eigenvalues

) p(N/2H=1,N/2+1) (cos 6), (2.13)

dni(0) = (cos Z)Hl(sm A

AN = (n+g)2. (2.14)
By proceeding similarly with the ,,; we find
b (8) = (cos g)l(sin g)nﬂ POEFLNZH (050) = (1) ppy(m — 0).  (2.15)

Define the spinors,

en(l) [ @) () en(nl) (i (0)x.D(9)
winlm(e, Q) \/5 (:l:’“bnl( );l(m) (Q)) ) w:l:nlm( ) - \/§ (i¢nl(0 Xllm 0 )

(2.16)
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Then it is found that these spinors satisfy a first order Dirac equation

S . N S

It is required that these functions satisfy a normalization condition,
@ ) = /S dQy P 0,015 (0,9) = 60Oy besr. (2.18)

There is an analogous relation for zpf) — w@. Note that <zp(5) ,1/;&5/) ) = 0 for any choice

nlm nlm
()

lm

/ dQN_l Xl(frz(Q)TXl(’snz’(Q) - 5ll’5mm’6ss’~
SN-—1

of indices. Suppose that the spinors x; ’(€2) are normalized by

The normalization factor required to normalize this can be calculated,

2V 2|0(5 + )

len(nb)]™* = (n—D(N+n+1—1)

(2.19)

The degenseracy for the eigenvalues +i(n+ N/2) or —i(n+ N/2) is given by letting n = n/,
m=m/, s =s"in (2.18) and summing over I, m, s

D) = [ 30 00,0940, 0.9).
Ims

The sum over I,m, s inside this integral is constant over SV, so that the sum may be

calculated for & — 0 where only the I = 0 term survives. The volume of S is given by
or(N+1)/2
TR+ 1)

The degeneracy dg of +ip or —ip on SN~ coincides with the dimension of 20%/2~1 of the

fundamental spinor representations 7. of Spin(N). Thus m = 1,2,...,2N/2=1 for | = 0
in Dy (n) and there follows the identity
Q-1 X (@)X (@) = 207271, (2:20)

From this equation as well as Dy(n) and Qp, we get

INZ(N 4+ n —1)!
Du($) = nE(N— 1)! :

(2.21)

2. Suppose N odd N > 3. In this case, a Dirac spinor on SV is irreducible under
Spin(N) and the dimension of the T-matrices is 20V="1/2 which is the same as SN~
Thus for a = 1,..., N — 1, use the same I'* as before and for a = N

N — <(1) _01> = (—1)N=D2pip2...pN-1 (2.22)
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The Dirac operator in geodesic polar coordinate frame (2.7) has the form

1

XNy = (99 + p cot ) TNep + M}’v . (2.23)
Now suppose functions Xgn_q,) satisfy
R Xim = =i+ 9 xs  1=0,1,2,.... (2.24)
Then Xl(:z) =T Xl(n_l) is the eigenfunction of operator X with eigenvalue +i(l+ p). Define
(&
i) by X
W)= (i), w =N, (2.25)

V2

Normalized eigenfunctions of the first-order Dirac operator are determined to be

Gt (6,9) = —=en(nl) G (0) %) () £ it (0) X0 ()], (2.26)

S

where,
N Vstnim(0,Q) = Li(n + g) UVtnim (6, 9Q). (2.27)

The calculation of dimensionality goes like the case N even, and is

Dy (n) = 2-0/2 Nt n = 1!

AR (2.28)

It has been seen that the Dirac equation admits separation of variables in these coordinates.
In fact, an induction procedure can be established by which the spinor modes on SV
can be recursively calculated beginning from spinor modes on S%. For N = 2 and with
ds%_o = df?+sin? 0 d¢?, itis ¥ = 0 /0¢. It can be asked which eigenvalues of this operator
are permitted. Spinors on S? should transform as a double-valued spin-1/2 representation
of SO(2) allowed under the rotation of the two-frame. Now the loop defined as 0 < ¢ < 27
with @ constant in the bundle of frames over S? is homotopic to the 27 rotation at a point
for the system frame. The spinor field may change sign when it goes around this loop, so
we have 0/0¢ = +i/2,+3i/2,---. This means using a nontrivial spin structure on S*.

3. Hyperbolic Space

The real hyperbolic space HV is the noncompact partner of the N-sphere SY. The
netric on H” in geodesic polar coordinates takes the form (2.1) with § — y and f(y) =
sech(y), where y is the geodesic distance from the origin. Repeating the same steps as with
SN one obtains a hypergeometric equation for the spherical modes ¢ (y). The spectrum
of X7? is given by —A?, where now ) is a real continuous parameter. The final results on
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HY and SV’ are related by analytic continuation in the geodesic distance. More precisely,
the Jacobi polynomials are expressed in terms of the hypergeometric functions

F'n+a+1) 1—x
F 1,— 1
NCESNCESY n+a+pB+1,-—na+1, 5 )

with respect to the substitutions

PlB) () =

0—1y, n— —iA—

5)
in the spinor modes found already on SV. This results in the pair,
N N N
only) = (cosh%)“r1 (sinh%)lF( 5 + 140\ = + Il —i\ — +l — sinh? 2) (3.1)
_ Yy +1 N AN oa N _sinh?2 ¥
\IIAl(y)—N+2l(cosh2) (sinh = ) (2+l+z)\,2+l z)\,2+l+1, sinh 2),
where A€ RT and [ =0,1,.... For N even, one writes

) _ 1 oY) X, ()
@Z}i)\lm(y,Q) = /2 N (AL) <:|:i¢,\l( )Xl(m)(Q)) ) (3.2)

and wi_/\)m satisy
R sim = AU
(-)

The modes ¢i m are found by interchanging ¢y (y) and iy (y), and letting x, ~ —
(+)

X;n, on the right-hand side. The continuous spectrum normalization constant ¢y (Al) is
determined by the condition

L s 80 90002 i )y 2t = 6 = NG GG

It can be found by using the method for scalar and tensor fields as
len (AP = enla (M),

where cy = 2V2/7 and

IN=2 T(Z +)T(5 +1i))

(A 3.3
= D5 +1+i)) 3
Define the spectral function p(A), which is needed to find the heat kernel
QN1
(A) = cNg( % w-l—)\lm Tw—&-)\lm( ) (3.4)

where again s = + and the spin factor g(1/2) = 2/2 is the dimension of the spinor. Then

we have

- L(N/2+iX)
) =l 7% = n 2
1(A) = [co(A)] 92N—4 ’F(N/Q) r(1/2+ i)\)‘
For N odd the calculations go almost the same way. The modes are obtained from (2.26)
using (3.1).

(3.5)
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4. The spinor heat kernel

In terms of a local moving frame {e,} on S» and a local spinor frame {#4}, the spinor
heat kernel K (z,2’,t) on SV is a 2[V/2] 5 2IN/2] matrix and satisfies the heat equation for

N2
<_§t+ )V?;) K(z,2',t) =0, (4.1)

with the initial condition

lim K(z,2',t) () da’ = (z). (4.2)

t—0 SN

Consider the case N odd. The heat kernel is given by the mode expansion

K(elv Q,’ 97 Q? t) = Z [¢—nlm (0/7 Q,)®¢)—nlm(97 Q)*+¢nlm(9,, Q/)®¢nlm(9, Q)*] 6—t(n+N/2)2’
nlm

(4.3)
where 1,1, (6, Q) is given in (2.26). In order to simplify the expression, we let Q = '; it
is assumed that the two points x = (¢,Q) and 2/ = (¢, ') lie on the same meridean, and
then take the limit #” — 0. Only the terms with [ = 0 remain nonzero in this limit. Using
(2.26) with I = 0, we find that

1 o0
lim K(6,9,0,Q,t) = fy(6,8),  fn(0,t) = =— > duén(6) e~ N/ (g )
0'—0 QN =0

In (4.4), the functions ¢, (0) are the ¢,0(f) normalized by ¢, (0) = 1,

ono(0) _ PIT(Z) 0 v
n(0) = = cos - P, ’ cosf). 4.5
0 = 00 " Tt §) 2 (eos?) )
In (4.5), d,, accounts for the degeneracies of X2 on SV without the spin factor 2[N/2],
P 2(n+ N —1)!
" (N - 1)

The spinor heat kernel K(2/,xz,t) for the arbitrary pair of points (z/,x) can be written
using the invariance property as

K2, xz,t) = U2, 2) fyn(d(2, 2),t). (4.6)

and d(z’, x) represents the geodesic distance between x and z’. Also U(2/, ) is the spinor
parallel propagator connecting x to z’. That U(z’,z) = 1 for z,2" on the same meridian
is used.

The case where N is even can be treated the same way. The result is that the heat
kernel takes the same form (4.6).
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For the non-compact case, by using the continuous mode expansion of the heat kernel
and working through this procedure, as in the case SV, it is found for arbitrary points
x, 2’ € HV with arbitrary N, and U the parallel propagator by going through the same
procedure,

N-3
K2 o,t) = U, 2) hy(d(2, ), 1), h(y,t) = —— L N/2) NF/Q)]X{Q/ ba() e~ (N d.
(4.7)

n (4.7), ¢x = ¢ and p(A) is the spinor spectral function, and U is often called the
parallel propagator.

5. Derivation of the Heat Kernel Based on Group Theory

The spectrum, the spherical eigenfunctions and the heat kernel of the Dirac operator
can be obtained by means of a group-theoretic derivation on SV and HY. Basic facts
from harmonic analysis for homogeneous vector bundles over compact symmetric spaces
U/K are used. The exact nature of the spaces U and K will be specified shortly. The
cases S and H" will each be considered.

Spinors on SN.

The vector bundle on U/K associated with the principal bundle U(U/K, K) by a
representation 7 of K coincides with the homogeneous vector bundle E™ on U/K defined
by 7. Therefore Dirac spinor fields on S = Spin(N + 1)/Spin(N) are considered as
cross sections of the homogeneous vector bundle E7, where if N is odd, 7 is the unique
fundamental representation of Spin(N) of dimension 2V-1/2 and N even 7 = 7, @ 7_.
The 74+ are the two fundamental spinor representations of Spin(NN) of dimension 2(N/2)—1
each. For the analysis here, let U = Spin(N + 1) and K = Spin(N), with ¢ and K the
corresponding Lie algebras. There is a direct sum decomposition U = K @ K+, where
It is the orthogonal complement of K with respect to the Killing form. Consider the
element 79 = e K € U/K and in terms of it, define the local cross section of U(U/K, K)
as o : U/K\ (antipodal point of xg) — U in the following way. Let Exp and exp denote
the exponential mappings on U/K and U, respectively. Then as in any symmetric space
ExpX = m(exp X) = exp(X)xo, X € K, where the mapping 7 : U — U/K is the
projection map. Hence let us take,

o(Exp X) =exp X, X € Po, (5.1)

={X € K+|(X, X) < 7}, where (,) = —c B, with B the Killing form on &/ and ¢ > 0 a
normalization constant determined by requiring that the radius of SV be one.
Case 1. N even. The sets U (14) of the equivalence classes of the irreducible represen-
tations or irreps of Spin(/N + 1) that contain 74 are

L1

55 g
The multiplicity of 74 in A\,|x is 1 for all n. The iterated Dirac operator and the spinor
Laplacian L = Zivzl V®V, on a manifold M are related in general by the formula of

Ury) =U(r-) = {\ = (n ),n=0,1,...}. (5.2)
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Lichnerowicz 1

XN:P=L- TR (5.3)

where R is the scalar curvature of M. The eigenvalues )\%7 n of = X2 on SN are given in
terms of the eigenvalues of the operator —L by the equation,

1
Ap N =wn+ PN =), (5.4)

Thw general formula for the eigenvalues of —L acting on the space L?(U/K,E™) can be
used, so for E™+, where Cy(p) denotes the Casimir number pertaining to irrep u, we have

Wn = W), = CQ()\n) — CQ(T+). (5.5)

This arises from the statement Ly x = Qp — Qk, where Qp = > T? and Qk = > X?
are the Casimir elements of U and K, respectively. Thus {7;} and {X;} are orthonormal
bases of i and K. For E™-, the same eigenvalues hold since Ca(74) = Ca(7—). The Casimir
number of an irrep with highest weight X is given by

Ca(A) = (A +p)* = p* = X- (A +2p), (5.6)

where p is half the sum of the positive roots of the group. The dimensions are given by
the Weyl result

dA:H oz-()\—i-p)'

a .
a>0 P

The product is taken over the positive roots « of the group. From these one verifies the
formulas for the eigenvalues and degeneracies of X2 obtained already.

If 7 is any irrep of K, the heat kernel K (z,y,t) of the Laplacian L, on E? is in general
an element of Hom(E,, E;) = E, ® E, for each t € RT and =,y € U/K. It satisfies

0
(_7+Lx)K(mayat):O’ (57)
ot
subject to the initial condition
lim K(z,y,t))(y) dy = ¥(x), (5.8)
t—0t U/K

for any continuous section ¢ € I'(E7). Let U>‘(u)§- foru € U, i,57 = 1,...,dy, be the

representation matrix for the irrep A € U(7) in a given orthonormal basis of V. For
simplicity, suppose that the representation 7 appears only once in A|x, and choose the
basis {e;} of Vj such that the vectors {e,}q=1.. 4, span V;, the subspace of vectors of
V) which transform under K according to 7. The matrix-valued function on U given
by f§; 1 u — U)‘(ufl);‘ satisfies f{;(uk) = (k=) ff\’j(u) for k € K. Thus for each
j=1,...,d, f;\’j defines a cross section of E™. Let the eigenvalue of L, acting on f;\’j be

—wy. Then the mode expansion of the matrix heat kernel in the local basis 0,(x) = o(x) e,
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of I'(E™) can be obtained in general by using the Frobenius reciprocity theorem in the
form

1
d‘rVU/K

K(z,y,t), = Z d\UMo Y (@)o(y))ie ™, a,b=1,...,d;. (5.9)

xelU(7)

In (5.9) o~ !(z) = (o(z))"! and Vi is the volume of U/K. One can express this in a
coordinate invariant way as well

Z d\U (z, 20) P-UN oY (2) o (y)) PrU (20, y)e ™. (5.10)

The projector of V) onto V; is Pr and U(x,y) is the parallel propagator from E,, the
fibre at y to E, along the shortest geodesic between them. The U-invariance of the heat
kernel permits setting © = x¢ without loss of generality. Letting U = Spin(/N + 1) and
K = Spin(N) and using (5.3) it is found that the heat kernel of X2, with one point at the
origin, is the direct sum K = K+ @ K~, where the heat kernels K* on E™+ are given by

1
Qnd

3" dy, @ (0(2))U (20, )e N0, (5.11)

T+ p=0

Ki(ﬂfo,ﬂf,t) =

The 7, (7_) spherical functions ®7 (®" ) which have been introduced are the linear opera-
tors in V., (Vr_) defined by

7t (u) =P, UM™P,, wucl.

There is a similar relation for ®”, and P, , P, are projectors of V) onto the subspace
where \,|x is equivalent to 74 and 7_, respectively. To determine ®'}, note first that

(I)T_:'_(kl uk'g) = 7’+(k’1) <I>7_i(u) T+(k72), uwel, ki, ke€K. (5.12)

With respect to the polar decomposition of U, it is enough to calculate the restrictions
7" (a),a € A = exp A, where A is any maximal abelian subspace of K. In this case,
A is a one-dimensional group. and so A = S'. It is well known that M, the centralizer
of A in K, may be identified with Spin(N — 1). The relation am = ma where a €
A,m € M and (5.12), it is found that operators @'} (a) commute with all the operators
of the representation, 71|y = o, that is, the unique fundamental spinor representation
of Spin(IN — 1). Since ¢ is irreducible, it follows by Schur’s lemma that @ (a) must be
proportional to the identity operator in V. as

®% (a) = fula)l,

where a € A and f,, is a scalar function on A.
Choose H € A by requiring a(H) = 1, where « is the unique positive restricted root
of U relative to \A. The normalization of the scalar product (,) on A, induced from that
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on K+ is such that (H, H) = 1. and corresponds to the choice Viyk = Qn. Fora e A
write a = ap exp(0H), where § € R. If d(z,2") denotes the geodesic distance between
z, 2’ € SV, then

d(agxo, o) = d(kagxo, xo) = 0, ke K,

where zq is the origin, the north pole here. It is to be shown that,

where ¢,,(0) is given by (4.5).

To accomplish this, note the second order differential equation for hy(6) = U*(ay),
A € U with an analytic continuation to the compact case with t — ¢6. Let Qu, Qx and
Qs be the quadratic Casimir operators of the algebras corresponding to the groups U, K
and M. Then it is found that hy(0) satisfies the following differential equation

2 N-1
(W—f-ma cot 6 C;le)h)\(g)+h)\(9)QM_siI112 9 [(QM—QK) hA(G)(QM—QK)-f-Q cos 0 Z Xaih)\(Q)Xai]
i=1
= Qu ha(0) = —C2(A) ha(0). (5.14)

where {X,;} is an orthonormal basis of
Ky={Xe€K:(adH)?X = -X}.

and X,; is an abbreviation of dU» (X4;) or dry (X4;). Now let A € U(T+), that is A = A\,
and @' (ag) = Pr hy,(0)P;, . By acting with P, from the left and right in (5.14), an
equation for ®” (ag) is obtained. It is clear that Qi and Qj; commute with Py, . It is also
the case that

QK@:L_(ag) = @’_ﬁ(ag)QK = —CQ(T_;,_)(I):L_(CL@), QM‘I)T_T_(CLQ) = @1(0@) QM = —CQ(O')@ZT_(G/Q).

(5.15)
Furthermore, since ®! (ag) is just a scalar operator, we have
N-1 N-1
D Xei®(a9)Xai = Y XaiXai @} (ag) = (Ca(o) — Co(14)) 7 (ag). (5.16)
i=1 i=1

Using these relations and substituting the explicit values of C2(\g), C2(74) and Ca(o) in
(5.14) it is found that f,(ag) satisfies the same second-order differential equation as ¢, (0)
given in (4.5). Clearly, ®} (e) = 1, and f,, must satisfy f,(e) = 1. Thus (5.13) is proved
and ®% (ap) = ¢,(0). By proceeding in a similar way with 7_, it is found that the same
expression for ®" (ag), results, namely ®” (ag)-1. Using these formulas in (5.11), the heat
kernel K (x,t) appears relevant for an arbitrary point z, which agrees with (4.6).

Case 2. N odd. Let 7 be the fundamental spinor representation {1/2,1/2,...,1/2} of
K = Spin(N). The branching rule for Spin(/N + 1) D Spin(N) gives

Ur)={\:n=01,..3U{\ :n=01,...},
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where A7 and A\, are the spinor representations of Spin(N + 1), with finite weights,
11
)\f:(n+§,§,...,7,if}. (5.17)

One can reproduce the formulas that were obtained for the eigenvalues /\31 yof = X 2 and
the degeneracies using the Freudenthal and Weyl formulas.
The heat kernel of X2, with one point at the origin, takes the form,

K(z,t) = K(xg,z,t) = Q;d Z dy+ (" (o(z)) + " (o(2))) U(:L‘o,z‘)e_t)‘i’N, (5.18)
T n=0

where the 7-spherical functions ®"* are defined by,
o"E(u) = PLUN (W) Py, uwel. (5.19)

To calculate ®"*, notice that the operators ®"*(a), a € A, commute with all 7(m),
m € M =~ Spin(N — 1), which is the centralizer of A in K. The branching rule for
Spin(N) D Spin(N — 1) gives 7|y = 0+ @ o_, where o and o_ are the two fundamental
spinor representations on Spin(N — 1). Suppose an orthonormal basis of V; is fixed and
adapted to the direct sum decomposition V, = V,, @ V,_. Applying Schur’s lemma, we
find

" (a) = fL (o)l @ fF(a)l-, a€ A, (5.20)

where f:lﬂ and fF are scalar functions on A and 14 is the identity operator in V,+. Scalar
functions can be determined now by using the radial part of the Casimir operator.

It suffices to define hy(#) = U*(ag) to obtain (5.14). Suppose A € U(7) so A = Af
or \,. By acting with P in (5.14), both from the left and from the right, we obtain
an equation for ®V*(ag) and ®" (ag). In this case, however, as ®"*(ay) are not scalar
operators, (5.16) is not valid. Let diag(p,q) denote the operator p1; @& 1_ in V,, where
p,q € C. Then it is not difficult to show, using the explicit formula for X,; in the irrep

that
N-1

. 1 .
Y Xaidiag(p,q) Xai = = (N — 1) diag(q, p). (5.21)
i=1
Using (5.21) in (5.14), the following set of coupled equations for the functions f, (ag) and
£ (ag) come out,

N -1 cosf
[05 + (N = 1) cot 09y — Coo )| ffy = =g fon + (N = 1) 5= [ = —C2(0D) fifs
2sin” 6 2sin” 6
(5.22)
The same set of equations with £, — f. is obtained for the irrep A = A,
By computing the sum and difference of the two equations in (5.20), it is then easy

to see that the function f,/, (ap) + f._(ag) satisfies the same differential equation (2.12)
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as ¢n(0) given by (4.5). The function f,, (ap) — f,7_(ap) satisifes the same equation that
function 1, (0) does and is given by

_ ¥no(0) _ nlT(N/2) - QpéN/Q,N/2—1)<

¥n(0) = éno(0) — T(n+N/2) 0 2

cos ). (5.23)

The equation for 1, is the same as (2.12) when [ = 0 under the replacement § — 7 — 6.
Thus f,7, (ag) + f;_(ag) is proportional to ¢, (6) and since ¢,(0) = f,F, (e) = 1,

Fay(ag) + £, (ag) = 26n(0). (5.24)
Similarly, we find
= T (ag) = 2in(0), (5.25)
where the relation f,7, (ar) = —f,_(az) = (—1)" i has been used. The relation ¢"*(a,) =
+(—~1)" T can be established so that
n(ag) = dn(0) £ i1 (0). (5.26)
For the functions f,, we obtain
frx(ag) = én(0) F ithn(0). (5.27)

Using (5.26)-(5.27) in (5.20), the heat kernel K(z,2’,t) of (4.6) is reproduced.

Spinors on HN.

To conclude we briefly look at the case of HY. Suppose G is a noncompact semisimple
Lie group with finite center, K a maximal compact subgroup, and G\K the associated
Riemannian symmetric space of noncompact type. For vector bundles L? harmonic anal-
ysis on G\K may be reduced to L?-harmonic analysis on G' by allowing L?*(G/K,E™)
reside in L?(G) in a natural way. The heat kernel of the Laplacian acting on this space
L*(G/K, ET) may be expanded in terms of 7 spherical functions similar to (5.11) replacing
the sum by an integral

K(2,1) = K(z0,2,1) = dlA /G AU, 2) e ), (5.28)

where dpu()\) is the Plancherel measure. The 7-spherical functions are the operator valued
functions g — ®2(g) on G defined by

Ng) =P, UP;,  gE€QG, (5.29)

where U*(g) denote the operators of the representation \ € G (1) in a Hilbert space Hj,
and P, is the projector of H) onto V., the subspace of vectors of H) which transform
under K according to 7. As in the compact case, o(Exp X) = exp X, such that X € Kt,
and U (zg,z) denotes the vector bundle parallel transport operator from x to zy by way
of the geodesic between them. The vector bundle Laplacian L/ then has the form,

Lg/k = Q¢ + Qk, (5.30)
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where Q¢ and Qg are the quadratic Casimir operators of G and K. The plus in front of
QO is due to the Killing form, and has opposite signature on K and K. Denoting the
Casimir value of A by —C2()), the eigenvalues —wy of Lk arising from (5.30) are

—wy = —Ca(N\) — Ca(7). (5.31)

There is thus a duality between the noncompact and the compact symmetric spaces.
Without going into detail to finish, the following information is of interest. Consider the
subspace U = K @ i K+ of G. It is a compact Lie group as the Killing form is negative
definite on Y. Suppose U is a simply conected compact Lie algebra . Then U/K
is the compact symmetric space which is dual to G/K. The radial parts of the Casimir
operators pertaining to G and U and acting on 7-spherical functions are related by analytic
continuation h — i h for h € A.

6. Conclusions

Let us finally summarize and remark that these results have applications to many
other areas involving elliptic operators. For example, this is relevant to the study of the
Atiyah-Singer index theorem [13], [14]. This theorem states that for an elliptic operator
on a compact manifold, the analytical index, related to the dimension of the solution
space is equal to topological index. It includes many other theorems as subcases, and has
applications to theoretical physics.

Spinor fields which satisfy a Dirac equation /N1 = ¢\ have been investigated as
well as the heat kernel for &2 on SV and HY. The gamma matrices are established
needed to determine the eigenfunctions of the Dirac operator on S with N arbitrary
using geodesic polar coordinates. The degeneracies of the Dirac operator can be found
using these eigenfunctions. Eigenfunctions on HY are obtained by analytically continuing
those pertaining to S now known. They are used to produce the spinor spectral function
on HV. The results can be used to construct the heat kernel for the iterated Dirac operator
on these spaces. Some group theoretic analysis of spinor fields on SV and H” is provided.
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