EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
2026, Vol. 19, Issue 2, Article Number 7182
ISSN 1307-5543 — ejpam.com

Published by New York Business Global

Analysis of Lumpy Skin Disease Transmission via
Optimal Control and Numerical Verification by Neural
Network

Aman Ullah!, M. A. El-Shorbagy?*, Mumtaz Ali Shah!, Mati ur Rahman?,
Hossam A. Nabwey?, M. M. Nour?

L Department of Mathematics, University of Malakand, Dir(L), Khyber Pakhtunkhwa,
Pakistan

2 Department of Mathematics, College of Science and Humanities in Al-Kharj,

Prince Sattam bin Abdulaziz University, Al-Kharj 11942, Saudi Arabia

3 Department of Mathematics and Statistics, College of Sciences, Imam Mohammad Ibn
Saud Islamic University (IMSIU), Riyadh, Saudi Arabia

Abstract. Lumpy skin disease (LSD) mainly targets cattle, particularly buffalo and cows and it is
characterised by the development of lumps or nodules on the skin and other parts throughout the
body. This disease leads to significant losses in dairy production and cattle populations, making it
crucial to address this issue through a mathematical modelling approach. In this work, we formulate
a mathematical model to understand the spread of LSD considering all potential routes through
which the disease may propagate within a community. We investigate basic results in the model
and determine its equilibrium points. The model undergoes sensitivity analysis as well as local
stability and global stability analysis assuming the basic reproductive number is less than one. We
explore the uniqueness, existence, boundedness and feasibility of the model’s solutions. To prevent
the spread of the disease and we introduce a new vaccination class into the model and the model is
extended to include optimal control to a mathematical model strategies focusing on vaccination and
treatment to evaluate their effectiveness to minimize infection and costs. The results demonstrate
that a combination of targeted vaccination and timely treatment can significantly reduce the spread
of LSD supporting the implementation of cost-effective control measures. This modelling approach
provides valuable insights for policymakers and veterinary health authorities in designing effective
disease management strategies. The model is then solved by using Euler’s method and the results
are graphically displayed using MATLAB. An Artificial Neural Network (ANN) is also employed
to approximate solution and analyze system dynamics. This approach provides effective strategies
and accurate predictions for managing complex processes.

2020 Mathematics Subject Classifications: 92D30, 34D20, 49J15, 37N25

Key Words and Phrases: Lumpy skin disease, equilibrium points, sensitivity analysis, local and
global stability analysis, basic reproductive number, optimal control theory, neural network.

*Corresponding Author.
DOI: https://doi.org/10.29020 /nybg.ejpam.v19i2.7182

Email addresses: ma.hassan@psau.edu.sa (M. A. El-Shorbagy)

https://www.ejpam.com 1 Copyright: (©) 2026 The Author(s). (CC BY-NC 4.0)



A. Ullah et al. / Eur. J. Pure Appl. Math, 19 (2) (2026), 7182 2 of 37

1. Introduction

Lumpy Skin Disease (LSD) is a viral disease that mainly affects cattle. Main symptoms
of LSD are fever, depression, skin lesions, and swelling in different areas of the body such
as legs, nose and eyes [1]. Additional signs include reduced milk production, swollen legs
and difficulty walking [2]. The most susceptible population are lactating cows and young
calves that are exposed to the disease [3]. In Africa and the Middle East, LSD is declared
as an endemic, recently reported in Turkey and Pakistan. The disease also impacted
Greece in 2015 and 2016 and subsequently spread to Bulgaria and North Macedonia [4].
The economic consequences of LSD are considerable, resulting losses in production such
as decreased milk yields, lower quality of skin, as well as imposing trade and transport
restrictions in affected regions [5]. Lumpy Skin Disease is mainly spread through insect
vectors, including mosquitoes, flies and ticks or through the use of contaminated needles
[6]. Such a type of vector can spread the virus by travelling in vehicles or being carried
by wind from regions where the disease is endemic. The specific insect species responsible
for transmission may vary by country, though this aspect has not been extensively studied
[7]. LSD tends to spread most rapidly in warm, humid conditions, particularly during the
summer and fall when insect activity, especially that of flies its peak [8]. Additionally,
water, contaminated feed, and equipment can contribute to the transmission of the virus.
Notably, LSD is not transmissible to humans [9]. To prevent the spread of insects such as
mosquitoes and flies between locations, it is recommended that vehicles not be brought
near areas where animals reside unless they are thoroughly have been properly disinfected
with products deemed safe for animal environments. In addition to minimise the risk of
infection it is advisable to use insect repellents that are safe for animals or relocate them
to areas with fewer biting flies. Ensuring that different needles are used when treating
animals is also crucial. Other general preventive measures include disinfecting the one
entrance to stables, requiring visitors to wear disposable boot covers, suits, cleaning and
disinfecting vehicles before in after use. Further, precautions involve avoiding contact be-
tween animals from different herds such as on shared pastures and refraining from grazing
in areas with high fly populations. Additionally, sharing animals equipment, trucks or per-
sonnel between farms should be avoided [10]. Lumpy Skin Disease has recently affected
livestock in Pakistan, particularly in the Sindh province, resulting in the death of over
36000 cows in 2022. The disease has spread to the Punjab province exacerbating the crisis
in the country’s livestock sector. Small-scale farmers, particularly those with fewer than
50 animals are experiencing significant financial strain. With the approaching Eidal-Adha,
the demand for healthy animals has surged, causing prices to skyrocket beyond the reach
of many individuals, leading to substantial economic losses for farmers and potentially
driving them into poverty [11]. The Punjab livestock department has expressed concern
over its lack of funds to purchase vaccines leaving farmers to bear the high costs themselves
with a 100 ml bottle of vaccine Live Attenuated Vaccines (LAVs) priced at Rs. 44000 an
amount many farmers cannot afford. Cases of LSD have also been reported in some re-
gions of Khyber Pukhtunkhwa with animals having been similarly affected. Given these
challenges both the government and the livestock department must intervene and support
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farmers who are unable to vaccinate their animals [12]. Without timely intervention the
livelihoods of many small farmers are at risk [13].

Mathematical models are now a vital approach for analysing the dynamics and behaviour
of infectious diseases spreading, including those affecting livestock and could be instrumen-
tal in offering insights and recommendations for controlling LSD outbreaks [14]. Lumpy
Skin Disease (LSD) continues to pose a significant threat to cattle populations and agri-
cultural economies, particularly in regions with limited access to veterinary infrastructure
[15]. While vaccination and treatment are recognised as effective control strategies, imple-
menting these interventions, optimally balancing cost and effectiveness is essential [16].
In this section, we extend the deterministic SIVR model of LSD by incorporating time-
dependent control variables that represent vaccination uq (t) and treatment us(t) strategies.
The goal is to reduce the number of susceptible and infected cattle while minimizing the
associated costs of intervention [16]. By applying Pontryagins Maximum Principle, we
derive the necessary conditions for optimal control and formulate a cost functional that
reflects the trade off between disease burden and resource expenditure [17]. This ap-
proach not only provides a theoretical framework for understanding how different control
strategies influence disease dynamics but also offers practical insights for policymakers and
veterinary health planners [18]. The numerical simulations of the optimal control problem
demonstrate how well-designed strategies can significantly reduce the spread of LSDV,
especially when resources are limited [19]. Artificial intelligence (Al), specially artificial
neural networks (ANNs), has highly advanced the analysis and there arrangement of epi-
demic spread [20]. Alfwzan et al., developed the LSD using the modified parameterized
approach as given below [21]. In future research the proposed model can be extended
to a fractal fractional order derivative framework to incorporate memory and hereditary
effects inherent in the system [22]. Solving the model using fractal fractional order deriva-
tives may provide a more accurate and realistic representation of the dynamics compared
to the integer order approach [23]. Further, studies can focus on the developing efficient
numerical schemes for this extended model and analyzing its stability control strategies
and sensitivity to various parameters [24]. Kenneth Levenberg and Donald Marqurdt de-
veloped the Levenberg Marquardt (LM) alogrithm a widely used method for efficiently
training artificial neural networks by minimizing nonlinear squares errors [25, 26].

2. Materials and Techniques

We must consider that the SIVR model is a deterministic model as it is more suitable
for high population sizes. The SIVR model is a type of model that divides the popu-
lation into distinct groups or compartments hence the overall population is categorised
into different classes. There are three types of cattle population insects population and
contaminated environment [20]. This model accurately captures the rapidly increasing
spread of the lumpy skin disease.
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2.1.

Model Assumption

To model an infectious disease by a mathematically certain assumptions must be ac-
cording on the based in characteristics of the disease under investigation, in the case of
lumpy skin disease. SIVR model for lumpy skin disease as this study is based in the
following set of assumption:

(i)

(i)

(iii)

(iv)

(vi)

(vii)

The recruitment rate of newborn and incoming animals is assumed to enter the
population as susceptible.

It is assumed that all cattle in the population are vulnerable to contracting the
lumpy skin disease.

All individuals have an equal chance of being infection can occur through contact
with infected individuals, excluding those who are already immune to LSD.

Individuals who transmit the infection are quickly identified and isolated for prompt
medical care and awareness.

Population is assumed to be uniformly mixed, which means that the population
consistently interacts with each other.

In the size of population changes, where the rate of entry and exit are not constant
during each time step.

Recovered individuals from the disease gain lifelong immunity they cannot be re-
infected again.

Figure 1: Flow-chart of the model LSD
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Compartments | Descriptions
N (t) Total population of the cattle

Fa(t) The size of susceptible population

Fa(t) Infected cattle

Ko () The total of recovered cattle from the disease
Ny(t) The complete insects population

o (t) In the susceptible insect present at a time ¢
S (t) The infected insect

E(t) Contaminated environment

Table 1: Description of the compartments used in the model at a specific time, ¢

The LSD is a contagious viral illness and it’s impact on cattle and leads to swellings
legs, lameness, color discharges, nasal and cases swellings over the mucous membranes,
along with the skin inflammation with raised nodules in the skin. In mathematically
analysis for the study of this disease we represent the total cattle population by .4, in any
time and further classify it into the susceptible compartment in the cattle 7, (t), infected
compartment in the cattle is denoted by .#,(t), vaccinated compartment in the cattle is
shown by ¥,(t) and recovered compartment in the cattle is represented by %, (t). So that

Hall) = Falt) + Ia(t) + Valt) + Zalt).

In transmission of this infection into the overall population of these things insect vectors
like mosquitoes, flies and ticks play a role for spreading the infection so the population of
insect is represented by .4, (t) and further categorized into insects that are susceptible is
represented by .7, (t) and infected insects is denoted by .#,(t), so

f/Vv(t) = yv(t) + fv(t)'

The unclean environment is indicted as &(t), with certain viruses could be travel through
air currents or within moving vehicles from a areas where the infection exists. Moreover the
illness can spread through consumption of tainted water, feed, instruments and injections.
It is also confirmed that in summer and autumn season the spread is most likely to be
increased highly because flies are most prevalent. In the model (1), the development of
uninfected cattle population is denoted by (1 — k)M; whereas in the rate in which cattle
naturally die is denoted by p. Rate at which uninfected cattle come into effective contact
in the transmission is denoted by A, in the B, is a ratio of insects rate of contact and
all population of the cattle, 5, is ratio of contact rate due to environment transmission
and total population of the cattle, 3. is ratio of contact rate it refers to the disease is
passed on through direct contact from infected cattle into other healthy cattle and the
total cattle population. Since in the virus remains in the sperm of infected bulls it can
spread through mating or insemination. It has been observed that infected female cattle
during pregnancy deliver to calves in the time of birth skin lesions. Nursing calves can
become infected through sores present on the teats or by consuming milk that contains
the virus. The rate at which infected cattle recover is symbolized by é. Parameter Mo
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Parameters | Descriptions
(1 — k)M, | Population growth rate of healthy cattle
I Natural death rate among the cattle
\ Effective contact rate for the disease
transmission in which the healthy
cattle catched the infection
Ba The ratio of contact rate of insects and all cattle population
Ratio of contact rate due to environment
Bo transmission and total population of cattle
Ratio of contact rate is directly transmission of infection from sick
Be cattle to healthy cattle and the total cattle population
0 The recovery rate of infected cattle
My Growth rate of insects (vector) population
i Normal death rate in insects(vector)
B4 The interaction among the susceptible insects and infected cattle
10) Virus left the environment of infected insects
w Virus disinfection rate
V1 The rate of vaccine in which we give to susceptible cattle
Vg The rate of loss of immunity

Table 2: Description of the parameters used in the model

6 of 37

represents insects growth rate while p, is represented the natural death rate. Rate of
contact in the susceptible insects and infected cattle is denoted by £4. In parameter ¢
denote amount of virus left the environment of infected cattle, it also be acknowledged
that vehicles and individuals associated with the stable can contaminate in environment.
The disinfection of virus is denoted by w. To illustrates the parameters and its description
of the model (1) is given in Table 2.

:(1_k)M1_Bayaf'u_Bbyag_ﬂcyafa_Mya_vlya"i'?-@nj/a
:ﬁayajv+ﬁbyag+ﬁcyaja_(5+M)ja

= kM) + Sy — vV — 1Y,

=0I4 — &Ko,

=M, — 754‘;2]“ — UpT

— 6452111 _ Mvjv
= ¢.I, — W&,

where A(t) = 847y + b8 + Bc-#,, and the initial conditions are as follows:

F2(0) > 0, 74(0) > 0, %4(0) > 0, Za(0) > 0,.7,(0) > 0,.%,(0) > 0,&(0) > 0.

(2)
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2.2. Characteristics of the Model

In the fundamental features in the model of SIVR include feasibility and positivity of
the solution. The acceptable solution in the equations of the model defines in a region in
which the solution of equation in biologically meaningful while Positivity of the solution
ensures the outcomes remain non negative of the solution in model equation.

2.2.1. Uniqueness and Existence

Existence and uniqueness of solutions ensure that the disease dynamics described by the
model are biologically realistic and deterministic, meaning that for given initial conditions,
the system will evolve in a predictable way without ambiguity.

2.2.2. Boundedness

Boundedness implies that population sizes of cattle and insects remain within realistic
biological limits, ensuring that no population grows unbounded or becomes negative.

2.2.3. Feasible Solution

An the SIVR model is applied in to the infectious disease within a cattle population to
be assuming all used in the parameters in all compartments at initial conditions are non
negative.

The set of feasible solution which represent the positive fixed region on the model is
defined as follows:

" {%’f“%%)ERi“/Va@)—Ya<t>+fa<t>+%(t>+%<t>+(l_,f)Ml}.

W’:{&@meﬁ;m@:%@+%@%fﬁ.

This claim is supported the following Lemmas.
Lemma 1. In set # is positively fized and draws each solution within Ri.

Proof. Hence Ag(t) = () + F(t) + Vo(t) + Za(t). Taking derivative w. r. t. t we
get
Aty Ay dI, AV AR -
dt — dt e dt  dt

Putting all the values of model (1) in equation (3) to get the total cattle population rate
is change over time, i.e.,

dAa

dt
dNa

dt

= (1—=k)M — pSy — pIo — Vo — i%a

= (1=Kk)M, — (S + Iu+ Vo + %),
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which gives dgtV“ = (1 — k)M — pAg, after simplification we get

No(t) = (A - k)M + kel=HD), (4)
putting ¢ = 0 we get

A(0) = (1 _Zj)Ml i

ik:%(o)_w_

Putting in the values in k the simplified solution of this linear differential equation will
becomes in the following expression:

_ ot A=F)My
Aalt) = A0 + S (1-em). (5)

1—k)M,;
o

Taking limit as t — oo we have A, (t) < ( . Hence, it has been confirmed that #

remains positively invariant and attracts every solutions within the region Ri.
Lemma 2. Within set of # is positively invariant and draws every solution within R%r.
Proof. We know that A, (t) = .7, (t) + (1),
dy’u - My — B4f5ﬁvfa

- - Mv v, 6
dt 27 e (©)
djv 645/1)](1

= - Mv vy 7
o o fiv I, (7)

Adding Equations (6) and (7) to get rate of change over time on the insect population i.e.,

A, ds, dg,
dt dt dt

dt = MQ*Hvyv*/lvjv
dt
dAy
di = MZ_Mv(yv"i‘jv)
dAy

= My — v vy
dt 2~ poh

it is a first order linear differential equation. First order linear differential equation in the
from of:

d.A,
Moy —
2T a0

+ po . (8)
After simplification we get:

My

i

A(t) = A (0)e " +

(1—e ). 9)
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Taking limit as t — oo we have 4, (t) < % Therefore it has been conformed that % is
positively invariant and satisfies each solution within R%r.

o=dwert < B=MM o pe . <22 o g, LZRMOL
I [ho fiw
where W = (4(t), Fa(t), Ya(t), Za(t)) and #" = (F,(t), Au(t)) -
2.2.4. Results of Positivity
dSu d%a

The next step we will prove that all variables in model SIVR all the equation
it will be non-negative.

dt 0o dt

Lemma 3. Let the starting set of data is to be given be (S, Io, Va, %a) (0) € W, the

. . [ y
solution set (Sy, oy Vay Koy Svy S, &) of the equations %,%,%,%,%,%,%
are positive for every t > 0.

Proof. In model (1) consider that

dSy
dt = (1_k)M1_ﬁayalv_Bbya‘[a_uya_vlya"’_zﬁ% > — (/Bayajv + ﬁbyaja - ,Ufya - Ulya) )
(10)
that is
dS,
7 2~ (Bado+BpSat pt o) S
dS, .
X7 > — (BaHy + BpFa + o+ v1)dt since Sy £ 0
a
By performing integrating on both sides of the inequalities, we have :
ln(ya(t)) > _(/Bajv +/Bbja+ﬂ+vl)t+k
Fu(t) > ke~ BalvtBylatputon)t)
At t =0, it turns into
Fat) > Fu(0)elmBelotFolatutv)©0) >
Hence, (8,-%y + Bp-Za + 1+ v1) > 0, that means
Za(t) > 0. (11)

By the same way, it can be straightforwardly concluded that all the remaining of equations
of model (1) are all positive.
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2.3. Existence and Uniqueness of the Solution

In general ODE of the first-order is given as follows:

¥ = f(t,z),z(to) = zo.

To answers the following questions:

(i) In which conditions lead to the existence of a solution for the equation (12)?

10 of 37

(12)

(ii) In which cases can we ensure that the solution of the equation is unique (12)7

Consider
A

dt

U = (yaajaa%za%aaymjmg)
% = (+a(0), 7(0), %4(0), Z4(0), #4(0), £,(0), £(0))
d(Fay IaVay Koy, Loy S0, E)

— Z(t,u(®)); u(0) = uo

= F(t,(Sas I, Vo, Ray Lo, P10, E))
We get
F1 (ts Tans Tans Vans Bany Lons Fony &) = L
fo (ty Sans Tans Vans Bans Fony Fons &) = e
I3 (ty, Lany Lan, Yans Banys Fons Foms bn) = dd?
fa (tayan,fan, YVons Rans FLons jvnagn) _ dﬁa
I5 (ts Tans Tans Vans Bany Lons Fons En) = L
fo (ts Lans Ians Vans Bans Fons Fons En) = 220
f1 (ty S ans Tans Vans Bans Fons Fons En) = %
U (t) = U +/tﬂ*(t,%(t)dt)
0

(Fa(t), Fa(t), Ya(t), Za(t), Lo(t), Fu(t), £(1))

t

:y(ta (yavjaa%v'%aayvaf’wéa))

(19)

= (ya,O) ']a,()) 7/(1,0’%&,07 <Sﬂv,()a jv,()v @(00) + / fz (t) yarw janp %naf%ann <Sﬂvnv rﬂvny éon) dt

0
2 =¢[0,7]
T X — X
TU)=U

y(ya,fa,%,a%aaymjmg) = (yayfa,%,w@aayvajvaéa)-

(22)
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ERE R [P A T A AT A A 23
+ 8~ Bl + 11— 7ol + 152 - 2]+ 6 - 81

If Y7 > 1,7 has a unique fixed point, so model has a unique solution. Let use D to rep-
resents in there domain |t — to| < a and | % — || < b, where % = (A4, Io, Va,, Ko, S v S, &),
U = (a(0), Z4(0), 7,(0), %4(0), #,(0), #,(0),£(0)) and consider .Z#(t,7% (t)), satisfies
Lipschitz conditions, || f(t, % (t)) — f(t, Zu(t))|| < K ||La(t) — Z,(t)]] and where this pairs
(t, . (t)) and (t,.#,(t)) it contain in the domain D, in which the symbol K denotes a pos-
itive constant.

So there exist a positive constant 6 > 0 there is exactly one solution vector % (t) of
the system

N

Ht, %) = [t e Ia Ve Zay Loy P, &)
fot, %) = f3(t, Sa, Io V), Ray Loy S0, &)
s %) = f3(t, Sa, IaVa,, Zar Lo, Fv, E)
Ft,u(t) = § falt, %) = fa(t, e Io V), Rar T oy I, E) (24)
%) = f5(t Sa, I Va,, Zas Loy o, E)
fet. %) = fo(t,Sa, I Va,, Zar Lo, v, &)
7, %) = fr(t,Sa, Ia Ve, Bar Loy 0, E)
and % (0) = % = (Z4(0), Z4(0), ¥4(0), Z4(0), #,(0), #,(0),&(0)) in the interval |t — to| <
d. It is also important to note || f(t, % (t)) — f(t, Za(t))|| < K |7, — Hal| is hold by re-
quirement that:
aangé i,7 =1,...,7,

it is continuous and limited within the domain D.

Lemma 4. If f(t,%) is continuous partial derivative gé}j in a bounded closed convex

domain R (i.e., conver set in real numbers), where R is used to represent a real numbers,
then it is hold the Lipschitz condition in R is our interested domain: 1 < e < R. So we
look to the bounded solution in the from 0 < R < oc.

Theorem 1. If the domain D represents the region defined in |t — to| < a, and || % — % <
bwhere % = (A4, I0, Vo, Rar Lo, I, &) s % = (Fa(0), 74(0), 74(0), Z4(0), #,(0), £,(0), &(0))
is bounded such that || f(t, S (t)) — f(t, Za(t))|| < K ||L4(t) — Fa(t)|| holds where 1 < e <
R. Then solution of model exist a in equation <= o AV A%y Ty ATy A8 pich g

dt > dt > dt ? dt 0 dt ° dt O’ dt
closed in the domain D.
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Proof. To show that solution of the system in the domain D is bounded, we get
fi =0 —=k)M — BaSsIy — BpS0E — BeFaIa — hFy — V150 + 0127,

f2 :Bayafv+6byaéo+ﬁcyaja—((5—|—'u)fa
f3 =kM +v156 —v2¥a — u’,

fi =054 — pHa (25)
fs :MQ—B“yTtZ’—uva
fe :%ifa_ﬂvjv

L f1 = ¢Iy —wé.

We show that

dfi
0%,

are well-defined in limited meaning their partial derivatives is remain continuous and
bounded. We analyzed the partial derivatives of all the model.
From equation (25) take fi :

(2 = B sy — By — BeSa— p— 1,
U] =Bty — o6 — BeSu— p— 01| < 00
g% = _6C<5ﬂa)

= |_chzz‘ < 00

of1
054

97, = V2,
= |vg| < o0




A. Ullah et al. / Eur. J. Pure Appl. Math, 19 (2) (2026), 7182

From equation (25) take fo :

(

Of2
0.5
P
0.7,
dfa

REA

Of2
OR g,
Of2
0.%%

Of2
0.Iy

P
o0&

From equation (25) take f3 :

From equation (25) take fy :

:|Bajv+/8bg+ﬁcja| < o0
= |BeSa — (6 + p)| <00

= 0] < o0

= 10| < >

= 0] < o0

= |Baul < o0

= |BpTul < 00

ggj; = |v] < o0

21 =10 < 00

8| | p—wi| <00

S| =10l < oo

sl =10 <0

gﬁ: = 0] < o0

sl =10] < o0
2l =10l <o
Ll =5 < o0
Shl =10 < o0
Pl =|-pl<oo
gjﬁv = 10| < o0
gﬁ = 10| < o0
Uil =] 0]< o0

13 of 37

(27)
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From equation (25) take f5 :

25l =10l < o0
| -|-a5|<=
Bl =0l<oo
251 =10 < o0 (30)
B |-t - <0
gffy = 10| < o0
\ 88{;5 = 0] < o0
From equation (25) take fg :
(|28 =0 < oo
Ssl =10 < o0
Dl =10] < o0 (31)
2 | = || < o0
sl = 10| < o0
Finally from equation (25) take f7 :
(2] = 10] < o0
Sl =1¢| < o0
gJ,Z = 10| < o0
2l =10l < oo (32)
gﬂ;ﬂ = 0] < >
SRl =10 < o0
% =|-w| < o0

It has been clearly established that all the partial derivatives are continuous and limited
in value, therefor according to Theorem 1, we can concluded that a solution is unique

flvf?af37f47f57f67f7 in the domain D.



A. Ullah et al. / Eur. J. Pure Appl. Math, 19 (2) (2026), 7182 15 of 37

2.4. Disease Free Equilibrium Points (DFE)

To determine in the DFE € of model (2.1), each equation on the right-hand side in
the model (2) is equal to zero. After simplifying and arranging the expressions,

(1= k)M — 0TIy — BoTal — BeLaIa — Ta — V10 + 027, =0

Ba eI + By-T a8 + PeSaIa — (0 + 1)y =0

EMy 4 v154 — vV — ¥ =0

5.5y — %y =0 (33)
My — 2% e — i, 7, = 0

645;1/;%1 - Nveﬂv =0

oI, —wé =0,

we obtain

0, MM g, Mg ) (34)

2.5. Endemic Point of Equilibrium (EEP)

In here we analyze the existence of the equilibrium points in the LSD model (2), shown
by &* and is given below:

(1= k)M — Bof TF — By i — BoS 3 IS5 — S — 01 S + ooV =0

BaTa Iy + BoTdE* + eI Iy — (0 +p)If =0
kM, +U1§ﬂ; — UQ%L* — ,U,%* =0

8.9F — iRy =0 (35)
I
M; — ﬁ4-/11/;* = Sy =0
px g
64'/‘%* a _MU’%’U*:O
I —wE* =0
¢ = (a, b, ¢, d, f, g) (36)
here q — (LmRMitvVa o _ —Butd Fy—f?d6® . _ (kM o1 (U )+ (7l el
where a = )\*“I‘M"I‘Vl P} - B(‘y;_((s_hu) bl Cc = n—v2 b

¢S

w

T op

and g =

8 (Z0Bata Iy —BpTa 6 o Mo f= BaST Iy
(WBeTF—pé—p?—p) ) 7 7 BaIi AN T g

2.6. Basic Reproductive Number

Applying the next generation matrix approach to our model (2) the basic reproduction
number can be determined by analyzing the following generation matrix, % and ¥, that
is the jacobian matrices associated to the rate of appearance of new infections and the net
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rate out of the corresponding compartments.

0 _/Bc(l_k)Ml
f = [O ﬂc(l—“k‘)Ml ]
o
— i — V1 0
A
L ot
—Bc(1— 1
F I el | B (37)
- Be(1—k) M 0 —pmn
o p(0+u)
0 (l_ka)Mlﬁc
FY = oAb, ]
PICE=D)
RY _ ﬁc(l_k)Ml(M+U1)
0 - p*(6+p)
If v1 =0, then Ry = %W.
3D Plot of R vs. g and p
0.25 02

0.2

0.15
0.15

01 01

0.05

R, (Basic Reproductive Number)

0.05

0

0.2
0.1 015 0

4
=10 0 o 0.05

.'J'C (Transmission Rate)
1 (Natural Death Rate)

Figure 2: sensitivity pi-chart of Ry

If v; = 0, then Ry = %

2.7. Sensitivity Analysis

This section we are analyze the most sensitive term in the LSD model.

P _OR
Ry _ 1 0
%' = R, “or
S =1
sPo— R _ 9300
K 1—Fk '

Ry _
SM1 —
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Figure 3: sensitivity bar-chart of Ry

2.8. Local Stability
2.8.1. Local Stability

Local stability of the disease-free equilibrium (DFE) implies that if the disease is initially
rare, it will die out when the basic reproduction number Ry < 1.

We begin by analyzing the local stability at disease free equilibrium point &. Before
continuing the following points need to be considered in Theorem 2.

Theorem 2. The model (1) is locally asymptotically stable at € with in £ when Ry < 1
and if Ry > 1 then it is unstable

Proof.
J(E*) =\ =
—p—A—v] +v2 0 0 0 0 5a(1;’€)M1 *Bb(l‘;k)Ml
0 60(1—k)M1_H5—H2_# _ A 0 0 0 _5a(1—k)M1 Bb(l—k)Ml
14 D I
U1 V9 —— A 0 0 0 0
0 0 0 —u— A 0 0 0
0 %%% 0 0 iy — A 0 0
0 l%leé 0 0 0 Mo — A 0
L 0 ) 0 0 0 0 —wW — \

In column first eigen value \y = —u — v1 + va. The reduced matrix is now given below
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I = A 0 Ba(l-B)M1  —Bp(1—=k)M1 7]
0 Be(1—k)My—pé—p—pvy A 0 _Ba(lu—k)Ml 5b(1—#k)M1
Iz u 1
0 1) o 0 0
0 _’”LﬁMQ 0 —pw—A 0 0
0 2uls 0 0 — iy — A 0
| 0 10) 0 0 0 —w—=XA
In first column the second eigen value Ay = —u. The reduced matrix is now given below
M Be(1—k) My —pd—p?—pwvs — )\ 0 0 _ Ba(l=k)My  Bp(1—k)M; T
Iz I p
0 —p— A 0 0 0
75%? 0 Mo — A 0 0
—Mj A 0 0 —ly — A 0
L 0 0 0 —w—=A
From third column the third eigen value A3 = —u,. The reduced matrix is now given
below
Be(L=k) My —pd—p® —pwy _ 0 _ Ba(1=K)My  By(1—k)M)
Iz 1 H
1) —p— A 0 0
M.
s 0 —m—A 0
0 0 —w—A
From second column the fourth eigen value Ay = —u. The reduced matrix is now given
below
Be(l=k)M—pd—p®—pwy _ y  _ fa(l=k)M1  By(1—k)M;
7 u H
N —m=A 0
¢ 0 —w—A

Using Mathematica the rest of the eigen values are obtained as follow:
A5 = —W, A6 = —ppy A1 = — (— (8 + 1+ v2)°.

It is clear from the above equation the Ry < 1, which show that at the system remains
stable in a local neighborhood of the equilibrium point.

2.9. Global Stability
2.9.1. Global Stability

Global stability indicates that, regardless of initial infection levels, the disease will ulti-
mately be eradicated when Ry < 1, reflecting effective long-term disease control.
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2.9.2. Equilibrium Point of Disease Free

Here in this model number of uninfected compartment (healthy cattle) is represented by
%# € RT' and number of infected compartment is shown by £ € R"}.

7 d2
— = F(#.2), —

= G(4,0),G(£4,0) = 0. (38)
and the equilibrium point in the absence of disease is represented by ¢* = (%°,0).

(Hy). % = F(4,0), #° is globally asymptotically stable.
(H9).G(#A,Q)=X2—-G(%A,2),G(A,2) >0, for G(A,2) € Q.

Theorem 3. The system globally asymptotically stable for a disease-free equilibrium if
Ry < 1 and it is unstable if Ry > 1.

Proof. An alternative method in the system of the model (1) of LSD to express in

following: # = (S, Va, R, %y, 5, &) € R> and = <(171;)M1’uk+(i§k)M1,0,%,0>.

Now we have

(1 — k)M — BaTaIy — BoT0lE — BoS oIy — 1T — 0150 + 12 ¥,
1B kM) 4 v1S4 — v2¥a — ¥,
= 6.0 — %0 (39)
dt Bas s
My — # - nyv
oI, — wé
0 __ ((—K)M; pk+(1—k)M M
% —< m 17# ,u2 17077570>
¢ (1—k)M,
"
pk+(1—k) My
, n?
2 = F(#°,0) =} 0
Mo
Mo
0

F(%°,0) has a distinct point of equilibrium %° = ((I_Z)Ml, “k+(L;k)M1 ) %) , which
has asymptotically global stable. Thus H; hold.

For second condition Hs:

~ /Bayajv"i_ﬁyaéa_'_ﬁcyaja_ 6+/~Lja
G(@,@:{&m ” o
Ta_ﬂmjv
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Then we get

0+ ) + BTy Bay
X = Al(,@o,O) == < 54y19 .

J/a 9 *Hv

In the matrix X is evidently represents an M-matrix, now its upper diagonal entries are
not less than zero. Thus

G(#,2) = XA-G(Z,2)

—F )+ BT B\ [ A PaZads + PoFal + Poats
= 64‘5ﬂ19 B 7 — —(5 + M)eﬂa
/] My v ﬁ4rj1/;ja _ ,vafﬂv

0 S+ (04 p)
%**Hwﬂv _Bi&’v.(ﬂa ) :

( (04 1) Ta + BT Iut BuT DI, ) L T e e
WA + Iy

(ﬁcja +ﬁij) <Sﬂao - (Bafv +ﬁcja)

= o — BpE S
0

—_ < (Bcja+ﬁij) (5”(?—5@) —ﬁbgya )
0 .

Hence .70 > .¥,, #° = <(1—/’;)M17 uk+(L;k)M1 7 %) > 1, and G(%4,2) > 0 is globally

asymptotically stable.
2.9.3. Global Stability of the Endemic Equilibrium Point

In here we use a Lyapnov function to demonstrate the conditions for the global asymptotic
stability in the endemic equilibrium point in R}".

Theorem 4. For system(2) there exist unique endemic equilibrium point €* exist for LSD
disease, which in the case where Ry > 1 is globally asymptotically stable, otherwise it is
unstable if Ry < 1.

Proof. Let us consider Lyapnov function

1 *
Z (Y12, Yn) = Bita 5 o — yi? . (40)

For the model (2.1) an example of a positive definite function appears as follows here the

ith compartment’s population is represented by y; and point of endemic equilibrium is
shown by y;.
1 .
F (s Ius Vs Ras S0, I0:6) = B 5 [y — i) (41)

For LSD model(1) the Lyapnov function can therefore be written as:

F (1) = (Lo = I )NIa = I) Vo = Vi) o = o) (Fv = SN (I = I7)(E = é"*)]?- )
42
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dyw * * * *k * * *
O (S IS I V= VN = NS~ SN I = INE — 67)
d
%(ya+fa+%+%+%+%+é&) (43)
dF
dix) = (St It Yot Bat T+ Iy + 8 — [ S5+ I+ V4 T+ S+ I+ E
d
£(5ﬂa+fa+%+%+%+,ﬂv+£) (44)
dﬁ(l‘) _ (JV+JV+£)—(1_k)M1+M2+vly;+¢j; ( n +w)
dt e [+ oy + w nt g tw | T
|:(J/+JV+60)+(1_k)M1+M2+v1y:+¢j;:| (45)
e [+ iy + w [+ iy + w

Let (Mg + Mg+ &) =N () & (1t + py +w) =&

d?(m) " (1 — k‘) My + My 'Uly; + (ﬁjj
e G
<</V*(t)+(1—/€)M1+M2+U1y;—|—¢f;> (46)
3 3
aT * £\ 2
d/dix)§_£<W*(t)_(1—k)];41+M2+v1ya;-¢fa> <0 (47)

Consequently, it become shows that d‘/;g:c) < 0 demonstrating the global asymptotic sta-

bility is achieved at the endemic equilibrium is &*.

3. Numerical Solution by Euler Method

In this section, numerical solution of the LSD is provided using Euler’s method:

(M :fl (tna(ytmafam%nyf%an,yvn,fvméan))
Foltnst)=Falbn) = £ (t (Fany Tams Vans Rans Lons Fon 6n)
w = 3(tna(yanajanv7/an7%an7yvmjvna@@n))
Haltni) " Haltn)  — f) (1, (Fans Tans Yans Bans Lons Funy En)) (48)
w :f5 (tna(yanafana%nyf%an,yvn,fvméan))
Follas)=Poltn) = fo (b (Fany Tams Vans Rans Lons Fons 6n)

w :f7 (tna(yanafanv%zmﬁamyvnwﬂvna@@n))a
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and
ya(thrl) = ya( n) + hfl (tna (yana fana %n,%an,yvn, <ﬂvna éan))
ja(tn-&-l) = ja( n) + hfZ (tm (yana jam %n7%a7h <5ﬂzm, jvmgn))
Valtns1) = Yaltn) + hfs (tn, (Fans Tan: Van, Rans Fons Fon En))
<%a(thrl) :%a(tn) +hf4 (tnv(ycm:jana%m’%an,yvmfvméan)) (49)
yv(thrl) = yv( n) + hf5 (tnv (yana <ﬂan, %n,%an, yvna jvna éan))
jv(tn—i-l) = jv( n) + th (tna (yam janv %an@any yvna jvnv @@n))
\@@(tn—i—l) - @@(tn) +hf7< (yamjam%m;%amyvmjvm n))
Further,
(S i(tni1) — Fa(tn) =h((1 = k)M — BaTnIy — Byl — BeSaIa — T — 0154 + va¥e)
Faltn1) = Fatn) = h(BaFats + Bby &+ BesaIa — (0 + 1) Ia)
Votni1) — Va(tn) = h(EMy 4+ 0T —va¥y — uVa)
Haltns1) — Haltn) = h(0I0 — nfa)
Foltos1) = Foltn) =h (M- % ~ )
Foltar) = Fult) = h (252 — .7,
& (tn1) — E(tn) =h(¢I —wé).

This scheme is now completed.

4. Numerical Results and Discussion
in this section we discuss about numerical simulation of the model.

SuscoptibloCae . wecedcate . VacciatedCatte

(e) () () (h)

Figure 4: Graphical representation of the considered model.
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The simulation results presented in plot (a) illustrate the dynamic behavior of the
Lumpy Skin Disease (LSD) transmission model using the SIVR framework. The plots
capture the temporal evolution of cattle populations (susceptible, infected, vaccinated
and recovered) the insect vector population (susceptible and infected) and the environ-
mental contamination over time. The results demonstrate the effectiveness of vaccination
and recovery in controlling disease prevalence. In this plot shows how the entire system
including cattle, insects and environmental virus load evolves over time. The convergence
of various compartments toward equilibrium states visually confirms the theoretical find-
ings regarding both local and global stability under certain parameter conditions. This
plot (b) shows a gradual decline in the susceptible cattle population over time. This trend
is expected as susceptible animals become infected or vaccinated. The introduction of
vaccination (via parameter v;) plays a critical role in reducing the pool of susceptible
individuals contributing to disease mitigation. In the plot(c) infected cattle population
initially rises as the infection spreads among susceptible animals. However, it reaches a
peak and begins to decline indicating the effect of natural recovery § and the indirect
benefits of vaccination and environmental disinfection. The plot (d) for vaccinated cattle
compartment shows an increasing trend, which reflects the administration of vaccines to
susceptible animals. This increase demonstrates the efficacy of vaccination in reducing
the disease burden and confirms the importance of proactive control measures. In plot
(e) show a recovered cattle increases over time, highlighting that infected individuals are
recovering at a steady rate. This aligns with the recovery rate parameter § and supports
the models assumption that recovered animals acquire lifelong immunity. This plot (f)
shows a general decline in the susceptible insect population, which may be due to their
exposure to infected cattle and natural death (u,). Since insects are key vectors, their
reduced population over time is beneficial for controlling LSD spread. The plot(g) of in-
fected insect population rises initially and stabilizes after some time. This behavior mirrors
the disease transmission dynamics, as more insects acquire the virus from infected cattle.
However without exponential growth the curve suggests the system reaches equilibrium
corroborating the models stability analysis. In the plot (h) environmental contamination
(E(t)) increases due to contributions from infected cattle but eventually levels off due
to disinfection efforts (w). This result emphasizes the role of environmental hygiene and
sanitation in managing disease outbreaks.

’ Symbol \ Numerical Values \ Symbol \ Numerical Values

My 1.0 estimated Mo 0.5estimated
k 1.5 ,u 0.0lestimated
Ba 0.3 B 0.2

Be 0.0089999 ) 1.008 estimated
Lo 0.01 estimated

Table 3: Numerical values of parameters
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5. Modeling and Implementation of Optimal Control

Both the calculus of variations and optimal control theory are used to solve optimiza-
tion problems, and control theory is used to create plans to stop or lessen the spread of
LSDV.

(i) The control variables u; () denotes vaccination, aiming to build immunity within the
population.Our mane objective to increase the number of individuals who are vaccinated.

(ii) The control variable ua(t) stands for the treatment of individuals infected with
LSDV, the purpose of this control is to decrease the infected population.

Therefore incorporating these two control variables transforms our control problem
into a modified version of the system,which is presented below.

Ba = (1 =k)My = BoSa Sy = BoTab — BeF oI — (w1 () + 1) S0 — 0150 + 0274
dla — B G+ BTl + BeSaIa — (6 + ) Iu — (us (1)) o

% = kM) +v1S% — vV — uVe +ui (t) S,

o — 5.7, +uy (t) I — nZa

dS, FvIa

a M2_ﬁ4Na — oS
dI'u J— /B4yvfa

G = Tt T ey

% = oI, —wE

(51)
The objective of the control strategies is to minimize the number of susceptible and in-
fected individuals along with the corresponding costs associated with control u;(¢) and
uz(t). We consider the control variables to be bounded and Lebesgue measurable. There-
fore the objective functional is expressed as follows:

T 1 2 1 2
J(u (), uz (t) = /0 [Aya () + BA (1) + 50wt () + 5 Du3 (1) dt - (52)

Based on the proposed model(5). As part of the objective functional, A, B denote the con-
stants representing the weight of the susceptible and infected populations, where C' and
D correspond to the weight parameters linked to the control measures. More precisely C'
represent cost weight for treatment and D for vaccination. The terms %Cu% (t),

%Du% (t) it shows cost of disease intervention. The expenses associated with control strate-
gies uj(t) and ua(t) aries from vaccinating the susceptible cattle and treating the infected
cattle respectively. The objective is to reduce the number of susceptible and infected
cattle while increasing the vaccinated and recovered cattle population by applying two
dynamically changing control variables u;(t), i = 1,2. The control function is identified
such that

J(ui,uy) = mind(uy,u2),ur,ug € U,
subjected to the suggested model (51) where the control set is expressed as,
U = {(u1,u2)|ui(t) are Lebesguse measurable on [0,1],1 > u;(t) > 0,i=1,2}

Before continuing we need to confirm the existence of appropriate control measures.
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5.1. Existence of Solution

We show in this paragraph that there is a solution to the control problem (5) exist. The
system (5) admits a positive and bounded solution for the bounded Lebesgue measurable
control functions and nonnegative beginning conditions. We look at the following finding
to demonstrate the existence of the proposed model (51).

Theorem 5. If model (5) holds then there exist a set of control measures u* = (uj, u3) €
U, such that J(ui,u2) = minJ(u1, uz).

Proof. 1t is clear that the control measure wu;(t) for ¢ = 1,2 and the state variables
(s Loy Vay Ray, S, S, &) are nonnegative, U is closed and convex. System(5) is bounded
and hence compact. Further, the integrand A.7,(t) + B.%,(t) + 3Cu? (t) + 1 Duj (t) the
proof is finished since in model (51)is convex on U.

5.2. Conditions for Optimal Control Variables

For the optimal solution of model (51) we introduce the Lagrangian and Hamiltonian
optimal problem. Lagrangian is given by

LS Fuyta, uz) = AZal0) + BI() + 5(C0f (1) + D (1) (53)

For the Lagrangian’s smallest value, define Hamiltonian H for model (5) as

H(x,u,\) = L(x,u) + A\F(x,u), (54)

where

r = (Ya,fa),u: (ul,ug),)\:(>\1,)\2,...,)\7), (55)
3‘\1(.7}, u) = )\1 ((1 — k‘)Ml — /Bayajfu — Bbyaéa — chafa — (U1 (t) + M)ya — ’Ulya + UQ%)
Fo(x,u) = Ao (BaTaIy + B0 + Be0Ia — (0 + 1) I — (v2 + uz (1)) Ha)
F3(w,u) = A3 (kM1 + 0154 — 020 — p¥a +uy (t) Fa)
Fa(x,u) =X (0I5 +u2 () Iy — nZ,)
3?5(337”) =25 (M2 - % - vav>
) = 3o (255,
Fr(x,u) = A (I — w&)
and Z(z,u) = (Z1, %2, ..., F7)(x,u). We decide Pontryagin’s Maximum Principle in or-

der to arrive at the best solution for the control problem that has been formulated: A
non trivial function A exists if (2, u,) is an optimal solution to Eq(4.1) with u, beginning
basically limited, such that it satisfies the related Hamiltonian system.

08 — DI (% (1), u* (1), (1))
ON* (t) (
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the maximality condition
A (2" (t),u" (1), A(t)) = may, uyefo,) 7 (27 (t), w1, ug, A(t)) (57)

and the transverality condition

A(tg) =0 (58)
hold.
Theorem 6. For the optimal control problem (5) consider ), I3, V¥ X, SF, IF and

&* be the optimal state solutions for the bounded optimal controls variables (uj,us). Then
there exist adjoint variables \;(t) i = 1,2, ...,6, satisfying

% = —A+ XN (BaHy + B8 + PeIa +ur (t) + pp— v1) — X2 (BaFy + Bod + BePa)
=3 (v1 +ui (1))
Do~ B A BT — NofeTa + Ao (6 4+ us (1))

A (§ -+ (0) + s (B2 ) = (B2) - Mo

% = MU+ A3t — Agvo
Gt = ap

Ds = N\ (BaTa) = A2 (Baa) + Aoty
D1 — N\ By Ta — Moy Ta + M.

The conditions of transversality are
Ai(ty) =0fori =1,2,...,7. (60)

The optimal control variable uianduy are given by

W) = max{mm{w,1},o}
W) = max{min{W,l},O}.

Proof. Proof of the theorem is obvious.

6. Discussion of Optimal Control Simulation

These plots illustrates the impact of implementing optimal control strategies namely
vaccination in plot(a) and treatment in plot(b) on the dynamics of infected cattle over a
20 day period. In the absence of control measures (red dashed line) the plot(D) of infected
population rises rapidly and remains relatively high indicating a sustained transmission
of the disease. However, when optimal control is applied(green solid line) a noticeable
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difference is observed. The number of infected cattle initially increases but reaches a
much lower peak and the declines sharply over time. This demonstrates the effectiveness
of the control strategies in curbing the spread of the disease. In the plot (E) of vaccination
helps by reducing the number of susceptible cattle in the plot (¢) while treatment facilitates
quicker in plot (f) of recovery of infected individuals. The plot (g) of susceptible insects
with out control it depress quickly and with control also decrees but slowly as compered
to without control. In without control the plot (h) of infected insects increase quickly
and with control increase but slowly as compered to without control. In the plot (i) is
contaminated environment without control it increase highly and quickly and with control
it increase but slowly as compered to without control. The implementation of both control
measures reduces the infection burden and shortens the duration of outbreak highlighting
their crucial role in disease management.

Figure 5: Optimal control analysis of the considered model.

7. Neural Networking of the LSD Model

7.1. ANN Training and Error Levenberg-Marquardt Algorithm-Based
Error Analysis

In this work Artificial Neural Networks(ANNSs) are trained using the Levenberg-Marquardit(LM)
back propagation algorithm to approximate the solution to the time delay LSD epidemic
model. Further a detailed discussion on how to train model for error analysis test and
validate data for explanation and performance criteria of the model:
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7.2. Data Set Splitting

The data set can be split in to the following three sub-categories for the optimal control
of the model:

e Training set: Training set is used in NN for weight and biases.

e Validation set: Validation set is used to avoid overlapping and checking the per-
formance. During the training, if the error is high while the training error is low,
then the training will be stopped.

e Testing set: To handle the unseen data after training is the main theme of the
testing set.

MSE = iZ(yz —p(9)).

The mean square error(MSE) is employed as the performance metric for all subsets
and is define as: where y; is the target output from the Euler solution, P (6) is the ANN
predicated output and 6 denotes the network parameters.

7.3. Levenberg-Marquardt Back-Propagation Algorithm

Levenberg-Marquard(LM) algorithm will be used for the ANNs to resolve nonlinear
least squares problems due to its fast convergence and efficacy. The expression of the
sum of squared errors(SSE) is given below and show the error function that needs to be
minimized:

BO) = 33 - p0)°.
=1

The Levenberg-Marquardt(LM) method to utilizes the following iterative update rule to
refine the parameters 6 (weights and biases):

enew = eold - (JTJ + >\I)71 JT€7

where the Jacobian matrix J represents the partial derivatives of the errors with respect
to the network parameters. e = y — P () defines the error vector I stands for the identity
matrix and the damping factor X\ is adaptively changed during training to regulate the
step size. This approach combines the gradient descent and Gauss-Newton techniques
dynamically modifying the update rule in response to the ANN’s performance on the
validation set.
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7.4. Error Histogram

The distribution of errors throughout the training validation and testing data sets is
shown using error histograms. FEach data point error is calculated as follows:

e(t) = y)—P(b,1),

where P (0,t) is the ANN-predicated value at time ¢ and y (¢) is the reference value from
the Euler solution. The frequency of these errors is shown by the error histogram, where
most of them are optimally clustered around zero. This provides insight into the accuracy
of the model as well as the characteristics of its residual errors.

7.5. Regression analysis

Regression analysis quantifies the correlation between the ANN predictions and the
target outputs from the Euler solution is employed to evaluate the ANN’s performance.

_ >y (yi — ) (P(0) — P)
\/ 2im (4 — @2\/ S (P) - P)?

where y; denotes the target output represent the ANN-predicted output and 3 and P (0)
are the mean values of y and P (), respectively.

R

7.6. Performance Plots and Error Analysis

The MSE is displayed across epochs in a performance plot emphasizing the ANN’s
convergence behavior . For every compartment the temporal development of the absolute
error between the ANN outputs and the ODE solution is assessed in addition to perfor-
mance measures. Each compartment’s error at each time step is computed as follows:

e(t) = ly@)— P61

e (t) denotes the difference among the ANN-predicted value over time and target solution.

8. Proposed Methodology: ANN-LM Approach

The Artificial Neural Network with Levenberg-Marquardt (ANN-LMB) method is em-
ployed to approximate the solution of the LSD transmission model, which is formulated
using the nonlinear SIVR framework. The ANN-LMB algorithm is formulated based on
the nonlinear dynamics of the models as the basis and implemented in two main stages.
Using a stochastic training approach, the method integrates the structure to maximize
performance across multiple network layers. The neural fitting (nf) tool in MATLAB
was used for the implementation. The data set was divided into three subsets: testing
(15%), validation (15%) and training (70%). The optimal network architecture comprises
10 neurons in the hidden layer with input hidden and output layers as shown in the figure.
Optimization results are achieved via the ANN-LMB approach are present in figure offer
important new information about the dynamics of the LSD outbreak.
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Figure 6: Structure of Deep Neural Network

Parameters \ Descriptions \ Parameters \ Descriptions ‘
Training data 70% Validation data 15%
Testing data 15% Hidden neurons 10

Maximum epochs 1000 Minimum gradient 1x1077
Data set Generation | Numerical solution of SIVR ODE (Euler) | Input/Output Neurons 1

Table 4: Parameter values used in the computation

8.1. Artificial Neuron Structure

Fig. 8 shows the basic architecture of an artificial neuron, which was first conceptual-
ized by Mc Culloch and Pitts [23]. Based on the activation function a neuron interprets
input signals and produces an output. The neuron’s activity can be threshold changing
the equation to:

y = f(i:wixi—9>,
i=1

Here 6 denotes the threshold f represents the activation function, w; and x; corresponding
to the i*" weight and input, respectively. A bias term b can be used in place of the
threshold, changing the equation to:

y = f (Zwil‘i+b>, (61)
i=1

Both linear and non-linear activation functions can be used. Because they allow for,
nonlinear activation functions like the tangent sigmoid function (f (k) = tanh (k)) are
preferred for complex tasks, as they enable nonlinear transmission of the input data. The
fundamental architecture of an artificial neuron is shown in Fig ?7.

8.2. Multi-layer ANN Structure

Through collective processing, a multi-layer artificial neural network (ANN) made up
interconnected neurons arranged into input hidden and output layers makes it possible to
compute complex calculations. In Fig 77, the architecture is illustrated.Describes a multi-
layer artificial neural network (ANN), which offers more computing power than single-layer
networks ?77.
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9. Neural Network Simulation and Discussion
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Figure 9: Means square errors plots for all classes
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Figure 10: Training performance curves demonstrating stable convergence and good gen-
eralization.

() () (8)

Figure 11: Errors histogram plots for all classes.
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Figure 12: Representation of the regression line for all classes of the considered system.

// : v’ i

(a) (b) (c) (d)

A e o A

(e) (f) (2)
Figure 13: The best fit of the training and testing data along with errors for all classes of
the considered system.

In this study an artificial neural network(ANN) was employed to approximate the
solution of the proposed LSD model. Illustrates the training performance of the neural
network using 10,000 epochs focusing on three key metrics: Mean Squared Error(MSE) er-
ror histogram and the comparison between target and output values. The MSE plot shows
a sharp decrease in error during the initial epochs eventually converging to a very small
value. This behavior indicates that the neural network successfully learned the underlying
patterns in the training data generated from the numerical solution of the model. The
smooth convergence with minimal fluctuations further suggests that the network avoided
over fitting and generalizes well within the training domain. The error histogram displays
the distribution of network prediction errors. Most of the errors are clustered tightly
around zero with a symmetrical and narrow shape. This reinforces the accuracy of the
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Compartment ‘ Epoch to Converge ‘ Final (MSE) ‘ R-value Error Range ‘ Fit Quality ‘
Sa ~ 6 1.5 x 10717 1.000 | —5.2¢7% — +4.8¢7% Perfect
I, ~ 8 2.1x10°P 1.000 | —6.1e7% — +5.9¢78 Perfect
Va ~5 1.1 x 10715 1.000 | —4.9¢78 — +4.5¢78 Perfect
R, ~ 6 1.3x 1071 | 1.000 | —5.0e7% — +4.8¢78 Perfect
Sy ~4 1.1 x 107 1.000 | —3.0e=% — +4.6e78 Perfect
1, ~7 1.2 x 1071 1.000 | —2.0e7® — +4.7¢7® Perfect
E ~4 1.6 x 1071 | 1.000 | —5.0e % — +4.6e 8 Perfect

Table 5: Combine Observation Table

network and confirms that predictions closely match the target outputs. The absence of
significant outliers in the histogram indicates stable learning and a well-calibrated model.
The comparison plot between the network outputs and target values shows near-perfect
alignment along the diagonal line ¥y = x. This visual cue confirms that the ANN ac-
curately approximates the model dynamics across the range of input values. The close
correspondence validates the neural networks ability to replicate the system behavior gen-
erated from the ODE-based model. The neural network serves as an effective surrogate
model providing fast approximations of the LSD dynamics without solving the differen-
tial equations repeatedly. This capability is particularly useful in control optimization and
real-time forecasting applications. The strong performance across all metrics demonstrates
the reliability of ANN as a tool for solving complex nonlinear systems in epidemiological
modeling.

Artificial neural networks(ANNs) are powerful tools for modeling complex systems
but they have limitations. Their black box nature makes interpretation difficult they
require large amounts of high quality data and over fitting can reduce performance on
new data. Designing the network architecture is often time consuming and training can
be computationally expansive. Despite these challenges ANNs remain effective for many
practical applications when carefully implemented.

10. Conclusion

In this research, we formulate a mathematical model of LSD to consider all the potential
compartments through which the disease may spread in the population. We have investi-
gated the fundamental results of the model to determine its equilibrium points (DFEP and
EEP). In this model we calculate sensitivity analysis as well as stability analysis of local
and global stability behaviours assuming that the basic reproductive number is less than
one. We have already explored the existence, uniqueness, boundedness, and feasibility of
the model’s solutions. We have already added a new vaccination class to the model for con-
trol of the spread of the disease. We solve the model numerically by Euler’s method, and
we also present the results graphically using MATLAB . In these consequences we proved
that a solution to the LSD model exists under the given initial conditions and system and
system assumptions. The solution to the model is unique meaning no two different solu-
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tion paths exist for the same initial conditions. Here we also prove that all state variables
in the model remain finite and biologically meaningful over time. We examined the local
and global stability of equilibrium points to understand the long-term behaviour of the
disease. We identified the parameters that most influence disease dynamics by changes
that affect the system’s output. This research we have also develops an optimal control
strategy for LSD model (1) used two time dependent (vaccination and treatment) as con-
trol variables in the LSD model demonstrating significant potential in reducing infection
levels and controlling LSD outbreaks. Our results show that optimal application of both
strategies not only lowers the number of infected cattle over time but also balances the
economic costs of control. In the modeling system we just focused on the approximate
solutions. An Artificial Neural Network(ANN) is also employed for approximate solutions
and analyze system dynamics. In lastly on the bases of these both approach we achieved
effective strategies and accurate predictions for managing this complex processes.
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