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Abstract. This study focuses on certain subclasses of analytic functions connected with strongly
Janowski-type functions that transform the open unit disc onto different circular symmetric do-
mains. Sharp estimates for Hankel determinants of both 2-fold and 3-fold symmetric functions and
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1. Introduction

Let A represent the class of normalized analytic functions f in an open unit disc
U ={z € C:|z| < 1}. Taylor series representation for class 2 is given as

fz)=z+ Zdnz", forall z € %. (1)
n=2
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An analytic function is said to be univalent if it is one-to-one, that is f(z1) = f(z2) im-
plies z1 = 2o for all 21,29 € . Let S denote the subclass of 2 that contains all univalent
functions in %. The widely recognized subclasses of S are the classes of convex, starlike
and bounded turning functions represented as C, §*, and Z respectively.

The concept of subordination between analytic functions was given by Lindelof [1]. Fur-
thermore, Littlewood [2] and Rogosinski [3, 4] introduced fundamental results involving
subordination. The f is subordinate to g denoted as f < g, if there exists a Schwarz func-
tion b with h(0) = 0 and |h(0)| < 1 for all z € % such that f(z) = g(h(z)). Furthermore,
if g(z) is univalent in %, then f(0) = ¢g(0) and f(%) C g(% ).

Caratheodory functions play a crucial role in Geometric Function Theory, enabling the
exploration of various new subclasses of univalent functions. The Caratheodory class
p consist of functions h(z) that map % on right half plane, satisfying h(0) = 1 and
R(h(z)) > 0 with Taylor series representation

h(z) =1+ Zrnz", forall z € U . (2)
n=1

The class of bounded turning functions Z(p(z)) introduced in [5] is the subclass of analytic
functions defined as

#e) ={fes: f)=e@) zew}. (3)

The class of alpha-convex functions, denoted by .# («, ¢(z)) where o € R, studied in [6]
is defined as

M (0, (2)) = {feS: (1—a)2 8 CL @)

) o) < p(z) forall z € ?/} .4

Several well-known classes are obtained from this class such that, for « = 0 and a = 1
the classes C and S* are obtained. [6].

Another interesting subclass is the class of starlike function with respect to symmetric
points was given by Ravichandran in [7] and denoted as S (¢). The class S; () is defined

as
2f'(2)
f(z) = f(=2)
By choosing the suitable analytic function ¢(z), several well-known families are formed.
For example, for ¢(z) = /1 + z, (3) we obtained the class of bounded turning associated

with the lemniscate of Bernouli defined in [8]. Moreover, if we consider ¢(z) = Gigg;)

with —1 < # < &/ <1 (1) and (5) we get the Janowski Mocanu type function and
Janowski starlike function with respect to symmetric points respectively discussed in [9].
In similar way, many researchers obtained interesting geometric properties for subclasses
of analytic functions by taking specific functions as ¢(z), for details, see [10-13]. Arif et al

B
[14] introduced the Strongly Janowski type function ¢(z) = (ii;{g)) ) where —1 < %4 <

S;(go):{feS: < ¢(2), forallze%}. (5)
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2/ <1 and 0 < 8 < 1. This function was used to introduce certain important subclasses
of analytic function studies by Kanwal et al in [15]. The graphical illustration of strongly
Janowski type function for some particular values of 5, .97 and £ is as follows.
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Figure 1: Graphical lllustration of Strongly Janowski type functions

By using strongly Janowski type functions in the classes defined in (3)-(5), we have
defined the following subclasses of analytic functions.

Definition 1. A function f € 2 is considered to belong to a class of bounded turning
related to strongly Janowski type function, if and only if

1+2
1+ %Az

B
%(%,%’;5)2{f6%:f’(z)<< ) ,f0r0<6§1andz€%}. (6)

Remark 1. In equation (6), for specific values of B, </ and A the class Z(, B;5)
reduces to the following form

(i) The class of bounded Janowski turning function is obtained when = 1.

(ii) The class of bounded function function [16] is obtained when =1, o =1 and B =
—1.

(iii) The class of bounded turning function aswith theated with the Lemniscate of Bernoulli
s obtained when 8 = %, o =1 and £ = 0.

Definition 2. The class of strongly Janowski Mocanu type function (<, B;3,«) for
f €U is defined as

zf(z zf'(2)) 2\?
//l(%,%;,@,a)z{fé?l: (1-a) ;(i))+a(}f/((z))) <<ij—§§z> , forallze%}.
(7)

where where « € R, 0 < < 1 and A (o) = (1 — «) Z}cég) + oa(ZJ{,/((j)))/, is of beta convex
function. For a = 0, the class 4 («) reduces to strongly Janowski type starlike function,

and for a = 1, the class reduces to strongly Janowski type convex function.
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Remark 2. In equation (7) by giving some particular values to B, < and A , the class
M, B B, ) is reduced to following form:

(i) The class of Janowski Mocanu type function is obtained for f = 1.

(i) Choosing B =1, o/ =1 and B = —1, the class of Mocanu type function is obtained.
(iii) The class of Mocanu type function associated with Lemniscate of Bernoulli function
is obtained [8] if B =3, o =1 and B =0.

Definition 3. The class of strongly Janowski type starlike function with respect to sym-
metric points is defined as

22f'(2) 1+a2\°
f(z)—f(—z)<(1—|—<%’z> ) forallze%}. (8)

Remark 3. Giving some particular values to 8, &/ and A in equation (8), the class
S, B B) is reduced to following form:

(i) For 5 = 1, we obtained the class of Janowski starlike function with respect to Symmetric
point. [9] (it) The class of Starlike function with respect to Symmetric points is obtained
for6=1, A=1and B = —1.

(iii) For 3 = %, A=1and B =0, the obtained class of starlike functions with respect to
the Symmetric point associated with Lemniscate of Bernoulli.

S (oA, B ) = {f enA:

The investigation of Hankel determinants for different classes of analytic functions
started in the 1960s. Pommerenke [17, 18] introduced the Hankel Determinant Hg,(f)
with the perimeters q, and n € X = {1,2,3...} for f(z) € . is defined by

Tn Tn+l ’I"n+q71
Tn+1 Tn+2 ... Tr4q
[Ha,n(f)l=| ' R
n+q—1 Tn+q -+ 7Tn+2q-2

where n and q are fixed positive integers. Hankel determinant played an important role
in studying the power series of integral coefficient [19]. Different Hankel determinants
will be obtained when different values of q and n are chosen. For ¢ = 2 and n = 1, the
determinant is

o2

H2,1(5)] = |

= |r3 — 73|, where r; = 1.

This is the special case of Fekete Szego functional. The maximum value of |H2,1(f)| for
various subclasses was studied by many researchers [20-23]. Jateng et al investigated the
second Hankel determinant for ¢ and n,

Hso(f) = rora — r3.
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Furthermore, forq=3 and n =1
_ 3 2 2
H3 1 f = rirars + 2rorary —r3 — rars — riry.

Babola [24] was the first to study the upper bounds of the third Hankel determinant. Many
other researchers have also studied the third Hankel determinant for different subclasses
of § for details, see [25-28].

Many authors have investigated the results of the Hankel determinant for 2-fold and 3-
fold symmetric functions [29-31]. Hankel determinants of multi-fold symmetric functions
are useful in image processing as they can be used to capture symmetries and periodic
patterns, leading to improved accuracy and efficiency in pattern recognition tasks.

The domain V is m-fold symmetric if a rotation of V about the origin through an angle
%’T carries V on itself. The study of m fold symmetric functions was initiated by Golusin,
Noshiro [32]and Robertson. An analytic function is m-fold symmetric in %, if

27 27

flexpm z) = expm f(2),

The set of m-fold symmetric univalent functions S, denoted by S™, has the following
Taylor series form:

fz)=z+ Z dpns12™ M 2 e . (9)

n=1

The class of Caratheodory functions g in term of m-fold symmetric function is defined as
o0

" ={bep:h(z) =14 rmz""}. (10)
n=1

2. A Set of Lemmas
Lemma 1. [33] Let b € p and it has the form equation (2), then

lek| < 2 for k> 1, (11)
|enak — prnck| < 2 for 0 < pu <1, (12)

Lemma 2. [7] Let q, s, m, and n satisfy the condition 0 <m <1, 0 < s <1 and
8s(1 — s) [(mn — 2q)® + (m(s + m) +n)?] + m(1 —m(n —2sm)* < 4m*(1 —m)?s(1 — s).

If b € p and it has the form in equation (2), then

3
|q7“14 + ST‘% + 2mrirs — Qnr%rg — 1y < 2. (13)
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3. Main Results

3.1. Bounds of |H;;f(z)| for two and three fold symmetric functions

The third-order Hankel determinant, denoted |H3 1 f(2)|, plays a significant role in the
study of analytic functions, particularly in geometric function theory; for details, see [34—
38] . The bounds of |Hs1f(z)| of 2,3-fold symmetric become essential in understanding
the growth and distortion properties of these functions. The exploration of such bounds
offers insights into the complex structure of symmetric functions and their behavior in
relation to the coefficients of their power series expansions, leading to sharper results in
the analysis of univalent and multivalent functions.

Theorem 1. If f(z) € 2 of the form in equation (9), then the following results hold
(i) If [(2) € #*(, B, 8); then

L

2
= (8l — A"

|H31f(2) <

(ii) If f(z) € M* (A, B; B, a); then

s/ ()| < g sy ey Pl — 2D
(iii) If f(z) € S2* (o, B;3); then
Hsaf(2) < S (Blef — 21"

Proof. (i) Let f € %#(</,%;3). Then there exist a function h € p?, such that

oy (1))’
fi(z) = <1+%b(2)> . (14)

using the form of f(z) for 2-fold symmetric functions, equation (9) gives
f'(z) =1+ 3d32* + 5ds2* 4. (15)

Expanding the right hand side of eq 14, we get

B 2
(%) =1+ Tflz? + (7"24 + %[FQ - F1]> A (16)
Where,
I = B(% - ’%))7
g (B1=68°+ 1162 -68) . (81468 +116°+66)

24 24
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4 _ 933 2 _p4 3 _ 952 4 32
Comparing equation (15) and equation (16), we obtain
1
d3 = ¢ral'y,
ds = ruty 4 2, 1),
5= ot 5tz

There for third Hankel determinant is:

1 I's —T 5
Hs1f(z) = dsds — dj = @Tzrf (7"4 +73( 22F2 - - 9F1)> :
1

-1 5
H —-r .
|Hz1f(2)] < 60 H ( 73 211% 9 1]) |

Applying equation (11) and equation (12), using value of T'; we obtain

|H31f(2)] < (5’£7 Z

This completes the proof of part(i)
(ii) Let f(z) € .#?(</,%; 3, ). Then there exists a function h € p? such that

f'(2) |, (2f(2)  (1+ab(2))’
) R ‘<1+%h<z>>

Using the series from equation (9) and equation (10) for m=2, we have

ZAOINC IO

(1-a)

(17)

-« s =1+ 2d3(1 + 20) 2% + 4d5(1 + 40)2* — 2d3(1 + 8a)2t. (18)
TG T 3
Comparing equation (16) and equation (18), we get
1
= ——— oIy, and
ds 4(1+2a)7‘2 1, an
(1+8a) o
ds=— 101+ ———12 ([g =T + ———T?].
ST B4y T 16(1+4a)r2< 2T i 2ae
Therefore we have
1 (1+8a)
H = dds — d = r? My -T2 4 ——— T3
31/(2) = dsds = dy = 55— Sy 1+64 < et o ) !
1 313
- r
64(1+2a)3 2 1
1 1 T, (14 8a) (1+4a)
H < I2||ry — =r2 1-— r I )|
Hs F@) < Irell 55— o aay D™ 2T2< oo T 0202 LT Tr2a)2 !

Applying equation (11) and equation (12), putting values of I'; we get
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|H3,1f(2)] < soraayaras (Bl — 21)%

This completes the proof of part(ii)
(iii) Let f(z) € #2*(o/,PB;3). Then there exist a function h € p? such that

2:0'(2)  _ (1 + m)(z)>ﬁ 19)
f(2) = f(=2)  \1+2b(2)
Using the series from equation (9) and taking m=2 in equation (10), we get
221 (2) 2 21 .4
_SELRE) 14 9dss? 4 (4ds — 2d2) 2t (20)
7 - f-) s =209
Comparing equation (16) and equation (20), we get
1 1 ) 1,
ds = 11"21“1, and ds = §1"4F1 —r5(—Te+T — 51“1).

Therefore, we have

1 1 I 1
Hs i f(2) = dsds — dj = 3*21“%7“2 (7"4 - 57"%[1 ~ 2 F1]>
-2 4oy |
<r4 2r2[ T, + 5 1]> ‘

Applying equation (11) and equation (12), by applying value of I'; we obtained our result.

1
[Hz1f(2)] < ﬁlff\lrzl

[Hy 1 f(2)] < (816 — B2

Corollary 1. If f(z) € 2 is of the form of equation (1), then for particular values in
theorem equation (1) the following results hold

(i) For B = 1, we get |Hs1f(2)| for %#*(o,B;1), M?*(,B;1,0) and S** (o, B;1)
respectively.

(ii) For B =1, & =1 and & = —1, we obtain third Hankel determinant for %*(1,—1;1),
AM?(1,—1;1,0) and L2 (1,—1;1) respectively.

(iii) For B = %, o =1 and B =0, we get |Hs1f(2)| for #°(1,0; %), AM(1,0; %,a) and
F(1,0; 3) respectively.

Theorem 2. If f(z) € A of the form in equation (9), then the following results hold
(i) If f(2) € %°(,2;B); then

|1 f(2)] < 1 (B1of — )%
(ii) If f(2) € M3 (o, B;53,a), then

1
[His) /()] < (Bl — |)*.

(1+3a)?
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(i) 1f §(2) € S3(, 5 0); then
[Hy1f(2)] < 15 (B1of — )%

Proof. (i) Let f(z2) € %#3(</,#;3) , therefore there exist a function h € p3, such that
o (1 0(2)\”
= (Hﬁh(z) |

Taking m = 3 in equation (9), we get

1+ 4dy2® + 7725+ =1+ Fl(%?’z?’ +..)+ FQ(%?’,Z?’ +..0% 4. (21)

Comparing the coefficients of eq (21), we get

r
d4 = Z?)Fl;

|r3]?

2
r
|[Hs1f(2)] = |=di] = |7} T1] <
Applying equation (11), we get

|Hs1 f(2)| < Tl

(i) Let f(z) € 43, PB; B, ), therefore there exist function h € g3, such that

') 2f(2) <1 + wh<z>>ﬁ

11—« + = 22
=% T e\ T+ 2
143ds2°(1 4 3a)+. =1+ Fl(%gz?’ b+ Fg(%’z?’ )4 (23)

Comparing the coefficients, we obtain

1
dy= ———T
YT+ 3a)
1 1

Applying equation (11), using value of I'; we get our require result.
(iii) Let f(z) € #3*(o/, %;3) then there exist function h € p3, put m=3 in equation (9
and 10), we get
22f'(z)
f(2) = f(=2)

Comparing coefficient; we get dq = %’I‘gl—‘l

= 4dy2 + .. (24)

2 1

1
1= 6*47"31? < @|T§||F%|'

[Hs)f(2)| = —d
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Applying Lemma(1), we get

1
‘H(S,l)f('z)‘ < E’F%’

Corollary 2. If f(z) € A is of the form of equation (1), then for particular values in
theorem equation (1) the following results hold

(i) For B = 1, we get |Hs1f(2)| for #3(o,B;1), M>(,B;1,0) and L3 (o, B;1)
respectively.

(ii) For 3 =1, o/ =1 and & = —1, we obtain third Hankel determinant for #3(1,—1;1),
AM3(1,—1;1,a) and Z3*(1,—1;1) respectively.

(iii) For B =%, o =1 and & = 0, we get |Hz1f(2)| for #3(1,0;3), .43(1,0; 3, a) and
F3(1,0; 3) respectively.

The hypergeometric function is frequently used to construct analytic and univalent
functions and to represent extremal functions for various subclasses of analytic functions.
The extremal function for 2-fold, 3-fold symmetry includes the hypergeometric function
oF1 that is defined as follows

JF = Z (an)(nn) 2"

n=0 (Cn) H

where (@), (b)n,and (¢), are Pochhammer symbols, (a,b,c) are parameters, and z is a
complex variable.
Extremal function for 2-fold symmetric function is

_ 1,3 o) (LY
f(z) =2z Fy (27_572,—52 > <1+,%72’2> '

Extremal function for 3-fold symmetric function is

of 23 B
f(Z) =z 2F1 (;7—5,§,—52’2> (M)

3.2. Zalcman Functional

In 1960, Zalcman proposed one of the classical conjectures in the field of geometric
function theory which states that the coefficients of functions in the class . satisfy

‘di — dgn_l‘ S (n — 1)2. (25)

This inequality attains equality only for the renowned Koebe function and its rotation.
For n = 2 the inequality considered with the well known for Fekete Szego’s inequality.
Later the result has been proved by Kruskhal [39] for the entire class .. He proved this
for n =2,3,4,5 and 6. For more detail on the Zalman functional, see[40, 41] and [42].
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Theorem 3. If f(z) € A is of the form defined in equation (1), then the following results
hold

(i) If f(z) € Z(, B; 3); then
& — dy| < 1|7 - B,
(ii) If f(z) € M (A, PB;5,a); then

|d3 — ds| < g Bl — A

1+5a

(ii)If f(z) € S (A, AB;3); then
&3 — ds| < 7Bl — B,

Proof. (i) Let f(z) € Z(</,%; ). Then there exist a Schwarz function h(z) such that

. 1+ ah(z)\”
= —=1 . 26
1) (1 + 2h(2) (26)
Let h € p then eq3 can be written in the form of Schwarz function as:
1+b(2) 2 3
h(z) T=b(2) +riz+rez” + 132”0 + (27)

Now from equation (27), we have

h(z) —1 1 1 1 1 1 1
h(z) = hg ; 1 = 5712 + o2~ ZT‘% 22+ 578~ 51T + gr% 23

1 1 3 1 1
+ <27“4 - ZT% + gT%W — T - ri‘) 2t

16
f'(2) = 1+ 2daz + 3d32? + 4dy2> + 5ds 2. (28)
% 2 2
(11%2 Y v s+ (L2 P ) i)y
3 _ 2 _ Q3 2 3 2
N (64 —64° + 1152 —6BA4+ B+ 6483 + 1152 +68 50 ﬂ4+353+252A33
24 24 6
n —B* + 3653 — 252A3B n B ; B2A232> (h(2))"*

=1+T1h(2) + T2(h(2))* + Ts(h(2))* + Tu(h(2))*,
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where 'y, T, T's and I'y are coefficients with h(z), (h(2))%, (5(2))? and (h(2)*).
Putting value of h(z), we get

1+ ah(2)\”? 1 1 1, s (1 51 1
LA /A R - - S - - I+ =T
(1+%}(2) 1+ 2r1Flz+ 2r2F1 4r1[F1 o] ) 2% + 4r1[2P1 2+ 3 3]

1 1 1
+5rire[la — T + 27“3F1> + (

1
_ -T 2
> T ri[~T1 + 3Ty — 303 + I'y] + grirs[lz =] (29)

3 1 1
—}—grng[Fl — 2Ty + Fg] + ZT%[FQ — Fl] + 2T4F1> z

By comparing equation (29) and eq(28), we get

1
dy = Zrlrla (30)
dy = STy — 130y — Ty (31)
3 = 6T2 1— 12 1 — 12
1 41 1 1
di = 7erilgl —Ta+ *F3] +grira[la =] + orsly, (32)

1
ds = — 80 [ F1+3F2—3F3+F4]

1 1
Ty —T4] + — T
t 0" 202 = Ty] + 107"

Therefore, equation (31) and (33) yields.

3
7“17“2 [Fl — 2Ty + Fg}

1
—rirg[le —T'1] + 10 (33)
33

10

|d3 — ds| = \T}Ar;‘ (F% +T3 -2l T, + grl — %PQ + %Fg — §F4) + irg <r§ — %1“2 + §r1>
- %r%rg (;FQ 3r1r2 — %n + grz - 190F3> %rlrg(rl ry) — %mm,
< 1%! 1”725F 1 (F% +T% 21Ty + §F1 - 2?)7F2 2€7F3 — §F4> + %Fﬁ% (F% - %Fz
+§F1> - 395F17“17“2 <3F1 - §F1F2 - %H + gf‘z - 190F3> + 1}17‘17“3(F1 —T1) — 74,

Applying the Lemma (13), and by substituting the value of I'; we obtained our desired
result.

(ii) Let f(z) € A (<, PB; 3, ) then there exist a Schwarz function h(z), such that

/ / / A
:f(2)  (2F(2) ::<1+4fb@>> . (34)

W=7y Yo~ \Tr @0

This implies that

1-a) Zﬁg) + a(z]{/'((;))f =1+ (da + ads)z + (2d3 — d2 + 4ads — 3ad3)z
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+ (3dy — 3dads + d 4+ 9oudy — 15adyds — Tads) 2
+ (4ds — 2d3 — 4dydy + 4d3ds — di + 16ads — 16ads
— 28adady + 44adids — 15ady)2* 4. (35)

Comparing the equations (32, 35), we get

dy = ril'y, (36)

2(1+«)

3o+ 1
ds = o — T + ar%) , (37)

1
S S, ap——
12a+1) 1+8(2a+1)r1<

3(1+ 5a)
2a+ (1 +a
3(1+ 5a)
11+ a)(1+2a) %) 51+ 3a)

1 1 1
dy 7)7? <r1 ~To+ 3T s+

- Iy —T
12(1+3a) ' \2 )<21

(14+70) 3 1
2(1+a)3 1) 6(1 + 3a)

1719 (Fg —-I +

1+ 8« 1+3a
T Ty =T v
2(1+a)2[ 2t (1+oz)2]
3(1 4 50)

41+ 20)(1 + )

1
ds = )r% <—F1+3F2—3P3+F4+

64(1 + 4o
8(1+ 7a) <1
31+ a)(1+3a) \ 2
143a 4 14+ 7a 2(1+11la)
(14+a)2 ' 2(1—|—a)3> (14 20)(1 + )2
1

s (DT
+8(1+4a)r1T3<2 Lt

1
2 Iy + sl + T30y — T4

1+ 3« 1+ 15«
2T, T 4 : )

Gt U Trayt
1+ 7a 9 3
3(1 +3a)(1 + «) 1) * 32(1 + 4a)
3(1+5a) g 1+ 1la 1 )
4(1a)(1 + 2a) 1> (14 20)(1+ a)2> 16(1 + 4a) 2 (T2

ral'y. (39)

T% (—P1 + 2y + I's+

1+ 8« 9
— % (=T
3(1+a)2<12 1

14+8a

1
Iy -
"0+ 20)? 1> TR+ 4a)

Using the values of d3 and d5 obtained in equations (37) and (39), we get

1 1 3+ 1 1
Bodi|=— ol +—— 2 (=T + 22 2} ) (AT
s — ds| (4(2a+1)7ﬂ2 1+8(2a+1)r1< 2t At (64(1+4a)”( !
1 1 1 1

+ 8« + 3« 2 8(1+ 7a) Lr2 _por,
314+ a)(1+3a) \2

3y —3I's + T —— I —T
+3l2 3+ 4+2(1+a)2[2 1+(1_|_a)2

1 3(1 + 5a) ) s 1430, 1470 2(1 + 11a)
~T,T 2y —T - ) -
Ut e L T T T 205 e ) T G et e
14 3« 1+ 15« 1 1+ 7a
2Py 34 — 2% pdy 2T 20%pa) 0 [y—T 2
[T 1+(1+a)2 1]+(1+a)4 1 +8(1—|—4a)ﬁr3 2 1Jr3(1+3a)(1+oé) 1
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3(1+ 5a)
1)1 + Za)r?>

3 2
__° Ty 4y 4T
+32(1+4a)7“1r2< e

1+ 1la 1,
[y T
(1—|—2a)(1+a)2> 16(1+4a)r2< 2l

1+ 8« 9
—— | I1 Iy - T
3(1+oé)2<1 2- it

1+8a 5

1
2(1 + 2a)2 1> + 8(1 + 4a)

T4F1).
Applying Lemma equation (13), we get

1
2 _dsl < —— T,
3 5‘_4\1+2a| !

Thus, the proof of (ii) is completed.
(iii) Let f(2) € Zf (<, B; B) then there exist a Schwarz function h(z), such that

2 /
_22fE) + 2boz + 2d32% 4 (4dy — 2dads) 2 + (4ds — 2d3) 2. (40)
f(2) = f(=2)
Comparing equations (32) and (40), we obtain
1
dg = 17'11“1, (41)
1 1,
d3 = ngl“l — grl [Fl - FQ], (42)
1 4 /1 1 1, 1 1 1,
= 3 (ST —To+ T3 — -T2+ -TD) — = R N
ds 167”1<21 2+ 50 41-1-412) 87“17“2<1 2~ 41
1
+ §T3F1, (43)
and (44)

1

1 1
ds 4<—F1+3P2+3F3+F4+2Ff+2

1
= @Tl P% — F1F2> + §T1T3(F2 — Fl)

3 1 1 1 1 1
+ 57’%7’2 <—F1 + 2Ty — T'g — *F% + F1F2> + TGT% <F2 —-I + F%) + —rql'y.

3 3 2 8
(45)
Using the values from equation (42) and equation (45), we get
1 1
|d§ — d5| = ar‘f (F% + F% —I Iy +T1y — 3y +3I's — F4) + g’l“l’l"g(rl — Fz)
1 5/1 5, 3 (1 o5 1 1 1 1
— “IT—To+T1 | ——=|(=I{—=T1To+=T1 —To+ =I5 | — =4l
—1-16?”2(21 2+ 1) 16(21 612-1-21 2+23 gl

Applying Lemma (2) equation (13), we get
2 ].
|d5 — ds| < 7]

This completes the proof of the theorem.
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Corollary 3. If f(z) € 2 is of the form of equation (1), then for particular values in
theorem equation (3) the following results hold

(i) For B =1, we get |d} — ds| for Z(, B;1), M (A, B; B, ) and L} (o, B;3) respec-
tively.

(i) For B =1, o =1 and B = —1, we obtain |d3 — ds| for Z(1,—1;1), A4 (1,-1;1,a)
and Z¥(1,—1;1) respectively.

(iii) For B = %, o =1 and B = 0, we get |d} — ds| for %#(1,0;3), #(1,0;%, ) and
FF(1,0; %) respectively.

4. Conclusions

In this study, considering the subordination technique, we attain the results for m-
fold symmetric functions and the Zalcman functional are obtained for some subclasses
of analytic function associated with strongly Janowski type functions. Our calculation
is based on the relationship between the coefficients of the functions in the considered
classes and the coefficients of the functions in corresponding Caratheodory class p. Many
fascinating results are obtained using subordination technique like sharp third Hankel
determinant for 2, 3-fold symmetric functions, and the sharp Zalcman functional. For
specific values of parameters, we obtain certain well-known results already present in the
literature.
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