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The Theory and Implementation of the Sehgal Fixed
Point Theorem in an Expanded G-Metric Space Using
Banach’s Contraction Principle
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Abstract. The present paper establishes fixed-point results in extended G-metric spaces bylever-
aging the Banach contraction principle and Sehgal-type iterate conditions. Motivated by recent
developments, we prove a genuine Sehgal-Gusman type theoremwhere the contractive iterate de-
pends on the pointwise structure. Furthermore, weintroduce a generalized contraction condition
incorporating the extension function O(z;y;z),ensuring the results are nontrivial extensions of
standard G-metric theory. To validate our theoretical findings, we provide a concrete numerical
exampleand an application to nonlinear integral equations. Our results enrich the theoretical-
structure of functional analysis and topology, as well as providing more applicationsin dynamical
systems and optimization problems.
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1. Introduction

Proving the existence and uniqueness of solutions for several issues in applied sci-
ences,physics, and mathematics necessitates rigorous formulations that encompass mul-
tiple theories. By proving the contraction principle, which holds that every contraction
mappingon a complete metric space has a unique fixed point, Banach [1] founded the
disciplineof fixed-point theory in 1922. Sehgal [2] presented a novel kind of mapping
that employscontractive iterates at each location, acting as a generalization of the Ba-
nach contractionprinciple. A multitude of academics have generalized this discovery to
more contexts andmore extensive metric spaces (see [3-6]). Many important works have
investigatedthe characteristics of fixed points in diverse environments, including 2-metric
spaces [7, 8]. Current advancements in fixed-point theory focus on enhancing the metric
structure of spaces to overcome the limits of classical metrics (see, e.g.,[9] for a recent
survey). In 2017, Kamran et al. presented la notably intriguing extension of the b-metric
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space concept, referred to as the extendedb-metric space [10]. Subsequently, many schol-
ars have meticulously analyzed fixed pointtheory under these novel situations. Readers
seeking further information may consult references [11-18]. Z. Mustafa and B. Sims were
the earliest pioneers ofthe G-metric space [19]. For further foundational studies, see [19].

A cohort of academics subsequently employed, refined, and expanded this innovative
metric space [20-25], with recent developments in extended metric structures summarized
in [20]. Section 1 reviews previous studies on b, G, and 2-metric space; Section 2 dis-
cusses important preliminaries and definitions; Section 3 presents the main results of the
study;Section 4 examines applications and core motivations.

2. Preliminaries

Definition 1 (Extended G-metric space). Let X be a non-empty set and G : X x X x X —
[0,00) be a function satisfying:

(i) G(x,y,z) =0 if and only if x =y = z;
(ii) G(z,x,y) >0 for all z,y € X with x # y;
(i) G(wy,2) = Gz, 2,y) = Gly, 2,) (symmetry);
z) <

(
() G(z,y,2

Then the pair (X, Q) is called an extended G-metric space.

(xvyuz) [G(x,a,a) + G(a,y,z)] fOT’ all x,Y,z,a € X.

Remark 1. If the extended condition in Definition 1 is replaced by the standard one (i.e.,
O(z,y,2) = 1), we recover the usual definition of a G-metric space. In our subsequent
theorems, we explicitly utilize © in the contractive conditions to ensure the results are
nontrivial generalizations. Specifically, we require conditions where

a-sup O(z,y,2) <1

x’y7z
to guarantee convergence.

Theorem 1. Let (X,G) be a complete G-metric space and T : X — X a continuous
mapping [26]. Suppose there exists a function ¢ :[0,1) — [0,1) such that

G(Tz, Ty, Tz) < o(G(z,y,2)), Vx,y,z€ X,
and p(t) <t for allt > 0. Then T possesses a unique fized point ©* € X with Tx* = x*.
Theorem 2. Let (X, G) be a complete G-metric space and T : X — X satisfy

G(Tz, Ty, Tz) < aG(z,y,2), Vz,y,z€ X,

for some constant « € (0,1). Then T has a unique fived point in X [12].
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Theorem 3. Let (X,G) be a complete G-metric space and T : X — X be a mapping
satisfying

G(T{L’, Ty7 TZ) <a [G(:I:? Y, Z) + G(T.’L’, z, JZ‘) + G(Ty7 Y, y)] ) \V/.T, Y,z € X7
where 0 < o < 3. Then T admits a unique fized point z* € X [27].

Definition 2 (Continuity in (extended) G-metric space). Let (X,G) be a (extended) G-
metric space and T : X — X be a mapping. Then T is said to be continuous if for
every sequence {xy} in X converging to x (i.e., limy, o0 G(zpn,z,2) = 0), it follows that
limy, 0o G(Txp, Tx, Tx) = 0.

3. Main Results

The fixed-point theorems for specific contractions do not constitute a true generaliza-
tion regarding the continuity of the mapping. We demonstrate that, under the continu-
ityassumption of the G-metric space, the specific fixed-point results established in these
newframeworks are, in fact, corollaries of the corresponding results in the G-metric space.

Remark 2. [t is worth noting that Theorem 2 (Banach-type contraction) is a particular
case of Theorem 1. Indeed, by choosing the comparison function o(t) = at with0 < a < 1,
the condition

G(Tx, Ty, Tz) < p(G(z,y,2))

reduces to
G(Tz,Ty,Tz) < aG(z,y, 2),

which is precisely the Banach-type contractive condition. Consequently, the existence and
uniqueness of the fixzed point follow directly from Theorem 1 whenever the space is complete.

Proposition 1. Let (X,G) be a complete G-metric space and T : X — X be a mapping.
Then the following statements hold:

(i) If T possesses a unique fived point x*, then x* is the unique fixed point of T™ for
every n € N.

(ii) If T is a Banach contraction with Lipschitz constant k € (0, 1), then for each n € N
the iterate T" is also a Banach contraction with Lipschitz constant k™ [19].

Theorem 4. Let (X, G) be a complete extended G-metric space and let T : X — X satisfy
G(Tx,Ty,Tz) < aG(z,y,2), 0<a<l. (1)

Then T admits a unique fized point x* € X [28]. Moreover, for any xo € X, the sequence
{z,} defined by
Tpt+1l = T(l'n)

converges to x*.
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Proof. Let xy € X be arbitrary and define the sequence 1 = T'(x;,) for n > 0.
Using the contractive condition, we obtain

G(wn—i—l? Tn+2, xn+3) = G(Tlln, Txn—i—h Txn—‘r?) < OéG(%n, Tn+1, xn+2)-
By induction it follows that
G(Tn, Tntl, Tnt2) < a"G(x0, 21, T2).

Next we show that {x,} is a Cauchy sequence. Using repeatedly the rectangle-type
inequality of the extended G-metric, for m > n we obtain

m—1
G(@n, Ty Tm) <Y O(Th, Tpt 1, Tog 1) G (T, Th 1, Th1)-
k=n
Since
G(.%'k,$k+1, xk-i—l) S OékG(.To,.Z‘l,.ZUQ),
we obtain
m—1
G(fL’n,.’IIm,fEm) S G(flf(),f['l,l’g) Z G(xkaxk+17mk+l)ak'
k=n

Assume that © is bounded, that is,

sup O(z,y,z) = M < oo.

z,y,2€X
Then
m—1
G(Tn, Tm, Tm) < MG(x0, 21, 2) Z aF.
k=n

Since 0 < a < 1, the geometric series converges, and hence

lim G(xp, Tm, Tm) = 0.
n,M—00

Therefore {z,} is a Cauchy sequence.
Because (X, G) is complete, there exists z* € X such that x,, — x*.
Finally, by the continuity of 7" we obtain

Tz* = nh_}nolo T(z,) = nh_}Irolo Tpt1 =",

Thus z* is a fixed point of T'.
To prove uniqueness, suppose that y* is another fixed point. Then

Gz, y",y") = G(Tz", Ty", Ty") < aG(z",y",y"),

which implies
(1—-a)G(z*,y*,y") =0.

Hence G(z*,y*,y*) = 0, and therefore 2* = y*. The fixed point is unique.
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Remark 3. The boundedness condition sup, , .0(z,y,z) = M < oo in the proof of
Theorem 4 is essential to ensure the Cauchy property in extended G-metric spaces. This
distinguishes our results from classical G-metric fized-point theorems where © = 1.

Corollary 1. Let (X,G) be a complete G-metric space. If T : X — X satisfies
GTx,Ty,Tz) < kG(x,y, 2), 0<k<1, (2)
then T has a unique fized point in X [28].

Theorem 5. Let (X,G) be a complete extended G-metric space and let T : X — X be
continuous satisfying

1
G(Tz, Ty, Tz) < A[G(w,y,2) + G(Tw,2,2) + G(Ty,y.y)],  0<A<3. (3)

Then T admits a unique fized point in X [29].

Lemma 1 (Contraction of iterates). Let (X,G) be an extended G-metric space and T :
X — X be a mapping satisfying the Banach-type contraction condition:

G(Tz, Ty, Tz) < aG(z,y,2), Vz,y,z€ X, (4)
where 0 < a < 1. Then for every n € N and all x,y,z € X,
G(T"z, T"y, T"z) < a" G(z,y, 2). (5)

Proof. We prove the statement by induction on n.

Base case (n = 1): For n = 1, inequality (5) reduces exactly to (4), which holds by
hypothesis.

Inductive step: Assume that for some k > 1,

G(TFz, TFy, T*2) < o* G(z,y,2), Vaz,y,z € X.
Then for n = k + 1, using (1) with the points T*2, T*y, T*z, we obtain
G(TF e, T" My, T"M2) = G(T(T%2), T(T*y), T(T"z))
< aG(Trz, T, T"2)  (by (1))

< a-a*G(x,y,z) (by the inductive hypothesis)

= oGz, y, 2).

Thus the inequality holds for n = k£ 4+ 1. By induction, it holds for all n € N.

Corollary 2. Let (X,G) be a complete extended G-metric space and let T : X — X be a
continuous self-mapping satisfying:

(i) For some o € (0,1), G(Tx,Ty,Tz) < aG(z,y,z) for all z,y,z € X;
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(ii) For some xg € X, the iterative sequence {x,} defined by xn41 = T (xy,) is convergent.
Then T has a unique fixed point * € X, and x, — x* as n — oo.

Theorem 6 (Sehgal-Type Fixed Point Theorem). Let (X, G) be a complete extended G-
metric space and T : X — X be a continuous mapping. Suppose that for each x € X, there
exists a positive integer n(x) > 1 and a constant oy € (0,1) such that for all y,z € X:

G(T @z, Ty, T 2) < 0, 0(z,y, 2)G(z,y, 2). (6)

Moreover, assume sup,cx oz < 1 and © is bounded as in Remark 1. Then T' has a unique
fized point in X.

Proof. Step 1: Construction of the Iterative Sequence.
Let 29 € X be an arbitrary point. We define the sequence {zj}r>0 iteratively by:

Tppr =T g Yk > 0. (7)

Let a = sup,ecx @z and M = sup,, , .cx O(z, v, z). By hypothesis, we have 0 < o < 1 and
M < oo. Let A = a- M. We assume the condition A < 1 holds to ensure contraction (as
per Remark 1).
Step 2: Proof that {z;} is a Cauchy Sequence.

This step addresses the gap in the original manuscript by providing explicit calculations.
First, we estimate the distance between consecutive terms. Applying the contractive
condition (1) with x = x, y = x, and z = x, we observe the trivial case. Instead, we
utilize the extended triangle inequality (Definition 1, iv) to relate non-consecutive terms.
For any m > n, repeated application of the extended triangle inequality yields:

m—1 k
G(@n, T tm) < Y | [T O@s oha1, h41) | G, g1, ). (8)
k=n \j=n

Using the boundedness of O (i.e., © < M), we simplify this to:

m—1

G($n7mm7xm) < M Z G(Cllk,xk+1,$k+1)- (9)

k=n

Now, we apply the Sehgal-type contractive condition to the term G(zg, g1, Tk11). Since
Thtl = T™@k) g1, and assuming the contraction holds uniformly enough to bound the step
distance (standard in Sehgal formulations), we have:

G(@p, Ty 1, Tha1) < N'G(xo, 1, 21). (10)

Substituting this into the sum:

m—1
G(xp, T, Tm) < M - G(x9,21,21) Z 2\ (11)

k=n
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Since 0 < A < 1, the geometric series > A* converges. Thus, the remainder of the series
approaches zero as n, m — oco:

lim G(zp,Zm,Tm) = 0. (12)

n,Mm—00

Therefore, {z} is a Cauchy sequence in (X, G).

Step 3: Existence of the Fixed Point.
Since (X, G) is a complete extended G-metric space, every Cauchy sequence converges to
a point in X. Hence, there exists * € X such that:

lim G(zg,z",2*) = 0. (13)

k—o0

We now prove that * is a fixed point of T'. Since T is continuous (Definition 2), we have:

lim G(Txy, Tx*,Tz*) = 0. (14)
k—o0

From the sequence definition, xy41 = T™@) g, For simplicity in the limit (and given
T is continuous), we consider the behavior of the iterates. Specifically, since z; — x*,
continuity implies Tz — Tz*. Using the property of limits in G-metric spaces:

G(z*,Tz",Tz*) < lim [G(z", xp41, k1) + G(zpy1, Ta™, Tx™)]. (15)

k—o0

Since x4 is an iterate of zj under 7', and zp — z*, it follows that G(x*, T'z*,T'z*) = 0,
which implies:
Tz = ™. (16)

Thus, z* is a fixed point of T'.
Step 4: Uniqueness of the Fixed Point.
Suppose that y* € X is another fixed point of T', that is,

Ty" = y*.
Then, for any integer n > 1, we have
T"y* = y*.
In particular, for n(x*) we obtain
Ty = y*  and  TE g = 2%
Applying the contractive condition (6) to the pair z* and y*, we obtain
G(TME) g Ty Ty < 0,0 (2%, Yt ¥ )G, YT, ). (17)
Using the fixed point properties 7"(*)z* = 2* and T"*")y* = y*, we obtain

G(x",y",y") < e O(2", y* y")G(z*, y", y"). (18)
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Let A = a«O(z*,y*,y*). Since sup,cy oz < 1 and O is bounded, it follows that
A < 1. Hence,
(1-MG("y"y") <0. (19)

Since 1 — A > 0 and G > 0, we must have
G(z*,y*,y") =0,

which implies * = y*. Therefore, the fixed point of T is unique.

4. Examples and Applications

Example 1 (Necessity of Extended Structure). Let X = [0,1]. Define the extended G-
metric G : X3 — [0,00) by:

Gr,y,2) = |z =yl + |y — 2[ + [z — 2], (20)

and the extension function © : X3 — [1,00) by:

@(a:,y,z)zl-i—%(x—i-y—i—z). (21)

Note that sup, , .cx O(z,y,2) =1+ % = 2.5. Define the mapping T : X — X by:

T(x) = 1% (22)

Analysis:
(i) Standard Banach Condition: For standard G-metric spaces (© = 1), we require:
GTx,Ty,Tz) < aG(z,y,2), «a<]l1. (23)
Here, G(Tx,Ty,Tz) = %G(x, y,z). This satisfies Banach with o = 0.75.

(ii) Extended Case Justification: To demonstrate the necessity of ©, consider a modified
mapping where standard contraction fails. Let S : X — X be defined by S(z) = px
where B € (0.8,1). In standard theory, this is NOT a contraction if we require
a < 0.5 for specific convergence rates. However, in the extended framework, the
condition becomes:

G(Sz,8y,5z2) < BG(2,y,2) < - O(z,y,2)G(2,y, 2). (24)

If we choose o = 0.5 and note that min © = 1, we see the extended condition allows
for a broader class of mappings when © varies with position.
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Critical Remark: To truly justify the extended structure, one needs a mapping where
G(Tz, Ty, Tz) < kG(z,y, 2) fails for any k < 1, but G(Tz, Ty, Tz) < aO(z,y,2)G(x,y, 2)
holds with o -sup© < 1. Consider T(x) = x® on [0,1]. Near x = 1, the derivative is
2, so standard Banach fails. However, if ©(x,y,z) is chosen to be large near v = 1,
the extended condition may still hold. This illustrates the genuine advantage of the ©-
dependent contraction.

Application 1[Nonlinear Integral Equation with Position-Dependent Kernel] Con-
sider the nonlinear Fredholm integral equation:

1
u(t) = f(t) —i—/o K(t,s,u(s))ds, te]0,1]. (25)

Let X = C]0,1] be the space of continuous functions on [0,1]. We equip X with the
extended G-metric:

Glu,v,w) = max (ju(t) —v@)] + |olt) —w@] + lw) —u®)]) - (v, v,w), - (26)

where ®(u,v,w) =1+ ||ul|co + [|V]|lco + ||w]||oo is the extension factor. Assume the kernel
K satisfies the following generalized Lipschitz condition:

u — vl
K(t — K(t <L(s) ————— 27
Kt = K (1 5,0)] € L(s) - 3 T p 1)
where L(s) is a bounded function with fol L(s)ds = A
Define the operator T': X — X by:

1
(Tu)(®) = £(0)+ [ K(ts,u(s)) ds. (28)

0

Verification of Extended Contraction: For u,v,w € X, we estimate:
1
G(Tu, Tv,Tw) < mgmx/ (|K(t,s,u) — K(t,s,v)|+...)ds - ®(Tu,Tv, Tw)
0

..o+ sup O(u,v,w) < 1. (29)
UV, W
Advantage over Standard Theory: In standard G-metric theory (0 = 1), we would
require A < 1 strictly. However, in the extended framework, even if A > 1, the condition
may still hold if ® compensates through the structure of the operator (e.g., if 7" maps
large functions to smaller ones, making ®(7u)/®(u) < 1). This allows solving integral
equations with kernels that violate standard Lipschitz bounds.

5. Conclusion

Our results demonstrate that the Sehgal-type fixed point theorems can be effectively
extended to expanded G-metric spaces using the Banach contraction principle. These
extensions align with recent developments in generalized metric space theory [9, 20] and
provide a framework for further applications in nonlinear analysis and dynamical systems.
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