EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
2026, Vol. 19, Issue 1, Article Number 7206
ISSN  1307-5543 — ejpam.com

Published by New York Business Global

Probability Distribution and Statistical Properties of
Reachability Sets in Controlled Linear Systems with
Random Parameters

Alaa Hussein Hammadil**, Muhammad Sajjad?, Mushtaq K. Abdalrahem?,
Qin Xin*

L College of Computer Science and Information Technology, University of Al-Qadisiyah, Al-
Diwaniyah, 58002, Iraq

2 NUTECH School of Applied Science and Humanities, National University of Technology,
Islamabad, 44000, Pakistan

3 College of Pharmacy, University of Al-Ameed, Karbala, Iraq
4 Faculty of Science and Technology, University of the Faroe Islands, Faroe Islands, Denmark

Abstract. This research consists of two parts. In the first part, we study the statistical charac-
teristics of the reachability set R(t,o, X) of the control system

= f(hlo,x,u), u € U(hlo,r), (t,o,x) e Rx ¥ x R",

which is parameterized using a metric dynamical system (X, P, u, ht). We examine such char-
acteristics as the relative absorption frequency and the upper and lower relative frequencies of
absorption of the reachability set. For the above system, we also provide sufficient conditions un-
der which a given set M is statistically invariant with respect to the controlled system. In addition,
we compare the distribution function defined on the control linear space with the corresponding
relative frequency. In the second part, we investigate the role of the distribution function and its
relationship to the stability of the dynamical system under different types of distributions.
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1. Introduction

One important area of applied mathematics and engineering research is the study of
control systems with random parameters. Applications ranging from robotics and aircraft
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to energy management and telecommunications depend heavily on control systems. How-
ever, real-world systems are rarely deterministic; noise, shifting conditions, and unforeseen
component failures are just a few of the causes of uncertainty that frequently affect them.
These uncertainties can considerably complicate the work of devising efficient control tech-
niques, which might appear as random factors inside the system. Conventional control
theory often presupposes that the system’s parameters are known continuously or with
predictable variations. However, this assumption is not true in a lot of real-world situa-
tions. For example, in networked control systems, randomness is introduced via packet
losses and communication delays; in aerospace engineering, random atmospheric variables
may affect an aircraft’s behavior. If these uncertainties are not appropriately considered,
they may cause a considerable decline in performance or cause system instability. Stochas-
tic control theory was developed in response to the difficulty of handling unpredictability
in control systems; this theory focuses on systems that have probabilistic aspects. This
area of study aims to comprehend how randomness impacts system behavior and to create
plans to guarantee desired performance in the face of uncertainty. Nevertheless, current
approaches frequently concentrate on certain randomness or have limited relevance to
real-world systems.

2. Problem statement

An essential problem in stochastic control is comprehending the long-term dynam-
ics of random parameter systems. Specifically, when parameters are random, the study
of reachability sets—the set of all conceivable states a system may reach under specific
conditions—becomes noticeably more difficult. The system’s probabilistic aspect is not
considered by conventional deterministic approaches, which makes them inadequate. Fur-
thermore, applying current stochastic approaches is typically limited by assumptions about
the system’s structure or randomness, which may not follow particular distributions.

This paper focuses on controlled linear systems with random parameters, where the
unpredictability is not necessarily distributed but can be arbitrarily chosen. The goal is to
create a thorough methodology for examining the reachability sets of these systems over
time while taking randomness’s influence on behavior into account.

3. Research objectives

This study aims to achieve several key objectives:

3.1. Develop new analytical tools

The work aims to present novel metrics that can measure the influence of random
factors on system behavior, such as relative absorption frequency. A more detailed under-
standing of how randomness affects the reachability sets of controlled linear systems will
be possible with the help of these measurements.
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3.2. Apply Ergodic theorems and Markov processes

The study intends to establish a framework for assessing the long-term statistical
features of systems with random coefficients by utilizing ideas from Markov processes and
the ergodic theorem. This method will provide insights into the stability and resilience of
the system by assisting in understanding how its behavior changes over time.

3.3. Assess practical implications

The theoretical inferences’ practical implications will be investigated in this work,
especially in engineering domains where random disturbances might affect control systems.
It involves evaluating how the created techniques may enhance the layout and functionality
of control schemes in practical situations.

4. Significance and contributions

This work is essential because it can help close the gap between theoretical investiga-
tions and real-world applications in stochastic control. The work offers a route to more
reliable and resilient control techniques by offering new frameworks and tools for studying
systems with random characteristics. These tactics are essential in today’s engineering
because systems are more intricate and subject to various uncertainties. The study results
should also have wider ramifications beyond only conventional control systems. The tech-
niques created might be used in other fields where unpredictability affects systems, such
as environmental science, biology, and finance. Thus, this study enhances the subject of
stochastic control and adds to a broader comprehension of uncertainty management.

5. The problem under study

This article is a continuation of works [1-4], this work is also considered an expansion
of some of the related concepts. In this research, we discuss the study of statistical
characteristics of the reachability set of a family of controllable systems

a'::f(hta,x,u),ueU(hta,aj)(t,a,x)ERXEXR”, (1)

depending on the parameter o € 3. In particular, we will study the controlled system
generated by the metric dynamical system (X, P, u, ht), and the functions f and U. We
assume that the set ¥ contains an infinite number of elements.

In the first part we will present the basic definitions which we need in the second part.
In the second part of this paper, we will obtain estimates of the statistical characteristics
of the controlled linear system

i=A(h'o)z+ B (h'o)u,(t,0,5,u) € R x ¥ x R" x U, (2)

where U is a non-empty compact subset of R".
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5.1. Basic definitions

Definition 1. From [5-7], a metric dynamical system is a quadruple (3, P, u, ht), where
Y:-the phase is the space of the dynamic system; P- is some sigma- algebra of subsets of
Y ht-is a one-parameter group of measurable transformations phase space Y into itself.
Further, p- is a probability measure with support on the space 3, invariant with respect to
the flow ht, i.e. p (htH) =u(H) for all H € P and any t € R.

Definition 2. From [2], comp(R™)- is the space of non-empty compact subsets of R™
with the Hausdorff metric.

Condition 1. There is 0 € ¥ for which the following properties hold:

(i) for allt € R the function (z,u) — f(hlo,x,u) continuous;

(ii) for all (x,u) € R x R"™ the function t — f(hlc,x,u) piecewise continuous;
(i1i) The function U (hta, :U) € comp (R™) and is upper semi-continuous for all

(t,x) € R x R".

Let o € ¥ be fixed and satisfy Condition 1.
We’ll put it in correspondence to system (1) differential inclusion

t€F (t,x),F(t,x) =co H (t,x), (3)

where for each fixed point (o,z) € ¥ x R" set H(h'c,z) consists of all limit values of the
function f (t;, i, U (t;, x;)) at (¢, x;) — (¢, ). Next, write coH (h'o,z)- means the closure
of a convex hull of the set H (hta, x)

Definition 3. From [3], every set X € comp (R™) and the moment of time t > 0 we
associate the set R(t,o, X), consisting of all values in moment t of solutions t — (t, o, x)
of inclusion (3) when the initial condition ¢ (0,0,2) = x. The set R(t,o,X) is cross
section at time t > 0 of the integral funnel of inclusion (3) and is called the reachability
set of the control system (1). We assume that for a given set X € comp (R™) reachability
set R(t,o0,X), exists for all t > 0; this means for every x € X there is a solution o(t, o, x)
of inclusion (3) satisfying the initial condition ¢(0,0,z) = x and extendable to the half-
axis Ry = [0,400). Let us introduce into consideration the mapping M (h'c) with values
in space comp (R") and sets

Q (o) = {(t,z) €0,+00) x R™ :x € M(h'o) }

We assume that the function t — M (h'o) is continuous in the Hausdorff metric. To
determine the statistical characteristics of the reachability set consider a subset of the
number line

§(n,o,X)={te0,n:R(to,X)C Mh'o) }
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Definition 4. From [4, 8, 9], the relative frequency of absorption of the reachability set
R(t,o,X) of system (1) by the set Q (o) is called the characteristic
.mes 0 (n,o, X
oo, Rx, ) 200 ), )
where mes- is the Lebesque measure on the number line. If limit (4) does not exist, then
the characteristics:

X .mes §(n,0,X
% (O-aRXvM):(;l)’

.mes 0 (n,o, X
p*(O',RX,M):(?;?),

are called, respectively, the upper and lower relative frequencies of absorption of the reach-
ability set R (t,0,X) of system (1) by the set Q (o).

Definition 5. From [4, 6], the set M (o) is called statistically invariant with respect to
the controlled system (1), if equality is satisfied p (0, R0y M(U)) = 1. The set M (o) is
said to be positively invariant with respect to system (1) if for any t > 0 the embedding is
satisfied R(t,o, M (o)) C M(h'o).

In this paper, estimates of the statistical characteristics of a controlled linear system
are obtained

i=A(hto)xz+ B (h'o)y, (t,o,z,u) € RXx X x R" x Y, (5)

where Y is a non-empty compact subset of R'™*. We can say that the above system can be
defined as a stable random process in the narrow sense

¢ (hta) = (A (hta) ,B (hto')) .

To do this, we describe the metric dynamic system (X, P, u, ht), which parameterizes sys-
tem (5) and thus this system turns into a system with random coefficients [10].

Further system (5) will be called system (. Let us define a probability space (¥, P, )
which is the direct product of probability spaces (X1, P1, 1) and (X2, Py, o).

Here 31 means the set the sequences of numbers

oo
N="(10ysNhs---) wher60<17<oo,2nk:+oo, (6)
k=0
P is the smallest sigma- algebra, generated by cylinder sets
Sk={n€X1:n0 € lo,...,no € Ix},

Where I;=(t;, si], t; < s;, and the probability measure p; is defined as follows way.
For each half-interval I; we define a probability measure

pr = Gi(s;) — Gi(t;)
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with the help of distribution functions G; () ,0 < t < co or t € (0,00), And that means
G; (t) =0 for all -oo < t < 0. On the algebra of cylinder sets let’s construct a measure

fin (Sk) = pa (To) pn (1) -+ pia (T) - (7)

Then, by the theorem of A. N. Kolmogorov (for example, [10]) on a measurable space
(X1, Pp) there is a unique probability measure 113 which is an extension of the measure iy
to the sigma- algebra P;.

Next, let @ = wy,... ,w, is a finite set of matrix pairs w; = (4;, B;) , A;, B; are matrices
of sizes n X n and n X m, respectively.

For each matrix pair w; = (A;, B;) let us associate a linear stationary system with
matrices A; and B;:

& = Ajx + Bju(x,u) € R" x U.

Let X9 denote the set of sequences
Yo={0:0=(60,01,...,0k,...)0 € Q}.
We define the set system P» as the smallest sigma- algebra generated by cylindrical sets
Hy = H (09,01,...,0k),

where H}. Is the set of all sequences from Yo, for which &+ 1 first terms are fixed. Suppose
we are given non-negative functions

fi =00 (@3),0i5 = 0 (4, 05)

such that

m

f:fz‘zl, Z@ij=1 foralli=1,...., m
i=1 i=1

and the number f; + ...+ f,, satisfy the system of equations
k
i=1

Any non-negative solution of a given system satisfying the condition Y ;* | f; = 1, is usually
called a stationary or invariant probability distribution of a Markov chain.
The measure of the cylindrical set Hy is defined by the equality

fiz (Hy) = Do (v0) O (w0, ¢1) - - O(0r—1, ¥r)

and denote by us the extension of the measure fis from the algebra of cylindrical sets to
the sigma algebra P». Let us introduce the sequence {v;}72, as follows:

k-1

% = 0,7 (1) = > _mi ,where n € 51
1=0
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We assume that 7; € (0,00),i = 0,1,.... are independent random variables, where
71,72, ... have the same distribution with distribution function F(¢) and mathematical
expectation F, < oo Let us denote by v = v(t,n) the number of points of the sequence
{ ey

located to the left of ¢, then
v=w(t,n) ={k: yw <t}, wheret>0.

The value v = v(t,n) is called the restoration process. Let us define the distribution
function of the random variable (y by the equality

Golt) = E1n/0 (1= G (s)ds,t € (0,00), ()

then v = v(t,n) is a stationary restoration process [11].
This means that this process has a constant speed recovery, that is, the recovery
function,
Z (t)=E v (t,n) + 1,linearin : Z (t) = at + 1.

Here and below we will denote by the letter Z mathematical expectation of a random vari-
able or function. On the probability space (X1, P, pu1) we define the shift transformation

hﬁ’? = (711 - tvnv+1anv+2a .. ')7 t>0.

Because the v = v(t,n) stationary restoration process, transformation h’i saves measure
w1, that is, for any set H € P; and for all ¢ > 0 equality is satisfied

p (R H) = pa (H).

On the space (32 , Py, pg) for all n € H, let’s define a shift transformation

hé (7]) Y= (‘p’ua Po+1s Po+25 - - ) .

Since the Markov chain is stationary, it follows that transformation h} saves measure ps.
On the space (X, P, u) we also define the shift transformation by the equality

hlo =h'(n,¢) = (hin,hs (n) @) . (10)

The constructed dynamic system (X , P, u, ') is called the skew- product of dynamical
systems (21, Py, opy, h'i) and (3o , Po, u2, hh(n)), and the transformation h saves measure
=y X po [11], which is the direct product of probability measures p; and pe. On the
space (X, P» , 12) we introduce a sequence of random variables w = (w1, ws,...), where
wi (¢) = @i, pr € Q. If the equalities are satisfied (8), then the sequence w forms a
homogeneous Markov chain, which is stationary in the narrow sense.

In this work we assume that the Markov chain w is irreducible (indecomposable) and
positively reflexive. This means that all states of the Markov chain form one class of
reported return states and average return time into each of these states is finite [12].
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Let ¢ (o) = po- be a random variable on the probability space (X , P, ). Let’s define
a random process

¢ (htcr) = (A (hta) , B (hta)) )

then for each it is fixed ¢ € ¥ then for every fixed o € 3 the function is piecewise
constant and takes values in the set ¢. Function ((t,0) = ¢ (hta) is a stationary, in the
narrow sense random process. This means that all finite-dimensional distributions of a
given process are invariant with respect to the shift in parameter ¢, that is equality

p{C(ti+1t) € Bi,... ,((tx +1t) € Bpy = p{ ((t1) € B1, ..., ((tx) € Bx}
satisfied for any k£ € N, random moments in time ¢, ¢1, . . .,t; and any Borel sets By, ... , B [12,
13].
We assume that the random variables 71,72, ... have a distribution function G(¢) that

satisfies the following condition.
Condition 2. (i) G(t)=0 at t>0,E,= [[°tdG (t) < 400;
(i) There are such constants a >0, C' >0 and 6 > 0, suah
G(t) < Ct* at t € (0,5).

If Condition 1 is satisfied, then there is a set Xo C 3 such that p(Xo) = 1 and for any

o € X switching moments v1,72,... random process C(hto') isolated and the number of
these moments is infinite [10].
Let’s consider the intervals [y1,72), [V2,73), ... , whose lengths v1,72,..., have a dis-

tribution function G(t). The distribution -y length of the interval [0,71) is determined
by equality (3) and in the general case is different from G(t), but since the limits are
o« (0, Rypy, M) and p*(o, Ry, M) are do not depend on the behavior of the system on
[0,71), we will not consider this interval further. From intervals [y1,72), [Y2,73),-.. , let
us choose those on which the system ( is in the state @;, we denote them Jy;, Jos, . ... Let
a; > 0 be a fired number. Let us introduce random variables ng; where ng; is equal to the
length of the interval Ji; and random variables cp;, k = 1,2,..., where

Chi = Mhi — @iy 1f My > ag, and cp; = 0, if g < a;.

Let X; = W;(n) be the number of those intervals from [y1,72), .-, [Yn, Ynt1) for which
the system is in state @; (here ny + ...+ ny).

Lemma 1. Let Condition 2 be satisfied and the Markov chain w be irreducible and posi-
tively reciprocal. Then for almost all o € X the following equalities hold:

222:1 Cki _ T <

S T /Ooth(t)—ai(l—G(ai))>,...izl,...,l. (11)

a;
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Proof. By virtue of the ergodic theorem, for an irreducible positive reciprocal Markov
chain w, for almost all o the equalities hold [11]

From the strong law of large numbers it follows that for almost all o the relation holds:

1
- > e =Ey (12)
k=1
Next, for every fixed ¢ = 1,... ,l random variable 7y;, 7x41,;, are independent, this follows

from independence 7y, Nx+1; also random variables are independent c;, cry14 .,k =1,2,.. ..
Let us find the mathematical expectation of the random variable ci;, presenting it as a
difference

Chi = C' i — 02;”-, where

1 : — 03
C ki = Mi, Uf M > aq, and cg; = 0if np < ag,
2 . — 03
Cri = ai, if M > a;, and cp 0if mi; < ay.

Since the quantities nx; have a distribution function G(t), then

Ko, :/ HG (1), Ko, =ai(1-G(a)).

i

%ZC]“ == T /OO tdG (t) — a; (1—G<CLZ‘)). (13)
k=1 ar

Equalities (13) follow from (12) and (13).

Let M is non-empty compact subsets of R™. Let us denote by R(t, X) the reachability
set of a stationary linear system w; = (A;, B;)i = 1,...,[. at time ¢ from the initial set
X, we also introduce the notation.

M = AH(X, M) =min{y €[0,00) : R; (t,X) C M at t > v},

M=) (X,M)=infy€[0,00): R (t,X)NM = at t >,

(2

1=1,..., 7.

If any of these moments of time does not exist, we put )\} = o0, or )\12 = 00. The set
Q= (t,z):t>0, z € X is called positively invariant with respect to the system (, if
R(t,o,X)C X forallt>0and o € X.

Theorem 1. Let Condition 2 be satisfied and the Markov chain w be irreducible and
positively reciprocal; M C X and the set § is positively invariant with respect to the
system (. Then for almost for all o € ¥ the following estimates hold:

)\}<oo

1 oo
o (0, Ras, M) 2 Z ﬂi/A% (tdG (1)~ AL (1— @ (\D)), (14)
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)\?<oo

* 1 >
o (U,RM,J\4)21—E7 Z m/A? (tdG (t) — X} (1 =G (A7))). (15)

Proof. For a given ¢ € X, we construct a set ﬁ(t,a, X), which for t € [k, Vk+1)
k=0,1,... . Coincides with sets

Ri (t_’}/kaX) :Ri(t—’)/k,U,X)

if the system ( is in state w; which for ¢t € [y, yk+1). The set Q is positively invariant with
respect to the system (, therefore for the set M C X there are inclusions R (t,0, X) C X
and R (t,0,X) C R(t,0,X).
From the last inclusion it follows the inequalities
(mes {t€[0,n]: R(t,0,X) C M}))
n
(mes {t €0, :R(t,0,X) C M})

> lim

T np—ooo 7

£ (U> RM; M): hmn—>oo <

from the last we got evaluation

mes{te [0, 7] :ﬁ(t,a,X)gM}

2 (07 Ry, M) > hmn—>oo 1

l ni ‘
= lim (Z“ k=1 C’”), (16)

n—o0 2221 nk

Here are random variables C; = ng;— Al if gy > 0 and C; = 0, if g < AL, k=1,2,...
The lower estimate (14) follows from (11) and (16).
To find an upper bound for p* (o, Ry, M) we use the inequality

0" (0, Rag, M)= Tim o <(mes{t € [0,7] :RS,U,X) - X—M})) >
> limy o <mes {t €[0,n]: E:,O’,X) QX—M})

Let’s consider random variables
Niei =Nki — )\?, if g > )\?, and ng; = 0 if g < )\% where £k =1,2,....
Then:

(mes {te 0,7]: R(t,0,X) QX—M})

Hmn—)oo n q




A. H. Hammadi et al. / Eur. J. Pure Appl. Math, 19 (1) (2026), 7206 11 of 21

im Dim1 Dkt ki
> limy o0 (Z“ m ) (17)

By (11), for random variables ny;, k =1,2,... equality is true

im 2k=1 i :im ” —)2(1— 2 i =
! ,Hoo<zk:1nk> EH'Z/A (tdG (1)~ N (1-G(\), i=1,....1 (18)

2
%

Taking into account (17), (18) and the inequality

0" (0 Ry, M) + lim )1 <(mes{t €0, : R(t,0,X) C X—M})> <1

Ui

we obtain estimate (15):

e (o,Ry, M) <1 —lim;, <

. Zl'—l Z’Zf—l Nki
< 1—=1lim =1 Lap=1 M
n—oo ( Zzzl T]k

(mes{t € [0,n]: R(t,0,X) gX—M}))
n

)\2<oo

<1—Zm/ (tdG (t) = 22 (1 - G (A2))).
Example 1. We will take the following system:
= A(h'o)z + B(hio)u, (19)

where:

e 0 €Y =3 X X9 1§ the switching parameter,

Y1 = [a,b]N, 6, ~ Uniform(a,b)
={¢1,¥2}, 0<a<b
e u €U =[-1,1] is the control input, x € R? is the state vector

e The parameter o is generated by a metric dynamical system (3, P, u, {h'}ier).

o The system modes are defined by the matriz pairs:

Y1 = (A1, B1),
oy = (A2, Bo)
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(30 ()

For subsystem 1 :

For subsystem 1o :

-1 2 0
Ay = [ 0 2] , Ba= [J (21)
We assume the Markov chain transition matriz that
0.6 04
P= <0.5 0.5) (22)

and the stationary distribution w satisfies:

5 4
TI'P:TF,:>7T1:§, 7r2:§

For system (19) we associate the differential inclusion v € F(h'o,x), which was defined
in (3) so
g(hto,z,U) = A(h'o)x + B(h'o)U. (23)

Now let the Lyapunov function be

1
V(o,x) = 222 + x5 — 1 (24)

We will calculate the upper derivative analysis for Lyapunov function:

Foro e ¥q:

Vinas = sup V < =627 — 223 + 2|1 | (25)
uelU

For o € Xo: .
Vinaz < _2$% - 4$% + 4|1‘2‘

For subsystem
Vinas < =627 — 223 + 2|z1| < =3V +0.5

= a1=3, b =05

For Subsystem o

Vinaw < —21:% — 43:% + 4|zo] < -2V 41

— ag = 2, by =1
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Assuming exponentially distributed dwell times ny with rate parameter \:
G(t)=1—eM,  density g(t) = e M
and we note expected Value;

Mm:Amwwﬁ:A. (26)

And Integral Computations

oo oo 1
/ tdG(t) = / the Mdt = e (ai + A) (27)

ai(1 — G(a;)) = aje™ %

eani

/mmmw—%u—awnz - (28)

i

Next, we find frequency estimation using Theorem (1).

o (0, Rag, M) > 1im (e_:) (29)

Substituting E[n] = }:

2 “ay 2
©Ox > )\Zﬂ'i <e ;\ > = Zﬂie_mi (30)

so the numerical result with A =0.5,a=1,b=3 :

5 4 ) 4
P = §€(_0’5).3 + §€(_0'5)'2 = 66_1'5 + 66_1 ~ 0.084. (31)

The distribution function G(t) is not just a statistical parameter, but a tool to model
the behavior of time in dynamic systems, and its impact on stability estimates can exceed
the impact of the stability coefficients themselves. In the second part, we will study the
impact of the distribution function on the dynamic system for more than one distribution.

6. The role of the distribution function in the dynamic system

Next, we will choose two different distributions to illustrate the role of the distribution
function on the stability of random dynamic systems: the exponential distribution and the
Pareto distribution. We will make some modifications to the matrices, Lipunov function,
and intervals from the example above to simplify the calculations.
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Sample Space

=31 x%, ¥ =1[052", 6~ Uniform(0.5,2)
Yo = {1, 2}

Subsystem Matrices:

For subsystem 1:
For subsystem s:

Control Set

Markov Transition Matrix

-The stationary distribution =:

m =0.75, me =0.25
Novel Lyapunov Function
1
V(o,x) = 32% + 223 — 3

Stability Constants
Subsystem 1 : a1 = 2.5, b =0.3
Subsystem 1o : as = 1.8, by =0.6
Mode-Specific Distribution Functions
Exponential Distribution for ¢
Gi(t) =1—e M gi(t) = e ™M A\ =06
Mean dwell time: E[n;] = A\[* &~ 1.67 time units

Pareto Distribution for 9

Tm\ @ azrs
Got) = 1= (T)" for t =, go(t) = T

Parameters: x,, = 0.7, a = 2.5 (heavy-tailed distribution)
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6.3. Integral Computations
e Exponential Case (1)

(%) ef/\lal
/ FIG () — ar(1 — G (ay)) =
a1 )‘1
670.6><2.5
= ~0.3717
0.6

e Pareto Case (1)2)

o (07
/ tdGo(t) = amima_l
az (a - 1)a2
_25-0.7%5

= {5155 ~ (0.892

az(1 — Ga(ag)) =

0.7 2.5
18- (== ] =~0.0846
(1.8)

Required value & =~ 0.892 - 0.0846 = 0.8074

6.4. Frequency Estimation

We compute the expected dwelling time.

_ AT, 2.5-0.7
Efm] = A" =167, Elp] = 5 = = ~ 1.1667

Ely] = mE[n] + mE[na] = 0.75 x 1.67 + 0.25 x 1.1667 ~ 1.5442

we note that Frequency bound

1
[ —— |my - 0.3717 + w5 - 0.8074
Ef] | ]

0.75 x 0.3717 4 0.25 x 0.8074
1.5442

~ 0.3113

0.4807
™ 1.5442

Now we analyze the impact of the distribution in Table 1.

6.5. Theoretical and Practical Implications

Next, we note the heavy-tail effect analysis.
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Table 1: Comparative impact of distribution tails on stability

Criterion Subsystem v; Subsystem
Stability constant a; a; = 2.5 (higher) az = 1.8 (lower)
Distribution type Exponential (A = 0.6) | Pareto (z,,, = 0.7,« = 2.5)
Probability tail Light (fast decay) Heavy (slow decay)
Integral contribution 0.3717 0.8074
Frequency impact (stability vs dwell time) | Lower-higher stability Higher-lower stability

(i) Pareto distribution advantage: Yields higher faio tdG(t) values due to greater
probability of long dwell times, compensating for 19’s lower stability (as < a;)

(ii) Distribution shape comparison:

o FEzxponential:

e—)\ai

/ TG — ai(1 — Glar)) = — (rapid decay) (39)

e Pareto:

axT

/aoo tdG(t) — a;(1 — G(a;)) = %Q—l s (xm>a plowe decay) (39

(o —1)a a;

(iii) Stability-dwell time tradeoff: Using exponential for ¢ would yield: Value =
670.6><1.8

06 ~ 0.5667 = p. ~ 0.2852 < 0.3113

6.6. Practical applications
6.6.1. Power grid control systems

e t1: Normal operation (high stability, short-term faults)
e 19: Fault mode (lower stability, persistent faults)

e Pareto distribution increases safe operation estimate by 9.1%

6.6.2. Autonomous vehicles

e t;: Smooth road conditions (high stability)

e 19: Rough terrain (lower stability but longer dwell times)
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6.7. Choosing a distribution based on usage

e Use heavy-tailed distributions (Pareto, logistic) for systems:

(i) Subject to long-term failures

(ii) With unpredictable operating environments
e Use exponential distributions for systems:

(i) Subject to short-term failures

(ii) With controlled environments.

7. Implications of the study

The findings of the investigation have several significant implications for controlled
linear systems with random parameters theory as well as real-world applications:

7.1. Enhanced understanding of reachability sets

The research offers a more profound comprehension of reachability sets’ statistical
behavior in systems susceptible to stochastic impacts. This knowledge is essential for
developing control techniques in complex systems, where stochastic components must be
considered, and deterministic models are inadequate.

7.2. Improved control strategy design

New tools for control system designers are provided by the statistical invariance analy-
sis and the introduction of relative absorption frequency. With these tools, more resilient
control techniques that guarantee system performance may be developed even in the face
of uncertainty. It is imperative in domains where unpredictability is prevalent, such as
robotics, aircraft, and networked control systems.

7.3. Applications in randomized systems

The research bridges the gap between deterministic and stochastic control theory by
transforming the controlled system into one with random coefficients. This method may
be used for various real-world systems where the parameters, such as financial, biological,
and climatic models, are unknown by nature and change over time.

7.4. Ergodic Theorem and Markov processes in system analysis

Utilizing the ergodic theorem and Markov process features in this particular situation
creates novel opportunities for examining the long-term behavior of systems. Better fore-
casts and optimization in systems that change over time can result from this, increasing
the likelihood that intended outcomes will be realized.



A. H. Hammadi et al. / Eur. J. Pure Appl. Math, 19 (1) (2026), 7206 18 of 21

7.5. Stationarity and consistency in restoration processes

The results of the restoration process suggest that some random processes can stabi-
lize over time, which is necessary to guarantee consistency and dependability in system
functionality. It has real-world implications for the upkeep and functioning of systems
like electricity grids and communication networks that must recover from disruptions or
disturbances.

7.6. Broader applicability to stochastic control

This study’s ideas and techniques can be widely applied to various fields of stochastic
control. These discoveries have the potential to be used by scholars and professionals
in a variety of domains where control under uncertainty is crucial, including robotics,
environmental management, and energy systems.

Beyond the particular system under analysis, this study’s implications are broad and
helpful, providing tools and insights for various applications where control under uncer-
tainty is a primary issue.

8. Conclusions

The study looked at the reachability set R(t, o, X) statistical properties for a family
of linear systems under control that were parameterized by a metric dynamical system.
The investigation concentrated on the system that the differential inclusion depicted, and
it produced several significant findings that may be summed up as follows:

(i) Relative Absorption Frequency: The study introduced and analyzed the concept of
relative absorption frequency and established conditions under which the reachability
set R(t,o,X) is absorbed by a given set M. The study also defined and computed
the upper and lower relative absorption frequencies for cases where the limit does
not exist.

(ii) Statistical Invariance: The study provided enough requirements for a set M (o) to
be statistically invariant concerning the controlled system. The study proved that
if the relative frequency of absorption is equal to one, the set M (o) is statistically
invariant, meaning that the reachability set is very certainly absorbed by M(o).

(iii) Probability Space and Random Processes: The study changed the controlled system
to one with random coefficients by establishing a probability space (X ,P,u) as
the direct product of two probability spaces. Given the irreducibility and positive
recurrence criteria, it was demonstrated that the system may be described as a stable
random process in the narrow sense. We next looked at the characteristics of this
random process.

(iv) Ergodic Theorem and Law of Large Numbers: The study obtained significant equal-
ities and relations for the Markov chain w by utilizing the ergodic theory and the
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strong law of large numbers. These were especially relevant for the ratios of random
variables that correspond to the durations of intervals in which the system is in a
particular state.

(v) Restoration Process: The analysis of the restoration process linked to the random
variable (g revealed that it functions as a stationary process with a steady recovery
rate. This feature was essential for determining the system’s statistical makeup and
guaranteeing the reachability set’s long-term stability.

The results have implications for designing and analyzing systems where uncertainty
and stochastic elements play a significant role, especially in assuring the robustness and
reliability of the control strategies employed. The study offers a rigorous framework for
understanding the statistical behavior of reachability sets in controlled linear systems with
random parameters.

9. Limitations of the study

Although this work has some limitations, it substantially contributes to analyzing
control systems with random parameters. The main drawback is that the controlled sys-
tems’ assumed linearity may not adequately represent the complexity of nonlinear systems
present in many real-world applications. Furthermore, even though the work uses Markov
processes, ergodic theorems, and novel metrics, these techniques might need to be improved
to handle situations with more complicated or unpredictable unpredictability. Further-
more, the theoretical framework’s actual application could be limited by the requirement
for significant processing power, mainly when working with high-dimensional systems or
when parameter randomness deviates from the idealized circumstances in this study.

10. Future scope

Building on our earlier work on BCH and alternant codes over Gaussian, Eisenstein,
and quaternion integer structures [14-17], several promising directions emerge. The frame-
work can be extended to nonlinear control systems and more complex forms of random-
ness, broadening its applicability to real-world scenarios. Integrating machine learning
techniques may lead to adaptive control strategies suitable for dynamic environments
with evolving uncertainties. Further exploration of efficient computational methods is im-
portant for handling high-dimensional systems without excessive cost. Finally, practical
validation across industrial and engineering applications is essential to demonstrate the
robustness and usefulness of the proposed theoretical results for advanced control and
communication systems.
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