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1. Introduction

Zadeh [1] introduced the idea of fuzzy sets, which has enhanced the resolution of
uncertainty. A fuzzy set is a set that includes degrees of membership of elements defined
within [0, 1] in its collection. Rosenfeld [2] utilized the idea of fuzzy sets to present the idea
of fuzzy subgroups as an algebraic structure. Many scholars have applied various group’s
theoretic notions to fuzzy sets [3-5]. Using the idea of fuzzy sets and the concept of
multiset which admit repeated elements [6], Yager [7] proposed a fuzzy multiset (FMS) as
a set with repeated degrees of membership. Copious studies on FMSs have been presented
with various real-world applications [8-13]. In [14], the notion of FMS theory was revisited
to address formal inconsistencies in existing definitions, algebraic properties, and it was
proved that the n-dimensional fuzzy sets are isomorphic to n-bounded fuzzy multisets.

Shinoj et al. [15] introduced fuzzy multigroup (FMG) as an application of groups
under FMS framework and deduced some properties of the concept. The properties of
fuzzy submultigroups (FSMGs) of a FMG were studied [16] and commutative FMGs were
presented with a number of results [17, 18]. A number of group similar concepts in FMGs
were presented [19-25]. The ideas of direct product of FMGs , solvable FMGs, t—norms
over FMGs, and divisible FMGs have been explored [26-29]. In [30], some properties of
FMG which are analogous of the classical group theory were explored, Mirvakili et al.
[31] presented some FMGs obtained from fuzzy groups, and the concept of cosets was
extended to FMGs [32], where count membership sequence is taken into consideration. Of
a recent, the famous Jordan-Hélder Theorem has been instituted in both multigroups [33]
and intuitionistic fuzzy groups [34], respectively.

Despite the fact that some group theory’s views have been studied under FMGs, the
concepts of simple FMGs, maximal normal FSMGs, normal series for FMGs, composition
series for FMGs, and the Jordan-Holder Theorem are yet to be established in FMG setting,
which constitute the aim and motivations for this work. The outline of the work are as
follows: as Section 1 has given the background and motivation of the study; Section 2
presents FMSs, FMGs, and their properties; Section 3 introduces the concepts of simple
FMGs, maximal normal FSMGs, normal series for FMGs, composition series for FMGs,
and the Jordan-Holder Theorem under FMGs; and Section 4 concludes the paper.

2. Preliminaries

Let S and G represent a non-empty set and a group, respectively.

Definition 1 ([1]). A fuzzy subset denoted as X in S is an object of the form

X ={(s,0x(s)) | s € 5}, (1)
where Bx: S — [0, 1] is the membership grade of s € S.

Definition 2 ([35]). A multiset M over S is a pair (S, Cr), where

Cum:S—N (2)
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is a function, such that s € S implies M(s) = Cp(s) > 0 and Cpy(s) denoted the number
of times an object s appears in M. If Crq(s) =0, then s ¢ S.

Definition 3 ([7]). A FMS denoted as 20 drawn from S can be characterized by a function,
count membership denoted by C'Myy such that

CMy: S — Q, (3)

where @ is the set of all crisp multisets from the unit interval I = [0,1]. Thus for any
s €8, CMyy(s) is a crisp multiset drawn from [0, 1].
According to [14], a FMS 20 from S is represented by a multiplicity function

Cop: 8 % [0,1] = N, (4)

where Coy (s, San(s)) denotes the number of times element s € S appears with membership
value S (s) € [0, 1].

From [36], the membership sequence for s € S is defined to be the decreasingly-ordered
sequence of the element in C'Mgyy(s), denoted by

C'Man(s) = Ban(s), Baa(s), -+, Bia(s), (5)

where (3;(s) > Ba5(s) > -+ > Bh(s).
A FMS 20 can be represented by 20 = {(s, CMyy(s))|s € S} or W = {<0Mm(s )|s € S}

Definition 4 (10, 36]). Suppose 20 and 2) are FMSs of S, then
(i) W =9 <= CMyy(s) = CMy(s) ¥V s € S,
(ii) 20 C Q) <= CMyp(s) < CMy(s) ¥V s € S,
(iii) WNQY = C Mgy (s) = min{CMan(s), CMy(s)} ¥V s € S,
(iv) WUQY = CMapuy(s) = max{CMay(s), CMy(s)} V s € S,
(v) WHY = CMagay(s) = min{CMag(s) + CMy(s),1} V s € S,
(vi) WE Y = CMapey(s) = max{CMa(s) — CMy(s),0} ¥ s € S.

Definition 5 ([36]). Suppose 20 is FMS of S, then the support/level set of 20 denoted as
2, is defined by

W, = {s € S|CMay(s) # 0 and max{CMgy(s)} > 0},

where C'May(s) is the multiset of membership grades.
In fact, 20, is a crisp set containing all elements s € S that have a non-zero membership
sequence, meaning at least one membership degree is greater than zero.
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Example 1. Suppose S = {a, b, ¢}, then the FMSs drawn from S can be

0.6,0.4,0.2
a

0.6, 0.6

), (000, (22

w — {( -

)}

or
0.6, 0.4> <0.4,0.4, 0.1

Y= {(— S0

Then, 2, = {a,b,c} =S and Y. = {a,c} C S. Thus every support of a FMS over S is
contained in S.

Definition 6 (36]). Suppose 20 is a FMS of S, then the length of an element s; € S in
20 is denoted as L(s;;20) and defined by

L(si;20) = max{i| Bgy(s) # 0}, (6)

where i =1,2--- ,n.
The length of an element s; € S in FMSs 20 and ) of S is denoted as L(s;;20,9)) and
defined by
L(s:;20,9) = max{L(ss; W), L(s:;9)}, (7)

where i =1,2--- ,n.
Using Example 1, we have
L(a;2W) =3, L(b;2) =2, L(c;W) =1,

L(a;9) =2,L(6:;9) =0, L(6Y) = 3,
L(a;20,9) = 3, L(b;2,) = 2, L(c;20,9) = 3.

Definition 7. Suppose 20 is a FMS of S, then the cardinality of 20 denoted as Card(20)
is defined by

Card(2W) = Y _ L(s;, ). (8)

i=1
Using Example 1, we have Card(20) = 6 and Card(2)) = 5.
Definition 8 (15]). A FMS 20 of G is called a FMG of G if:
(i) CMyy(zy) > min{CMyy(z), CMay(y)} ¥V z,y € G,
(i) CMy(z7') = CMyn(z) V 7 € G.
It is worthy to note that, CMay(e) > CMay(z) V z € X since
CMyy(e) = CMyy(zz™) > min{C Myy(z), C My (x)} = CMyy(z) Yz € G.
In addition, 20, is a subgroup of G.

Theorem 1 ([16]). The support of every FMG of G is a subgroup of G.
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Example 2. Let G = {1,a,a? a®} be a group where a* =1, a7 ! = a3, (a?)™! = a?, and

a®)™! = a, then 20 = 0.9,0.9,0.9,0.9 , 0.6,0.6,0.6 is a FMG of G. Certainly,
1 a?

CMyy(1.1) = CMyy(1) > min{C May(1),CMay(1)} = C May(1),
C May(1.a%) = CMys(a?) > min{C My (1), C Myg(a?)} = C Mag(a?),
C Myy(a®.a?) = CMyy(1) > min{C May(a?), C My (a?)} = C My (a?),
CMy((a?)™") = CMay(a?).

.5, 0. 0.6,0.6,0.6, ,0.5,0.5
Also, 9 = {{( >,<0 5’05),< d a27 ), ( (173 )} is a FMG of G. Then,

2, = {1,a®} and 9, = {1,a,a? a3} are subgroups of G (but 9. is a trivial subgroup
since 9, = G).

Definition 9 (17]). A FMG 20 of G is commutative if C Mgy (zy) = CMyy(yx) ¥V x,y € G.
If G is commutative, then a FMG 20 of G is a commutative FMG.

Definition 10 (16]). If 20 and ) are FMGs of G, then 20 is a FSMG of 9 if 20 C Q).
Again, 20 is a proper FSMG of Q) if 20 C 9) and 20 # 9).

Definition 11 (23]). Let 20 and 9 be FMGs of G. Then, the product 200 ) is a FMS
of GG defined as follows:

_._min{C M, ,CMy(z)}, ifdy,z € Gwherex = yz
CMQBOQ_)(x) _{ (\)/m—yz { Qﬂ(y) @( )} Y Yy

Definition 12 (21]). If 20 is a FSMG of a FMG 2) of G, then 20 is normal in ) denoted
by W <9 if C My (zy) = CMay(yz) <= CMa(y) = CMayy(z~tyz) V 2,y € G. Certainly,
any normal FSMG is commutative and self-normal.

Definition 13 ([22]). Assume 20 is a FSMG of a FMG 2) of G. Then, the fuzzy submultiset
Yy of Y for y € G defined by CMyqy(z) = CMayy(y~'2) V 2 € G is a left fuzzy comultiset
of 2U. Similarly, 20y of Q) such that CMyy,(z) = CMyy(zy~') V z € G is a right fuzzy
comultiset of 20.

Definition 14 (22]). If 20 is a FMG of G and 20 is a normal FSMG in ). Then, the set
of right/left fuzzy comultisets of 20 such that CMgyoym(2) = CMyym(2) ¥V ,y,2 € G is
a quotient FMG of 2) by 20, denoted by 2)/20.

0.9,0.9,0.9,0.9

9)

otherwise.

3. Main Results

Before we introduce normal series for FMGs, composition series for FMGs, and Jordan-
Holder therorem under FMGs, the notion of order in FMGs is defined.

Definition 15. Assume 20 is a FMG of G, then the order of 20 denoted as O(20) or |20
is defined by

O(2W) = L(s, W), (10)
=1
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where L(s;,20) is the multiplicity of the count membership degrees for each of the elements
in 20.

Using Example 2, we have L(1,20) = 4, L(a?,20) = 3, and thus, O(2J) = 7. For ),
we have L(1,20) = 4, L(a,20) = 2, L(a?,20) = 3, and L(a3,20) = 2. Thus, O() = 11.
Hence, O(20) < O(20).

If O(20) < N, then 20 is finite. Although the finiteness of G' enhances the finiteness of
20, the finiteness of G cannot solely decide the finiteness of 20.

Now, we reiterate the notion of solvable FMG as presented in [27].

Definition 16. Let 2J be a finite FMG of a finite GG, then 20 has a chain of consecutive
FSMGs:

W, C W, C--- CW,, =2, (11)
where the underlying elements of the consecutive FSMGs are the same as the elements of
G. That is, (Wo)s = (W) = = (Wy)« =W, =G.

Then (11) can be presented as:
C' My, (z) < CMyy, (z) < -+ < CMyy, (x) = CMy(x) Vo € G. (12)

Definition 17. If 2 is a FMG of G, then 20 is solvable if it has a chain of consecutive
FSMGs:
Wy CW; C---CW, =2, (13)

where 20;_1 <20; and 20;/20,_; is commutative ¥V 1 <i < n.
The finite chain of the consecutive FSMGs of 20 is a solvable series for 20 represented
by 20; for i = 1,2,--- ,n, and it is:
Wo<W; <---<20,, =20, (14)
where (Wp)x = (W1 )s =+ = (Wy)s =W, =G.

Next, the concepts of maximal normal FSMG of a FMG and simple FMG are defined.
Using Definition 12, we define a maximal normal FSMG of a FMG as follows:

Definition 18. A FSMG 2t of a FMG 20 in G is trivial if:

(i) 9t contains only the count membership degrees of the identity element,
(ii) 9 is a fuzzy group of G or the fuzzy group of the subgroups of G,

(iii) 9 = 2.

2

Example 3. Suppose G = {1,a,a% a3} where a* = 1, a=! = a3, (a®)7! = d?, and

(a®)~! = a. Then, a FMG of G is:

0.9,0.9,0.9,0.9. ,0.5,0.5
I e B

0.6, o.g, 0.6>’ < 0.

Certainly, 20 is commutative fuzzy multigroup. The FSMGs of 20 can be presented in
terms of:

0.5,0.5
(13

W = {(
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(i) the properties of G without count membership degrees (since every fuzzy subgroup
is a trivial FSMG), i.e. {<¥>}, {(0%)), (%H, {(%), (%% (%), (%ﬂ are FSMGs of
2. Here, all the FSMGs are trivial.

(ii) 20, with count membership degrees, i.e. {<%19’0'9), (959, <0'3’20'6), <%>}, which is
a non-trivial FSMG of 20.

(iii) the properties of G with count membership degrees, i.e. {(M}} and {(0'9’019’0'9% (0'?1’3'6)}

are FSMGs of 2. Here, {<%1970,9>} is trivial and {(0'9’019’0'9% (0'(;’20'6>} is a non-
trivial FSMG of 20.

Also, 0 is a trivial FSMG of itself.

Definition 19. Let 9t and 20 be FMGs of G with 99t <20. Then

(i) 9 is a maximal non-trivial normal FSMG if it is the largest proper non-trivial
normal FSMG of 20.

(ii) 20 is simple if it has no proper non-trivial normal FSMG.

From Example 3, 20 is commutative FMG. The FSMGs of 20 based on Case (i) are
as follows:

0.9

W, = {< 1 >}?
o= {0 )
Wy = {0 (o (o

Here, 20 is not among the FSMGs because it contains count membership degrees and
Wy, Wi, and W, are trivial FSMGs of 2. Because there no proper non-trivial normal
FSMG, 27 is a simple FMG. In addition, 20 has no maximal non-trivial normal FSMG.

The FSMGs of 20 using Case (ii) can be seen as follows:

Wy = {00, (o) (o

Wy = (O () (o (o

MW, — {<0.9,10.9>7 <0.5;l0.5>7 <0.66;20.6>7 <0.5C;:?.5>}’

Wy = () R (L

W, — {<0.9,0i9,0.9>’ <0.5(,10.5>7 <0.66;20.6>7 <O.5C;30.5>},
9, — {<O.9,0i9,0.9>’ <0.5;L0.5>’ <O.6,(2L.26,0.6>’ <0.5C;30.5>}7

0.9,0.9,0.9,0.9, ,0.5, 0.6, 0.5
1 h ()

Ws = {{ 1 a2 )}

as
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0.9,0.9,0.9,0.9, ,0.5,0.5, ,0.6,0.6, ,0.5,0.5
mg - {< 1 >7< a >a< a2 >7< a3 >}7
0.9,0.9,0.9,0.9, ,0.5,0.5, ,0.6,0.6,0.6, ,0.5,0.5
Wiy = {< 1 >7< a >a< a2 >7< a3 >}

Among the list, 205 and 219 are trivial FSMGs, 23— are proper non-trivial normal
FSMGs of 20, and 2y is the maximal non-trivial normal FSMG of 20 because it is the
largest proper non-trivial normal FSMG of the FMG. Hence, 2 is not a simple FMG.

The FSMGs of 20 using Case (iii) can be seen as follows:

Wy = {5},

mo= (50, (),

Wy = () o) (),

Wy = (00 (52, () (),

M, — {<0.9,10.9>7 <0.5;0.5>7 <O.66220.6>, <O.56;30.5>},

0.9,0.9,09 05, 06, 05

W; = ‘Kf% (7% <?>7 ( o3 g

W — {<0.9,0i9,0.9>’ <0.5£10.5>’ <0.6a,20.6>’ <O.5C;30.5>},
W, — {<0.9,0i9,0.9>’ <0.5;0.5>’ <0.6,(;.26,0.6>7 <0.5C;30.5>}’
My = (PR (B () (),

W — {<0.9,0.9,10.9, 0.9>7 <0.5(,10.5>, <0.6(;20.6>? <0.{")C;30.'5)>}7
Wy, — {<0.9,0.9,10.9, 0.9>7 <0.5(,10.5>, <0.6,(3l.;3,0.6>7 <0.5a,30.5>}’
Wy = {<0.9,10.9>}7

wy = (L0200

S ()

W = (2D

Wiy — {<0.9,10.9>7 <0.6C;20.6>}7

S e

Wy, — {<0.9,0i9,0.9>’ <0.6,20.6>}’

a
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W = {<0.9,0i9,0.9>’ <0.6,(l.26,0.6>}’
W = (TR0 (G5,

Wy = {<0.9, 0.9,10.9, 0.9>7 <0.GC;20,6>}’
Wy, = {<0.9, 0.9,10.9, 0.9>7 <0.6,(2L.§3, 0.6>}.

Among the list, 00— and W19p—W13 are trivial FSMGs of ®. The FSMGs 2035—
Wy and W14 Wo; are proper non-trivial normal FSMGs of 27, and 209 is the maximal
non-trivial normal FSMG of 2. Again, 20 is not a simple FMG.

Example 4. In a symmetry group S, forn = 3 (i.e., S = {1,2,3}), A3 = {po, p1, p2} C S3
is a simple group, where p;* = pa, py ' = p1, p7 = pa, and p3 = p; for py = (1), p1 = (123)
and p2 = (132). Then, a FMG denoted by 2 from A3 is:

0.8,0.8,0.8, ,0.6,0.6, 0.6,0.6
) )

Po p1 P2 -

2 = {(

Because pi.p2 = p2.p1 = po, then 2 is commutative. The FSMGs of ) using Case (i)
can be seen as follows:

9 = (25

Po

0.8 0.6 0.6
D= (),

Because 9)o and 9); are trivial, then 9) is a simple FMG (because it has no proper
non-trivial normal FSMG and hence, it has no maximal non-trivial normal FSMG).
The FSMGs of 9 using Case (ii) can be seen as follows:

= {20 ),

Do = {00 ()

Vs = {<0.8/;00.87 0.6[;10.6’ 0.6[;20.6>}7
T (O e N Ne)s

Vs — {<0.8,(;).08,0.8>7<0.6/;10.6>’<0.6[;20.6>}.

We see that )1 and Qs are trivial and 2)o—0)4 are proper non-trivial normal FSMGs of
) without a maximal non-trivial normal FSMG of 9 since either 93 ¢ 94 or Ya € Ys.
Hence, 9) is not simple.
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The FSMGs of Q) using Case (iii) can be seen as follows:
0.8

Vo = {(—)}
Po
0.8, ,0.6, ,0.6
2 = {<%>’<E>’<E>}
0.8,0.8, 0.6, ,0.6
2)2 = {< 0 >7<E>’<E>}’
0.8,0.8, ,0.6,0.6, ,0.6,0.6
s = {< 20 ) P >7< 02 >}7
0.8,0.8,0.8, 0.6, ,0.6
Dy = {<T>’<E>7<E>}’
0.8,0.8,0.8, ,0.6,0.6, ,0.6,0.6
Vs = {( P ), ” ), ” e
S ()8
Po
pr = (L2208,

0o

Here, Yo, D1, Vs, V7 and Y5 are trivial, and )2—) 4 are proper non-trivial normal FSMGs
of 9 without a maximal non-trivial normal FSMG of ) since either )3 € 94 or Du € Y.
Hence, 2) is not a simple FMG.

Remark 1. From the considered examples, the following remarks follow:

(i) Every FMG whose FSMGs are trivial is a simple FMG. To demonstrate this, given

a FMG Q) = {(%% <%6>, <%6)} defined over As. Then, the FSMGs of Q) are:

0.8
Do = {0

0.8, 0.6, ,0.6
2)1 = — D\ e\
Po P1 P2
0.8,0.8, 0.6, ,0.6
Y, = {{ p >,(p1>,<p2>}—@-

We observe that all these FSMGs of ) are trivial and so, 2) is simple because it has
no maximal non-trivial normal FSMG.

(ii) Every FMG with one non-trivial FSMG is simple. To verify this, given a FMG

2N = {(0‘910'9% (95),(29), (%)} of G = {1,a,a? a}. Then, the FSMGs of 20 are:

Wy = {<%

W, = {{
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W = {2, (o)),
Wy = {500 () o (o),
Wi = (T, (D) () () =

Because 205 is the only non-trivial FSMG of 20 and it is not maximal, then 27 is a
simple FMG of G.

(iii) Every FMG with at most one non-trivial FSMG is a simple FMG. This can be seen
by combining (i) and (ii), respectively.

Definition 20. Let G be a finite group and 2J be a FMG of G with a finite count
membership degrees. Then, 2J possesses a normal series if there exist:

C My, (z) < CMyy, (z) < -+ < CMyy, (x) = CMyy(x) Vo € G, (15)
such that (QUQ)* = (Qﬁl)* == (Qﬁn)* =2, = G and QIIZ qwi+1 V0 <i<n-—1.
Example 5. Using the FSMGs of 27 in Example 3 with (), = (W1)x =+ = (Wy)« =

2, = GG, we have the following normal series:

W, C W3 C Wy C We € Wy C Wy C Wi =2,
W, C W3 C W5 C We € Wy C Wy C Wi =2,
Wy C W3 C Ws C Wy C Wy C Wy =W.

Certainly, 20; <0, V0 <i<n-—1.

Example 6. Using the FSMGs of ) in Example 4, with (Q0)« = 1) == D)« =
). = As, we have the following normal series:

D1 CY2CY3 C Y5 =9,
D1CV2CV1CPY5 =9

because 9; <9i+1 V0 <i<n—1.
Next, the concept of composition series for FMG is presented.

Definition 21. Let G be a finite group and 20 be a FMG of G with a finite count
membership degrees. Then, 2J possesses a composition series if there exist::

C' My, (z) < CMyy, (z) < - < CMyy, (x) = CMyy(x) Vo € G, (16)
such that (Wp)« = (W1)x = -+ = (W,,)« = W, = G with the properties
(i) Qﬁiqﬂﬂiﬂ VOSiSn—l,
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(i) W,;4+1/20; is simple V0 <i<n— 1.

Using the FSMGs of 27 in Example 3 with (). = (W1)x = = (Wy)« = W, = G,
the composition series for 2J are:

W, C W3 C Wy € We € Wy C Wy C Wi =W,
W, C W3 C W5 C We C Wy C Wy C Wi =W,
0, € W3 C W5 C Ws € Wy € Wy =W,
where 20; <20;11 V0 <i<n—1and W,;;1/2; is simple V0 <i <n— 1.
Using the FSMGs of 9) in Example 4, with (90)x = (D1)« = = (Dn)+ = D = As,
the composition series for ) are:
D1 CY2CY3C Y5 =9,
D1CV2CV1CPs5 =9
because ;<41 V0 <i<n—1and Q;y1/2; is simple V0 <i<n-—1.

Example 7. Let 9 = {<0.7,067,0.7>, <O.5i(].5>7 <0.5§0.5>, <U.E’>é(].5')>7 <0.5;10.5>, <0.550.5>} be a FMG
of Zg. Then, the FSMGs of 91 are:

oMy = {(L10T) (0.
N
My = {(LTOTOT) (0505) (05053
My = {(LTOTOT) (0505 (0505) (0505) (0.505) (050511 _ gy

v
ot~

N
N
—

G
~
=

o

Among these FSMGs, the following have the same elements as Zg:
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m5:{<0.760.7>’<0.5i0.5> <0505> < 5> <0505> <0505>}

Mo = {(*LG00), (5), (%), < %) (), (),

m” — {<0.7,0(.)7,0.7>7<0.5i0.5> <0505> 2< > <0505> 5< 505>} m.

Then, the composition series are:

Mz C My C M5 C My =M,
Mz C My C Mg C My7 =M,

because M; <M1 V0 <i<n—1and M;y1/M; is simple V0 < i <n— 1.
Theorem 2. Fvery finite FMG of a finite group has a composition series.

Proof. Let 20 be a finite FMG of a finite group G. The proof is presented using the
principle of induction. Assume every finite FMG of order less than |20| has a composition
series. If 20 is simple, then it possesses a trivial composition series. Otherwise, if 27 is
not simple, then there is a non-trivial proper normal FSMG and a maximal non-trivial
normal FSMG in 20, since 20 is finite. We denote such a maximal non-trivial proper
normal FSMG in 20 as 91, and so || < |20].

By the principle of induction, |9t| has a composition series, which is:

C Moy, (z) < CMay, (z) < --- < C Moy, (v) = CMap(x) Vo € X,

such that (Mp). = (M) = -+ = (M)« = G. But M <2 since M is maximal in 2, and
0
C Moy, (z) < CMay, () < --- < CMop, (z) = CMay(z) < CMyg(2) Vz € G,

which proves that 20 has a composition series.
Theorem 3 (The Jordan-Holder Theorem). Every finite FMG of a finite group has at

least two equivalent composition series.

Proof. Let 20 be a finite FMG of a finite group GG. Assume 20 has two composition
series:

C May, (z) < CMay, ()
C My, (z) < C Moy, (x)

- < CMyy, (x) = CMyy(x) Vo € G,

<
<. < CMyy, () = CMog(z) Vz € G,

such that 20; <20, with QB»L'_H/QHZ' simple V0 < ¢ <n—1and IM; <941 with imiﬂ/i)ﬁi
simple V 0 < i < m — 1. In each case, (W) = (Wi)x = -+ = (W,)« = G and
(Mo)e = (M)s =+ = (M) = G.

We need to verify that n = m and the list of quotients

(201 /200,20, /201, - -+ ,20,,/Wp—1)
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”

is a rearrangement ”~” of the list of quotients

(ml/m07 mQ/mla e 79ﬁm/mm—1)-

We prove by induction on |20|. If |20| = 1, then the result is trivial. Assume 20,,_1 =
M1, then the result is established by induction. Now, assume 20,1 # M,,—1. Set
d=2,_1, ¥ =99M,,_1, and Q = & N V¥, where 2 is the maximal FSMG of 20,,_1 and
M1

Now, © has a composition series, C' Mg, (z) < CMq, (x) < --- < CMq,(x) = CMq(x) Yz €
G. Then,

CMay, (z) < CMyy, (z) < --- < CMyy, ,(x) = CMg(x) VY € G and
CMQO(IE) < CMQl (x) <... < CMQt(CC) = CMQ(.’E) < CM@(I‘) Ve e G

are both composition series for ®. By the principle of induction, we haven —1=¢t+4+1 =
n—2=t, and

(201/200, W2 /W, -+, Wp—1/Wn—2) ~ (Q1/Q0o, V2/ Q-+, Qe /1, 2/Q). (17)
Likewise, we get

CMoy, (z) < CMyp, (z) <--- < CMyy,, ,(z) =CMy(x) Yz € G and
C'MQO(JJ) < OMQl(fE) <... < CMQt(.’E) = CMQ(l‘) < CM\p(x) Ve e G
are both composition series for ¥. Thus, m —1=¢t+1=m—2=1t, and

(91 /MM, Mo /My, -+, M1/ M) ~ (Q1/Qo, Q2 /- -+, Qe /Qq, ¥ /Q). (18)

Fromn—1=t+1=m — 1, we have n = m. By appending 23/® to both sides of
(17), we get

(W1 /Wo, -+, Wn—1/W—2, /Wy, 1) ~ (/o , Qe /Qp1, /Q,20/@).  (19)
Likewise, appending 20/¥ to both sides of (18), we get
(M /Mo, -+ M1 /M2, W/ Myy—1) ~ (Q1/Qo, -+, /1, ¥/Q,20/T). (20)

The right hand side of (19) and (20) are the same except (®/,20/®) and (¥/Q,25/7).
Hence, (®/Q,20/®) ~ (¥/Q,20/¥) and so

(in/gn[b o 7an/§lnn—1) ~ (ml/WIOa T 79ﬁm/mm—1)a

which complete the proof.
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4. Conclusion

In this paper, the ideas of simple FMG, maximal normal FSMG, normal series for
FMG, and composition series for FMG were defined as algebraic structures in FMS context
and characterized with examples and some results. In addition, it was proven that every
finite FMG defined over a finite group has a composition series. Finally, the Jordan-Hdélder
Theorem was presented in FMS context, and it was established that any two composition
series of a finite FMG of a finite group are comparable. For further research, the concept
of nilpotency under FMGs could be studied.
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