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Abstract. This study focuses on unifying theories of bipolar intuitionistic fuzzy sets in the field of
BCK-algebras, leading to the development of a new framework for bipolar intuitionistic fuzzy ideals
in BCK-algebras. The article introduces the concepts of bipolar intuitionistic fuzzy subalgebras
and bipolar intuitionistic fuzzy ideals in BCK-algebras, with illustrative examples. Subsequently,
we investigate various related characteristics. We also provide conditions under which a bipolar
intuitionistic fuzzy set is considered a bipolar intuitionistic fuzzy ideal.
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1. Introduction

In many real-world situations, decision-making and information management involve
scenarios in which the clarity of data or outcomes is not well-defined. This lack of definite-
ness and accuracy is generally known as uncertainty. Uncertainty may arise from several
causes, such as incomplete or missing data, measurement errors, errors during data collec-
tion, and inherent variability in complex systems. Properly handling uncertainty is vital
for making sound decisions, particularly in fields like engineering, business, and Al. One
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of the most effective approaches to handling uncertainty is fuzzy set theory. The fuzzy set
concept was initially introduced in the middle of the twentieth century by Zadeh [1]. As a
mathematical framework, fuzzy set theory enables us to systematically handle uncertain
and imprecise information. The study of BCK/BCI-algebras was initiated by Imai and
Iséki in 1966, as shown in their research on propositional logic and set-theoretic differ-
ence [2, 3]. Several researchers, including Lee and Jun [4], Liu [5], and Jun [6, 7], have
made significant contributions to the study of fuzzy logic in BCK/BCI-algebras. Vari-
ous researchers (see [8-10]) have also made notable contributions to this field, exploring
multiple branches of algebra from different perspectives.

Bipolar fuzzy sets, which extend the notion of fuzzy sets [11, 12], are formulated to
address the situations where both positive and negative membership degrees must be
considered. This expanded framework makes it possible to consider and differentiate
among the roles and effects of positive and negative membership degrees. Unlike standard
fuzzy sets, where an element’s membership is either complete (membership value = 1) or
partial (membership value between 0 and 1), bipolar fuzzy sets enable a more nuanced and
expressive representation. Instead, in a BPFS, membership levels can be assigned to any
value in [—1, 1], indicating the degree of a positive or negative relationship of an element to
the set. This extension provides a deeper understanding of ambiguous or changing data,
which is particularly useful in situations where both positive and negative aspects must be
considered. BPFS theory has been applied to study various aspects of BCK/BClI-algebras,
such as a-ideals in BClI-algebras [4], subalgebras and ideals of BCK/BCl-algebras [13], and
many others, as explained in [14-22]. Another study, in [23], looks at positive implicative
and closed bipolar-valued fuzzy ideals in BCK-algebras. Many researchers have further
advanced this field by examining multiple algebraic aspects from different perspectives
[24-31].

Following the establishment of the fuzzy set concept, many scholars have concentrated
on examining various extensions of this idea. By introducing Intuitionistic Fuzzy Sets in
1986 [32], Atanasov expanded on the fundamental concepts of fuzzy set theory. In this field,
Ezhilmaran and Shankar [33] introduced a novel concept known as bipolar intuitionistic
fuzzy sets (BPIFSs). This extension of fuzzy sets includes not only positive and negative
membership but also positive and negative non-membership for every element in a given
set.

The existence of these previous studies serves as an abundant source of ideas. To our
knowledge, there is currently no literature on the bipolar-valued intuitionistic fuzzification
of ideals in BCK/BCl-algebras. The lack of prior research motivated us to initiate theo-
retical work on this specific topic. We describe the process using a flowchart, as shown in
Figure 1. Our goal is that this graphical representation will improve your understanding
of the concept.

In this work, we introduce the concepts of bipolar intuitionistic fuzzy subalgebras
(BPIFSAs) and bipolar intuitionistic fuzzy ideals (BPIFIs) in BCK-algebras, with illus-
trative examples. The cases where a BPIFS is a BPIFI are carefully studied.
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Figure 1: Flow chart of the proposed methodology.
2. Preliminaries

In this section, we present essential definitions and prior results that form the basis
for our investigation. We begin by reviewing the structure of BCK-algebras, including
subalgebras and ideals. We then recall the fundamental notions of fuzzy sets, bipolar fuzzy
sets, and intuitionistic fuzzy sets, leading to the concept of bipolar intuitionistic fuzzy sets
(BPIFSs). These notions provide the foundation for defining bipolar intuitionistic fuzzy
subalgebras (BPIFSAs) and bipolar intuitionistic fuzzy ideals (BPIFIs), which are the
central focus of our study.

Definition 1. /2] A BCK-algebra (1,0) is an algebra of type (2,0) if it follows the following
axioms for all i1, 40,43 € 1,

(BCK-1) ((#1 * i) * (#1 * i3)) * (i3 x i2) = 0

(BCK—Q) (il * (}'1 * 12)) * fg =0

(BCK—L?) il * il =0

(BCK-{) 0% =0

(BCK—5) i1 xipg =10 and iox i1 =0= i = ig.

We can define a binary operation < on I by assuming i; < iy if and only if i1 * iy = 0.
In a BCK-algebra, the following properties hold.

il*():il (1)
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foxio < g 2)

(i1 * i9) x i3 = (i x i3) x iy (3)

(i1 *13) % (fo x13) < i * 1o (4)

ik (i1 % (i % ig)) = iy x i (5)

i <idg = i xi3 <igxig and iz xip < iz * iy (6)
bk ip < iz = ip kg < o (7)

for all i1,i0,13 € L.

Definition 2. [8/] A non-empty subset J of a BCK-algebra 1 is termed a subalgebra of 1
if the following condition holds i1 x i € J for all #1,i9 € J.

Definition 3. [34] A non-empty subset J of a BCK-algebra 1 is termed an ideal of 1 if the
following condition holds

(I11)0 €3

(12) i1 % ia € J,is € T =1 €T for all i1,i2 € 1.

Definition 4. [1] Let I be a non-empty set. A fuzzy set in 1 is a mapping My : 1 — [0, 1].

Definition 5. [1] The complement of the fuzzy set My, denoted by My, is also a fuzzy
set defined as Mo = 1 — My for all iy € 1. Also, (M) = Msy.

Definition 6. [35] A bipolar fuzzy set B of 1 is defined as
B = {(ir, My (i), Mg(#)) | i €1} (8)

where My : T — [0,1] and M : T — [—1,0] are mappings. The positive membership degree
M% denotes the level of satisfaction that the element of 1 to the property associated with
the bipolar fuzzy set B, while the negative membership degree Mgy denotes the level of
satisfaction that the element of 1 to some implicit counter property of B.

We shall use the symbol B = (Mg, M%) to denote a bipolar fuzzy set (see Equation

(8))-

Definition 7. [36] A bipolar fuzzy set B = (MY, M%) of 1 is said to be a bipolar fuzzy
subalgebra if the following conditions are satisfied

(BPFSA-1) Mg (i1 * i2) > min{ M¥ (i1), M} (i2) },

(BPFSA—Q) M%(il * ig) < max{M%(ﬁ), M%(}Q)} fOT’ all il, ig € 1.

Definition 8. [36] A bipolar fuzzy set B = (My, Mg) of 1 is said to be a bipolar fuzzy
ideal if the following conditions are satisfied

(BPFI-1) ME(0) > MZE (i) and ME(0) < MZ (i)

(BPFI-2) M2, (iy) > min{ M2 (iy  i5), ME (ia) }

(BPFI-3) MZ (iy) < max{MZ (i, * i), M (ia)} for all i1, iy € 1.
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Definition 9. [32] An intuitionistic fuzzy set B in a non-empty set 1 is an object having
the form

B = {(i1, Mg (i1), N(i1)) | 11 € I} 9)

where Mg (i1) and Ng(i1) represent the degree of belongingness and degree of non-belongingness,
respectively, of 1 € 1. Also, 0 < My (#1) + Ny(i1) < 1 for all i1 € 1.

Definition 10. [33] A bipolar intuitionistic fuzzy set (BPIFS) B in a non-empty set 1 is
an object having the form

B = {(i1, Mg (i), Mg (i), Nw? (i), Ny"(i1)) | i1 € T} (10)

where My : 1 — [0,1], ME : I — [-1,0], Ng? : T — [0,1], and Np" : T — [-1,0]
are such that 0 < MJ(i1) + NgP(i1) < 1 and —1 < MJE(s) + Ng"(i1) < 0. Here,
M% represents the positive membership level, indicating the extent to which an element
I satisfies a property for a BPIFS 8. On the other hand, Mgy represents the negative
membership level, indicating how well an element 1 satisfies the implicit counter property
associated with the BPIFS. The terms NgP(i1) and Ng"(i1) refer to the positive non-
membership level and negative non-membership level, respectively. We calculate NogP(i1)
and Np"(i1) as NpP(i1) =1 — MZ (1) and Ng" (i) = —1 — M (ir).

We shall use the symbol B = (Mg, M, N, N&) of I to denote a BPIFS (see Equation
(10)).

3. Main Results

Building on the foundational concepts outlined in the previous section, this part of
the paper introduces and develops the core theoretical contributions concerning bipolar
intuitionistic fuzzy subalgebras (BPIFSAs) and bipolar intuitionistic fuzzy ideals (BPIFIs)
within the framework of BCK-algebras. The main objective here is to rigorously define
these structures and explore their algebraic properties through a series of definitions,
illustrative examples, and theorems.

We aim to establish necessary and sufficient conditions under which a bipolar in-
tuitionistic fuzzy set qualifies as a subalgebra or an ideal in the sense of BCK-algebra
theory. Furthermore, we investigate the logical relationships between BPIFSAs and BPI-
Fls, examine closure properties, and characterize level subsets associated with these fuzzy
structures. These results provide a formal basis for extending fuzzy-logic applications to
algebraic systems under bipolar and intuitionistic uncertainty.

Definition 11. A BPIFS B = (M}, M}, N3, NR) of I is a bipolar intuitionistic fuzzy
subalgebra (BPIFSA) of 1 if it satisfies

(BPIFSA-1) M2 (iy * iz) > min{MZ (1), ML (iz)}

(BPIFSA-2) Mg (i * i2) < max{Mg(i1), M&(i2)}

(BPIFSA-3) NE (i % iy) < max{NZ (1), N4 (iz) }

(BPIFSA-}) N3 (iy * ia) > min{NZ (i1), N2 (i) } for all iy, iy € L.
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Example 1. Define a binary operation x on 1 = {0,1,2,3} as given below. Then 1 is a

BCK-algebra.

Oxip =0 Vi €l

o 1.2
Pagy =0 W edl2)
1, if 116{0,3}

0, if i =2

2% i = 1, Zf =1
2, if i €{0,3}

if =3

0
3xip =<
1 {37

Let B

if i €{0,1,2}

= (Mg, M}, N3, Ni) be a BPIFS in 1, defined as shown in Table 1.

Table 1: Bipolar Intuitionistic Fuzzy Set.

I | My(h) | Mg() | Ny(h) | Ng(i)
0 0.75 —0.63 0.19 —0.27
1 0.75 —0.63 0.19 —0.27
2| 025 | —023 | 043 | —0.77
3 0.75 —0.63 0.19 —0.27

It is easy to verify that B = (My, Mg, N&, N}) is a BPIFSA of 1.

Theorem 1. Fvery BPIFSA B =
My (0) > My(ir), Mg(0) <
i €1L.

(Mg, ME, Ny, N&) of 1 satisfies the inequalities
Mg (i), NB(O) < NE(i), and NZ(0) > Ng(i) for al

Proof. For all 1 €1,

MR (0) = My (i1 * i) > min{ Mg (i1), M3 (i2)} = ME (i1)
= My (0) > My (i),

Mg (0) = Mg (i * +1) < max{Mg (i), Mg (1)} = Mg (i)
= Mgx(0) < Mg (i),

N%(O) = Ns%(}l * il> S max{Ng(il),N%(il)} = N%(ﬂ)
= Nj(0) < NE (1),

N (0) = N (i *i1) = min{Ng (i), Nz (1)} = Ng (i)
= Ng(0) = Ng (i)

Hence, the proof is completed.
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Definition 12. A BPIFS B = (M}, M}, N3, N%) of I is a bipolar intuitionistic fuzzy
ideal (BPIFI) of 1 if it satisfies

(BPIFI-1) My(0) > My(i), MB(0) < Mp(), NB(0) < Ng(i), and N3(0) >
N (i)

(BPIFI-3) M2 (i) < max{ Mg (i1 * iz), M2 (iz) }

(BPIFI-{) Ny (i1) < max{Ng (i1 * i2), N (d2) }

(BPIFI-5) Nj(i1) > min{Ng (i1 * iz), N& (i2)} for all i1, i € L.

Example 2. Define a binary operation * on 1 ={0,1,2,3,4} as given below. Then 1 is a
BCK-algebra.

O0xi =0 VﬁEI

. O, Zf 1.1 € {1’374}
1*}1: X
1, if # €{0,2}

. 0’ Zf 1"1 € {2a3a4}
2 % H = . X
2, if 4 €{0,1}
3xi = O, Zfi1€{3a4}
3) Zf 1 € {0) 172}
0, if i1 =4
4 % il _ 1, Zf = 3
3, if =1
4, if i € {0,2}

Let us define a BPIFS B = (Mx?, Myg", NP, Ng) in 1 as shown in Table 2.

Table 2: Bipolar Intuitionistic Fuzzy Set.

I | My(h) | Mg(h) | Ny(h) | Ng(i)
0 0.93 —0.87 0.07 —0.23
1 0.72 —0.73 0.28 —0.27
2 0.93 —0.87 0.07 —0.13
3 0.72 —0.73 0.28 —0.27
4 0.72 —0.73 0.28 —0.27

By routine calculations, we can show that B = (Mg, Mg, Ng, Ng) is a BPIFL

Theorem 2. Let B = (MY, M3, N, NZ) be a BPIFI of 1 If iy < iy in I, then ME(i1) >
M%(fg), M%(il) S Mg(}g), N%(}l) S N%(}Q), and N%(il) Z Ng(ig), that iS, M% and N%
are order-reversing and Mg and N% are order-preserving.
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Proof. Let 11,10 € I be such that #; < io. Then i; xio = 0 and so

Mg(il) > min{M%(il * ig), Mg(ig)}
= min{Mg(0), My (i)} = Mg (i)
= My (i) > My (i),
Mg (31) < max{ Mgy (i * i2), Mg (i2)}
= max{Mg(0), Mg (i2)} = Mg (i2)
= Mg (1) < Mg (i2),
NZ(31) < max{NJ (i1 * i2), N} (i2)}
= max{Ng(0), Ny(i2)} = Ny (i2)
= Ng(i1) < Ny(i2),
Ng(i1) > min{Ng (i *i2), Ngg(i2)}
= min{Ng(0), Ng(i2)} = Ng(i2)
= Ny (i) > Ng(i2).

Theorem 3. A BPIFI B = (ME, Mg, N%, N) of I must be a BPIFSA of I.

Proof. Let B = (MY, Mg, N5, Ni) be a BPIFI of I. Since i x i < iy for all iy, iy € I,
it follows from Theorem 2 that

M%(il * ip) > M%(il),
Mg (4 *i2) < Mg (i),
N (i1 % ip) < NB(ir),
NG #12) > NB().

By Definition 12, we have

ME (i1 * ig) > Mg (i1) > min{ Mg (i1 * i2), ME (i2)}
> min{Mg(i1), My (i2)},

Mg (31 *12) < Myg(h) < max{Mg (i1 *i2), My (i2)}
< max{ Mgy (1), Mg (i2) },

NE (i1 *ig) < NR(i1) < max{Ng (i1 * i2), Nj(i2)}
< max{Ng (i), Ny (i2)},

Ng (i1 *12) > Ng(i1) > min{Ng (i *i2), Ngg(i2)}
> min{Ng (i), NV (i2) .

Therefore, B = (Mg, M3, N, N%) is a BPIFSA of 1.
The converse of Theorem 3 may not be true. In Example 1, a BPIFSA is not a BPIFI

of I because

ME(2) = 0.25 < 0.75 = Mj(1)
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= min{ M} (2 x 1), ML (1)},

Mg (2) = —0.23 > —0.63 = Myx(1)
= max{Mgz(2x1), Mz(1)},

NE(2) = 043 > 0.19 = Nh(1)
= max{N§ (2 1), Ni(1)},

NI(2) = —0.77 < —0.27 = N(1)

Theorem 4. A BPIFS B = (MY, M3, N3, N2) of 1 is a BPIFI of 1 if and only if it
satisfies the following condition i x io < i3 for all i1, i0,i3 € 1 then

(i), M3 i)}

< maX{M%((fg), w(i3)} (1)

i) > min{ Mg, (i
) M,

), Nig (i3) }

): Ng

Mg(
(fl
N (1) < max{N§ (i

)
(11) > IIllIl{N% (ig R (ig)}

Proof. Assume that B = (MY, Mg, Ny, Ng) is a BPIFI of 1. Let 41, 12,13 € I be such
that i1 % iy < i3 = (i1 x ip) x i3 = 0. Then we have

ME (1) > min{ M2 (iy # is), MA (i2)} (By BPIFL1)
> min{min{ M2 (i * i) * is), M (i3) }, M (i2) }
> min{min{Mg(0), Mg (is) }, My (i2) }
= min{Mj(i2), Mg (is) },

MZ (i1) < max{MZ (i, * i2), M3 (is) } (By BPIFL-2)
< max{max{Mg((i *i2) * i3), My (i3)}, My (i2)}
< max{max{Mg(0), Mgy (i3)}, M (i2) }
= max{Mg(i2), Mg (i3)},

N (i1) < max{N& (i1 * i), N& (i) }(By BPIFL3)
< max{max{ N} ((i1 *i2) * i3), N} (i3)}, NR(i2)}
< max{max{N%(0), N5 (i3)}, N§(i2)}
= max{Ng(i2), N (i)},

NZ(31) > min{NZ (i * i), N& (i)} (By BPIFL-4)
> min{min{ Ng((i1 * i2) *i3), N (i3) }, Vg (i2) }
> min{min{Ng (0), N3 ()}, N (i2)}
= min{Ng (iz), N (i3)}.
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Hence, Equation (11) is valid.

Conversely, let B = (Mg, M, N3, Ni) be a BPIFS in I that satisfies Equatlo (1
Since 0 i < #; for all #; € I, we have ME(0) > ME (i), ME(0) < Mg(ir), N&(0)
N%(il), and Ng(0) > Ng(i1). Also, since i * (i1 * io) g ig for all i1,19 € I, we have

1).
<

ME (1) > min{ ME (i1 * i), My (i2)},
Mg (1) < max{Mg(h * i2), Mg (i2)},
NR (1) < max{NJ (i1 * i2), Nj(i2)},
Ng(i1) > min{ Ng (i1 * i2), Ng (i2) }.

Therefore, B = (MY, M, N, N3&) is a BPIFI of 1.
Theorem 5. A BPIFS B = (M}, M3, N&,N%) of 1 is a BPIFI of 1 if and only if the
bipolar fuzzy sets By = (Mg, M%) and %2 ((Ng)P, (Ng)™) are bipolar fuzzy ideals of 1.

Proof. Assume that B = (MY, M, N5, Ni) be a BPIFI of I. Then clearly B; =
(M, M%) is a bipolar fuzzy ideal of I. Let 11,1 € I. Then

NE(0) < N& (i)
= —NR(0) > —Ng(i1)
= 1— N§(0) > 1 — Ng(ir)
= (Ng)P(0) > (Ng)P(i1),
NZ(0) > N3 (i1)
= —NZ(0) < —N&(i1)
= —1 - NR(0) < -1 — N3()
= (Ng)"(0) < (Ng)"(31),

NR (1) < max{NJ (i1 *i2), Nj(i2)}

= —N& (1) > —max{ N (i1 * i2), Nj(i2)}

= 1— NR(i1) > 1 — max{Nj (i *iz), Nj(i2)}
= (Ng)P(i1) > min{l — N (i = 12),1 — Ny (i2)}
= (No)?(i1) > min{(Nap)? (i1 * ), (N )? (i)},

Ng (1) > min{Ng (i1 * i2), N§ (i2) }

= —N3 (1) < — min{ NR (i *i2), Ny (i2)}

= 1— Ng(i1) <1—min{ N * i), N§(i2)}

= (Np)"(i1) < max{l — NE&(i; *i2), 1 — Ng(i2)}
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= (o) (1) < max{(Na)" (i * i2), (V)" (i2)}-

Hence, B2 = ((Ng)?, (N)") is a bipolar fuzzy ideal of I.

Conversely, assume that the bipolar fuzzy sets B1 = (Mg, M) and By = (
are bipolar fuzzy ideals of I. For every i1,ip € I we get ME(0) > M (i1), MZ(0
(N)P(0) > (N)P(h1) = —(Np)P(0) < —(Ng)Ph) = 1 — (Np)P(0) < 1 — (N)?(i

N&(0) < N (i), (Ng)™(0) < (Np)"(i1) = —(Np)™(0) > —(Np)"(11) = —1—(Np)"(0)
—1— (Ng)"(ix) = NZ(0) > N&(iy). Also,

(N )P(i1) > min{(Np)P (i1 * i2), (Ng)P (i2) }

= —(Ng)P(i1) < —min{(Neg)? (i1 * i2), (N )P (i2)}

= 1— (Ng)P(i1) <1 —min{(Ngp)P (i1 *i2), (N )P (i2)}

= N%(il) < max{l — (E)p(il * iz), 1-— (N%)p ig)}
== N%(il) < max{N,%(il * ig), Ng(ig)},

(No)" (i1) < max{(Ng)" (i1 * i2), (V)" (i2)}

= —(Ng)"(1) > —max{(Np)" (i1 *2), (Np)" (i2)}

= 1~ (Ng)"(i1) > 1 — max{(Ng)" (i1 *i2), (Np)"(i2)}
> min{1 — (Ng)" (i1 * #2), 1 — (Ns)" (i2) }

> min{ N2 (i, * i), N3 (i2) }.

Hence, B = (MY, Mg, N&, N3) is a BPIFI of 1.

= Ng(i m
= Ng(i m

1)
1)

Theorem 6 and Propositions 1 and 2 are immediate consequences of Definition 12,
which characterizes BPIFIs in terms of their component-wise behavior. These results help
establish simplified or derived structures that also satisfy the BPIFI conditions.

Theorem 6. A BPIFS B = (M}, M3, Ny, N%) of I is a BPIFI of 1 if and only if the
bipolar fuzzy sets Bs = ((Mwp)P, (My)") and By = (N, N%) are bipolar anti fuzzy ideals
of L.

Proposition 1. If a BPIFS B = (MY, M%, N&, N%) of I is a BPIFI of 1, then (oB) =
(MY, M%, (My)?, (Mg)") is also a BPIFI of I.

Proposition 2. If a BPIFS B = (MY, M%, N3, NZ) of I is a BPIFI of 1, then (OB) =
(Ng)?, (Ngs)™, N&, N3&) is also a BPIFI of 1.

Theorem 7 follows directly from Definition 12, together with Proposition 1 and Theo-
rem 6.

Theorem 7. A BPIFS B = (MY, M} N3, NZ) of I is a BPIFI of 1 if and only if
(oB) = (M%,M%, (m)p, (m)n) and (OB) = ((T%)p’ (Nig)”,Ng,N%) are BPIFIs of 1.
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Theorem 8. A BPIFS B = (M}, M%, Ni,N&) of I is a BPIFI of I if and only if the
non-empty level subsets
U(ME, Mg, p1,n1) = {i € T| ME(i1) > p1, Mg (i) < ni},
L(Ng, Ny, p2,n2) = {i1 € 1| Nj(i1) < p2, Njy(i1) > na}

are ideals of 1 for any p1,p2 € [0,1] and ny,ny € [—1,0].

Proof. Assume that a BPIFS B = (Mg, M§, N5, Ni) of I is a BPIFI of I, and
U(M%aMgaplvnl)v L(NgaN%aPQanQ) are non_empty'
Let iy € U(Mg, Mg, p1,n1) and iy € L(Ng, N, p2,ng). For any iy € I, we have

ME(0) > M (i) (By B is a BPIFI)

MY(0) > M (i) > p (By i1 € U)
= M§(0) > py

ME(0) < M2 (1) (By B is a BPIFI)

MJ(0) < MR(E) < (By i1 € U)
= Mgx(0) <mny

NE(0) < NE (i) (By % is a BPIFI)

N (0) < Ng(i1) < p2 Byt €L)
= N%(O) < py

Ng(0) > Ny (i) (By B is a BPIFI)

Ng(0) > Ny (i) > no (By #; € L)
= Ng(0) > ng

And so, 0 € U(Mg, M3, p1,n1) and 0 € L(NL, NZ,p2,n2).
Let iy g, ip € U(MY, M$,p1,n1) N L(NY, N, p2,n2) for all iy, i € I. Then

Mg(}l) > mln{Mg(}l * ig), M%(ig)} > min{pl,pl} = p1,
Mg (31) < max{Mgyg(h * i2), Mg (i2)} < max{ni,ni} = ni,
=i € U(Mg,M%,pl,nl).

Also,

N%(il) < max{N%(il * 1g), N%(ig)} < max{pz2,p2} = po,
Ng (i) > min{Ng (i1 *i2), Ng(i2)} > min{ng, na} = na,
= il S L(N%,N%,pg,ng).

Hence, the level sets U(ME, M, pi1,n1) and L(Ny, Ni, p2,no) are ideals of I for any
p1,p2 € [0,1] and ny,ne € [—1,0].

Conversely, let B = (My, M, N%, Ni) be a BPIFS such that the non-empty level
subsets U (Mg, M, p1,n1) and L((Ngg)?, (Nsg)™, p2, n2) are ideals of I, for any p1,ps €
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[0,1] and ny, ng € [—1,0]. Put M (i1) = p1, ME(i1) = n1, N} (i) = p2, and Nj (i) = no
for some iy € I. Since 0 € U(My, M, p1,n1) N L(Ny, N, p2,n2), ME(0) > p1 = Mg (1),
Mg(0) < np = Mg(i1), Njy(0) < pa = Ny (i1), and Ng(0) > na = N (i1). Suppose there
exists i1, 19 € I such that

My, (i) < min{ Mg, (i1 * ip), Mg(i'g)}

MR (1) > max{ Mg (i1 * in), M (i2)},

N%(}l) > max{ NN} (i, * ip), NP (12)}

NE(i1) < min{ NZ (i1 * i2), N (ia) }.
Take p1, p2 € [0,1] and iy, rig € [—1,0] as

MB (i) + min{ ME (3] * i2), ME (i2)}]

Mg (1) + max{Mg (i1 * i2), Mg (i2)}] ,

3.
=
Il

3.
S
Il

NR (1) + max{ Nk (i1 * i2), N (i2)}] ,

3.
I\
|

3.
)
|
— — — —

NI RN RN —~DN -

N%(}l) + mlH{N%(il * 12) Ny (12)}]
Then

i1) < pr < min{ ML (i1 * i), MR (i)},
i1) > 11y > max{ Mg (iy * iz), M3 (i2)},
i1) > po > max{ N (i1 * i2), N} (i2)},
i1) < 71y < min{ N (i1 * in), N (i2)}.

5:&%535

Thus i1kio, ig € U(M, M%,pl,nl) and i1xio, iy € L(N%,N" P2, M2) but i i ¢ U(M, M%,pl,nl)
and i ¢ L(Ng, Ng pg, ri3) which is a contradiction with level subsets U (MJ, ]\4%7 P1,11)
and L(N%, N, p2,1i2) being ideals of I. Therefore, for all 1,1 € I,
M%(il) Z mlH{Mg(il * ig), Mg(}g)},
Mg (1) < max{Mg (k1 * 12), M (i2)},
N%(il) < maX{N%(il * iQ), N%(ig)},
N (1) > min{Ng (i1 * i2), N (i2) }.
Hence, B = (M}, M, N, N3) is a BPIFT of 1.
Corollary 1. A BPIFS B = (MY, M}, N, N3) of I is a BPIFSA of 1 if and only if the
non-empty level subsets
UMy, Mg, p1,n) = {iy € T| MY(i1) > p1, Mg (i) < my},
L(N%, Ng,p2,n2) = {i1 € I| NR(i1) < p2, N§(i1) > na}
are subalgebras of 1 for any p1,p2 € [0,1] and ny,ny € [—1,0].
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For any € I and any BPIFS B = (MY, M%, N, N%) in I, we let
H(Q) = {h €] (Mp)"(ir) > (M)’ (2), (Mp)" (1) < Mg(Q),
Nyg(i1) < Ng (), Ng(i1) > Ng(2)}-

Obviously, Q € H(Q). If B = (Mg, ME, N§, NE) is a BPIFI of I, then 0c $(£2). The
following example shows that there exists an element €2 € I such that $(€2) is not an ideal
of I

Example 3. Define a binary operation * on 1 ={0,1,2,3,4} as given below. Then 1 is a
BCK-algebra.

O0xi1 =0 Viel

. 1 4
1*1-_1: 0 Zf }.16{737}
if 41 €{0,2}

f i 2.4

2*}-12 0 Zf }'16{7}
2 if i €{0,1,3}

. 0 o 1 =3
3*%1: .
3 if i €{0,1,2,4}

fei  Jo =4
H =
YT 14 if 5 €{0,1,2,3)

Let us define a BPIFS B = (M%, M%, N§,Ng) in 1 as shown in Table 8. Then B =

Table 3: Bipolar Intuitionistic Fuzzy Set.

I My(h) | Mg() | NpG) | Ng()
0 0.7 —0.8 0.3 —0.2
1 0.6 —0.6 0.4 —0.4
2 0.3 —0.4 0.7 —0.6
3 0.1 —0.2 0.9 —0.8
4 0.4 —0.5 0.6 —0.5

(MY, M%&, N§, NR) satisfies (BPIFI-1) and it is not a BPIFI of I because
ME(2) = 0.3 < 0.4 = ME(4) = min{ M5 (2 * 4), ME(4)},
MR(2) = —0.4 > —0.5 = MZ(4) = max{Mg(2 * 4), M3 (4)},
NE(2) = 0.7 > 0.6 = NE(4) = max{NE(2 * 4), N&(4)},
NZ(2) = —0.6 < —0.5 = N3 (4) = min{ N&(2 + 4), N2 (4)}.

Then $(4) = {0, 1,4} is not an ideal of 1. Since 2x4 =0 € $H(4),4 € H(4), while 2 ¢ H(4).

Theorem 9. Let Q € I. If B = (MY, M}, N&,N3) is a BPIFI of 1, then $(Q) is an
ideal of 1.
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Proof. Obviously, 0 € $H(Q2). Let i1,i2 € I be such that i; *x 12 and is € H(Q2). Then
M (i1 *i2) > MR (), MG (i1 * ig) < ME(Q), Ng (i1 *i2) < NR(Q), N (i1 *i2) > NZ (),
My (iz) > My(Q ) Mg(i2) < ME(Q), Ny(iz) < Ny(Q), and (Ng)"(i2) > (Nw)™(Q).
Since B = (M%, Mg, N5, NE) is a BPIFI of I, we have from Definition 12 that

Mg (i) > min{ Mg (i *ia), Mg (i2)} > Mg(Q),
Mg (1) < max{Mg (i1 * i2), My (i2)} < Mg(2),
Ng (i) < max{Ng (i * i), Ny (i2)} < Ng(9),
Ng(i1) > min{Ng (i1 * i2), N (i2)} > N ().

And so #; € H(2). Therefore, H(2) is an ideal of L.

Theorem 10. Let B = (MY, M, NL, N%) be a BPIFS of I and Q € 1.

(i) If H(Q) is an ideal of 1, then B = (MY, M, N%, NZ) satisfies the following for all

i1, 0,13 € I,
(il) < mln{M (ig * ig),M%(ig)} = Mg(fl) < M%(ig)
(11) > maX{M" (}2 * Q),M%(ig)} = M%(}l) > M%(}Q) (12)
(il) > maX{N (ig * ig),Ng(ig)} = Ng(il) > N%(i’Q)
Ng(i1) < min{Ng (i * i3), N (i3)} = Ng(i1) < Ng(d2)

(i) If B = (My, M, N, NR) satisfies (BPIFI-1) and Equation (12), then $() is an
ideal of L.

Proof. (i) Assume that () is an ideal of I for each € I. We suppose that for all
iy, 19,13 € I,

ME (i1) < min{ME (ig * i3), My (i3)}
Mg (i) > max{ Mg (iz * i3), Mg (i3) }
N (31) > max{NJ (ip * i3), Nj (i3)},
Ng(31) < min{Ng (i *i3), Ny (i3)}.

Then i9 * i3,13 € H(11). Since H(41) is an ideal of I, it follows that io € H(11), that is,
ME (i2) = ME (i), M(i2) < M3(n), NG (iz) < Nj (i), and Ng(ia) = N(ir).

(ii) Suppose that a BPIFS B = (M%,M%,N%,N%) satisfies (BPIFI-1) and Equation
(12). For each Q € I, let 11,12 € I'be such that i1+io, is € H(2). Then ME (i1xiz) > ME(Q),
MY (}1 *}2) < Mn<Q), Np(}l *ig) < Np(Q), Nn(}l *}2) > N%(Q), Mg(lg) > Mg(Q),
M i) < ME(Q), Ng(i2) < NE(2), and N (i2) > NE(2). It follows that

MQ(Q) < Inin{M%(il * 1g), M% (i2)},

M () > max{ Mg (i1 * i2), Mg (i2) },
NZ () > max{Ng (i *i2), N (i2)},
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N () < min{Ng (i1 *12), Ny (i2)}.

Using Bquation (12), we get MA(Q) < MAG), (Ma)"(Q) > M3 (i), NA(Q) > NB(ir),
and N2(Q) < N (i) = i, € H(Q). Since B = (ML, ME, N&, NL) satisfies (BPIFI-1), it
follows that 0 € $(2). Therefore, H(12) is an ideal of L.

Proposition 3. For any BPIFIB = (MY, M%, N5, NE) of 1, the following are equivalent

(i) For all i1,is €1,

Ng(il * i.LQ) S Ng((}l * }2) )
NG (1 i) > Ng((i1 * do) * do)
(ii) For all i1, i9,i3 € 1,
Mg((il * }.3) * (}2 * }3)) > %((}1 * ig) * }.3)
Mg (i1 % 13) * (ig * d3)) < MG ((d1 * o) * i3) (14)
Ng((il x i3) * (i x i3)) < %((il * ig) * i3)
N%((}l * 1:3) * (}2 * }3)) Z %((il * 1:2) * i3)
Proof. (i) = (i1) For all i1, 12,13 € I, we have
(il * (iQ * }3)) * i3 = (il * i3) * (iQ * ig) (By (3))
< (g xig) (By (4))
= (i1 * (ip ¥ i3)) % i3) * i3 < (i1 % i) * i3, (By (6))
It follows from Theorem 2 that
Mg((ll * (ig * }3)) * }3) Z Mg((}l * ig) * i3>
Mg ((i1 * (i * i3)) * i3) < ME((31 *iz) * i3) (15)
N%((}l * (ig * }3)) * }3) S N%((il * }2> * 13)
NG ((31 % (ig xi3)) xi3) > NZ((31 * i2) xi3)

Now, using Equations (3), (13), and (15), we obtain

MR (31 * i3) * (ig * i3)) = My ((i1 * (ig * i3)) * i3)
> ME(((11 * (ig * ig)) * i3) * i3)
> My ((i1 *i2) * i3),

Mg ((31 *i3) * (i xi3)) = Mg ((31 * (iz xi3)) * i3)
< MG (((31 * (i2 * 13)) *i3) * 13)
< Mg ((h * 2) x i3),

N%((il xig) x (ig * i3)) = Ng((il (ig * i3)) * i3)
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(}1 * (}2 * }3)) * }3) * }3)
i ok ig) * i3),

((
(@
((i1 % (ig x 13)) * i3)
((
(@

IN A

N%((}l * ig) * (ig * '}3)
(}1 * (}2 * }3>) * ig) * ig)

1 * }2) * ig).

H
5: & 5: &2% &%

(AVANAY]

Thus (ii) holds in I.
(73) = (i) It follows from Definitions 1 and 3, (BCK-3), and Equation (14) that

ME (i1 % i2) = ME((i1 *i2) % 0) = My ((i1 * i2) * (ig * iz)) < ME((i1 *i2) * i2),
Mg (i * i) = Mg((31 *i2) * 0) = My ((}1 *i2) * (iz *x i2)) > Mg ((31 * i2) * i2),
NR (1 i) = N ((i1 % d2) % 0) = NR((i1 * i) * (i2 * 2)) > NR((i1 * i2) * i2),
Ng (i1 *i2) = Ny ((i1 *i2) % 0) = Ng((i1 * i2) * (iz * i2)) < Ngg((i1 *i2) * ig).

Which proves (i).

Theorem 11. If a BPIFS B = (MY, M3, N%, N%) of 1 is a BPIFI of 1, then for all
i,01,02,03,...0, €L, (... ((F1 %01) %x02) x...) %0, =0=

M%(il) > mln{M‘%(bl),Mg(Ug), ,M%(Un)}
M%(}l) < maX{M‘%(Ul)7 M%(U2)7 s 7M‘%(Un)} (16)
N% ﬁ) < maX{Ng(Uﬂ,Ng(Ug), .. ,N%(Un)}
N2 (i) > min{ N2 (v1), N&(03), ..., N&(0,)}

Proof. The proof is by induction on n.

Let B = (MY, M3, N5, N%) be a BPIFI of I. Theorems 2 and 4 shows that Equa-
tion (16) is valid for n = 1,2. We assume that Equation (16) is satisfied in B =
(Mg, M, N3, N%) for n = k, that is for all i1,01,02,03,...05 € I, (... ((i1 * by) * 02) *

. ) x0, =0=

Let i1,01,02,03,...0541 € I be such that (... ((31%01) *02)*...) %054 =0=

M%(il * 01) > min{Mp (02), M%(Ug), . M%(U/H_l)}
M%(il * 01) < max{M"(UQ), M%(D:;), . ;M%(Uk—s—l)}
Ng(il xp1) < maX{Np (02)7N%(03), ,Ng(bk_;_ )}

)
N%(il*nl) Zmin{N”(Ug), ( ),,N% Dk+1)}
Since B = (Mg, M, N, N&) is a BPIFI of I, we have

6@2:

ME (1) > min{ ME (iy * v1), My (01)}
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> min{ Mg (v1), My (v2), My (03), ..., My (0x41)},
Mg (i1) < max{Mg (i1 * 01), Mg (01)}

< max{Mg(01), Mg (02), M (v3), ..., Mg (0r41)},
NE (1) < max{NJ (i % v1), Nj(01)}

< max{NJ (1), N§(02), N§(v3), ..., Ny (0p41)},
Ng(31) > min{Ng (i1 *v1), Ng(v1)}

> min{Ng (1), Ngg (02), N (03), . .., N (04 41) }-

This completes the proof.

Theorem 12. Let B = (Mg, M}, N, N%) be a BPIFS of 1 satisfying Equation (16).
Then B = (M5, Mg, N4, N2) is a BPIFT of 1.
Proof. Suppose Equation (16) is valid in B = (Mg, M3, N&, NZ). Put i, = 0,0, =
1,09 = 1,03 = i1,...0; = in Equation (16), then (... ((0xi1)*d;) *...)*xi =0 =
ME(0) > min{ ME (ir), MEGr), .., Ma(in)},
Mg(0) < max{Mg(i1), Mg (i), ..., Mg(h)},
NE(0) < max{N§ (1), Ng(i1), ..., Ny (i)},
Nz (0) > min{Ng (i1), Ny (1), - .., N (i1)}
= ME(0) > My(i1), ME(0) < ME(i1), N(0) < NE(i1), and NE(0) > Ng(i1) for all
i) € I. Again take i} = i1, 0] =19, 0y = i3, 03 =0, vy = 0,...,0; = 0 in Equation (16).
Then, (... (((i1 *i2)*i;) *0)...) %« 0 = 0. Therefore,
Mg (1) > min{ Mg (i2), Mg (i3), My (0)}
= min{ M (i2), Mg (i)},
Mg (i) < max{Mg(i2), Mg (is), M3y (0)}
(

|
=
5
=

N (i) < max{Ng (i2), N (13), N (0)}
(i2), Nig

N(% (il) Z min{N% (ig

\
=
=
B
B3
:B“\‘
— :_/ S~—
5
&
==

Hence, by Theorem 4, we conclude that B = (Mg, M, N§, Ni) is a BPIFI of L.

Theorem 13. If B = (M}, M}, N5, N&) is a BPIFI of 1, then for all iy, iz, i3 € 1,
M%(il * iy) > min{M%(il * 13), M%(ig * i) }
Mg(il * ig) S max{M,%(il * ig) M%(i:; * ig)}
(

N (i1 * d2) < max{Ng (i * i3), N3 (i3 * i2) }
N%(}l * iQ) Z mln{Ng%(ﬂ * 1'3), N%(}g * 12)}

)

(18)
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Proof. Suppose B = (MY, M, N5, NZ) is a BPIFT of I, then we have (iy#ig)* (i1 #i3) <
(i3 * i2) by (BCK-1). According to Theorem 4, it follows that for all i1,i9,i3 € I,

ME (41 % i2) > min {ME (h = i3), MA (i3 * i2) },
M%(}l * ig) < max {M%(}l * i3), Mg(}g * }2)},
NZ (i1 * iz) < max {N%(il % i), Ng (i3 * i2) } ,
N%(ll * ig) > min {N%(}l * ig), N%(}g, * }2)}

This completes the proof.

4. Conclusion

In this study, a novel framework for integrating bipolar valued intuitionistic fuzzy set
theory into BCK-algebras has been developed. The introduction of bipolar intuitionistic
fuzzy subalgebras (BPIFSAs) and bipolar intuitionistic fuzzy ideals (BPIFIs) expands the
scope of research in this area. It offers valuable insights into the structure and behavior of
algebraic systems under bipolar and intuitionistic uncertainty. The investigation of these
properties opens further directions for extending the theory by combining BPIF'S concepts
with algebraic operations. In our future work, we intend to explore topics such as bipolar
intuitionistic fuzzy soft ideals and the structure of (&€, € Vg)-bipolar intuitionistic fuzzy
ideals, as well as their interrelationships.

Acknowledgements

This research was supported by University of Phayao and Thailand Science Research
and Innovation Fund (Fundamental Fund 2026, Grant No. 2252/2568).

References

[1] L. A. Zadeh. Fuzzy sets. Information and Control, 8(3):338-353, 1965.

[2] Y. Imai and K. Iséki. On axiom systems of propositional calculi XIV. Proceedings of
the Japan Academy, 42(1):19-22, 1966.

[3] K. Iséki. An algebra related with a propositional calculus. Proceedings of the Japan
Academy, 42(1):26-29, 1966.

[4] K. J. Lee and Y. B. Jun. Bipolar fuzzy a-ideals of BCIl-algebras. Communications of
the Korean Mathematical Society, 26(4):531-542, 2011.

[5] Y. L. Liu, Y. Xu, and J. Meng. BCI-implicative ideals of BCI-algebras. Information
Sciences, 177(22):4987-4996, 2007.

[6] Y. B. Jun. On («,f)-fuzzy subalgebras of BCK/BCl-algebras. Bulletin of the Korean
Mathematical Society, 42(4):703-711, 2005.

[7] Y. B. Jun and X. L. Xin. Involutory and invertible fuzzy BCK-algebras. Fuzzy Sets
and Systems, 117(3):463-469, 2001.



B. Satyanarayana et al. / Eur. J. Pure Appl. Math, 19 (2) (2026), 7189 20 of 21

8]
[9]
[10]

[11]

[17]

[18]

[24]

C. Jana and T. Senapati. Cubic G-subalgebras of G-algebras. Annals of Pure and
Applied Mathematics, 10(1):105-115, 2015.

C. Jana, T. Senapati, and M. Pal. (€,€ Vq)-Intuitionistic fuzzy BCI-subalgebras of
a BCl-algebra. Journal of Intelligent and Fuzzy Systems, 31(1):613—-621, 2016.

X. Ma, J. Zhan, B. Davvaz, and Y. B. Jun. Some kinds of (€,€ Vq)-interval-valued
fuzzy ideals of BCl-algebras. Information Sciences, 178(19):3738-3754, 2008.

W.-R. Zhang. Bipolar fuzzy sets. In 1998 IEEE International Conference on Fuzzy
Systems Proceedings. IEEE World Congress on Computational Intelligence (Cat.
No.98CH36228), volume 1, pages 835-840, Anchorage, AK, USA, 1998.

W.-R. Zhang. Bipolar logic and bipolar fuzzy logic - a unification of truth, fuzziness,
and bipolarity. In 2002 Annual Meeting of the North American Fuzzy Information
Processing Society Proceedings. NAFIPS-FLINT 2002, pages 286-291, New Orleans,
LA, USA, 2002.

K. J. Lee. Bipolar fuzzy subalgebras and bipolar fuzzy ideals of BCK/BCI-algebras.
Bulletin of the Malaysian Mathematical Sciences Society, 32(3):361-373, 2009.

B. Satyanarayana, S. Baji, D. Ramesh, and S. Broumi. Positive implicative and
commutative BS-neutrosophic ideals of BCK/BCl-algebra. International Journal of
Neutrosophic Science, 22(1):45-59, 2023.

B. Satyanarayana, S. Baji, and D. Ramesh. Bipolar intuitionistic fuzzy implicative
ideals of BCK-algebra. Asia Pacific Journal of Mathematics, 10:47, 2023.

D. Ramesh, R. D. Prasad, S. Baji, A. lampan, and B. Satyanarayana. Positive
implicative hyper BCK-ideals of hyper BCK-algebras under an interval-valued in-
tuitionistic fuzzy environment. International Journal of Analysis and Applications,
23:11, 2025.

D. Ramesh, S. Baji, A. lampan, R. D. Prasad, and B. Satyanarayana. Bipolar-valued
intuitionistic fuzzy positive implicative ideals in BCK-algebras. Furopean Journal of
Pure and Applied Mathematics, 18(1):5699, Jan 2025.

K. A. Naik, B. Satyanarayana, D. Ramesh, and B. T. Krishna. Interval-valued neu-
trosophic fuzzy n-fold positive implicative ideals of BCK-algebras: Properties and
characterizations. Neutrosophic Sets and Systems, 95:345-362, Jan 2026. Published:
January 25, 2026.

Y. B. Jun, M. S. Kang, and H. S. Kim. Bipolar fuzzy hyper BCK-ideals in hyper
BCK-algebras. Iranian Journal of Fuzzy Systems, 8(2):105-120, 2011.

Y. B. Jun, M. S. Kang, and H. S. Kim. Bipolar fuzzy implicative hyper BCK-ideals
in hyper BCK-algebras. Scientiae Mathematicae Japonicae, 69(2):175-186, 2009.

Y. B. Jun, M. S. Kang, and H. S. Kim. Bipolar fuzzy structures of some types of ideals
in hyper BCK-algebras. Scientiae Mathematicae Japonicae, 70(1):109-121, 2009.

Y. B. Jun, M. S. Kang, and S. Z. Song. Several types of bipolar fuzzy hyper BCK-
ideals in hyper BCK-algebras. Honam Mathematical Journal, 34(2):145-159, 2012.
G. Muhiuddin, D. Al-Kadi, A. Mahboob, and K. P. Shum. New types of bipolar
fuzzy ideals of BCK-algebras. International Journal of Analysis and Applications,
18(5):859-875, 2020.

M. Aslam, S. Abdullah, and M. Masood. Bipolar fuzzy ideals in LA-semigroups.



B. Satyanarayana et al. / Eur. J. Pure Appl. Math, 19 (2) (2026), 7189 21 of 21

[25]

[26]

[27]

[28]

31]

World Applied Sciences Journal, 17(12):1769-1782, 2012.

M. Akram, A. B. Saeid, K. P. Hum, and B. L.. Meng. Bipolar fuzzy K-algebras.
International Journal of Fuzzy Systems, 12(3):252-258, 2010.

Y. B. Jun, K. J. Lee, and E. H. Roh. Ideals and filters in Cl-algebras based on
bipolar-valued fuzzy sets. Annals of Fuzzy Mathematics and Informatics, 4:109-121,
2012.

K. Kawila, C. Udomsetchai, and A. Tampan. Bipolar fuzzy UP-algebras. Mathematics
and Computer Applications, 23(4):69, 2018.

C.S. Kim, J. G. Kang, and J. M. Kang. Ideal theory of semigroups based on the bipo-
lar valued fuzzy set theory. Annals of Fuzzy Mathematics and Informatics, 2(2):193—
206, 2011.

G. Muhiuddin, H. Harizavi, and Y. B. Jun. Bipolar-valued fuzzy soft hyper BCK-
ideals in hyper BCK-algebras. Discrete Mathematics, Algorithms and Applications,
12(2), 2020.

S. Sabarinathan, P. Muralikrishna, and D. C. Kumar. Bipolar valued fuzzy ideals of
BF-algebras. International Journal of Pure and Applied Mathematics, 112(5):87-92,
2017.

Y. Faisal, N. Yaqoob, and A. Saeid. Some results in bipolar-valued fuzzy ordered AG-
groupoids. Discussiones Mathematicae - General Algebra and Applications, 32(1):55—
76, 2012.

K. T. Atanassov. Intuitionistic fuzzy sets. Fuzzy Sets and Systems, 20(1):87-96, 1986.
D. Ezhilmaran and K. Sankar. Morphism of bipolar intuitionistic fuzzy graphs. Jour-
nal of Discrete Mathematical Sciences and Cryptography, 18(5):605-621, 2015.

J. Meng and Y. B. Jun. BCK-algebras. Kyung Moon Sa Co., Seoul, 1994.

K. M. Lee. Bipolar-valued fuzzy sets and their operations. In Proceedings of the Inter-
national Conference on Intelligent Technologies, pages 307-312, Bangkok, Thailand,
2000.

K. J. Lee. Bipolar fuzzy subalgebras and bipolar fuzzy ideals of BCK/BCI-algebras.
Bulletin of the Malaysian Mathematical Sciences Society, 32(3):361-373, 2009.



