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1. Introduction20

Let A represent the class of normalized analytic functions in an open unit disc U =21

{ ∈ C : || < 1}. Taylor series representation for class A is given as22

() = z +

∞∑
=2

d, for all ∈ U . (1)
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An analytic function is said to be univalent if it is one-to-one, that is (1) = (2) implies 1 = 223

for all 1, 2 ∈ U . Let S denote the subclass of A that contains all univalent functions in24

U . The widely recognized subclasses of S are the classes of convex, starlike and bounded25

turning functions represented as C, S ∗, and R respectively.26

The concept of subordination between analytic functions was given by Lindelof [1]. Fur-27

thermore, Littlewood [2] and Rogosinski [3, 4] introduced fundamental results involving28

subordination. The is subordinate to denoted as ≺ , if there exists a Schwarz function29

h with h(0) = 0 and
∣∣h(0)| < 1 for all ∈ U such that () = (h(z)). Furthermore, if () is30

univalent in U , then (0) = (0) and (U ) ⊂ (U ).31

Caratheodory functions play a crucial role in Geometric Function Theory, enabling the32

exploration of various new subclasses of univalent functions. The Caratheodory class ℘33

consist of functions h() that map U on right half plane, satisfying h(0) = 1 and ℜ(h()) > 034

with Taylor series representation35

h() = 1 +
∞∑
=1

r, for all ∈ U . (2)

The class of bounded turning functions Rφ() introduced in [5] is the subclass of analytic36

functions defined as37

R(φ(z)) =
{
∈ S :

′
() ≺ φ() ∈ U

}
. (3)

The class of alpha-convex functions, denoted by M (α,φ(z)) where α ∈ ℜ, studied in [6]38

is defined as39

M (α,φ(z)) =

{
∈ S : (1 − α)

′
()

()
+ α

(
′
())

′

′()
≺ φ() for all ∈ U

}
. (4)

Several well-known classes are obtained from this class such that, for α = 0 and α = 140

the classes C and S ∗ are obtained. [6].41

Another interesting subclass is the class of starlike function with respect to symmetric42

points was given by Ravichandran in [7] and denoted as S ∗
s (φ). The class S ∗

s (φ) is defined43

as44

S ∗
s (φ) =

{
∈ S :

′()

() − (−)
≺ φ(), for all ∈ U

}
. (5)

By choosing the suitable analytic function φ(z), several well-known families are formed.45

For example, for φ(z) =
√

1 + z, (3) we obtained the class of bounded turning associated46

with the lemniscate of Bernouli defined in [8]. Moreover, if we consider φ(z) =
(
1+A ()
1+B()

)
47

with −1 ≤ B < A ≤ 1 (1) and (5) we get the Janowski Mocanu type function and48

Janowski starlike function with respect to symmetric points respectively discussed in [9].49

In similar way, many researchers obtained interesting geometric properties for subclasses of50

analytic functions by taking specific functions as φ(z), for details, see [10–13]. Arif et al [14]51

introduced the Strongly Janowski type function φ(z) =
(
1+A ()
1+B()

)β
where −1 ≤ B < A ≤ 152

and 0 < β ≤ 1. This function was used to introduce certain important subclasses of53
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analytic function studies by Kanwal et al in [15]. The graphical illustration of strongly54

Janowski type function for some particular values of β,A and B is as follows.55

56

By using strongly Janowski type functions in the classes defined in (3)-(5), we have57

defined the following subclasses of analytic functions.58

Definition 1. A function ∈ A is considered to belong to a class of bounded turning related59

to strongly Janowski type function, if and only if60

R(A ,B;β) =

{
∈ A : ′() ≺

(
1 + A

1 + B

)β

, for 0 < β ≤ 1 and ∈ U

}
. (6)

Remark 1. In equation (6), for specific values of β, A and B the class R(A ,B;β)61

reduces to the following form62

(i) The class of bounded Janowski turning function is obtained when β = 1.63

(ii) The class of bounded function function [16] is obtained when β = 1, A = 1 and B =64

−1.65

(iii) The class of bounded turning function aswith theated with the Lemniscate of Bernoulli66

is obtained when β = 1
2 , A = 1 and B = 0.67

Definition 2. The class of strongly Janowski Mocanu type function M (A ,B;β, α) for68

∈ A is defined as69

M (A ,B;β, α) =

{
∈ A : (1 − α)

′()

()
+ α

(′())′

′()
≺

(
1 + A

1 + B

)β

, for all ∈ U

}
. (7)

where where α ∈ ℜ, 0 < β ≤ 1 and M (α) = (1−α)
′()
() +α (′())′

′() , is of beta convex function.70

For α = 0, the class M (α) reduces to strongly Janowski type starlike function, and for71

α = 1, the class reduces to strongly Janowski type convex function.72



B. Kanwal et al. / Eur. J. Pure Appl. Math, 19 (2) (2026), 7094 4 of 18

Remark 2. In equation (7) by giving some particular values to β, A and B , the class73

M (A ,B;β, α) is reduced to following form:74

(i) The class of Janowski Mocanu type function is obtained for β = 1.75

(ii) Choosing β = 1, A = 1 and B = −1, the class of Mocanu type function is obtained.76

(iii) The class of Mocanu type function associated with Lemniscate of Bernoulli function77

is obtained [8] if β = 1
2 , A = 1 and B = 0.78

Definition 3. The class of strongly Janowski type starlike function with respect to sym-79

metric points is defined as80

S ∗
s (A ,B;β) =

{
∈ A :

′()

() − (−)
≺

(
1 + A

1 + B

)β

, for all ∈ U

}
. (8)

Remark 3. Giving some particular values to β, A and B in equation (8), the class81

S ∗
s (A ,B;β) is reduced to following form:82

(i) For β = 1, we obtained the class of Janowski starlike function with respect to Symmetric83

point. [9] (ii) The class of Starlike function with respect to Symmetric points is obtained84

for β = 1, A = 1 and B = −1.85

(iii) For β = 1
2 , A = 1 and B = 0, the obtained class of starlike functions with respect to86

the Symmetric point associated with Lemniscate of Bernoulli.87

The investigation of Hankel determinants for different classes of analytic functions88

started in the 1960s. Pommerenke [17, 18] introduced the Hankel Determinant Hq,n(f)89

with the perimeters q, and n ∈ ℵ = {1, 2, 3...} for () ∈ S is defined by90

|Hq, n()| =

∣∣∣∣∣∣∣∣∣∣∣∣

rn rn+1 ... rn+q−1

rn+1 rn+2 ... rr+q

. . .

. . .

. . .
rn+q−1 rn+q ... rn+2q−2

∣∣∣∣∣∣∣∣∣∣∣∣
,

where n and q are fixed positive integers. Hankel determinant played an important role in91

studying the power series of integral coefficient [19]. Different Hankel determinants will be92

obtained when different values of q and n are chosen. For = 2 and n = 1, the determinant93

is94

|H2, 1()| =

∣∣∣∣r1 r2
r2 r3

∣∣∣∣ = |r3 − r22|, where r1 = 1.

This is the special case of Fekete Szego functional. The maximum value of |H2, 1(f)| for
various subclasses was studied by many researchers [20–23]. Jateng et al investigated the
second Hankel determinant for and n,

H2,2(f) = r2r4 − r23.
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Furthermore, for q = 3 and n = 1

H3,1 = r1r3r5 + 2r2r3r4 − r33 − r22r5 − r1r
2
4.

Babola [24] was the first to study the upper bounds of the third Hankel determinant. Many
other researchers have also studied the third Hankel determinant for different subclasses
of S for details, see [25–28].
Many authors have investigated the results of the Hankel determinant for 2-fold and 3-
fold symmetric functions [29–31]. Hankel determinants of multi-fold symmetric functions
are useful in image processing as they can be used to capture symmetries and periodic
patterns, leading to improved accuracy and efficiency in pattern recognition tasks.
The domain ∇ is m-fold symmetric if a rotation of ∇ about the origin through an angle
2π
m carries ∇ on itself. The study of m fold symmetric functions was initiated by Golusin,
Noshiro [32]and Robertson. An analytic function is m-fold symmetric in U , if

f(exp
2πi
m ) = exp

2πi
m (),

The set of m-fold symmetric univalent functions S, denoted by Sm, has the following95

Taylor series form:96

f(z) = +
∞∑
n=1

d+
+ ∈ U . (9)

The class of Caratheodory functions ℘ in term of m-fold symmetric function is defined as97

℘m = {h ∈ ℘ : h() = 1 +

∞∑
=

r}. (10)

2. A Set of Lemmas98

Lemma 1. [33] Let h ∈ ℘ and it has the form equation (2), then99

|ck| ≤ 2 for k ≥ 1, (11)

|cn+k − µrck| < 2 for 0 ≤ µ ≤ 1, (12)

(13)

Lemma 2. [7] Let q, s, m, and n satisfy the condition 0 < m < 1, 0 < s < 1 and

8s(1 − s)
[
(mn − 2q)2 + (m(s + m) + n)2

]
+ m(1 − m(n − 2sm)2 ≤ 4m2(1 − m)2s(1 − s).

If h ∈ ℘ and it has the form in equation (2), then100

|qr14 + sr22 + 2mr1r3 −
3

2
nr21r2 − r4| ≤ 2. (14)
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3. Main Results101

3.1. Bounds of |H3,1()| for two and three fold symmetric functions102

The third-order Hankel determinant, denoted |H3,1()|, plays a significant role in the103

study of analytic functions, particularly in geometric function theory; for details, see [34–104

38] . The bounds of |H3,1()| of 2,3-fold symmetric become essential in understanding the105

growth and distortion properties of these functions. The exploration of such bounds offers106

insights into the complex structure of symmetric functions and their behavior in relation to107

the coefficients of their power series expansions, leading to sharper results in the analysis108

of univalent and multivalent functions.109

Theorem 1. If f(z) ∈ A of the form in equation (9), then the following results hold
(i) If () ∈ R2(A ,B, β); then

|H3,1() ≤
1

15
(β|A − B|)2.

(ii) If () ∈ M 2(A ,B;β, α); then

|H3,1()| ≤
1

8(1 + 2α)(1 + 4α)
(β|A − B|)2.

(iii) If () ∈ S 2∗
s (A ,B;β); then

|H3,1() ≤
1

8
(β|A − B|)2.

Proof. (i) Let ∈ R(A ,B;β). Then there exist a function h ∈ ℘2, such that110

′() =

(
1 + A h()

1 + Bh()

)β

. (15)

using the form of f(z) for 2-fold symmetric functions, equation (9) gives111

′() = 1 + 3d3 + 5d5
4 +... . (16)

Expanding the right hand side of eq 15, we get112 (
1 + A h()

1 + Bh()

)β

= 1 +
r2Γ1

2
+

(
r4
2

+
r22
4

[Γ2 − Γ1]

)
4 +... . (17)

Where,113

114

Γ1 = β(A − B),

Γ2 =
(β4 − 6β3 + 11β2 − 6β)

24
A +

(β4 + 6β3 + 11β2 + 6β)

24
B−
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(β4 − 3β3 + 2β2)

6
A B +

(−β4 + 3β3 − 2β2)

6
A B +

(β4 − β2)

4
A B .

Comparing equation (16) and equation (17), we obtain115

d3 =
1

6
r2Γ1,

d5 =
1

10
r4Γ1 +

1r22
20

(Γ2 − Γ1).

There for third Hankel determinant is:116

H3,1() = d3d5 − d33 =
1

60
r2Γ

2
1

(
r4 + r22(

Γ2 − Γ1

2Γ2
1

− 5

9
Γ1)

)
,

|H3,1()| ≤
|r2|
60

|Γ2
1|
∣∣ (r4 + r22[

Γ2 − Γ1

2Γ2
1

− 5

9
Γ1]

) ∣∣.
Applying equation (11) and equation (12), using value of Γ1 we obtain117

|H3,1()| ≤
1

15
(β|A − B|)2.

This completes the proof of part(i)118

(ii) Let () ∈ M 2(A ,B;β, α). Then there exists a function h ∈ ℘2 such that119

(1 − α)

′
()

()
+ α

(
′
())

′

′()
=

(
1 + A h()

1 + Bh()

)β

(18)

Using the series from equation (9) and equation (10) for m=2, we have120

(1 − α)

′
()

()
+ α

(
′
())

′

′()
= 1 + 2d3(1 + 2α) + 4d5(1 + 4α)4 − 2d23(1 + 8α)4. (19)

Comparing equation (17) and equation (19), we get121

d3 =
1

4(1 + 2α)
r2Γ1, and

d5 =
1

8(1 + 4α)
r4Γ1 +

1

16(1 + 4α)
r22

(
Γ2 − Γ1 +

(1 + 8α)

2(1 + 2α)2
Γ2
1

)
.

Therefore we have

H3,1() = d3d5 − d33 =
1

32(1 + 2α)(1 + 4α)
r2r4Γ

2
1 +

1

64
r32

(
Γ1Γ2 − Γ2

1 +
(1 + 8α)

2(1 + 2α)2
Γ3
1

)
− 1

64(1 + 2)3
r32Γ3

1,

|H3,1()| ≤ |r2|

∣∣∣∣∣ 1

32(1 + 2α)(1 + 4α)
Γ2
1

∣∣∣∣∣
∣∣∣∣∣r4 − 1

2
r22

(
−Γ2

Γ1
+ 1 − (1 + 8α)

2(1 + 2α)2
Γ1 +

(1 + 4α)

(1 + 2α)2
Γ1

) ∣∣∣∣∣.
Applying equation (11) and equation (12), putting values of Γ1 we get122
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|H3,1()| ≤ 1
8(1+2α)(1+4α)(β|A − B|)2.123

This completes the proof of part(ii)124

(iii) Let () ∈ S 2∗
s (A ,B;β). Then there exist a function h ∈ ℘2 such that125

′
()

() − (−)
=

(
1 + A h()

1 + Bh()

)β

. (20)

Using the series from equation (9) and taking m=2 in equation (10), we get126

′
()

() − (−)
= 1 + 2d3 + (4d5 − 2d23)

4
.... (21)

Comparing equation (17) and equation (21), we get127

d3 =
1

4
r2Γ1, and d5 =

1

8
r4Γ1 − r22(−Γ2 + Γ1 −

1

2
Γ2
1).

Therefore, we have128

H3,1() = d3d5 − d33 =
1

32
Γ2
1r2

(
r4 −

1

2
r22[1 − Γ2

Γ1
+

1

2
Γ1]

)
|H3,1()| ≤

1

32
|Γ2

1||r2|

∣∣∣∣∣
(
r4 −

1

2
r22[1 − Γ2

Γ1
+

1

2
Γ1]

) ∣∣∣∣∣.
Applying equation (11) and equation (12), by applying value of Γ1 we obtained our result.129

|H3,1()| ≤
1

8
(β|A − B|)2.

Corollary 1. If f(z) ∈ A is of the form of equation (1), then for particular values in130

theorem equation (1) the following results hold131

(i) For β = 1, we get |H3,1()| for R2(A ,B; 1), M 2(A ,B; 1, α) and S 2∗
s (A ,B; 1) respec-132

tively.133

(ii) For β = 1, A = 1 and B = −1, we obtain third Hankel determinant for R2(1,−1; 1),134

M 2(1,−1; 1, α) and S 2∗
s (1,−1; 1) respectively.135

(iii) For β = 1
2 , A = 1 and B = 0, we get |H3,1()| for R2(1, 0; 1

2), M 2(1, 0; 1
2 , α) and136

S 2∗
s (1, 0; 1

2) respectively.137

Theorem 2. If f(z) ∈ A of the form in equation (9), then the following results hold
(i) If () ∈ R3(A ,B;β); then

|H3,1()| ≤
1

16
(β|A − B|)2.

(ii) If () ∈ M 3(A ,B;β, α), then

|H(3,1)()| ≤
1

9(1 + 3α)2
(β|A − B|)2.
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(iii) If () ∈ S 3∗
s (A ,B;β); then

|H3,1()| ≤
1

16
(β|A − B|)2.

Proof. (i) Let () ∈ R3(A ,B;β) , therefore there exist a function h ∈ ℘3, such that

′() =

(
1 + A h()

1 + Bh()

)β

.

Taking m = 3 in equation (9), we get138

1 + 4d4
3 + 7b7z

6+... = 1 + Γ1(
r3
2

3 + ...) + Γ2(
r3
2

3 + ...)2 +... . (22)

Comparing the coefficients of eq (22), we get139

d4 =
r3
4

Γ1,

|H3,1()| = |−d24| = |r
2
3

4
Γ2
1| ≤

|r3|2

64
|Γ2

1|.

Applying equation (11), we get140

|H3,1()| ≤
|Γ2

1|
16141

(ii) Let () ∈ M 3(A ,B;β, α), therefore there exist function h ∈ ℘3, such that142

(1 − α)
′()

()
+ α

′())′

′()
=

(
1 + A h()

1 + Bh()

)β

(23)

1 + 3d4
3(1 + 3α)+... = 1 + Γ1(

r3
2

3 + ...) + Γ2(
r3
2

3 + ...)2 +... . (24)

Comparing the coefficients, we obtain143

d4 =
1

6(1 + 3α)
Γ1r3,

|H(3,1)(f)| = |−d24| ≤ | 1

36(1 + 3α)2
r23Γ2

1| ≤ | 1

36(1 + 3α)
||r3|2|Γ2

1|.

Applying equation (11), using value of Γ1 we get our require result.144

(iii) Let () ∈ S 3∗
s (A ,B;β) then there exist function h ∈ ℘3, put m=3 in equation (9 and145

10), we get146

2′()

() − (−)
= 4d4

3 + ... (25)

Comparing coefficient; we get d4 = 1
8r3Γ1147

|H(3,1)()| = −d24 =
1

64
r23Γ2

1 ≤
1

64
|r23||Γ2

1|.
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Applying Lemma(1), we get148

|H(3,1)()| ≤
1

16
|Γ2

1|.

Corollary 2. If f(z) ∈ A is of the form of equation (1), then for particular values in149

theorem equation (1) the following results hold150

(i) For β = 1, we get |H3,1()| for R3(A ,B; 1), M 3(A ,B; 1, α) and S 3∗
s (A ,B; 1) respec-151

tively.152

(ii) For β = 1, A = 1 and B = −1, we obtain third Hankel determinant for R3(1,−1; 1),153

M 3(1,−1; 1, α) and S 3∗
s (1,−1; 1) respectively.154

(iii) For β = 1
2 , A = 1 and B = 0, we get |H3,1()| for R3(1, 0; 1

2), M 3(1, 0; 1
2 , α) and155

S 3∗
s (1, 0; 1

2) respectively.156

The hypergeometric function is frequently used to construct analytic and univalent
functions and to represent extremal functions for various subclasses of analytic functions.
The extremal function for 2-fold, 3-fold symmetry includes the hypergeometric function

2F1 that is defined as follows

2F1 =
∞∑
n=0

(an)(nn)

(cn)

zn

n!

where (a)n, (b)n, and (c)n are Pochhammer symbols, (a,b,c) are parameters, and is a
complex variable.
Extremal function for 2-fold symmetric function is

() = 2F1

(
1

2
,−β,

3

2
,−β2

)(
1 + A 2

1 + B2

)β

.

Extremal function for 3-fold symmetric function is

() = 2F1

(
1

2
,−β,

4

3
,−β2

)(
1 + A 3

1 + B3

)β

3.2. Zalcman Functional157

In 1960, Zalcman proposed one of the classical conjectures in the field of geometric158

function theory which states that the coefficients of functions in the class S satisfy159

|d2 − d2n−1| ≤ (n− 1)2. (26)

This inequality attains equality only for the renowned Koebe function and its rotation.160

For n = 2 the inequality considered with the well known for Fekete Szego’s inequality.161

Later the result has been proved by Kruskhal [39] for the entire class S . He proved this162

for n = 2, 3, 4, 5 and 6. For more detail on the Zalman functional, see[40, 41] and [42].163
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Theorem 3. If f(z) ∈ A is of the form defined in equation (1), then the following results164

hold165

(i) If () ∈ R(A ,B;β); then166

|d23 − d5| ≤ 1
5β|A − B|.167

(ii) If () ∈ M (A ,B;β, α); then168

|d23 − d5| ≤ 1
4(1+5α)β|A − B|.169

(iii)If () ∈ S ∗
s (A ,B;β); then

|d23 − d5| ≤
1

4
β|A − B|.

Proof. (i) Let () ∈ R(A ,B;β). Then there exist a Schwarz function h() such that170

′() =

(
1 + A h()

1 + Bh()

)β

. (27)

Let h ∈ ℘ then eq3 can be written in the form of Schwarz function as:171

h() =
1 + h()

1 − h()
= 1 + r1 + r2

2 + r3
3 + ... . (28)

Now from equation (28), we have172

h() =
h(z) − 1

h(z) + 1
=

1

2
r1z +

(
1

2
r2 −

1

4
r21

)
+

(
1

2
r3 −

1

2
r1r2 +

1

8
r31

)
3

+

(
1

2
r4 −

1

4
r22 +

3

8
r21r2 −

1

2
r1r3 −

1

16
r41

)
4...,

′() = 1 + 2d2z + 3d3 + 4d4
3 + 5d5

4. (29)

173 (
1 + A h()

1 + Bh()

)β

= 1 + (βA − βB)h() +

(
β2 − β

2
A 2 +

β2 + β

2
B2 − β2A B

)
(h())2

+

(
β3 − 3β2 + 2β

6
A 3 − −β3 + β2

2
A 2B +

β3 + β2

2
A B2

)
(h(z))3

+

(
β4 − 6β3 + 11β2 − 6β

24
A4 +

β4 + 6β3 + 11β2 + 6β

24
B4 − β4 + 3β3 + 2β2

6
AB3

+
−β4 + 3β3 − 2β2

6
A3B +

β4 − β2

4
A2B2

)
(h(z))4

= 1 + Γ1h(z) + Γ2(h(z))2 + Γ3(h(z))3 + Γ4(h(z))4,
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where Γ1, Γ2, Γ3 and Γ4 are coefficients with h(), (h())2, (h())3 and (h()4). Putting174

value of h(), we get175 (
1 + A h()

1 + Bh()

)β

= 1 +
1

2
r1Γ1z +

(
1

2
r2Γ1 −

1

4
r21[Γ1 − Γ2]

)
+

(
1

4
r31[

1

2
Γ1 − Γ2 +

1

2
Γ3]

+
1

2
r1r2[Γ2 − Γ1] +

1

2
r3Γ1

)
3 +

(
1

16
r41[−Γ1 + 3Γ2 − 3Γ3 + Γ4] +

1

2
r1r3[Γ2 − Γ1] (30)

+
3

8
r21r2[Γ1 − 2Γ2 + Γ3] +

1

4
r22[Γ2 − Γ1] +

1

2
r4Γ1

)
4
....

By comparing equation (30) and eq(29), we get176

d2 =
1

4
r1Γ1, (31)

d3 =
1

6
r2Γ1 −

1

12
r21[Γ1 − Γ2], (32)

d4 =
1

16
r31[

1

2
Γ1 − Γ2 +

1

2
Γ3] +

1

8
r1r2[Γ2 − Γ1] +

1

8
r3Γ1, (33)

d5 =
1

80
r41[−Γ1 + 3Γ2 − 3Γ3 + Γ4] +

1

10
r1r3[Γ2 − Γ1] +

3

40
r21r2[Γ1 − 2Γ2 + Γ3]

+
1

20
r22[Γ2 − Γ1] +

1

10
r4Γ1.

(34)

Therefore, equation (32) and (34) yields.177

|d23 − d5| = | 1

144
r41

(
Γ2
1 + Γ2

2 − 2Γ1Γ2 +
9

5
Γ1 −

27

5
Γ2 +

27

5
Γ3 −

9

5
Γ4

)
+

1

36
r22

(
Γ2
1 −

9

5
Γ2 +

9

5
Γ1

)
− 1

12
r21r2

(
1

3
Γ2
1 −

1

3
Γ1Γ2 −

9

10
Γ1 +

9

5
Γ2 −

9

10
Γ3

)
+

1

10
r1r3(Γ1 − Γ1) −

1

10
r4Γ1|,

≤ 1

10
|Γ1||

5

72Γ1
r41

(
Γ2
1 + Γ2

2 − 2Γ1Γ2 +
9

5
Γ1 −

27

5
Γ2 +

27

5
Γ3 −

9

5
Γ4

)
+

5

18
Γ1r

2
2

(
Γ2
1 −

9

5
Γ2

+
9

5
Γ1

)
− 3

2

5

9Γ1
r21r2

(
1

3
Γ2
1 −

1

3
Γ1Γ2 −

9

10
Γ1 +

9

5
Γ2 −

9

10
Γ3

)
+

1

Γ1
r1r3(Γ1 − Γ1) − r4|,

Applying the Lemma (14), and by substituting the value of Γ1 we obtained our desired178

result.179

180

(ii) Let f(z) ∈ M (A ,B;β, α) then there exist a Schwarz function h(), such that181

(1 − α)
′()

()
+ α

(′())′

′()
=

(
1 + A h()

1 + Bh()

)β

. (35)

This implies that182

(1 − α)
′()

()
+ α

(′())′

′()
= 1 + (d2 + αd2) + (2d3 − d22 + 4αd3 − 3αd22)
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+ (3d4 − 3d2d3 + d32 + 9αd4 − 15αd2d3 − 7αd32)
3

+ (4d5 − 2d23 − 4d2d4 + 4d22d3 − d42 + 16αd5 − 16αd23

− 28αd2d4 + 44αd22d3 − 15αd42)
4 +... . (36)

Comparing the equations (33, 36), we get183

d2 =
1

2(1 + α)
r1Γ1, (37)

d3 =
1

4(2α + 1)
r2Γ1 +

1

8(2α + 1)
r21

(
Γ2 − Γ1 +

3α + 1

(1 + α)2
Γ2
1

)
, (38)

(39)

184

d4 =
1

12(1 + 3α)
r31

(
1

2
Γ1 − Γ2 +

1

2
Γ3 +

3(1 + 5α)

4(2α + 1)(1 + α)

(
Γ2Γ1 − Γ2

1 +
3α + 1

(1 + α)2
Γ3
1

)
− (1 + 7α)

2(1 + α)3
Γ3
1

)
+

1

6(1 + 3α)
r1r2

(
Γ2 − Γ1 +

3(1 + 5α)

4(1 + α)(1 + 2α)
Γ2
1

)
+

1

6(1 + 3α)
r3Γ1,

185

d5 =
1

64(1 + 4α)
r41

(
−Γ1 + 3Γ2 − 3Γ3 + Γ4 +

1 + 8α

2(1 + α)2
[Γ2 − Γ1 +

1 + 3α

(1 + α)2
]2

+
8(1 + 7α)

3(1 + α)(1 + 3α)

(
1

2
Γ2
1 − Γ1Γ2 +

1

2
Γ3Γ1 +

3(1 + 5α)

4(1 + 2α)(1 + α)
[Γ2

1Γ2 − Γ3
1]

+
1 + 3α

(1 + α)2
Γ4
1 −

1 + 7α

2(1 + α)3

)
− 2(1 + 11α)

(1 + 2α)(1 + α)2
[Γ2

1Γ2 − Γ3
1 +

1 + 3α

(1 + α)2
Γ4
1] +

1 + 15α

(1 + α)4
Γ4
1

)
+

1

8(1 + 4α)
r1r3

(
Γ2 − Γ1 +

1 + 7α

3(1 + 3α)(1 + α)
Γ2
1

)
+

3

32(1 + 4α)
r21 (−Γ1 + 2Γ2 + Γ3+

1 + 8α

3(1 + α)2

(
Γ1Γ2 − Γ2

1 +
3(1 + 5α)

4(1α)(1 + 2α)
Γ3
1

)
− 1 + 11α

(1 + 2α)(1 + α)2

)
+

1

16(1 + 4α)
r22 (Γ2

−Γ1 +
1 + 8α

2(1 + 2α)2
Γ2
1

)
+

1

8(1 + 4α)
r4Γ1. (40)

Using the values of d3 and d5 obtained in equations equation (38) and (3.14), we get186

|d23 − d5| = |
(

1

4(2α + 1)
r2Γ1 +

1

8(2α + 1)
r21

(
Γ2 − Γ1 +

3α + 1

(1 + α)2
Γ2
1

))
− (

1

64(1 + 4α)
r41 (−Γ1

+3Γ2 − 3Γ3 + Γ4 +
1 + 8α

2(1 + α)2
[Γ2 − Γ1 +

1 + 3α

(1 + α)2
]2 +

8(1 + 7α)

3(1 + α)(1 + 3α)

(
1

2
Γ2
1 − Γ1Γ2

+
1

2
Γ3Γ1 +

3(1 + 5α)

4(1 + 2α)(1 + α)
[Γ2

1Γ2 − Γ3
1] +

1 + 3α

(1 + α)2
Γ4
1 −

1 + 7α

2(1 + α)3

)
− 2(1 + 11α)

(1 + 2α)(1 + α)2

[Γ2
1Γ2 − Γ3

1 +
1 + 3α

(1 + α)2
Γ4
1] +

1 + 15α

(1 + α)4
Γ4
1

)
+

1

8(1 + 4α)
r1r3

(
Γ2 − Γ1 +

1 + 7α

3(1 + 3α)(1 + α)
Γ2
1

)
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+
3

32(1 + 4α)
r21r2

(
−Γ1 + 2Γ2 + Γ3 +

1 + 8α

3(1 + α)2

(
Γ1Γ2 − Γ2

1 +
3(1 + 5α)

4(1α)(1 + 2α)
Γ3
1

)
− 1 + 11α

(1 + 2α)(1 + α)2

)
+

1

16(1 + 4α)
r22

(
Γ2 − Γ1 +

1 + 8α

2(1 + 2α)2
Γ2
1

)
+

1

8(1 + 4α)
r4Γ1).

Applying Lemma equation (14), we get187

|d23 − d5| ≤
1

4|1 + 2α|
Γ1.

Thus, the proof of (ii) is completed.188

(iii) Let f(z) ∈ S ∗
s (A ,B;β) then there exist a Schwarz function h(), such that189

′()

() − (−)
= 1 + 2b2 + 2d3 + (4d4 − 2d2d3)

3 + (4d5 − 2d23)
4. (41)

Comparing equations (33) and (3.15), we obtain190

d2 =
1

4
r1Γ1, (42)

d3 =
1

4
r2Γ1 −

1

8
r21[Γ1 − Γ2], (43)

d4 =
1

16
r31

(
1

2
Γ1 − Γ2 +

1

2
Γ3 −

1

4
Γ2
1 +

1

4
Γ1Γ2

)
− 1

8
r1r2

(
Γ1 − Γ2 −

1

4
Γ2
1

)
+

1

8
r3Γ1, (44)

and (45)

d5 =
1

64
r41

(
−Γ1 + 3Γ2 + 3Γ3 + Γ4 +

1

2
Γ2
1 +

1

2
Γ2
2 − Γ1Γ2

)
+

1

8
r1r3(Γ2 − Γ1)

+
3

32
r21r2

(
−Γ1 + 2Γ2 − Γ3 −

1

3
Γ2
1 +

1

3
Γ1Γ2

)
+

1

16
r22

(
Γ2 − Γ1 + a

1

2
Γ2
1

)
+

1

8
r4Γ1.

(46)

Using the values from equation (43) and equation (46), we get191

|d23 − d5| =
1

64
r41

(
Γ2
1 + Γ2

2 − Γ1Γ2 + Γ1 − 3Γ2 + 3Γ3 − Γ4

)
+

1

8
r1r3(Γ1 − Γ2)

+
1

16
r22

(
1

2
Γ2
1 − Γ2 + Γ1

)
− 3

16

(
1

2
Γ2
1 −

1

6
Γ1Γ2 +

1

2
Γ1 − Γ2 +

1

2
Γ3

)
− 1

8
r4Γ1

Applying Lemma (2) equation (14), we get192

|d23 − d5| ≤
1

4
|Γ1|

This completes the proof of the theorem.193
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Corollary 3. If f(z) ∈ A is of the form of equation (1), then for particular values in194

theorem equation (3) the following results hold195

(i) For β = 1, we get |d23 − d5| for R(A ,B; 1), M (A ,B;β, α) and S ∗
s (A ,B;β) respec-196

tively.197

(ii) For β = 1, A = 1 and B = −1, we obtain |d23 − d5| for R(1,−1; 1), M (1,−1; 1, α)198

and S ∗
s (1,−1; 1) respectively.199

(iii) For β = 1
2 , A = 1 and B = 0, we get |d23 − d5| for R(1, 0; 1

2), M (1, 0; 1
2 , α) and200

S ∗
s (1, 0; 1

2) respectively.201

4. Conclusions202

In this study, considering the subordination technique, we attain the results for m-203

fold symmetric functions and the Zalcman functional are obtained for some subclasses204

of analytic function associated with strongly Janowski type functions. Our calculation205

is based on the relationship between the coefficients of the functions in the considered206

classes and the coefficients of the functions in corresponding Caratheodory class ℘. Many207

fascinating results are obtained using subordination technique like sharp third Hankel208

determinant for 2, 3-fold symmetric functions, and the sharp Zalcman functional. For209

specific values of parameters, we obtain certain well-known results already present in the210

literature.211
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