
EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
2026, Vol. 19, Issue 2, Article Number 7034
ISSN 1307-5543 – ejpam.com
Published by New York Business Global

Dirac Operators Their Eigenfunctions and Heat Kernels
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Abstract. The heat kernel of the Dirac operator is obtained with respect to a particular geometry.
This is done by calculating eigenfunctions of the Dirac operator on both spheres and hyperbolic
spaces of arbitrary dimensions. They are computed by separating variables in geodesic polar
coordinates. These eigenfunctions are used to derive the heat kernel of the Dirac operator on these
spaces. The kernels can be studied as cross sections of homogeneous vector bundles.
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1. Introduction

The Dirac operator is of great importance across the area of mathematical physics [1],
[2], [3]. The operator and its eigenfunctions, for example, have applications to the study of
de Sitter and anti-de Sitter spacetimes [4], [5]. The sphere S4 and the hyperbolic space H4

are Euclidean sections of these space-times. The spaces S3 and H3 appear as the spatial
sections of cosmological models as well. The intention is to examine the Dirac operator
and its eigenfunctions on the N -dimensional sphere, SN , and real hyperbolic spaces,
HN , respectively. These are dual to each other as symmetric spaces and are maximally
symmetric [6], [7].

Dirac operators are first-order elliptic operators on Riemannian spin manifolds. They
are fundamental and they contain crucial topological and geometrical information[8]. They
can be used in geomtries such as Riemannian geometry, in index theory, noncommutative
geometries and others that will not arise here [9]. Compared to Laplacian methods, they
provide high sensitivity to surface features and curvature. The square of the Dirac operator
is an operator of Laplace type and the connection ∇ as well also yields the Laplacian ∇∗∇
on the manifold.

A spin structure on an oriented n-dimensional Riemannian manifold Mn is a principal
bundle over Mn with structure group Spin(Mn), referred to as the bundle of spinor forms
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[10]. It has a two-to-one bundle homomorphism of Spin(Mn) onto SO(Mn) associated to
it which preserves fibers and is group equivariant with respect to the standard two-to-one
covering homomorphism. There is a unique fundamental spinor representation of Spin(n)
in dimension 2(n−1)/2 for n-odd and τ+ ⊕ τ−, where τ± are the two fundamental spinor
representations of dimension 2n/2−1 each, for n even. A Dirac spinor field onMn is defined
as a cross section of the vector bundle Eτ overMn with typical fiber C2⌊n/2⌋ and structure
group Spin(n) associated with Spin(Mn) by way of represention τ , spinor means Dirac
spinor. Among the spaces mentioned here, SN and HN , only S1 admits more than one
spin structure. There exist two inequivalent spin structures on S1, and the nontrivial one
can be chosen [11], [12].

To carry out calculations, a spinor field and its covariant derivative have to be expressed
with respect to a local moving frame {eb}n1 onMn in components [6−10]. A spin connection
is induced by a metric connection ω on Spin(Mn) and a covariant derivative for the cross-
sections. Let ψ be a spinor, then the components of the spinor ∇ea ψ in a closed spinor
frame {θA}A=1,··· ,2⌊n/2⌋ are a set of linearly independent local cross sections of Eτ ,

(∇eb ψ)
A = eb(ψ

A)− 1

2
ωabc(Σ

bc)AB ψ
B (1.1)

The ωabc in (1.1) are the connection coefficients in the frame specified by eb,

∇ea eb = ωabc ec. (1.2)

The Σbc are the generators of the representation τ of Spin(n) and are expressed as follows

Σbc =
1

4
[Γb,Γc], (1.3)

where Γa = (Γa)AB, a = 1, . . . , n; A,B = 1, . . . , 2⌊n/2⌋ are called Dirac matrices which obey

ΓaΓb + ΓbΓa = 2 δab 1, a, b = 1, . . . , n. (1.4)

where 1 is the unit matrix. The Dirac operator is defined to be

̸ ∇ψ = Γa∇ea ψ. (1.5)

2. Operators on the N-Sphere

In polar coordinates, the N -sphere SN has the metric

ds2N = dθ2 + f2(θ) ds2N−1 = dθ2 + f2(θ)
N−1∑
i,j=1

ḡij dω
i ⊗ dωj . (2.1)

In (2.1), θ is the geodesic distance from the origin, f(θ) = sin θ and {ωi} coordinates on
SN−1 with metric tensor ḡij(ω) = ⟨∂/∂ωi, ∂/∂ωj⟩. Let {ēj} be a set of vector fields on
SN−1 with anholonomy and Levi-Civita connection coefficients given as

[ēi, ēj ] =
N−1∑
k=1

C̄ijk ēk, ω̄ijk = ⟨∇ēi ēj , ēk⟩ −
1

2
(C̄ijk − C̄ikj − C̄jki). (2.2)
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It is best to work with geodesic polar coordinate vector fields {ea}Na=1 on SN defined by

ej =
ēj
f(θ)

, i = 1, . . . , N − 1, eN =
∂

∂θ
= ∂θ. (2.3)

The only nonvanishing components of the Levi-Civita connection ωabc in the {ea} frame
are

ωijk =
1

f
ω̄ijk, ωiNk = −ωikN =

f ′

f
δik, i, j, k = 1, . . . , N − 1. (2.4)

In (2.4), f ′ denotes the derivative of f . The spin connection on SN induced uniquely by
the Levi-Civita connection ω. Let us solve for the eigenfuctions of ̸ ∇ on SN by separating
variables in geodesic polar coordinates.

1. Suppose N is even. The Γ matrices are selected such that

ΓN =

(
0 1
1 0

)
. Γi =

(
0 iΓ̄j

−iΓ̄j 0

)
, j = 1, . . . , N − 1, (2.5)

where {Γ̃j , Γ̃k} = 2 δjk1. Using (2.4) and (1.5), the Dirac operator can be expressed in
the moving frame

̸ ∇ψ = ΓN
(
eNψ

A − 1

2
ωNst(Σ

st)AB ψ
B
)
+ Γb

(
ebψ

A − 1

2
ωbst(Σ

st)AB ψ
B
)

= ΓN
( ∂
∂θ
ψA − f ′

2f
δst(Σ

st)ABψ
B
)
+

(
0 iΓ̄j

−iΓ̄j 0

)( 1
f
ēj ψ

A − 1

f
ω̄jst(Σ

st)AB ψ
B
)
. (2.6)

= (∂θ +
1

2
(N − 1)

f ′

f
) ΓNψ +

1

f

(
0 i∇̄b

−iΓb∇̄b 0

)
ψ

= (∂θ +
1

2
(N − 1)

f ′

f
)ΓN ψ +

1

f

(
0 i ¯̸ ∇

−i ¯̸ ∇ 0

)
ψ,

where ¯̸ ∇ = Γ̄j ∇̄ej is the Dirac operator on SN−1.
Suppose that the eigenvalue equation has been solved on SN−1 so

¯̸ ∇χ
(±)
lm = ±i(l + ρ)χ

(±)
lm . (2.7)

The index l = 0, 1, . . . , indicates the eigenvalues of the Dirac operator on the (N − 1)-
sphere, and ρ = (N − 1)/2, while the index m runs from 1 to the degeneracy di. Define
the spinor

ψ =

(
ϕ+
ϕ−

)
. (2.8)

Since the dimension of χ is the same as the dimension of ϕ±, that is, 2⌊N/2⌋−1, one can
separate variables in the following way

(1)ϕ+nlm(θ,Ω) = ϕnl(θ)χ
(−)
lm (Ω), (2)ϕ+nlm(θ,Ω) = ψnl(θ)χ

(+)
lm (Ω), (2.9)



P. Bracken / Eur. J. Pure Appl. Math, 19 (2) (2026), 7034 4 of 16

and similarly for the lower spinors ϕ−. Here Ω ∈ SN−1, and n = 0, 1, . . . labels the
eigenvalues −λ2n,N of ̸ ∇2 on SN and n ≥ D. Subjecting ψ in (2.8) to the operator ̸ ∇, we
obtain

̸ ∇
(
ϕ+
ϕ−

)
=
( ∂
∂θ

+ρ cot θ
)
ΓN

(
ϕ+
ϕ−

)
+

i

sin θ

(
∇̄ϕ−
−∇̄ϕ+

)
= (

∂

∂θ
+ρ cot θ)

(
ϕ+
ϕ−

)
+
l + ρ

sin θ

(
ϕ−
ϕ+

)
.

and

̸ ∇2

(
ϕ+
ϕ−

)
= (

∂

∂θ
+ ρ cot θ)2

(
ϕ+
ϕ−

)
+

i

sin θ

(
0 ¯̸ ∇

− ¯̸ ∇ 0

)
(
∂

∂θ
+ ρ cot θ)

(
ϕ=
ϕ+

)

+
l + ρ

sin θ
(
∂

∂θ
+ ρ cot θ)

(
ϕ+
ϕ−

)
+ i

l + ρ

sin2 θ

(
0 ˜̸ ∇

− ˜̸ ∇ 0

)(
ϕ−
ϕ+

)
(2.10)

Since (
0 −i ¯̸ ∇

−i ¯̸ ∇ 0

)(
ϕ−
ϕ+

)
= −(l + ρ)

(
ϕ+
ϕ−

)
,

the second derivative becomes( ∂
∂θ

+ρ cot θ)2
(
ϕ+
ϕ−

)
− l + ρ

sin θ

( ∂
∂θ

−ρ cot θ
)(ϕ+

ϕ−

)
+
l + ρ

sin θ

( ∂
∂θ

+ρ cot θ)
)(ϕ+

ϕ−

)
−(l + ρ)2

sin2 θ

(
ϕ+
ϕ−

)

= [(
∂

∂θ
+ ρ cot θ)2 + ρ(l + ρ)

cos θ

sin2 θ
− (l + ρ)2

sin2 θ
]ψ. (2.11)

The equation ̸ ∇2 ψ = −λ2n,N ψ gives the following equation for the scalar functions ϕnl

[(
∂

∂θ
+ ρ cot θ)2 + ρ(l + ρ)

cos θ

sin2 θ
− (l + ρ)2

sin2 θ
]ϕnl = −λn,Nϕn,l. (2.12)

The unique regular solution to this equation is given in terms of Jacobi polynomials

P
(a,b)
n (x) up to a normalization constant,

ϕnl(θ) = (cos
θ

2
)l+1(sin

θ

2
)l P

(N/2+l−1,N/2+l)
n−l (cos θ), (2.13)

with n− l ≥ 0. This condition is needed for the regularity of the eigenfunctions with the
eigenvalues

λ2n,N = (n+
N

2
)2. (2.14)

By proceeding similarly with the ψnl we find

ψnl(θ) = (cos
θ

2
)l(sin

θ

2
)n+1 P

(N/2+1,N/2+l−1)
n−l (cos θ) = (−1)n−l ϕnl(π − θ). (2.15)

Define the spinors,

ψ±nlm(θ,Ω) =
cN (nl)√

2

(
ϕnl(θ)χ

(−)
lm (Ω)

±iψnl(θ)χ
(−)
lm (Ω)

)
, ψ

(±)
±nlm(θ,Ω) =

cN (nl)√
2

(
iψnl(θ)χ

(+)
lm (Ω)

±ϕnl(θ)χ
(+)
lm (Ω)

)
(2.16)
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Then it is found that these spinors satisfy a first order Dirac equation

̸ ∇ψ
(s)
±nlm = ±i(n+

N

2
)ψ

(s)
±nlm, s = ±. (2.17)

It is required that these functions satisfy a normalization condition,

⟨ψ(s)
+nlm, ψ

(s′

+n′l′m′⟩ =
∫
SN

dΩN ψ
(s)
nlm(θ,Ω)† ψ

(s′)
n′l′m′(θ,Ω) = δnn′δll′δmm′δss′ . (2.18)

There is an analogous relation for ψ
(s)
+ → ψ

(s)
− . Note that ⟨ψ(s)

nlm, ψ
(s′)
−nlm⟩ = 0 for any choice

of indices. Suppose that the spinors χ
(±)
lm (Ω) are normalized by∫

SN−1

dΩN−1 χ
(s)
lm(Ω)†χ

(s′)
l′m′(Ω) = δll′δmm′δss′ .

The normalization factor required to normalize this can be calculated,

|cN (nl)|−2 =
2N−2|Γ(N2 + n)|

(n− l)!(N + n+ l − 1)!
. (2.19)

The degenseracy for the eigenvalues +i(n+N/2) or −i(n+N/2) is given by letting n = n′,
m = m′, s = s′ in (2.18) and summing over l, m, s

DN (n) =

∫
SN

dΩN

∑
lms

ψ
(s)
+nlm(θ,Ω)† ψ

(s)
nlm(θ,Ω).

The sum over l,m, s inside this integral is constant over SN , so that the sum may be
calculated for θ → 0 where only the l = 0 term survives. The volume of SN is given by

ΩN =
2π(N+1)/2

Γ(12(N + 1))
.

The degeneracy d0 of +iρ or −iρ on SN−1 coincides with the dimension of 2(N/2)−1 of the
fundamental spinor representations τ± of Spin(N). Thus m = 1, 2, . . . , 2(N/2)−1 for l = 0
in DN (n) and there follows the identity

ΩN−1

∑
m

χ
(s)
0m(Ω)†χ

(s)
0m(Ω) = 2(N/2)−1. (2.20)

From this equation as well as DN (n) and ΩN , we get

DN (Ω) =
2N/2(N + n− 1)!

n!(N − 1)!
. (2.21)

2. Suppose N odd N ≥ 3. In this case, a Dirac spinor on SN is irreducible under
Spin(N) and the dimension of the Γ-matrices is 2(N−1)/2 which is the same as SN−1.
Thus for a = 1, . . . , N − 1, use the same Γa as before and for a = N

ΓN =

(
1 0
0 −1

)
= (−1)(N−1)/2 Γ1Γ2 · · ·ΓN−1. (2.22)
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The Dirac operator in geodesic polar coordinate frame (2.7) has the form

̸ ∇ψ = (∂θ + ρ cot θ) ΓNψ +
1

sin θ
¯̸ ∇ψ. (2.23)

Now suppose functions χ
(−)
lm satisfy

¯̸ ∇χ
(−)
lm = −i(l + ρ)χ

(−)
lm , l = 0, 1, 2, . . . . (2.24)

Then χ
(+)
lm = Γ(N) χ

(−)
lm is the eigenfunction of operator ¯̸ ∇ with eigenvalue +i(l+ρ). Define

χ̂
(±)
lm by

χ̂
(−)
lm =

1√
2
(1+ iΓN )χ

(−)
lm , χ̂

(+)
lm = ΓN χ̂

(−)
lm . (2.25)

Normalized eigenfunctions of the first-order Dirac operator are determined to be

ψ±nlm(θ,Ω) =
1√
2
cN (nl)[ϕnl(θ)χ̂

(−)
lm (Ω)± iψnl(θ)χ̂

(+)
lm (Ω)], (2.26)

where,

̸ ∇ψ±nlm(θ,Ω) = ±i(n+
N

2
)ψ±nlm(θ,Ω). (2.27)

The calculation of dimensionality goes like the case N even, and is

DN (n) = 2(N−1)/2 (N + n− 1)!

n!(N − 1)!
. (2.28)

It has been seen that the Dirac equation admits separation of variables in these coordinates.
In fact, an induction procedure can be established by which the spinor modes on SN

can be recursively calculated beginning from spinor modes on S2. For N = 2 and with
ds2N=2 = dθ2+sin2 θ dϕ2, it is ˜̸ ∇ = ∂/∂ϕ. It can be asked which eigenvalues of this operator
are permitted. Spinors on S2 should transform as a double-valued spin-1/2 representation
of SO(2) allowed under the rotation of the two-frame. Now the loop defined as 0 ≤ ϕ ≤ 2π
with θ constant in the bundle of frames over S2 is homotopic to the 2π rotation at a point
for the system frame. The spinor field may change sign when it goes around this loop, so
we have ∂/∂ϕ = ±i/2,±3i/2, · · · . This means using a nontrivial spin structure on S1.

3. Hyperbolic Space

The real hyperbolic space HN is the noncompact partner of the N -sphere SN . The
netric on HN in geodesic polar coordinates takes the form (2.1) with θ → y and f(y) =
sech(y), where y is the geodesic distance from the origin. Repeating the same steps as with
SN , one obtains a hypergeometric equation for the spherical modes ϕλl(y). The spectrum
of ̸ ∇2 is given by −λ2, where now λ is a real continuous parameter. The final results on
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HN and SN ’ are related by analytic continuation in the geodesic distance. More precisely,
the Jacobi polynomials are expressed in terms of the hypergeometric functions

P (α,β)
n (x) =

Γ(n+ α+ 1)

Γ(n+ 1)Γ(α+ 1)
F (n+ α+ β + 1,−n, α+ 1,

1− x

2
),

with respect to the substitutions

θ → i y, n→ −i λ− N

2
,

in the spinor modes found already on SN . This results in the pair,

ϕλl(y) = (cosh
y

2
)l+1 (sinh

y

2
)l F (

N

2
+ l + iλ,

N

2
+ l − iλ,

N

2
+ l,− sinh2

y

2
), (3.1)

Ψλl(y) =
2λ

N + 2l
(cosh

y

2
)l (sinh

y

2
)l+1 F (

N

2
+ l + iλ,

N

2
+ l − iλ,

N

2
+ l + 1,− sinh2

y

2
),

where λ ∈ R+ and l = 0, 1, . . .. For N even, one writes

ψ
(−)
±λlm(y,Ω) =

1√
2
cN (λl)

(
ϕλl(y)χ

(−)
lm (Ω)

±iψλl(y)χ
(−)
lm (Ω)

)
, (3.2)

and ψ
(−)
±λm satisy

̸ ∇ψ(−)
±λlm = ±iλψ(−)

±λlm.

The modes ψ
(+)
±nlm are found by interchanging ϕλl(y) and iψλl(y), and letting χ

(−)
lm →

χ
(+)
lm on the right-hand side. The continuous spectrum normalization constant cN (λl) is

determined by the condition∫ ∞

0

∫
SN−1

ψ
(s)
σλlm(y,Ω)†ψ

(s′)
σ′λ′l′m′(y,Ω) (sinh y)

N−1 dy dΩN−1 = δ(λ− λ′)δll′δmm′δss′δσσ′ .

It can be found by using the method for scalar and tensor fields as

|cN (λl)|2 = cN |cl(λ)|−2,

where cN = 2N−2/π and

cl(λ) =
2N−2

√
π

Γ(N2 + l)Γ(12 + iλ)

Γ(N2 + l + iλ)
. (3.3)

Define the spectral function µ(λ), which is needed to find the heat kernel

µ(λ) =
ΩN−1

cNg(
1
2)

∑
nlm

ψ
(s)
+λlm(0)†ψ

(s)
+λlm(0), (3.4)

where again s = ± and the spin factor g(1/2) = 2N/2 is the dimension of the spinor. Then
we have

µ(λ) = |c0(λ)|−2 =
π

22N−4
| Γ(N/2 + iλ)

Γ(N/2) Γ(1/2 + iλ)
|2. (3.5)

For N odd the calculations go almost the same way. The modes are obtained from (2.26)
using (3.1).
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4. The spinor heat kernel

In terms of a local moving frame {ea} on SN and a local spinor frame {θA}, the spinor
heat kernel K(x, x′, t) on SN is a 2[N/2] × 2[N/2] matrix and satisfies the heat equation for
̸ ∇2

(− ∂

∂t
+ ̸ ∇2

x)K(x, x′, t) = 0, (4.1)

with the initial condition

lim
t→0

∫
SN

K(x, x′, t)ψ(x′) dx′ = ψ(x). (4.2)

Consider the case N odd. The heat kernel is given by the mode expansion

K(θ′,Ω′, θ,Ω, t) =
∑
nlm

[ψ−nlm(θ′,Ω′)⊗ψ−nlm(θ,Ω)∗+ψnlm(θ′,Ω′)⊗ψnlm(θ,Ω)∗] e−t(n+N/2)2 ,

(4.3)
where ψnlm(θ,Ω) is given in (2.26). In order to simplify the expression, we let Ω = Ω′; it
is assumed that the two points x = (t,Ω) and x′ = (θ′,Ω′) lie on the same meridean, and
then take the limit θ′ → 0. Only the terms with l = 0 remain nonzero in this limit. Using
(2.26) with l = 0, we find that

lim
θ′→0

K(θ′,Ω, θ,Ω, t) = fN (θ, t), fN (θ, t) =
1

ΩN

∞∑
n=0

dnϕn(θ) e
−(n+N/2)2t. (4.4)

In (4.4), the functions ϕn(θ) are the ϕn0(θ) normalized by ϕn(0) = 1,

ϕn(θ) =
ϕn0(θ)

ϕn0(0)
=

n!Γ(N2 )

Γ(n+ N
2 )

cos
θ

2
P ((N/2)−1,N/2)
n (cos θ). (4.5)

In (4.5), dn accounts for the degeneracies of ̸ ∇2 on SN without the spin factor 2[N/2],

dn =
2(n+N − 1)!

n!(N − 1)!
.

The spinor heat kernel K(x′, x, t) for the arbitrary pair of points (x′, x) can be written
using the invariance property as

K(x′, x, t) = U(x′, x) fN (d(x′, x), t). (4.6)

and d(x′, x) represents the geodesic distance between x and x′. Also U(x′, x) is the spinor
parallel propagator connecting x to x′. That U(x′, x) = 1 for x, x′ on the same meridian
is used.

The case where N is even can be treated the same way. The result is that the heat
kernel takes the same form (4.6).



P. Bracken / Eur. J. Pure Appl. Math, 19 (2) (2026), 7034 9 of 16

For the non-compact case, by using the continuous mode expansion of the heat kernel
and working through this procedure, as in the case SN , it is found for arbitrary points
x, x′ ∈ HN with arbitrary N , and U the parallel propagator by going through the same
procedure,

K(x′, x, t) = U(x′, x)hN (d(x′, x), t), hN (y, t) =
2N−3Γ(N/2)

π(N/2)+1

∫ ∞

0
ϕλ(y) e

−tλ2
µ(λ) dλ.

(4.7)
In (4.7), ϕλ = ϕλ0 and µ(λ) is the spinor spectral function, and U is often called the
parallel propagator.

5. Derivation of the Heat Kernel Based on Group Theory

The spectrum, the spherical eigenfunctions and the heat kernel of the Dirac operator
can be obtained by means of a group-theoretic derivation on SN and HN . Basic facts
from harmonic analysis for homogeneous vector bundles over compact symmetric spaces
U/K are used. The exact nature of the spaces U and K will be specified shortly. The
cases SN and HN will each be considered.

Spinors on SN .
The vector bundle on U/K associated with the principal bundle U(U/K,K) by a

representation τ of K coincides with the homogeneous vector bundle Eτ on U/K defined
by τ . Therefore Dirac spinor fields on SN = Spin(N + 1)/Spin(N) are considered as
cross sections of the homogeneous vector bundle Eτ , where if N is odd, τ is the unique
fundamental representation of Spin(N) of dimension 2(N−1)/2, and N even τ = τ+ ⊕ τ−.
The τ± are the two fundamental spinor representations of Spin(N) of dimension 2(N/2)−1

each. For the analysis here, let U = Spin(N + 1) and K = Spin(N), with U and K the
corresponding Lie algebras. There is a direct sum decomposition U = K ⊕ K⊥, where
K⊥ is the orthogonal complement of K with respect to the Killing form. Consider the
element x0 = eK ∈ U/K and in terms of it, define the local cross section of U(U/K,K)
as σ : U/K\ (antipodal point of x0) → U in the following way. Let Exp and exp denote
the exponential mappings on U/K and U , respectively. Then as in any symmetric space
ExpX = π(exp X) = exp(X)x0, X ∈ K⊥, where the mapping π : U → U/K is the
projection map. Hence let us take,

σ(ExpX) = exp X, X ∈ P0, (5.1)

P = {X ∈ K⊥|⟨X,X⟩ < π}, where ⟨, ⟩ = −cB, with B the Killing form on U and c > 0 a
normalization constant determined by requiring that the radius of SN be one.

Case 1. N even. The sets Û(τ±) of the equivalence classes of the irreducible represen-
tations or irreps of Spin(N + 1) that contain τ± are

Û(τ+) = Û(τ−) = {λn = (n+
1

2
,
1

2
, . . . ,

1

2
), n = 0, 1, . . .}. (5.2)

The multiplicity of τ± in λn|K is 1 for all n. The iterated Dirac operator and the spinor
Laplacian L =

∑N
a=1 ∇a∇a on a manifold M are related in general by the formula of
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Lichnerowicz

̸ ∇2 = L− 1

4
R, (5.3)

where R is the scalar curvature of M . The eigenvalues λ2n,N of − ̸ ∇2 on SN are given in
terms of the eigenvalues of the operator −L by the equation,

λ2n,N = ωn +
1

4
N(N − 1). (5.4)

Thw general formula for the eigenvalues of −L acting on the space L2(U/K,Eτ ) can be
used, so for Eτ+ , where C2(µ) denotes the Casimir number pertaining to irrep µ, we have

ωn = ωλn = C2(λn)− C2(τ+). (5.5)

This arises from the statement LU/K = ΩD − ΩK , where ΩU =
∑

i T
2
i and ΩK =

∑
i X

2
i

are the Casimir elements of U and K, respectively. Thus {Ti} and {Xi} are orthonormal
bases of U and K. For Eτ− , the same eigenvalues hold since C2(τ+) = C2(τ−). The Casimir
number of an irrep with highest weight λ is given by

C2(λ) = (λ+ ρ)2 − ρ2 = λ · (λ+ 2ρ), (5.6)

where ρ is half the sum of the positive roots of the group. The dimensions are given by
the Weyl result

dλ =
∏
α>0

α · (λ+ ρ)

α · ρ
.

The product is taken over the positive roots α of the group. From these one verifies the
formulas for the eigenvalues and degeneracies of ̸ ∇2 obtained already.

If τ is any irrep of K, the heat kernel K(x, y, t) of the Laplacian Lx on E2 is in general
an element of Hom(Ey, Ex) ≡ Ex ⊗ Ey for each t ∈ R+ and x, y ∈ U/K. It satisfies

(
− ∂

∂t
+ Lx

)
K(x, y, t) = 0, (5.7)

subject to the initial condition

lim
t→0+

∫
U/K

K(x, y, t)ψ(y) dy = ψ(x), (5.8)

for any continuous section ψ ∈ Γ(Eτ ). Let Uλ(u)ij for u ∈ U , i, j = 1, . . . , dλ, be the

representation matrix for the irrep λ ∈ Û(τ) in a given orthonormal basis of Vλ. For
simplicity, suppose that the representation τ appears only once in λ|K , and choose the
basis {ej} of Vλ such that the vectors {ea}a=1,...,dr span Vτ , the subspace of vectors of
Vλ which transform under K according to τ . The matrix-valued function on U given
by faλj : u → Uλ(u−1)aj satisfies faλj(uk) = τ(k−1)ab f

b
λj(u) for k ∈ K. Thus for each

j = 1, . . . , dλ f
a
λj defines a cross section of Eπ. Let the eigenvalue of Lx acting on faλj be

−ωλ. Then the mode expansion of the matrix heat kernel in the local basis θa(x) = σ(x) ea
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of Γ(Eτ ) can be obtained in general by using the Frobenius reciprocity theorem in the
form

K(x, y, t)ab =
1

dτVU/K

∑
λ∈Û(τ)

dλU
λ(σ−1(x)σ(y))abe

−iωλ , a, b = 1, . . . , dτ . (5.9)

In (5.9) σ−1(x) = (σ(x))−1 and VU/K is the volume of U/K. One can express this in a
coordinate invariant way as well

K(x, y, t) =
1

dτVU/K

∑
λ∈Û(τ)

dλU(x, x0)PτU
λ(σ−1(x)σ(y))PτU(x0, y)e

−tωλ . (5.10)

The projector of Vλ onto Vτ is Pτ and U(x, y) is the parallel propagator from Ey, the
fibre at y to Ex along the shortest geodesic between them. The U -invariance of the heat
kernel permits setting x = x0 without loss of generality. Letting U = Spin(N + 1) and
K = Spin(N) and using (5.3) it is found that the heat kernel of ̸ ∇2, with one point at the
origin, is the direct sum K = K+ ⊕K−, where the heat kernels K± on Eτ+ are given by

K±(x0, x, t) =
1

ΩNdτ±

∞∑
n=0

dλnΦ
n
±(σ(x))U(x0, x)e

−tλ2
n,N . (5.11)

The τ+(τ−) spherical functions Φ
n
+(Φ

n
−) which have been introduced are the linear opera-

tors in Vτ+(Vτ−) defined by

Φn
+(u) = Pτ+ U

λn Pτ+ , u ∈ U.

There is a similar relation for Φn
−, and Pτ+ , Pτ− are projectors of Vλn onto the subspace

where λn|K is equivalent to τ+ and τ−, respectively. To determine Φn
+, note first that

Φn
+(k1 uk2) = τ+(k1) Φ

n
+(u) τ+(k2), u ∈ U, k1, k2 ∈ K. (5.12)

With respect to the polar decomposition of U , it is enough to calculate the restrictions
Φn
+(a), a ∈ A = expA, where A is any maximal abelian subspace of K⊥. In this case,

A is a one-dimensional group. and so A ≡ S1. It is well known that M , the centralizer
of A in K, may be identified with Spin(N − 1). The relation am = ma where a ∈
A,m ∈ M and (5.12), it is found that operators Φn

+(a) commute with all the operators
of the representation, τ+|M = σ, that is, the unique fundamental spinor representation
of Spin(N − 1). Since σ is irreducible, it follows by Schur’s lemma that Φn

+(a) must be
proportional to the identity operator in Vτ+ as

Φn
+(a) = fn(a)1,

where a ∈ A and fn is a scalar function on A.
Choose H ∈ A by requiring α(H) = 1, where α is the unique positive restricted root

of U relative to A. The normalization of the scalar product ⟨, ⟩ on A, induced from that
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on K⊥ is such that ⟨H,H⟩ = 1. and corresponds to the choice VU/K = ΩN . For a ∈ A
write a = aB exp(θH), where θ ∈ R. If d(x, x′) denotes the geodesic distance between
x, x′ ∈ SN , then

d(aθx0, x0) = d(kaθx0, x0) = θ, k ∈ K,

where x0 is the origin, the north pole here. It is to be shown that,

fn(aθ) = ϕn(θ) (5.13)

where ϕn(θ) is given by (4.5).
To accomplish this, note the second order differential equation for hλ(θ) = Uλ(aθ),

λ ∈ Û with an analytic continuation to the compact case with t → i θ. Let ΩU , ΩK and
ΩM be the quadratic Casimir operators of the algebras corresponding to the groups U , K
and M . Then it is found that hλ(θ) satisfies the following differential equation

( d2
dθ2

+mα cot θ
d

dθ

)
hλ(θ)+hλ(θ)ΩM− 1

sin2 θ
[(ΩM−ΩK)hλ(θ)(ΩM−ΩK)+2 cos θ

N−1∑
i=1

Xαihλ(θ)Xαi ]

= ΩU hλ(θ) = −C2(λ)hλ(θ). (5.14)

where {Xαi} is an orthonormal basis of

Kα = {X ∈ K : (adH)2X = −X}.

and Xαi is an abbreviation of dUλ (Xαi) or dτ+(Xαi). Now let λ ∈ Û(τ+), that is λ = λn
and Φn

+(aθ) = Pτ+hλn(θ)Pτ+ . By acting with Pτ+ from the left and right in (5.14), an
equation for Φn

+(aθ) is obtained. It is clear that ΩK and ΩM commute with Pτ+ . It is also
the case that

ΩKΦn
+(aθ) = Φn

+(aθ)ΩK = −C2(τ+)Φ
n
+(aθ), ΩMΦn

+(aθ) = Φn
+(aθ) ΩM = −C2(σ)Φ

n
+(aθ).
(5.15)

Furthermore, since Φn
+(aθ) is just a scalar operator, we have

N−1∑
i=1

XαiΦ
n
+(aθ)Xαi =

N−1∑
i=1

XαiXαiΦ
n
+(aθ) = (C2(σ)− C2(τ+))Φ

n
+(aθ). (5.16)

Using these relations and substituting the explicit values of C2(λ0), C2(τ+) and C2(σ) in
(5.14) it is found that fn(aθ) satisfies the same second-order differential equation as ϕn(θ)
given in (4.5). Clearly, Φn

+(e) = 1, and fn must satisfy fn(e) = 1. Thus (5.13) is proved
and Φn

+(aθ) = ϕn(θ). By proceeding in a similar way with τ−, it is found that the same
expression for Φn

−(aθ), results, namely Φn
−(aθ) ·1. Using these formulas in (5.11), the heat

kernel K(x, t) appears relevant for an arbitrary point x, which agrees with (4.6).
Case 2. N odd. Let τ be the fundamental spinor representation {1/2, 1/2, . . . , 1/2} of

K = Spin(N). The branching rule for Spin(N + 1) ⊃ Spin(N) gives

Û(τ) = {λ+n : n = 0, 1, . . .} ∪ {λ−n : n = 0, 1, . . .},
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where λ+n and λ−n are the spinor representations of Spin(N + 1), with finite weights,

λ±n = (n+
1

2
,
1

2
, . . . ,

1

2
,±1

2
}. (5.17)

One can reproduce the formulas that were obtained for the eigenvalues λ2n,N of − ̸ ∇2 and
the degeneracies using the Freudenthal and Weyl formulas.

The heat kernel of ̸ ∇2, with one point at the origin, takes the form,

K(x, t) = K(x0, x, t) =
1

ΩNdτ

∞∑
n=0

dλ+
n

(
Φn+(σ(x)) + Φn−(σ(x))

)
U(x0, x)e

−tλ2
n,N , (5.18)

where the τ -spherical functions Φn± are defined by,

Φn±(u) = Pτ U
λ±
n (u)Pτ , u ∈ U. (5.19)

To calculate Φn±, notice that the operators Φn±(a), a ∈ A, commute with all τ(m),
m ∈ M ≈ Spin(N − 1), which is the centralizer of A in K. The branching rule for
Spin(N) ⊃ Spin(N − 1) gives τ |M = σ+ ⊕ σ−, where σ+ and σ− are the two fundamental
spinor representations on Spin(N − 1). Suppose an orthonormal basis of Vτ is fixed and
adapted to the direct sum decomposition Vτ = Vσ+ ⊕ Vσ− . Applying Schur’s lemma, we
find

Φn±(a) = f±
n+(a)1+ ⊕ f±

n−(a)1−, a ∈ A, (5.20)

where f±
n+ and f±n are scalar functions on A and 1± is the identity operator in Vσ± . Scalar

functions can be determined now by using the radial part of the Casimir operator.
It suffices to define hλ(θ) = Uλ(aθ) to obtain (5.14). Suppose λ ∈ Û(τ) so λ = λ+n

or λ−n . By acting with Pτ in (5.14), both from the left and from the right, we obtain
an equation for ΦN+(a0) and Φn−(a0). In this case, however, as Φn±(aθ) are not scalar
operators, (5.16) is not valid. Let diag(p, q) denote the operator p1+ ⊕ 1− in Vτ , where
p, q ∈ C. Then it is not difficult to show, using the explicit formula for Xαi in the irrep τ
that

N−1∑
i=1

Xαi diag(p, q)Xαi = −1

4
(N − 1) diag(q, p). (5.21)

Using (5.21) in (5.14), the following set of coupled equations for the functions f+n+(aθ) and
f+n−(aθ) come out,

[∂2θ + (N − 1) cot θ ∂θ − C2(σ+)]f
+
n± − N − 1

2 sin2 θ
f+n± + (N − 1)

cos θ

2 sin2 θ
f+n± = −C2(λ

+
n )f

+
n±.

(5.22)
The same set of equations with f+n± → f−n± is obtained for the irrep λ = λ−n .

By computing the sum and difference of the two equations in (5.20), it is then easy
to see that the function f+n+(aθ) + f+n−(aθ) satisfies the same differential equation (2.12)
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as ϕn(θ) given by (4.5). The function f+n+(aθ)− f+n−(aθ) satisifes the same equation that
function ψn(θ) does and is given by

ψn(θ) =
ψn0(0)

ϕn0(0)
=

n!Γ(N/2)

Γ(n+N/2)
sin

θ

2
P (N/2,N/2−1)
n (cos θ). (5.23)

The equation for ψn is the same as (2.12) when l = 0 under the replacement θ → π − θ.
Thus f+n+(aθ) + f+n−(aθ) is proportional to ϕn(θ) and since ϕn(0) = f+n±(e) = 1,

f+n+(aθ) + f+n−1(aθ) = 2ϕn(θ). (5.24)

Similarly, we find
f+n+ − f+n−(aθ) = 2iψn(θ), (5.25)

where the relation f+n+(aπ) = −f+n−(aπ) = (−1)n i has been used. The relation ϕn±(aπ) =
±(−1)n ΓN can be established so that

f+n±(aθ) = ϕn(θ)± i ψn(θ). (5.26)

For the functions f−n± we obtain

f−n±(aθ) = ϕn(θ)∓ i ψn(θ). (5.27)

Using (5.26)-(5.27) in (5.20), the heat kernel K(x, x′, t) of (4.6) is reproduced.
Spinors on HN .
To conclude we briefly look at the case of HN . Suppose G is a noncompact semisimple

Lie group with finite center, K a maximal compact subgroup, and G\K the associated
Riemannian symmetric space of noncompact type. For vector bundles L2 harmonic anal-
ysis on G\K may be reduced to L2-harmonic analysis on G by allowing L2(G/K,Eτ )
reside in L2(G) in a natural way. The heat kernel of the Laplacian acting on this space
L2(G/K,Eτ ) may be expanded in terms of τ spherical functions similar to (5.11) replacing
the sum by an integral

K(x, t) = K(x0, x, t) =
1

dλ

∫
Ĝ(τ)

Φλ
τ (σ(x))U(x0, x) e

−iωλdµ(λ), (5.28)

where dµ(λ) is the Plancherel measure. The τ -spherical functions are the operator valued
functions g → Φλ

τ (g) on G defined by

Φλ
τ (g) = Pτ U

λPτ , g ∈ G, (5.29)

where Uλ(g) denote the operators of the representation λ ∈ Ĝ(τ) in a Hilbert space Hλ,
and Pλ is the projector of Hλ onto Vτ , the subspace of vectors of Hλ which transform
under K according to τ . As in the compact case, σ(ExpX) = exp X, such that X ∈ K⊥,
and U(x0, x) denotes the vector bundle parallel transport operator from x to x0 by way
of the geodesic between them. The vector bundle Laplacian LG/K then has the form,

LG/K = ΩG +ΩK , (5.30)
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where ΩG and ΩK are the quadratic Casimir operators of G and K. The plus in front of
ΩK is due to the Killing form, and has opposite signature on K and K⊥. Denoting the
Casimir value of λ by −C2(λ), the eigenvalues −ωλ of LG/K arising from (5.30) are

−ωλ = −C2(λ)− C2(τ). (5.31)

There is thus a duality between the noncompact and the compact symmetric spaces.
Without going into detail to finish, the following information is of interest. Consider the
subspace U = K ⊕ iK⊥ of G. It is a compact Lie group as the Killing form is negative
definite on U . Suppose U is a simply conected compact Lie algebra U . Then U/K
is the compact symmetric space which is dual to G/K. The radial parts of the Casimir
operators pertaining to G and U and acting on τ -spherical functions are related by analytic
continuation h→ i h for h ∈ A.

6. Conclusions

Let us finally summarize and remark that these results have applications to many
other areas involving elliptic operators. For example, this is relevant to the study of the
Atiyah-Singer index theorem [13], [14]. This theorem states that for an elliptic operator
on a compact manifold, the analytical index, related to the dimension of the solution
space is equal to topological index. It includes many other theorems as subcases, and has
applications to theoretical physics.

Spinor fields which satisfy a Dirac equation ̸ ∇ψ = iλψ have been investigated as
well as the heat kernel for ̸ ∇2 on SN and HN . The gamma matrices are established
needed to determine the eigenfunctions of the Dirac operator on SN with N arbitrary
using geodesic polar coordinates. The degeneracies of the Dirac operator can be found
using these eigenfunctions. Eigenfunctions on HN are obtained by analytically continuing
those pertaining to SN now known. They are used to produce the spinor spectral function
onHN . The results can be used to construct the heat kernel for the iterated Dirac operator
on these spaces. Some group theoretic analysis of spinor fields on SN and HN is provided.

References

[1] T. Friedrich. Dirac Operators in Riemannian Geometry. AMS Graduate Studies in
Mathematics, 25, Providence, RI, 2000.

[2] R. Camporesi and A. Higuchi. On the eigenfunctions of the dirac operator on spheres
and real hyperbolic spaces. Journal of Geometry and Physics, 20:1–18, 1996.

[3] R. Camporesi. Harmonic analysis and propagators on homogeneous spaces. Physics
Reports, 196:1–200, 1990.

[4] A. O. Barut and R. Raczka. Theory of Group Representations. World Scientific,
Singapore, 1986.

[5] A. Trautman. Spin structures on hypersurfaces and the spectrum of the Dirac operator
on spheres, Spinors, Twistors, Clifford Algebras and Quantum Deformations. Kluwer
Academic Publishers, Dordrecht, 1991.



P. Bracken / Eur. J. Pure Appl. Math, 19 (2) (2026), 7034 16 of 16

[6] R. Camporesi. The spinor heat kernel in maximally symmetric spaces. Comm. Math.
Phys., 148:283–308, 1992.

[7] A. Knapp. Representation Theory of Semisimple Lie Groups: An Overview Based on
Examples. Princeton University Press, Princeton, NJ, 1986.

[8] Y. Choquet-Bruhat, C. DeWitt-Morette, and M. Dillard-Bleick. Analysis, Manifolds
and Physics. North Holland, Amsterdam, 1982.

[9] S. Kobayashi and K. Nomizu. Foundations of Differential Geometry, v. I and II.
Interscience, New York, 1969.

[10] N. Wallach. Harmonic Analysis on Homogeneous Spaces. Marcel Dekker, New York,
1973.

[11] S. Helgason. Differential Geometry, Lie Groups and Symmetric Spaces. Academic
Press, New York, 1978.

[12] R. Godement. A theory of spherical functions. Trans. Amer. Math. Soc., 73:496–556,
1952.

[13] M. F. Atiyah, V. K. Patodi, and I. M. Singer. Spectral asymmetry and riemannian
geometry. I. Math. Proc. Camb. Phil. Soc., 77:43–69, 1975.

[14] M. F. Atiyah and I. M. Singer. Dirac operators coupled to vector potentials. Proc.
Natl. Acad. Sci. USA, 81:2597–2600, 1984.


