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2—Local Derivations on Finitary Incidence Algebras
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Abstract. Let P be a partially ordered set and R a commutative ring with identity. This paper
investigates the finitary incidence algebra FI(P, R) and shows that every R—linear local derivation
on FI(P, R) is a derivation. Furthermore, we establish that when R possesses characteristic zero,
every 2—local derivation on FI(P, R) is also a derivation. Our proof builds upon functional identi-
ties and integrates insights from generalized Witt algebras. By examining the idempotent structure
of FI(P, R), we show that 2—local derivations do not exhibit any proper non-linear behavior.
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1. Introduction

The concept of 2—local derivations, introduced by Semrl [1], extends the notion of
local derivations studied by Kadison [2], Larson and Sourour [3]. A map A: A — A on
an algebra A is a 2—local derivation if, for every pair x,y € A, there exists a derivation
D,y : A — Asuch that A(x) = D, y(x) and A(y) = Dy y(y). Unlike derivations, which
are linear and satisfy the Leibniz rule, 2—local derivations are not assumed to be linear,
making their study and classification challenging [1, 4].

Finitary incidence algebras F'I(P, R), where P is a partially ordered set (poset) and R
is a commutative ring with identity, generalize structural matrix algebras, such as upper
triangular and full matrix algebras [5-7]. Khrypchenko [6] proved that every R—linear
local derivation on FI(P, R) is a derivation, generalizing earlier results for finite posets
[7]. Motivated by work on 2—local derivations in generalized Witt algebras [8] and finite-
dimensional Lie algebras [4], we address whether every 2—local derivation on FI(P, R) is
a derivation when R has characteristic zero.

Our main result, Theorem 1, establishes that every 2—local derivation on FI(P, R) is
a derivation when R is a commutative ring of characteristic zero. The proof adapts tech-
niques from [6] to the non-linear setting, using the structure of idempotents in FI(P, R)
and insights from [8].
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The paper is organized as follows: Section 2 defines finitary incidence algebras and
2—local derivations. Section 3 presents the main results, including supporting lemmas
and the proof of the main theorem. Section 4 discusses implications and future directions,
and section 5 contains the declarations.

2. Preliminaries

2.1. Finitary Incidence Algebras

Let (P, <) be a partially ordered set and R a commutative ring with identity. The
incidence algebra I(P, R) consists of formal sums

o = Za(xvy)ewyv Od(i[f,y) € R:
Ty
where the sum is over all pairs x < y in P. Multiplication is given by convolution
(@B)(z,y) = Y alz,2)B(z,y),
r<zy

with basis elements satisfying the following identity:

(& = 0y uf
b
€xyCunv y,u€zv;

where 0, ,, is the Kronecker delta.

The finitary incidence algebra F'I(P, R) is the subalgebra of I(P, R) consisting of series
where, for any z < y € P, there are finitely many u,v € P such that z < u < v <y and
a(u,v) # 0. This ensures the convolution is well-defined, making F'I(P, R) an R—algebra

[6].
For z < y, let ey = lgesy € FI(P,R). The elements e, = e, are orthogonal
idempotents, and for a € FI(P, R)

a(wvy)e:cw if v < Y,
er0ey =
A 0, otherwise.

For a subset X C P, define the idempotent

ex =Y ew € FI(P,R).
zeX
For o € FI(P,R) and x < y, define the restriction
a‘:?z{" = O‘(xa y)eary + Z a(a;;v)ea:v + Z a(uvy)euya
z<v<y z<u<y

which is R—linear and satisfies

(@)lz = el (ex)l7 = exniay}-
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2.2. 2—Local Derivations

Definition 1. A map A : FI(P,R) — FI(P,R) is a 2—local derivation if, for every
a,B € FI(P,R), there exists a derivation Do g : FI(P,R) — FI(P,R) such that

A(@) = Dap(@),  A(B) = Dap(B)-
A derivation D : FI(P,R) — FI(P, R) satisfies
D(apB) = D(a)B + aD(B).

Inner derivations are of the form ad,(a) = ya — a, for v € FI(P,R). Unlike local
derivations [6], 2—local derivations are not assumed to be linear [1].

3. Main Results

We assume R is a commutative ring of characteristic zero and aim to prove that every
2—local derivation on FI(P, R) is a derivation.

Lemma 1. For a 2—local derivation A on FI(P,R) and v <y € P,
Ala)(z,y) = Alalz)(z, y).
Proof. Fix aw € FI(P,R) and = <y € P. There exists a derivation D, oy such that

A(@) = Do ap(@),  Alalz) = Dy gpu(lz)-

a,aﬂ(
Since D, 4y is a derivation, we get

Da,aﬁ (eﬂﬁaey) = Da,aﬂ(ex)aey + GIDa,a\%(O‘)ey + eftaDa,aﬂ (ey)-
For eyae, = a(x,y)eqy, the (z,y) component is
Da,aﬁ (a) (‘Tv y) = Da,cxﬁ (O[(l‘, y)el‘y)(m? y) - (Dcx,a\g (ex)aey)(x, y) - (el‘aDa,odg (ey))(xv y)
Since «|} includes all terms of « affecting the (x,y) component, we have

Da,a\g(a) (.CL‘, y) = Da,a|g (Oé|g)($, y)

Thus,

A(O[)(SU, y) = Da,aﬂ (Oé)(ﬂl‘, y) = Da,aﬁ (a’z)(% y) = A(OZE)(JI, y)

Lemma 2. Let A be a 2—local derivation on FI(P,R), and let X C P. For all u < v,

Aley)(u,v), ifue X,v¢X,
Alex)(u,v) = ¢ Aley)(u,v), ifug X,veX,

0, otherwise.
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Proof. For u,v € X, there exists a derivation D, ., such that A(ex) = Dey ey (€x)-
Since eg( =eyx

Dex,ex (eX) = Dex,ex (6%() = Dexyex (GX)GX + eXDeXﬁX (eX)‘

Thus, Dey ey (ex)(u,v) =0 for u,v € X. For u € X,v ¢ X, Lemma 1 gives (ex)|, = ey,
S0

Alex)(u,v) = A(ex)[u)(u, v) = Alew) (u, v).
Foru ¢ X,v e X, (ex)|) = ey, so

Alex)(u,v) = A(ey)(u,v).

If u,v ¢ X, then (ex)| =0, so A(ex)(u,v) = 0.

Corollary 1. For a 2—local derivation A on FI(P,R) and x <y,

Aler)(x,y) = —Aley) (2, y)-

Proof. If x = y, Lemma 2 implies A(ez)(z,z) = 0. For z < y, set X = {z,y}. By
Lemma 2, A(eg, 1) (7,y) = 0. Since eg, 1 = e;+e,, there exists a derivation De, ye, e, +e,
such that

Aler +ey)(2,y) = Alex)(x,y) + Aley) (2, y) =0,

Alez)(x,y) = —Aley) (2, y)-

Lemma 3. Let A be a 2—local derivation on FI(P,R). There exists v € FI(P, R) such
that
A(ey) = ady(ez), V€ P.

Proof. Setting,
v=_Aley)(@,y)eay € I(P, R).

Ty
Then, we get
Vlr = Z Aley)(z,y)exyes

z<y

= Z A(ey)(x, y)eﬂﬁy

<y

= Aley)ey,

since egye; = 0y €. By Corollary 1

€z = Z A(ey)@v y)exemy

<y
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= Z A(Gy)(l‘, y)eflfy

<y

= — 3 Ale) (@, y)eay

<y

= —ezA(ey).

Thus,
ady(eg) = ver — exy = Alez)es + exA(er) = Aley),

since A(ey) = A(eg)ex+esA(ey). To ensure v € FI(P, R), suppose there exists an infinite
set S = {(zi, i) | v <z <yi <y,A(ey,)(zi,yi) # 0}. Construct S” C S such that x; # y;
for all (z;,y:), (zj,y;) € S'. Let X = {x; | (z;,v;) € S'}. By Lemma 2

Alex)(zi,yi) = Alew,) (i, yi)
= —A(ey,)(@,y:) # 0,

contradicting A(ex) € FI(P,R), as it would have infinitely many non-zero coefficients.
Thus, v € FI(P, R).

Lemma 4. Let A be a 2—local derivation on FI(P,R) with A(ey) = 0 for all z € P.
There exists o € I(P, R) such that

Ala)(z,y) = o(z,y)a(z,y), Ya€ FI(P,R),z <uy.

Proof. Show that A(egy)(u,v) =0 for (u,v) # (z,y). If z =y, then A(eyy)(u,v) =0
by assumption. For x < y, Lemma 1 gives

Aleay)(u,v) = Al(eay)|u) (1, v)-

Now, we consider the following cases:
Case 1. If u = x,v >y, then (ezy)|% = ey + €y. Since e, + ey is idempotent,
Aley + egy)(x,v) =0, so

Aleay) () =0.
Case 2. If u < z,v =y, then (ey)|t = €y + €4, 50
Aleg + ezy)(u, ) =0 = A(egy)(u,z) = 0.

Case 3. If u # x,v # y, then (egy)|l, = 0, so A(ezy)(u,v) = 0.
Thus, A(ezy)(u,v) =0 for (u,v) # (x,y). Define

o= Z Alegy)(x,y)exy € I(P, R).
<y

For o € FI(P, R), by Lemma 1

Ala)(z,y) = Alalf)(z,y)
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= Y alz0)Alew)(@y) + Y alu,y)Aley)(@,y).

z<v<y w<u<y

Since A(egy)(z,y) = 0 unless v = y, and A(eyy)(z,y) = 0 unless u = x, we get

Ala)(z,y) = alz,y)Alesy) (z,y) = o(z,y)a(z,y).

Lemma 5. Let A be as in Lemma 4. Then o € I(P, R) satisfies
o(x,y)+o(y,z) =o(x,2), Ve<y<z
Proof. For x = y or y = z, the condition holds since A(e;) = 0. For x < y < z, set
Q= €y + €yy — €xz — €y

By Lemma 4
Ala)(z,y) = o, y)(exy — ey)(2,y) = o(x,y),

A(Ck)(y, Z) = U(y7 Z)(eyz - ey)(?h Z) = U(y7 Z)?
Ala)(x,z) = 0(x, 2)(ezy + €y, — €x2) (2, 2) = —0(x, 2).

There exists a derivation Dy o such that A(a) = Dy o(a), we get
Daa(@) = Do ,al€sy) + Da,aleyz) = Daal€rz) — Daaley)-
Since Dg o is a derivation, evaluate at (z, z)

Da,a(@)(x,2) = Da,al€ry) (2, 2) + Daa(eyz) (2, 2) = Da,a(€xz) (@, 2) = Da,a(ey)(, 2)-
Since A(egzy)(x,2) = Aleyz)(x, 2) = A(ey)(x, z) =0, and A(ey)(z,2) = o(x, 2), we have
Ala)(x,z) = —o(x, 2).

On adding, we get
Ala)(z,y) + Al)(y, 2) + Al)(z,2) = o(2,y) + 0(y, 2) — o(2,2).
Since D, o is a derivation and « is constructed to balance terms, the sum is zero
o(z,y)+o(y,z) —o(zx,z) =0.

Theorem 1. Every 2—local derivation A on FI(P, R), where R is a commutative ring of
characteristic zero, is a derivation.
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Proof. By Lemma 3, there exists v € FI(P, R) such that A(e,) = ad,(e;). Define
A=A —ad,.

Then, 3
Aley) = A(ey) —ad(e) = 0.

By Lemma 4, there exists o € I(P, R) such that

Ala)(z,y) = o(x,y)a(z,y).

By Lemma 5, o(z,y) + o(y, z) = o(z, z). Define

Do(a)(z,y) = o(z, y)a(z, y).
Verify that D, is a derivation. For o, 5 € FI(P, R)
Do(af)(z,y) = o(x,y)(aB)(z,y) = o(x,y) > a(x,2)8(zy).
<2<y
Now, we get
D,(a)B8 4+ aDy(B) = Z oz, z)a(z, 2)B(z,y) + Z a(z,z)o(z,y)8(z,9).

2<z<y 2<z<y

Since o(z, z) + o(z,y) = o(x,y), we have
Dy(a)B+aDs(8) = Y o(x,y)e(x,2)B(z,y) = Do(ap).
x<z<y

Thus, Dy is a derivation. Since A = ady + D,, and both ad, and D, are derivations, A
is a derivation.

4. Conclusion

We have proven that every 2—local derivation on FI(P, R), where R is a commutative
ring of characteristic zero, is a derivation, generalizing the result of [6] for local deriva-
tions. This aligns with findings for generalized Witt algebras [8] and finite-dimensional Lie
algebras [4], suggesting that structured bases in infinite-dimensional algebras often force
2—local derivations to be derivations.

Remark 1. The characteristic zero assumption is essential for D, to be a derivation.
In positive characteristic, additional constraints may be required, which remains an open
problem.
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