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Abstract. In this paper, a theoretical and computational analysis is established for a new general
class of variable order (VO) system of fractional differential equations (FDEs). The theoretical
findings are based on the literature on the fixed point theorems (FPTs) and stability of Hyers-
Ulam (HU). Banach’s fixed point theorem (FPT) is used to check the uniqueness of the solutions
of the presumed system. Leray-Schauder’s (LS) approach is utilized to study solution existence.
A computational iterative numerical technique is developed. In addition, a control approach is
devised for the fractional-order dynamical power system, employing adaptive fixed-time fractional-
order sliding mode control. The main objective is to effectively control the chaotic power system.
Therefore, a fractional-order sliding mode control method is devised with the objective of achieving
superior tracking performance and ensuring smooth control inputs. Subsequently, an adaptive
method is employed to mitigate the effects of the unknown disturbance. The Lyapunov theorem is
employed to investigate the overall dynamical system. The comparative results are demonstrated
to give a deeper understanding of the study and show that the suggested approach has better
tracking control and convergence capabilities as process innovation.
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1. Introduction

Fractional calculus (FC) is a mathematical framework that expands the concepts of
integration and differentiation to encompass non-integer orders [1–4]. A diverse group of
scientists, comprising physicists, engineers, mathematicians, and other experts, currently
take part in the investigation and evaluation of this nascent field of study. Leibniz, Eu-
ler, and Laplace made significant contributions to the establishment of the discipline of
fluid dynamics during the 18th century. In recent years, there has been a notable rise
in interest surrounding a wide range of applications within the domains of physics, engi-
neering, finance, and signal processing. The fractional calculus (FC) is a mathematical
framework that pertains to the differentiation and integration of non-integer orders. This
stands in contrast with standard calculus, which is confined to operations involving only
integer orders. The concept of FC is also regarded as significant in the examination of
various scientific and engineering disciplines. [5–8]. Furthermore, this approach exhibits
usefulness in the examination of financial assets, namely in the assessment of stock values.
Additionally, it finds relevance in the analysis of fractal patterns and long-term memory
signals within the realm of data processing. The application of FC has been discovered to
enhance the preservation of long-term memory and enable the analysis of fractal patterns
of behavior. The classical calculus exhibits limitations in its ability to effectively preserve
information and handle events as distinct entities, hence making it unsuitable for such sys-
tems. The use of FC offers an improved structure for modeling processes by considering
the attributes of long-term memory and the fractal nature of systems. Extensive scien-
tific and technical research efforts have been devoted to the mathematical modeling and
numerical simulation of dynamical systems. The developmental path of fractional order
operators encompasses a diverse array of kernels, encompassing both local and non-local
variations, as well as singular and non-singular manifestations. Several scholars have been
discovered in recent studies regarding these issues. Academic researchers are afforded the
opportunity to have access to and critically evaluate a noteworthy literary work [9, 10].

Variable-order fractional differential equations (VFDs) are a significant advancement
in the field of fractional calculus because they provide a flexible structure for describing
complex dynamic systems with non-local memory effects [11]. These broadened the ap-
plication of traditional calculus by including fractional-order derivatives that change with
time, space, or other variables [12, 13]. VFDs are used in a variety of scientific domains
because they can capture complex behaviors that standard models lack. The inclusion
of fractional derivatives of various orders that can react to dynamic system changes de-
fines VFDs [14–16]. VFDs offer a more realistic representation of complex systems than
ODEs, as the sequence of differentiation in them is flexible. The ability to account for
variations in the order of derivatives is necessary for modeling time-dependent processes
incorporating memory effects, such as those present in viscoelastic materials, anomalous
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diffusion, and biological systems. In mathematical terms, a VDE can be expressed in
the form Dα(t)u(t) = f(u) where α(t) varies with respect to t. The variability of VFDs
for α(t) can be estimated using behavior, environmental factors, and control inputs. This
adaptability has proven useful in modeling phenomena like transient behaviors in materials
or biological processes that are stimulated by the environment, enabling a more accurate
representation of these phenomena [17, 18].

MOdeling and simulations and AI applications are common these days in almost all
walks of life. One can see the results in [19–23]. Solving VFDs analytically is particu-
larly difficult due to the non-locality of fractional derivatives and the changeable order.
Approximate solutions to VFDs can be found by the use of a number of different computa-
tional methods, such as fractional differences, Grünwald-Letnikov schemes, and fractional
Adams-Bashforth approaches. The variable order fractional differential equations are a
useful mathematical tool for modeling time-varying or externally induced changes in dy-
namic systems with memory effects. Because of their applicability across a wide range of
scientific disciplines, they are an invaluable resource for modern scientists. The theory and
numerical approaches related to VFDs are still being studied and improved, opening the
door to more accurate modeling and a deeper understanding of real-world processes.The
power system, which is considered a prominent example of a nonlinear dynamical system,
has been seen to exhibit nonlinear dynamic properties. As a result, there has been a
significant amount of research conducted on the chaotic oscillations that arise from these
characteristics [24]. The reliable operation of power systems can be significantly affected
by the emergence of chaotic oscillation. This can result in various possible consequences,
like voltage collapse, angle instability, and even the development of large-scale blackout
episodes within the system [25]. Furthermore, it is important to acknowledge that a power
system that is interrelated exhibits some key characteristics, including its multivariable
nature, nonlinearity, and strong coupling dynamics [26]. The presence of these intrinsic
qualities possesses the capacity to generate temporary volatility within the power system.
Therefore, the management of the turbulent oscillations within the power system is crucial
in ensuring the stability of its dynamics.

Numerous control strategies have been proposed in the literature to mitigate the oscilla-
tions in chaotic power systems. These strategies include a synchronization characteristics
scheme using a continuous feedback control method [27], linear state feedback control
method [28], adaptive backstepping control approach [29], adaptive terminal sliding mode
[30], and adaptive synergetic scheme [31]. These control strategies that have been pro-
vided exhibit effectiveness in exploring the reduction of chaotic oscillations within power
systems. Nevertheless, these methodologies solely attain the asymptotic convergence of
state variables without the ability to ensure their precise convergence within a given time
frame. In literature, the majority of authors primarily focus on analyzing 2nd-order power
systems, with limited consideration given to the control of more intricate power system
models. The 2nd-order system is derived from the 4th-order power system, and exten-
sive research has been conducted on the chaotic behavior shown by the four-order power
system [32–36]. Hence, it is imperative to have direct control over the four-order power
system.
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Nonlinear sliding surfaces are utilized by the terminal sliding mode controller to en-
sure that errors converge to the origin in finite time, and that accuracy increases as the
sliding surface is attained. The nonlinear structure of the terminal sliding mode control
(TSMC) provides a faster convergence rate compared to conventional SMC [37]. Noise
attenuation, parametric uncertainty compensation, and finite-time convergence are its ad-
vantages. TSMC has been used to control the dynamics of chaotic power systems. A
method has been shown to solve the finite-time boundedness (FTB) problem for a nonlin-
ear description photovoltaic (PV) system using the finite-time fuzzy SMC scheme [38]. In
[36], the authors have presented an approach for mitigating chaotic oscillations in a power
system with a fourth-order chaos model, through the implementation of an SMC based on
exponential reaching law. Since finite time is dependent on the initial values, thus, fixed
time can be utilized to design a control scheme independent on the initial values [39].
Therefore, the fixed time integral SMC has been proposed for the suppression of oscilla-
tion in chaotic power systems [33]. An approach has been presented to stabilize nonlinear
power systems using a fixed-time fractional-order SMC [35]. This controller demonstrates
successful stabilization of a nonlinear power system, as evidenced by the nonlinear be-
havior observed in the state trajectories of the power system. Adaptive control excels at
adjusting to unknown dynamics and improving closed-loop monitoring. If the parame-
ters/dynamics are unknown, an adaptive scheme can be used to estimate them. Thus, the
literature has suggested a number of different approaches for SMC-based adaptive systems
[40, 41].

For a better description of the paper, we have divided the paper in several partitions
that highlight the mathematical and computational works related to a system of nonlocal
VO integro-differential equations. The division of the paper is made on the aspects of
qualitative analysis, numerical algorithms and computations, and fractional order opti-
mization.

• The qualitative analysis is divided into further three sections:

i The existence of a solution for the VO system of FDEs.

ii The uniqueness criteria for the VO-ID-system.

iii Hyers-Ulam stability. The numerical section is further divided into two subsections
including a) the computational scheme for the VO-ID-system b) a comparative study
of the numerical results for different variable orders

• An adaptive fixed-time fractional-order sliding mode control scheme has been pro-
posed with the objective of obtaining good tracking, chatter-free control input, and
error convergence in fixed time

• The utilization of adaptive control combined with fractional SMC has been employed
as a means to counterbalance the effects of unknown dynamics.

• Furthermore, an examination of the fixed-time stability of the nonlinear power sys-
tem is conducted by Lyapunov analysis.
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The subsequent sections are categorized in the following manner: the second section
provides a comprehensive analysis of the relevant literature. The preliminary information
is provided in Section 2. In Section 3 of the paper, we focused on the examination of the
VO system of FDEs. Section 4 presents the establishment of HUS. The iterative scheme
employed by the application is described in Section 5. The developed control method
and the stability analyses using the Lyapunov criterion are presented in Section 6. The
numerical results of the closed-loop model using the proposed scheme are given in Section
7. Section 8 presents the discussion on the obtained results. Section 9 concludes this work.

2. Preliminaries

The history of FDEs is lengthy and dynamic, behaviour, physical circumstances, and
control inputs can all be used to estimate the variability of fractional operators in many
areas of science and technology. Due to their capacity to explain phenomena including
memory and long-range dependence, higher-order DEs are a strong tool for modelling
systems that contradict conventional integer-order descriptions. The applications of FDEs
are expected to grow more as the field develops [9, 10].

Here, we highlight some notions from the literature regarding the RL calculus that will
be considered to obtain the main works of the paper.

Definition 1. [9] Fractional order RL integral and derivative for non-variable orders of
g(x) are given below

aIϑ
∗

x g(x) =
1

Γ(ϑ∗)

∫ x

a

g(τ)

(x− τ)1−ϑ∗ dτ, (1)

aDϑ∗
x g(x) =

1

Γ(1− ϑ∗)

d

dt

∫ x

a

g(τ)

(x− τ)ϑ
∗ dτ, (2)

for b− 1 < ϑ∗ < b, b ∈ ℵ and Γ(ϑ∗) is

Γ(ϑ∗) =

∫ ∞

0
e−xxϑ

∗−1dt.

The following VO operators are taken from [42].

Definition 2. The VO time FI is given below

aIϑ
∗(x)

x g(x) =
1

Γ(ϑ∗(x))

∫ x

a
(x− s)ϑ

∗(x)−1g(s)ds, (3)

where n− 1 < ϑ∗(x) < n, is a variable order.

Definition 3. The left side VO time FD in RL-sense is given below

aDϑ∗(x)
x g(x) =

1

Γ(n− ϑ∗(x))

dn

dxn

∫ x

a
(x− s)n−ϑ∗(t)−1g(s)ds, (4)

where n− 1 < ϑ∗(x) < n, is a variable order.
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Definition 4. The right side VO time FD in RL-sense is given below

aDα(x)
x g(x) =

(−1)n

Γ(n− α(x))

dn

dtn

∫ x

a
(x− s)n−α(t)−1g(s)ds, (5)

where n− 1 < α(x) < n, is a variable order.

Lemma 1. [41] For the stability of fixed-time convergence for the system ẏ(x) = f(x, y), y(0) =
y0, the Lyapunov function V (y) that satisfies
i. V (y) = 0 ⇔ y = 0
ii. V̇ (y) ≤ −w1V (y)v1 − w2V (y)v2

for w1, w2 > 0, 0 < v1 < 1 and v2 > 1. So, the fixed-time T is obtained as

T ≤ 1

w1(1− v1)
+

1

w2(v2 − 1)
(6)

Lemma 2. [40] For µ1, µ2, ...., µn > 0, the inequalities satisfy as

n∑
i=1

|µi|1+λ ≥
(

n∑
i=1

|µi|2
) 1+λ

2

, for 0 < λ < 1

n∑
i=1

|µi|λ ≥ n1−λ

(
n∑

i=1
|µi|
)λ

, for λ > 1

(7)

Property 2.7. [9] The RL derivative satisfies that:

aD1−α
x (aDα

xf(x)) = ḟ(x), (8)

aDα
x

(
aD−α

x f(x)
)
= f(x) (9)

3. The dynamical system

Integro-differential equations, which are a type of mathematical equations that incor-
porate both differential and integral aspects, have a wide range of applications in several
domains. In the field of physics, mathematical models are employed to represent var-
ious processes, including but not limited to heat conduction, population dynamics, and
electromagnetic wave propagation. Integro-differential equations are utilized in the field of
biology to model several biological phenomena, including brain networks, enzyme kinetics,
and the spread of epidemics. The utilization of these equations holds significant impor-
tance in the field of economics as they facilitate the analysis of investment strategies and
the determination of price formation in financial markets. In addition, integro-differential
equations find application in the field of engineering for the purpose of forecasting the
dynamics of intricate systems, including but not limited to fluid flow in porous media,
structural dynamics, and control systems. The inherent adaptability of these tools ren-
ders them highly effective in addressing complex challenges across several fields. In this
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study, we provide a research problem that involves a coupled system of integro-differential
equations of VO, specifically focusing on the variable sense of RL derivatives.

RDϑ∗
i (x)Yi(x) = Hi(x,

1

Γ(α)

∫ x

0
(x− s)α−1Yi(s)ds), x ∈ I = [0, T ],

Yi(x)|x=l = Pi(x,Yi(x)).

(10)

The variable order is a ϑ∗
i (x) : R → (0, 1], is the variable order for the Riemann-Liouville

derivative RDϑ∗
i (x), ζi ∈ R, the functions Yi : I → R, Hi, Pi, are continuous functions,

for all, i = 1, 2, . . . , n, and satisfying the Caratheodory conditions. The authors’ research
in the field has revealed that the problem of a system of VO-ID-system with BCs has
not yet been explored in terms of solution existence, stability analysis, or computational
effort. Various applied dynamical systems can be considered as specific instances of the
postulated variable-order system of FDEs. Therefore, looking at the importance of the
work, we are considering VO-ID-system (10) for the theoretical findings and computational
works based on FPT and numerical scheme, respectively.

Lemma 3. The following coupled system of VO-ID-system with BCs

RDϑ∗
i (x)Yi(x)) = H∗

i (x, IαYi(x)), t ∈ I = [0, T ],

Yi(x)|x=l = Pi(x,Yi(x)),
(11)

is equivalent to

Yi(x) =
1

Γ(ϑ∗
i (x))

∫ x

0
(x− s)ϑ

∗
i (x)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds+

x1−ϑ∗
i (x)

ℓ1−ϑ∗
i (x)

(
Pi(x,Yi(x))

− 1

Γ(ϑ∗
i (x))

∫ l

0
(l − s)ϑ

∗
i (x)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds

)
,

for i = 1, 2, . . . , n.

Proof. From (19), we have

RDϑ∗
i (x)Yi(x)) = H∗

i (x, IαYi(x)), x ∈ I = [0, 1], Yi(x)|x=l = Pi(x,Yi(x)). (12)

Applying the VOI of order ϑ∗
i (x), we have

Yi(x) =
1

Γ(ϑ∗
i (x))

∫ x

0
(x− s)ϑ

∗
i (x)−1H∗

i (s, IαYi(s))ds+ Cix
1−ϑ∗

i (x). (13)

Using the boundary condition Yi(x)|x=l = Pi(x,Yi(x)), in (13), we have the following
equivalent VOI form

Yi(x) =
1

Γ(ϑ∗
i (x))

∫ x

0
(x− s)ϑ

∗
i (x)−1Hi(s, IαYi(s))ds+

x1−ϑ∗
i (x)

ℓ1−ϑ∗
i (x)

(
Pi(x,Yi(x))
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− 1

Γ(ϑ∗
i (x))

∫ l

0
(l − s)ϑ

∗
i (x)−1Hi(s, IαYi(s))ds

)
(14)

=
1

Γ(ϑ∗
i (x))

∫ x

0
(x− s)ϑ

∗
i (x)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds+

x1−ϑ∗
i (x)

ℓ1−ϑ∗
i (x)

(
Pi(x,Yi(x))

− 1

Γ(ϑ∗
i (x))

∫ l

0
(l − s)ϑ

∗
i (x)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds

)
,

where i = 1, 2, . . . , n.

Assume a Banach’s space of continuous functions B = {Yi(t) : Yi(t) ∈ C([0, 1],R) for t ∈
[0, 1]}, having the norm ∥Yi∥ = maxt∈[0,1] |Yi(t)|. Let Ti : C([0, 1],R) → C([0, 1],R), oper-
ators, where

TiYi(x) =
1

Γ(ϑ∗
i (x))

∫ x

0
(x− s)ϑ

∗
i (x)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds+

x1−ϑ∗
i (x)

ℓ1−ϑ∗
i (x)

(
Pi(x,Yi(x))

− 1

Γ(ϑ∗
i (x))

∫ l

0
(l − s)ϑ

∗
i (x)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds

)
. (15)

By (15), the solutions of the VO-ID-system (10) are the FPs of Ti. The following assump-
tions is considered:

• (H1) For some ζ1i , ζ
2
i ∈ Re, and Ui, Ȳi ∈ C, t ∈ [0, k], the H∗

i and Pi, for i =
1, 2, . . . , n satisfy that

|H∗
i (t,Ui)−H∗

i (t, Ȳi)| ≤ ζ1i |Ui − Ȳi|,

|Pi(t,Ui)− Pi(t, Ȳi)| ≤ ζ2i |Ui − Ȳi|.

Theorem 1. If for all i = 1, 2, . . . , n, (H1) is satisfied and we have

Hi = max
x∈[0,T ]

{ T ϑ∗
i (x)

Γ(ϑ∗
i (x) + 1)

ζ1i T
α

Γ(α+ 1)
+

x1−ϑ∗(x)

l1−ϑ∗
i (x)

(
ζi2 −

lϑ
∗
i (x)

Γ(ϑ∗
i (x+ 1))

ζ1i T
α

Γ(α+ 1)

)}
, (16)

with Hi < 1, for x ∈ [0, T ], then the uniqueness of solution for (10) is ensured.

Proof. In this proof, we assume i = 1, 2, . . . , n. Let us consider that: supx∈[0,T ] |H∗
i (x, 0)| =

℘1 < ∞, and supt∈[0,k] |Pi(x, 0)| = ℘2 < ∞, Sηi = {Yi ∈ C([0, k],Re) : ∥Yi∥ < ηi}, and
k ≥ 1. For Yi ∈ Sηi , and x ∈ [0, T ], then using (H1), we proceeded to

|Hi(x,
1

Γ(α)

∫ x

0
(x− r)α−1Yi(r)dr)| =

∣∣Hi(x,
1

Γ(α)

∫ x

0
(x− r)α−1Yi(r)dr)−Hi(x, 0) +Hi(x, 0)

∣∣
≤ |Hi(x,

1

Γ(α)

∫ x

0
(x− r)α−1Yi(r)dr)−Hi(x, 0)|+ |Hi(x, 0)|

≤ ζ1i T
α

Γ(α+ 1)
∥Yi(x)∥+ |Hi(x, 0)| (17)
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≤ ηiζ
1
i T

α

Γ(α+ 1)
+ ℘1.

Also, for Yi ∈ Sηi , t ∈ [0, k], one has

|Pi(x,Yi(x))| = |Pi(x,Yi(x))− Pi(x, 0) + Pi(x, 0)|
≤ |Pi(x,Yi(x))− Pi(x, 0)|+ |Pi(x, 0)|
≤ ζ2i ∥Yi(x)∥+ |Pi(x, 0)| (18)

≤ ζ2i ηi + ℘2.

With the help of (15), (17) and (18), the following boundedness is ensured

|TiYi(x)| =
∣∣ 1

Γ(ϑ∗
i (x))

∫ x

0
(x− s)ϑ

∗
i (x)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds+

x1−ϑ∗
i (x)

ℓ1−ϑ∗
i (x)

(
Pi(x,Yi(x))

− 1

Γ(ϑ∗
i (x))

∫ l

0
(l − s)ϑ

∗
i (x)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds

)∣∣
≤
∣∣ 1

Γ(ϑ∗
i (x))

∫ x

0
(x− s)ϑ

∗
i (x)−1(

ηiζ
1
i T

α

Γ(α+ 1)
+ ℘1))ds+

x1−ϑ∗
i (x)

ℓ1−ϑ∗
i (x)

(
ζ2i ηi + ℘2

− 1

Γ(ϑ∗
i (x))

∫ l

0
(l − s)ϑ

∗
i (x)−1(

ηiζ
1
i T

α

Γ(α+ 1)
+ ℘1))ds

)
≤ max

x∈[0,T ]

{ 1

Γ(ϑ∗
i (x) + 1)

T ϑ∗
i (x)(

ηiζ
1
i T

α

Γ(α+ 1)
+ ℘1)) +

x1−ϑ∗
i (x)

ℓ1−ϑ∗
i (x)

(
ζ2i ηi + ℘2

− T ϑ∗
i (x)

Γ(ϑ∗
i (x) + 1)

(
ηiζ

1
i T

α

Γ(α+ 1)
+ ℘1))

)}
.

From (19), we have TiSηi ⊂ Sηi . Also, we can assume that Yi, Ui ∈ C([0, 1],Re), k ≥ 1
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for x ≥ s ∈ [0, 1], one gets

|TiYi(x)− TiUi(x)| =
∣∣∣ 1

Γ(ϑ∗
i (x))

∫ x

0
(x− s)ϑ

∗
i (x)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds

+
x1−ϑ∗

i (x)

ℓ1−ϑ∗
i (x)

(
Pi(x,Yi(x))−

1

Γ(ϑ∗
i (x))

∫ l

0
(l − s)ϑ

∗
i (x)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds

)
−
[ 1

Γ(ϑ∗
i (x))

∫ x

0
(x− s)ϑ

∗
i (x)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Ui(r)dr)ds+

x1−ϑ∗
i (x)

ℓ1−ϑ∗
i (x)

(
Pi(x,Ui(x))

− 1

Γ(ϑ∗
i (x))

∫ l

0
(l − s)ϑ

∗
i (x)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Ui(r)dr)ds

)]∣∣∣
≤ 1

Γ(ϑ∗
i (x))

∫ x

0
(x− s)ϑ

∗
i (x)−1

∣∣Hi(s,
1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds−Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Ui(r)dr)ds

∣∣
+

x1−ϑ∗
i (x)

ℓ1−ϑ∗
i (x)

(∣∣Pi(x,Yi(x))− Pi(x,Ui(x))
∣∣

− 1

Γ(ϑ∗
i (x))

∫ l

0
(l − s)ϑ

∗
i (x)−1

∣∣Hi(s,
1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds−Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Ui(r)dr)ds

∣∣)
≤
[ T ϑ∗

i (x)

Γ(ϑ∗
i (x) + 1)

ζ1i T
α

Γ(α+ 1)
+

x1−ϑ∗(x)

l1−ϑ∗
i (x)

(
ζi2 −

lϑ
∗
i (x)

Γ(ϑ∗
i (x+ 1))

ζ1i T
α

Γ(α+ 1)

)]∥∥Yi − Ui

∥∥
≤ Hi|Yi − Ui|.

For Hi < 1, given by (16), the Ti is contraction and applying the Banach’s FPT [43]
implies the VO-ID-system (10) has a unique solution.

Theorem 2. Witht the consideration of (H1), then the VO-ID-system (10) has a solution.

Proof. With the help of Theorem 1, we have that Ti are bounded, for i = 1, 2, 3, . . . , n.
Let x1, x2 ∈ [0, k] such that x2 > x1, and k ≤ 1, then we have

|TiYi(x2)− TiYi(x1)| =
∣∣∣ 1

Γ(ϑ∗
i (x2))

∫ x2

0
(x2 − s)ϑ

∗
i (x2)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds

+
x
1−ϑ∗

i (x2)
2

ℓ1−ϑ∗
i (x2)

(
Pi(x2,Yi(x2))−

1

Γ(ϑ∗
i (x2))

∫ l

0
(l − s)ϑ

∗
i (x2)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds

)
−
[ 1

Γ(ϑ∗
i (x1))

∫ x1

0
(x1 − s)ϑ

∗
i (x1)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds

+
x
1−ϑ∗

i (x1)
1

ℓ1−ϑ∗
i (x1)

(
Pi(x1,Yi(x1))−

1

Γ(ϑ∗
i (x1))

∫ l

0
(l − s)ϑ

∗
i (x1)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds

)∣∣∣
≤
∣∣∣ x

ϑ∗
i (x2)

2

Γ(ϑ∗
i (x2) + 1)

− x
ϑ∗
i (x1)

1

Γ(ϑ∗
i (x1) + 1)

∣∣∣( ηiζ
1
i T

α

Γ(α+ 1)
+ ℘1

)
(19)

+
∣∣∣x1−ϑ∗

i (x2)
2

ℓ1−ϑ∗
i (x2)

− x
1−ϑ∗

i (x1)
1

ℓ1−ϑ∗
i (x1)

∣∣∣(∣∣Pi(x2,Yi(x2))− Pi(x1,Yi(x1))
∣∣
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+ (
ηiζ

1
i T

α

Γ(α+ 1)
+ ℘1)

∣∣ lϑ
∗
i (x2)

Γ(ϑ∗
i (x2) + 1)

− lϑ
∗
i (x1)

Γ(ϑ∗
i (x1) + 1)

∣∣).
From (19), as x2 → x1, then TiYi(x2) → TiYi(x1). This implies the equicontinuity of Ti’s
for all i = 1, 2, . . . , n. Also, for Yi ∈ {Y ∈ C([0, k],Re) : Y = ℏTi(Y), forℏ ∈ [0, 1]}, one
can get

∥Yi∥ = max
x∈[0,T ]

|TiYi(x)| = max
x∈[0,T ]

∣∣ 1

Γ(ϑ∗
i (x))

∫ x

0
(x− s)ϑ

∗
i (x)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds

+
x1−ϑ∗

i (x)

ℓ1−ϑ∗
i (x)

(
Pi(x,Yi(x))−

1

Γ(ϑ∗
i (x))

∫ l

0
(l − s)ϑ

∗
i (x)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds

)∣∣
≤

∣∣ 1

Γ(ϑ∗
i (x))

∫ x

0
(x− s)ϑ

∗
i (x)−1(

ηiζ
1
i T

α

Γ(α+ 1)
+ ℘1))ds+

x1−ϑ∗
i (x)

ℓ1−ϑ∗
i (x)

(
ζ2i ηi + ℘2

− 1

Γ(ϑ∗
i (x))

∫ l

0
(l − s)ϑ

∗
i (x)−1(

ηiζ
1
i T

α

Γ(α+ 1)
+ ℘1))ds

)
(20)

≤ max
x∈[0,T ]

{ T ϑ∗
i (x)

Γ(ϑ∗
i (x) + 1)

(
∥Yi∥ζ1i Tα

Γ(α+ 1)
+ ℘1)) +

x1−ϑ∗
i (x)

ℓ1−ϑ∗
i (x)

(
ζ2i ∥Yi∥+ ℘2

− T ϑ∗
i (x)

Γ(ϑ∗
i (x) + 1)

(
∥Yi∥ζ1i Tα

Γ(α+ 1)
+ ℘1)

)}
= ∆∗

i 1 +∆∗
i 2∥Yi∥,

where

∆∗
i 1 = max

x∈[0,T ]

{ T ϑ∗
i (x)

Γ(ϑ∗
i (x) + 1)

℘1 +
x1−ϑ∗

i (x)

ℓ1−ϑ∗
i (x)

(
℘2 −

T ϑ∗
i (x)

Γ(ϑ∗
i (x) + 1)

℘1

)}
, (21)

and

∆∗
i 2 = max

x∈[0,T ]

{ T ϑ∗
i (x)

Γ(ϑ∗
i (x) + 1)

ζ1i T
α

Γ(α+ 1)
+

x1−ϑ∗
i (x)

ℓ1−ϑ∗
i (x)

(
ζ2i

T ϑ∗
i (x)

Γ(ϑ∗
i (x) + 1)

ζ1i T
α

Γ(α+ 1)

)}
. (22)

From (20), (21) and (22), we have

∥Yi∥ ≤
∆∗

i 1

1−∆∗
i 2

, (23)

for i = 1, 2, . . . , n. Thus, Leray-Schauder’s alternative theorem implies that the VO-ID-
system (10) has a solution.

4. Hyers-Ulam Stability

When it comes to the study of functional equations, the concept of HUS, is extremely
important since it ensures that solutions remain relatively similar to the initial solution
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even when only minute adjustments are made. According to the assertion, if a function
can produce an approximation of a solution to a particular functional equation, then
there must be an exact solution located in close proximity to the approximation of the
solution. The HUS theorem is useful in a number of different domains, including the
branch of research devoted to FDEs. The concept of HUS is highly significant in FDEs
because it provides us with a fundamental method for determining how stable solutions
with fractional orders are. The stability data give confidence that minute modifications
in the initial values or parameters do not result in large variations in the solutions, hence
guaranteeing the precision and predictability of the system’s dynamical behavior. The use
of the HUS idea in FDEs is of critical significance in the study of physics, engineering, and
finance, respectively. These areas of study frequently make use of fractional-order models
in order to effectively represent processes that are complex and memory-dependent. The
utilization of this notion makes it possible to conduct research on extended temporal
patterns, the influence of memory on occurrences, and the coexistence of several scales in
a variety of real-world phenomena. In addition to this, researchers are now able to define
the stability characteristics of control systems with fractional order, which has important
significance in the disciplines of electrical circuits, robotics, and biomedical engineering.
For details, see the works i.

The HUS for the VO-ID-system (10) is defined and analyzed below.

Definition 5. By the HUS of the (15), we mean that for ζi > 0, there exist ∆i > 0, with
Yi such that

∥Yi − TiYi∥1 < ∆i, (24)

with Ȳi(t) approximations of the VO-system (15), such that

Ȳi(t) = TiȲi(t), (25)

implies that
∥Yi − Ȳi∥ < ∆iζi, (26)

where i = 1, 2, . . . , n.

Theorem 3. Let the assumptions of (H1) hold true, then our presumed VO system of
FDEs (15) is HU stable which implies the stability of the coupled system (10).

Proof. Let for Yi ∈ B with the property (24) and an approximation Y ∈ B of (10),
satisfying (15), implies that

|TiYi(x)− TiYi(x)| =
∣∣∣ 1

Γ(ϑ∗
i (x))

∫ x

0
(x− s)ϑ

∗
i (x)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds

+
x1−ϑ∗

i (x)

ℓ1−ϑ∗
i (x)

(
Pi(x,Yi(x))−

1

Γ(ϑ∗
i (x))

∫ l

0
(l − s)ϑ

∗
i (x)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds

)
−

[ 1

Γ(ϑ∗
i (x))

∫ x

0
(x− s)ϑ

∗
i (x)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds+

x1−ϑ∗
i (x)

ℓ1−ϑ∗
i (x)

(
Pi(x,Yi(x))
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− 1

Γ(ϑ∗
i (x))

∫ l

0
(l − s)ϑ

∗
i (x)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds

)]∣∣∣ (27)

≤ 1

Γ(ϑ∗
i (x))

∫ x

0
(x− s)ϑ

∗
i (x)−1

∣∣Hi(s,
1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds−Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds

∣∣
+

x1−ϑ∗
i (x)

ℓ1−ϑ∗
i (x)

(∣∣Pi(x,Yi(x))− Pi(x,Yi(x))
∣∣

− 1

Γ(ϑ∗
i (x))

∫ l

0
(l − s)ϑ

∗
i (x)−1

∣∣Hi(s,
1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds−Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds

∣∣)
≤

[ T ϑ∗
i (x)

Γ(ϑ∗
i (x) + 1)

ζ1i T
α

Γ(α+ 1)
+

x1−ϑ∗(x)

l1−ϑ∗
i (x)

(
ζi2 −

lϑ
∗
i (x)

Γ(ϑ∗
i (x+ 1))

ζ1i T
α

Γ(α+ 1)

)]∥∥Yi − Yi

∥∥
≤ Hi|Yi − Yi|.

For Hi < 1, where Hi = maxx∈[0,T ]

{
Tϑ∗

i (x)

Γ(ϑ∗
i (x)+1)

ζ1i T
α

Γ(α+1) +
x1−ϑ∗(x)

l1−ϑ∗
i
(x)

(
ζi2 − lϑ

∗
i (x)

Γ(ϑ∗
i (x+1))

ζ1i T
α

Γ(α+1)

)}
for i = 1, 2, . . . , n. From (24), (25) and (27), we have

∥Yi − Yi∥ = ∥Yi − TiYi + TiYi − Yi∥
≤ ∥Yi − TiYi∥+ ∥TiYi − TiY∥ (28)

≤ ∆i +Hi∥Yi − Yi∥,

where i = 1, 2, . . . ,m. Furthermore,

∥Yi − Yi∥ ≤ ∆i

1−Hi
, (29)

with ζi =
1

1−Hi
. Hence, (15) is HU-stable, equivalently; the HUS of (10) is proved.

5. Numerical technique

In numerical analysis, there are so many ways to handle the integration of nonlinear
functions. Lagrange’s interpolation (LI) polynomial is one of them which is used in diverse
fields for different applications. The Lagrange interpolation polynomial is a widely uti-
lized mathematical technique that has applications in many academic disciplines such as
mathematics, computer science, engineering, and data analysis. The approach described
enables the estimation of an intricate function by generating a polynomial that intersects
a predetermined set of data points. LI holds significant importance within the field of
numerical analysis in mathematics. The utilization of an interpolating polynomial greatly
facilitates the task of determining a polynomial function that accurately represents a given
dataset. This, in turn, allows for the estimation of values that lie between the existing
data points with a high degree of precision. This methodology is utilized in the fields of
calculus, differential equations, and numerical integration. LI plays a crucial role in the
fields of data compression and error correction within the realm of computer science. The
utilization of this technique is prevalent in the fields of image and signal processing, as
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it plays a crucial role in the precise reconstruction of data that is either absent or dis-
torted. Additionally, it assumes a prominent function in the realm of computer graphics
by facilitating the generation of seamless curves and surfaces derived from limited data
points.

Here, we develop an iterative scheme for the numerical simulations of (10). We consider

TiYi(x) =
1

Γ(ϑ∗
i (x))

∫ x

0
(x− s)ϑ

∗
i (x)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds+

x1−ϑ∗
i (x)

ℓ1−ϑ∗
i (x)

(
Pi(x,Yi(x))

− 1

Γ(ϑ∗
i (x))

∫ l

0
(l − s)ϑ

∗
i (x)−1Hi(s,

1

Γ(α)

∫ s

0
(s− r)α−1Yi(r)dr)ds

)
. (30)

We assume the nonlinear function G∗
i (x,Yi(x)) = Hi(s,

1
Γ(α)

∫ s
0 (s − r)α−1Yi(r)dr). Then,

(30) becomes

TiYi(x) =
1

Γ(ϑ∗
i (x))

∫ x

0
(x− s)ϑ

∗
i (x)−1G∗

i (s,Yi(s))ds+
x1−ϑ∗

i (x)

ℓ1−ϑ∗
i (x)

(
Pi(x,Yi(x)) (31)

− 1

Γ(ϑ∗
i (x))

∫ l

0
(l − s)ϑ

∗
i (x)−1G∗

i (s,Yi(s))ds
)
.

Replacing x by xk+1 in (31), we get the following discretization of the integral system

TiYi(xk+1) =
1

Γ(ϑ∗
i (xk))

m=k∑
m=0

∫ xm+1

xm

(xk − s)ϑ
∗
i (xk)−1G∗

i (s,Yi(s))ds (32)

+
x
1−ϑ∗

i (xk)
k

ℓ1−ϑ∗
i (xk)

(
Pi(xk,Yi(xk))−

1

Γ(ϑ∗
i (xk))

∫ l

0
(l − s)ϑ

∗
i (xk)−1G∗

i (s,Yi(s))ds
)
.

With the help of LIP, we can approximate the nonlinear function G∗
i (x,Yi(x)) as below:

G∗
i (x,Yi(x)) =

G∗
i (xm,Yi(xm))(x− xm−1)

xm − xm−1
− G∗

i (xm−1,Yi(xm−1))(x− xm)

xm − xm−1
(33)

=
G∗
i (xm,Yi(xm))(x− xm−1)

ℏ
− G∗

i (xm−1,Yi(xm−1))(x− sm)

ℏ
.

The (33) leads us to the following numerical scheme

Yi(xk+1) =
hϑ

∗
i (xk)

Γ(ϑ∗
i (xk) + 2)

Σk
m=0

[
G∗
i (xm,Yi(xm))

(
(k −m+ 1)ϑ

∗
i (xm)(2 + k −m+ ϑ∗

i (xm))

− (k −m)ϱi(k + 2−m+ 2ϑ∗
i (xm))

)
(34)

− G∗
i (xm−1,Yi(xm−1))

(
(k −m+ 1)ϑ

∗
i (xm−1)+1 − (k −m+ 1 + ϑ∗

i (xm−1))(k −m)ϑ
∗
i (xm−1)

)]
+

x
1−ϑ∗

i (xm)
m

ℓ1−ϑ∗
i (xm)

( n∑
i=0

Pi(xk,Yi(xk))− Σm
k=1

[
G∗
i (xk,Yi(xk))

h

(
xkℓ

ϑ∗
i (xk)

Γ(ϑ∗
i (xk) + 1)

− ℓϑ
∗
i (xk+1)

Γ(ϑ∗
i (xk) + 2)

)
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− G∗
i (xk−1,Yi(xk−1))

h

(
xkℓ

ϑ∗
i (xk)

Γ(ϑ∗
i (xk) + 1)

− ℓϑ
∗
i (xk+1)

Γ(ϑ∗
i (xk) + 2)

))]
,

here, m, k ∈ {1, 2, . . . , n}.

5.1. Chaotic power system

In this section, we are utilizing the computational scheme (34) for the numerical study
of a power system model. The dynamics of the power system are provided as a fractional
order extension of the model in [33]:

Dϑδm = ws,
Dϑws = 16.6667 sin(δ − δm + 0.0873)ν − 0.1667ws + 1.8807 + d2,
Dϑδ = 496.8718ν2 − 166.6667 cos(δ − δm − 0.0873)ν

−666.6667 cos(δ − 0.2094)ν − 93.3333ν + 33.3333Q+ 43.333,
Dϑν = −78.7638ν2 + 26.2172 cos(δ − δm − 0.0124)ν

+104.8689 cos(δ − 0.1346)ν + 14.5229ν − 5.2288Q− 7.0327 + d4,

(35)

where Q = 11.377. Here, δm = 0.4 denotes the generator power angle; δ = 0.2 and
ν = 0.97 are phase angle and amplitude; Q1 is the load of power; ws = 0 denotes the
generator frequency deviation. The explanation of the model can be further studied in
[33, 35].

Therefore, phase trajectories of the nonlinear power system are shown in Figure 1.

Figure 1: Three-dimensional phase trajectories of nonlinear power system
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6. Control Development

The present study examines the nonlinear dynamics of power systems. The presented
mathematical model is being analyzed as a means of understanding the behavior of robust
control and stability of the system.

Dϑyi = fi(y, t) + ui(t) + di(t) (36)

where |d(t)| ≤ ξ, and it is unknown constant ξ > 0.
To calculate the tracking error, one can use the expression as ei(t) = yi(t) − ydi(t) and
Dϑei(t) = Dϑyi(t)− Dϑydi(t),

Dϑei(t) = fi(y, t) + ui(t) + di(t)− Dϑydi(t) (37)

6.1. Fixed-time fractional-order SMC

The utilization of sliding surfaces in fixed-time represents a feasible approach for achiev-
ing rapid and efficient convergence while simultaneously minimizing control input chat-
tering. In order to enhance the efficiency of the sliding mode control, the integration of
fractional-order control can be considered. This work presents a potential solution in the
form of a fractional-order with fixed-time sliding mode control. Therefore, the fractional-
order sliding surface that is being suggested is expressed as

Si = Dϑ−1ei + k1Dϑ−2|ei|p1sign(ei) + k2Dϑ−2|ei|p2sign(ei) (38)

where k1, k2 are positive constants, 0 < ϑ, p1 < 1 and p2 > 1. And its derivative is
obtained as

Ṡi = Dϑei + k1Dϑ−1|ei|p1sign(ei) + k2Dϑ−1|ei|p2sign(ei) (39)

The substitution of the error (37) into equation (39), we get

Ṡi = fi(y, t) + ui + di − Dayid
+k1Dϑ−1|ei|p1sign(ei) + k2Dϑ−1|ei|p2sign(ei)

(40)

Following that, a fractional sliding mode control strategy is implemented through the
development of a suitable fractional-order sliding surface. This design ensures that the
error paths effectively converge to the sliding surface within a fixed time and remain
on it. In order to guarantee the convergence and stability with established dynamics, a
fixed-time fractional-order sliding mode control system is constructed as

ui = −fi(y, t)− ξisign(Si) + Dϑyid
−k1Dϑ−1|ei|p1sign(ei)− k2Dϑ−1|ei|p2sign(ei)
−K1|Si|q1sign(Si)−K2|Si|q2sign(Si)

(41)

where K1 and K2 are positive constants, 0 < q1 < 1 and q2 > 1. Therefore, the substitution
of control input (41) into (40), one can have

Ṡi = di − ξisign(Si)−K1|Si|q1sign(Si)−K2|Si|q2sign(Si) (42)
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Theorem 4. By considering the dynamics described in equation (36), it is evident that
the trajectories of the system converge to the origin within a fixed time.

Proof : The preferred equation of the Lyapunov function is described below

V1 = 0.5
n∑

i=1

ei
2 (43)

This can also be derived and written as

V̇1 =

n∑
i=1

eiėi =

n∑
i=1

eiD1−ϑ(Dϑei) (44)

If S = Ṡ = 0, one can obtain

Dϑei = −k1Dϑ−1|ei|p1sign(ei)− k2Dϑ−1|ei|p2sign(ei) (45)

Equation (46) is obtained by substituting (45) into (44) as

V̇1 =
n∑

i=1

eiD1−ϑ(−k1Dϑ−1|ei|p1sign(ei)− k2Dϑ−1|ei|p2sign(ei)) (46)

It can be simplified as

V̇1 = −k1
n∑

i=1
|ei|p1+1 − k2

n∑
i=1

|ei|p2+1

= −k1
n∑

i=1

(
|ei|2

) p1+1
2 − k2

n∑
i=1

(
|ei|2

) p2+1
2

(47)

According to Lemma 2, one can express as

V̇1 ≤ −k1

(
n∑

i=1

|ei|2
) p1+1

2

− k2n
1−p2

2

(
n∑

i=1

|ei|2
) p2+1

2

(48)

And (48) can be rewritten as

V̇1 ≤ −k12
p1+1

2 V
p1+1

2
1 − k2n

1−p2
2 2

p2+1
2 V

p2+1
2

1 (49)

The fixed settling time is calculated with Lemma 1 as

Ts =
2

k12
p1+1

2 (1− p1)
+

2

k2n
1−q1

2 2
p2+1

2 (p2 − 1)
(50)

Therefore, it is established that the tracking error will ultimately approach zero in a fixed
time.
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Theorem 5. Considering the nonlinear fractional system (36) with the error dynamics
(37). When the system is controlled by (41), the states are converged to the sliding surface
(38) in a fixed time.

Proof: The suitable Lyapunov function is given as follows

V2 = 0.5

n∑
i=1

Si
2 (51)

The equation (51) can be derived as

V̇2 =
n∑

i=1

SiṠi (52)

Equation (42) is substituted in (52), we get

V̇2 =
n∑

i=1

SiṠi =
n∑

i=1

Si(di − ξsign(Si)−K1|Si|q1sign(Si)−K2|Si|q2sign(Si)) (53)

Using the bounded condition of disturbance, we have

V̇2 ≤ −K1

n∑
i=1

|Si|q1+1 −K2

n∑
i=1

|Si|q2+1

= −K1

n∑
i=1

(
|Si|2

) q1+1
2 −K2

n∑
i=1

(
|Si|2

) q2+1
2

(54)

According to Lemma 2, (54) can be deduced as

V̇2 ≤ −K1

(
n∑

i=1

|Si|2
) q1+1

2

−K2n
1−q2

2

(
n∑

i=1

|Si|2
) q2+1

2

(55)

And (55) can be rewritten as

V̇2 ≤ −K12
q1+1

2 V
q1+1

2
2 −K2n

1−q2
2 2

q2+1
2 V

q2+1
2

2 (56)

Thus, according to Lemma 1, reaching time can be formulated as

Tr1 =
2

K12
q1+1

2 (1− q1)
+

2

K2n
1−q2

2 2
q2+1

2 (q2 − 1)
(57)

As a result, it can be noticed that the states of the system will ultimately approach a
value of S in a fixed time. The proof has been satisfactorily completed.
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6.2. Adaptive fixed-time fractional-order SMC

The equation presented below illustrates the proposed adaptive strategy utilizing fixed-
time sliding mode control. The primary objective of this study is to address and overcome
the unknown disturbance in the systems. The control scheme that has been suggested is
presented as follows

ui = −fi(y, t)− ξ̂isign(Si) + Dϑyid
−k1Dϑ−1|ei|p1sign(ei)− k2Dϑ−1|ei|p2sign(ei)
−K1|Si|q1sign(Si)−K2|Si|q2sign(Si)

(58)

where ξ̂ is the estimation of ξ is given as

˙̂
ξ = ς|S| (59)

with tuning parameter ς > 0. The equation (58) is substituted in (40), we can get

Ṡi = di − ξ̂isign(Si)−K1|Si|q1sign(Si)−K2|Si|q2sign(Si) (60)

Theorem 6. Consider the nonlinear fraction system (36) and the error (37). The control
input (58) with adaptive law (59), the trajectories are converged to the sliding surface (38)
in a fixed time.

Proof: The suitable Lyapunov function is selected as follows

V3 = 0.5
n∑

i=1

Si
2 +

0.5

ς
ξ̃2 (61)

where ξ̃ = ξ̂ − ξ. Its derivative can be derived as

V̇3 =
n∑

i=1

SiṠi +
1

ς
ξ̃
˙̂
ξ (62)

Equation (60) is substituted in (62), V̇3 is computed as

V̇3 =
n∑

i=1
Si(di − ξ̂sign(Si)−K1|Si|q1sign(Si)−K2|Si|q2sign(Si))

+1
ς ξ̃

˙̂
ξ

(63)

Using (59) with disturbance bounded condition, (63) can be realized as

V̇3 ≤ −K1

n∑
i=1

|Si|q1+1 −K2

n∑
i=1

|Si|q2+1 (64)

It is rewritten as

V̇3 ≤ −K1

n∑
i=1

(
|Si|2

) q1+1
2 −K2

n∑
i=1

(
|Si|2

) q2+1
2

(65)
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According to Lemma 2, (65) can be expressed as

V̇3 ≤ −K1

(
n∑

i=1

|Si|2
) q1+1

2

−K2n
1−q2

2

(
n∑

i=1

|Si|2
) q2+1

2

(66)

Then (66) can be written as

V̇3 ≤ −K1[2(V3 − χ)]
q1+1

2 −K2n
1−q2

2 [2(V3 − χ)]
q2+1

2 (67)

where χ = 0.5
ς ξ̃2.

V̇3 ≤ −K12
q1+1

2

(
1− χ

V3

) q1+1
2

V
q1+1

2
3 −K2n

1−q2
2 2

q2+1
2

(
1− χ

V3

) q2+1
2

V
q2+1

2
3 (68)

The reaching time is obtained using Lemma 1

Tr2 =
2

Ω1(1− q1)
+

2

Ω2(q2 − 1)
(69)

where Ω1 = K12
q1+1

2

(
1− χ

V3

) q1+1
2

, Ω2 = K2n
1−q2

2 2
q2+1

2

(
1− χ

V3

) q2+1
2

.

Consequently, the state trajectories will ultimately approach zero within a fixed time
and the time T = Tr2 + Ts can be obtained. The proof has been completed.

7. Simulation Results of Proposed Control Method

This section provides an illustrative example to support the theoretical conclusions
and demonstrate the effectiveness of the suggested adaptive fixed-time fractional sliding
mode control method used to control the fractional power system. The utilization of the
Matlab/Simulink software is employed for the execution of numerical simulations. The
dynamics of the fractional power system are provided as:

Dϑδm = ws,
Dϑws = 16.6667 sin(δ − δm + 0.0873)ν − 0.1667ws + 1.8807 + d2 + u2,
Dϑδ = 496.8718ν2 − 166.6667 cos(δ − δm − 0.0873)ν

−666.6667 cos(δ − 0.2094)ν − 93.3333ν + 33.3333Q+ 43.333,
Dϑν = −78.7638ν2 + 26.2172 cos(δ − δm − 0.0124)ν

+104.8689 cos(δ − 0.1346)ν + 14.5229ν − 5.2288Q− 7.0327 + d4 + u4.

(70)

where Q = 11.377. The suitable parameters of the proposed control method are chosen
as: k1 = 10, k2 = 10, K1 = 10, K2 = 20, p1 = 0.66, q1 = 0.4, p2 = 1.5, q2 = 1.1 and
ϑ = 0.99. In addition, the external disturbance is sin(t), and the reference trajectories
are given as yd2 = 0 and yd4 = 1. Here, δm = 0.38 denotes the generator power angle;
δ = 0.1 and ν = 0.97 are phase angle and amplitude; Q is the load of power; ws = 1.5.
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Therefore, the numerical results are shown of the proposed scheme with the comparison of
FFoSMC [35]. Thus, states of the power system are given in Figure 2, trajectory tracking
performances are depicted in Figure 3, and the comparison of control inputs is shown in
Figure 4.
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Figure 2: States trajectories
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Figure 3: State trajectory tracking comparison

It can be seen from the results shown in Figure 2 that the convergence is better than
the current approach FFoSMC. The findings suggest that states effectively follow their in-
tended goals and maintain stability, thus accomplishing their objectives with the proposed
scheme. The ws and ϑ are depicted in Figure 3, which illustrates the proposed controller’s
ability to precisely track a reference signal in a prompt manner. Nevertheless, it is worth
mentioning that the proposed approach exhibits superior performance compared to the
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Figure 4: Control input

FFoSMC method in terms of its convergence and tracking. Based on the data derived
from the simulation results, it can be inferred that the suggested controller effectively
achieves the desired purpose without exhibiting any apparent issues. Furthermore, Figure
4 illustrates the comparison of control inputs between the recommended scheme and the
FFoSMC scheme.

8. Discussion

This section presents a comprehensive examination of the simulated results obtained
from the fractional system and controller. Additionally, this research investigates the
limitations linked to the proposed controller about its parameters and stability analyses.
Following this, a thorough investigation is undertaken to clarify the potential uses of the
suggested approach in combination with other nonlinear systems.

Here a discussion is given for the results obtained for the system of VO-ID-system (10).
Our findings include mathematical analysis and computational results. In the mathemat-
ical analysis of (10), we have started our work from the fixed point approach for which
the conversion to the integral system is carried out with the help of the variable order
FC which is obtained in the Lemma 3. After the integral system is obtained, in Theorem
1, the uniqueness of solution for VO-ID-system (10) with the use of conditions in (H1).
In Theorem 2, the existence of solution for the VO-ID-system (10) is proved. Then HU-
stability is derived in Theorem 3. In section 5, a computational algorithm is obtained
with the help of LI polynomial. An illustrative example is given for the application of the
presumed VO-ID-system (10) as a chaotic power system. Which is then studied in the
fractional version for the control in the upcoming portions of the paper.

The discussion also focuses on the results obtained from the numerical simulation
of the proposed adaptive fixed-time SMC method. The proposed control method and
FFoSMC undergo a thorough examination simultaneously. Therefore, a thorough exami-
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nation of Figure 2 and Figure 3 demonstrates that the suggested controller demonstrates
exceptional tracking abilities and achieves rapid error convergence within a specified time
frame. Additionally, the control inputs are depicted in Figure 4, which demonstrates
that the suggested approach demonstrates considerable amounts of smoothness. These
figures provided compelling evidence to support the statement that the suggested con-
trol approach demonstrates higher performance in comparison to other existing methods.
Moreover, the picking of the parameters to be used for the suggested control approach
should align with the previously defined requirements, which specify that the parame-
ter ki and Ki must be greater than zero, and the parameters p1, q1, and ϑ must all fall
within the range (0, 1), and p2 and q2 must be > 1. Avoiding these issues will prevent the
closed-loop system from maintaining fixed-time stability. To attain fixed-time stability, it
is necessary to carefully choose the suitable values for the parameter ki and Ki.

9. Conclusion

The significance of FDEs is paramount in the realm of mathematical modeling and
simulations, particularly in addressing dynamic problems within the fields of science and
engineering. Various forms of fractional order operators are being employed by researchers
due to their convenience and precision. The expansion of integer order calculus to encom-
pass fractional orders is responsible for this phenomenon. The utilization of variable order
operators is a notable extension of fractional order calculus. This work presents the con-
struction of a VO system for a set of FDEs where the order is itself a continuous function
ϑ∗(x) : R → (0, 1]. The study of the constructed VO-ID-system (10) was divided into two
main portions. They are the theoretical and numerical aspects of the presumed problem.
The theoretical aspect includes the existence of positive solutions, uniqueness results for
the solutions, and HUS for the coupled system of VO-ID-system (10). In the numerical
aspect of the paper, we have established an iterative scheme.

In order to control the fractional dynamics of a nonlinear power system, an adap-
tive fixed-time fractional-order SMC was introduced. The suggested fractional-order SMC
demonstrates the ability to reach convergence in a fixed time and provides satisfactory
tracking performance. The implementation of the designed adaptive scheme is essential
in order to address the challenge of compensating for the unknown system dynamics. Re-
sults from a comparison between the proposed control scheme and the FFoSMC method
demonstrate that the suggested method achieves good tracking performance, fast conver-
gence, and fixed-time stability. Moreover, the examination of predefined-time SMC can
be included in the domain of investigation of nonlinear systems.
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