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1. Introduction

Monkeypox (also known as Mpox [1]) is a viral zoonotic disease belonging to the
poxviridae family’s orthopoxvirus genus. This family includes Smallpox, Variola, and
Cowpox viruses. Monkeypox has symptoms similar to those seen in human smallpox pa-
tients. After the eradication of smallpox, monkeypox became the most common orthopox
virus, as a result on 14 August 2024, WHO Director-General Dr. Tedros Adanom declared
Mpox a Public health emergency of International Concern [2]. The initial case of Mpox
was documented in a Cynomolgus monkey in 1959, hence causing the disease to be known
as Monkeypox [3]. During the 1960s, there were four animal outbreaks of Mpox, but no
human cases were reported [4-6]. In 1970, a 9-month-old infant was believed to have been
the first human victim of Mpox in the Democratic Republic of the Congo [7]. According
to a study conducted on [8], 155 instances of Mpox in West and Central Africa between
1970 and 1983, interaction with monkeys and squirrels was thought to have caused merely
20 percent of the cases. It was observed that the human-to-human transmission ceased
on its own, and the incident rates among families without a smallpox vaccination were
estimated to be 15%, while the vaccination rate was 0.4%. The global commission has
opted to discontinue smallpox vaccination efforts in Central African countries where Mpox
is regarded as endemic. This decision is grounded in the low attack rates of the disease
and the consistent secondary attack rates observed among unvaccinated individuals during
the 1970s and early 1980s [9].

In most instances, monkeypox is a self-limiting illness that persists for two to four
weeks [10]. In children, expectant mothers, or people with impaired immunity from other
medical issues, it may be more severe. The period of incubation may span anywhere
from 5 to 21 days, which generally spans 6 to 13 days [11]. The common symptoms of
Mpox include rash, fever, sore throat, headache, muscle aches, back pain, low energy, and
swollen lymph nodes [12]. Individuals with monkeypox can transmit the virus to others
until all sores have healed and new skin has formed. Some people may be infected without
displaying any symptoms. Although there have been reports of people getting monkeypox
from someone who is asymptomatic, information on how common this is remains limited.
Monkeypox spreads mainly through close contact with an infected person. Additionally,
human-to-animal transmission can occur through bites or scratches from infected animals.
The source of the monkeypox virus is currently unknown, and ongoing studies are being
conducted to determine it.

As of the 1st January 2022, cases have been reported to WHO from 116 Member
States across all 6 WHO regions [13]. As of 30 June 2024, 99176 laboratory-confirmed
cases had been reported to WHO, with 208 deaths. The monthly reported new cases in
August 2024 [14] surged by 15.6% as compared to previous month. The majority of cases
reported during the previous month originated in African (62.3%) and European (13.7%)
regions. The 10 most affected countries globally, as of 1 January 2022, are: United States
of America (n = 33812), Brazil (n = 12206), Spain (n = 8240), Democratic Republic of
the Congo (n = 6092), France (n =4307 ), Colombia (n =4262 ), Mexico (n = 3909).
Together, these countries account for 79.9% of the cases reported globally.
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The most useful laboratory test is the identification of viral DNA using polymerase
chain reaction (PCR) for Mpox [15]. Optimal diagnostic specimens are collected from the
rash skin, and crusts or fluid after vigorous swabbing. If there are no skin lesions, swabs
of the throat or anus can be performed for testing. Blood tests for Mpox detection are not
advised since antibody detection techniques are ineffective at differentiating between or-
thopoxviruses. Most Mpox cases are resolved with supportive care; only a small percentage
of patients require clinical Mpox treatment, which involves providing patients with antivi-
ral drugs. The first is Tecovirimat 600 mg oral medication, which is used twice daily for
14 days. It was approved for Mpox by the FDA (Food and Drug Administration) in July
2018. Second is Brincidofovir 200 mg oral route, which requires two weekly treatments
and has FDA approval for Mpox in June 2021. Some patients also take Cidofovir, which
has side effects linked to the kidneys and is not approved by the FDA. Additionally, the
WHO began an Mpox immunization campaign [16] using the following three vaccinations:
MVA-BN, LC16m8&, and ACAM2000.

Researchers have developed various mathematical models for monkeypox based on
recent biological research and outbreak data [17-20]. One novel deterministic model re-
vealed that isolating infected individuals can reduce disease incidence [21-24]. Several
studies have examined the various ways that monkeypox is transmitted using nonlinear
differential equations, showing that an individual’s immunological status affects their re-
covery from the infection [25-29]. Several epidemic models have been investigated to
understand transmission mechanisms and control methods [30-33].

The fractional-order derivative is employed to incorporate memory and hereditary
properties of the disease process. In the context of monkeypox, diagnostic delays, immu-
nity development, and recurrent exposures make the current state of the system dependent
not only on present conditions but also on past interactions. The order « in the Caputo
derivative thus acts as a measure of this memory: values of o < 1 indicate memory effects.
In the existing literature, several studies have investigated the transmission dynamics of
Mpox [22, 34-36], yet a significant gap remains regarding the incorporation of time de-
lays. According to the World Health Organization (WHO) report [14], there is typically a
diagnostic delay of approximately 7-14 days in confirmed Mpox cases. Motivated by this
observation, we incorporate time delays into the proposed model: one delay representing
diagnostic delays in humans and a second delay associated with the rodent population.

The incorporation of delay as an equation of fractional differential into epidemic mod-
eling is a significant advancement, as it accounts for the inherent duration of delays in
disease communication and preventive actions, this includes factors such as lack of labora-
tory, incubation periods, and the duration for interventions to take effect. By integrating
delays, one can precisely forecast disease situation and evaluate the significance of pre-
ventive techniques. It signifies the need for research articles utilizing delay differential
equations related to monkeypox and its latent period. Therefore, a mathematical dynam-
ical system is required to account for the disease’s history, using delay equations to reflect
the latent period in humans and rodents.

The structure of the paper is as follows: The “Preliminaries” section provides essential
definitions and concepts related to the purpose model. The “Mathematical model” section
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details the formulation of the model along with the underlying assumptions. The “Main
Results” section presents the analytical findings, including the existence and uniqueness
of the model’s solution, non-negativity and boundedness, equilibrium points, the basic
reproduction number, sensitivity analysis, and stability analysis employing using switching
curve technique. The “Numerical Simulations” section describes the MATLAB-based
experiments that illustrate the effects of delays, vaccination and fractional order on the
system dynamics. Lastly, the ” Conclusion” section summarizes the principal findings and
discusses their implications for Mpox outbreaks.

2. Preliminaries results

Fractional differential operators are crucial in mathematical modeling and have proven
effective in numerous fields, including science, engineering, and epidemiology. This study
outlines the essential definitions and properties utilized throughout the research.

Definition 1. [37] The Caputo fractional derivative operator of the function A € C°[0,T]

18;
1 tAM (D) dr
“DFA(L) = /
A= T —a) o G

where m = |a+ 1] and |« represent an integral part of .

Proposition 1. [38] Laplace transform of Caputo’s derivative of order « is given by;

n—1
L{E D f(t); s} = s*F(s) — Zsa*kflfk(O), n—1<a<n.
k=0

3. Mathematical model

In this paper, we investigate the transmission dynamics of Mpox in both human and
rodent populations. The total human population (Nj) is subdivided into six compart-
ments: susceptible (S), exposed (E}y), infected (Ip,), clinically ill (C}), vaccinated (V4),
and recovered (Rj,) individuals at time ¢. Similarly, the rodent population (XV,) is parti-
tioned into three classes: susceptible (S;), infected (I,), and recovered (R,) at time ¢. A
schematic representation of the model is presented in flowchart. The proposed model is
formulated under the following assumptions:

1. The constant rate of natural death is v, while the rate at which susceptible people
are born is Ay. «y, is the constant vaccination rate of susceptible.

2. The class of exposed individuals is increased by joining the newly infected individuals
with the force of infection §;, = (51 Z{,—*;l + ﬁgi,—i) where 31 and (3, are the rate of which

population becoming infected as a result of contact with animals and people who
are infected.
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Parameter | Value | Source | Parameter | Value | Source

Aq 0.169 [39] In3 0.2393 [23]
Ay 2 [40] v, 0.086 [39]

S 0.9894 [19] Y1 0.00217 [13]
¥ 0.0019 [23] w1 0.4670 (23]
B3 0.0486 [23] ) 0.1 (23]
061 0.5701 [23] U3 0.4 [40]
Uy 1.5 [40] wo 0.83 [40]
B 0.00252 [19]

Table 1: Parameters value with sources

3. If 7 represent the latent period of human to human disease i.e. time taken by sus-
ceptible individuals to become infectious is 71, hence after taking into consideration
deaths of exposed individuals in the period of latency, the number of human entering

. . r_ ’IhtTl) 1 Ip(t—71) / /
infectious class come out be 4, = <61 Np(=r) T B No(i=r ), where 3, and 3, are

equal to S1e7""™ and [Boe”"h™ respectively.

4. Let ~ is the rate at which human get infected class to clinically ill class with ¢ as
rate of recovery of clinical ill humans. ¥ is the death rate of clinically ill humans.
wi is the recovery rate in humans due to immunity and ¥ is the disease induced
death rate in humans.

5. Natural rate of death in rodents represented by v, and susceptible rodents born rate

is AQ.

6. The reduction rate in the class of susceptible rodents is 4, = (ﬂf\’,i’“), where [3

represents rate at which disease transmitted among rodents.
7. 1o represent the incubation period of rodents i.e. time taken by rodents to show

infection so number of rodents entering infection class at the rate (W),

where ﬁé = Pze V7L,

8. wy and v3 are the recovery rates due to immunity of non humans and disease induced
morality rate of infected animals.

After taking into account all of the presumptions, the models’ mathematical structure
is;
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Hh h o1 Hh Hh

Figure 1: Flowchart of Mpox transmission

I I,
DSy = A1 — (,Blﬁ}; + 52—) Sh — (Vn + pn)Shs

DEB = (G132 + P ) St - (ﬁl a ((tt )) 4 N(( ™ St = 71) ~ B

h(t —71)

D&, = _
t1h (51N( ) 52N t— ) Sh(t — (w1 +7+vn + 1),
Dy Cy = I — (s + vp + 92)Ch,
DV, = unSy — vp Vi, (1)
D{Ry, = <Ch +wily — vy Ry,
I,

DtaSr = Ay — (B]i/' ) Sy — 1S,

Nr(t — T2
D{R, = wol, — v R,.

Dy, = (M‘ﬁ))) S (t = 73) — (w3 + v, + D).,
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Under the initial condition
71 >0, 7 >0,
Sh(0) = ¢1(0), En(0) =20, In(0) = ¢2(0), Cn(0) =20, V4(0) =0, Ru(0)=0, (2)
Sp0 = 3(0), I;(0) = pa(0), R (0)>0, (—71,72<6<0).
Where ¢ = (¢1, En(0), 02, Ch(0), V4(0), R (0), @3, 04, R (0))" € €.€([-7,0],R}) is
continuous mapping Banach space on [—7,0] to Ri.

Since Ej(t) is not contained in further equations, we can amend our mathematical
framework as follows;

DySy = Ay — <51 + fo— > Sy, — (vn + pon) Sh,

D?Ih: <61]V(()) BQH) Sh(t—ﬁ)—(wl +’}/+I/h+191)fh,

D Cp = Iy — (s + vp + 92)Ch,
DV, = punSy — vpVa,

N,

DERy, = <Cy, + w1y, — vaRa, (3)
I
DS, = Ay — (%’Q) S, — 1,5y,

o7 _ [ Bslr(t =)
DI, = ( N, (t — 72) Sp(t = 72) = (w2 + vy +93) 11,

D{R, = waol, — v R,

with the same initial conditions (2).

4. Main work

4.1. Existence and uniqueness of the solution

Writing system (3) as follows will demonstrate both the solution’s existence and unique-
ness;

DYY (t) = X(t,Y (1), Y(t — 7)),
Y(0)=¢, -T7<t<3<o0,
where Y (t) = (Sh, In, Ch, Vi, Rp, Sy, I, Ry) in Eq. (4) and contain variable X, which

(4)

is;
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X1(t, Sh(t))
Xo(t, In(t))
X;3(t, Cn(t))
X4(t, Vi(t))
KXY = | s, i)
Xe(t, Sr(t))
Xo(t, 1(t))
Xs(t, Rr(t))

_ (Bl]{[ih+62]{[7:+l/h+ﬂh) Sh, (5)
</811{[};tt :-11) + Bé]{;(tt 7.—,-11))> Sh(t - 7'1) - (wl + v+ vp+ 191)Ih
v, — (s + vy +92)Ch
HrSh — VpVh
<Ch + wilp — v Ry,

By — (BE) S0 - wS,
LI (t—
(%) Sp(t — ) — (w2 +vr + 93) 1y
wol, — V. R,

The concept from [41] and the Krasnoselkii fixed point theorem will now be used to
demonstrate the existence of the solution for problem (4).

Theorem 1. Let (Z,||.||) is a Banach space, and B is closed and non empty subset of
Banach space. Assume A1 and Ay are mappings from B to Z such that;

o forallx,y € B,Aix + Ay € B,
e Ay is a contraction,

e Ay is continuous and Ao(B) is contained in a compact set.

Then there exist z € B such that z = Az + Az
writing X as

X(5Y (1), Y (t— 1)) = Xo(t,Y (0), Y (t — 7)) + Xa(t, Y (1), Y (£ — 7)),
wherein Lipschitz continuous are X;,1 = 1,2 and Lipschitz constants are L;,1 = 1,2,
respectively. Define ¥ = 31 + Xo where
1 ! a—1
DY) = 00 + s [ X 0¥ (0) (0-0) " do,

YoY (t) / X,(0,Y(0—1))(t—0)“"tds,
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and let W = [—1, ],

IV @)l = sup [I¥ (©)]l

To show X1 is contraction

B0 - 501 < s [ IP0.10) - 510,106 -0 .

Lo [ o
Sm/o 1Y1(6) — Ya(0) (¢ — 0~ db,

L t
< T® Y Y, / t— )1 qp,
F(a)” | 0( )
*Coo
< 7 _ C\a.
S Tyt~ 2ls

Thus X1 1s contraction whenever %H}ﬁ - Y| <1.
Also, X;’s

X1 (&Y @) < MY ()]l
[ X2t Y (& =) < Ma|[Y (2)]]-

Let C(W,R8) denotes the set of bounded and continuous functions W to RS and B described
as;

B={Y ecC:|Y| <¢c},
where ¢ satisfies

lo(0)]| +
ForY € B,
1Z] = [Z1Y (£) + Z2Y (8)],

IO+ 1 [ %070 + Xal0,3 0~ 7~ 0,

S el AR

(M + Ma)c .,
Ia+1)

< lleO)Il +

Therefore 1Y + ¥oY € B. Moreover, for Y € B, we obtain

1 t o
HEzY@)HSF(a)/O 1X2(6,Y (6 — 7)) (t — 6)>"d6,
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S42\4-2|5/VH/1€_ a1d9< MC S
F(a—|—1)

To prove the Yo continuity, let Y, — Y be convergent sequence, such that;

E2Yn(t) = Y (Ol < 57 / 1X2(8, Y (6 — 7)) — X2(0,Y (0 — 7)) (t — 0)*"db,

Y (-7t — )" do,

Lo||Yy = Y| /t 1 LollYe Y|

—_— t—0)""d < ——3¢
( ) INa+1) M

Therefore, X0Y, — 32Y , whenever Y, — Y. Continuity of Yo established.
Next to show that Yo(B) is subset of compact set, for any t; < to <,

32 ()~ S2¥ ()l < s | [ a0 Y0 - )t - 0

_/Otl S0 (6,Y (0 — 7)) (11 — 0)°~

1 [h o
SF@OA (12— )71 — (11— 0)°~ x [S5(6, Y (0 — 7)) dO

+/”Km—ew4wwzxayw—rnwa

Msc /tl 1 -1 Mse t2 -1
< Moe [T, gyt (4 —0) a6 + L/|w—ma|w,
@) Jo o) J,

< to —t1)”.

< =)

Since a term above’s right hand portion is free of y. As a result, ¥o(B) 1S compact
relatively, and o is compact according to the Arzela-AScoli theorem. Consequently, all
the conditions for applying Krasnoselskii’s fized point theorem met, As a result Y € B, a
fized point of X, exist.

Theorem 2. If the equation of the model (4) satisfied both conditions T ia IYi-Ya| <1

and ||¢(0)|| + %“a < ¢, then model has unique solution in B.

Let us now demonstrate the uniqueness of the system (4) solution.
Theorem 3. Let (0,p) € II, then the Eq. (4) has a unique solution through (0, ), where

X : II — R® is continuous, ¢ is an open set in W x C, and X is continuous as Lipschitz
for every compact set in 11.

Since all requirements for applying above theorems are met, there is only one solution
to Eq. (4).
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4.2. Non-negativity of the solution
Theorem 4. The model (3) with (2) is positively invariant and bounded if

q— (Shy In, Chy Vi, Ry) CRY. 2 Sy + B+ I + Cp + Vi, + Ry, < %1’
(S, Ir, Ry) CRY 1 S, 4 I, + Ry < 52,

Proof. Summation of first five equations of (3), we have

DSp + (0 + v + pn)Sh = A1 (6)
The non-negativity of the RHS of (6) suggests

Dy Sp + (6n + v + pn)Sh > 0. (7)
Taking Laplace transformation of (7), we get

Safl

(5% + (On + vn + 1n))

Applying inverse Laplace transformation we have

Sh(s) > Sk(0). (8)

Sn(t) = Ea1(—(0n + vh + pn)t*)Sk(0). (9)

If S3,(0) is positive, the right hand side of (9) will be positive. Hence we have Sy (t) > 0
for all ¢ > 0. The corresponding non-negativity for other classes of (3) can be proven
similarly.

We will proceeds now to prove that model (3) is bounded, for this, we sum first five
equations of (3).

DiNp(t) < A1 — vpNp(2), (10)

and the additional three equations’ summing yields;

DN, (t) < Ag — vy Ny (r). (11)

After the application of the Laplace transform to both Egs. (10) and (11), the following
outcomes were obtained;

Ni(t) < Np(0)Eo(—pt®) + fhlu — Eo(—upt®)), (12)
Ny (t) < Np(0) En(—1yt®) + %(1 — Eo(—uyt®)). (13)

As mittag leffler function (denoted by F, ;) has asymptotic nature, which shows that as
t — oo gives Np(t) < %' We have sup N, (t) < %' Also Ny, (t) is bounded if Np(0) < f—;,
boundedness of N,.(t) can be proven in similar approach.
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4.3. Equilibrium points

For perceiving zero solution i.e. equilibrium points, of the model (3) setting right hand
side equal to zero we get;

Ay —6,.Sp — (vn + ) Sk = 0,

St — 1) — (w1 + v + v + V1) I, = 0,
I — (s +vp +92)C =0,

pnSp — vpVp = 0,

<Cp +wilp —vp Ry =0,

Ao — 0,8y — 1S, = 0,

8,8, (t — 73) — (w2 + vy + ¥3) I, = 0,
wol, — v R, =0,

(14)

The disease-free equilibrium is known as the stage that occur when no disease in the
population, which is portrayed in model as Ij,(0) = 0,C(0) = 0, 1.(0) = 0.
The following is a point of disease free equilibrium:

(S0, 19, C0. V0, R, $9, 10, 7O = (Al,o,o,“hm,o, A?,o,o) s)
(ten + vn) vp(pn +vn) vy
In endemic equilibrium, disease cannot be totally removed from the population, so for
calculating the endemic equilibrium point, all individual compartments must be nonzero.
The point @w* (S}, I}, Cr, V¥, Ry, Sy, I¥, Ry) is driven by concurrently solving the Eq. (15),
keeping in mind the requirement that every element of w™ be non-zero.

4.4. Basic reproduction number

Regarding the time course of the epidemic, a key factor to take into account is the
basic reproduction number giving the overall number of secondary infections produced by
a single infective individual over its infectious period. The threshold Ry was calculated ac-
cording to the method of [42], [43]. Our estimation of the basic reproduction number of our
model is more concentrated on the levels of prevalence among cases and infected human
and rodent populations. In particular, the infectious compartments being investigated are
referred to here as Iy, Cj, and I,.. Take ¢ = (Ij,, Cy, I,) where (-)7 denotes the transpo-
sition. Applying Diekmannetal’s Ref. [42] next generation approach, the mathematical
formulation of the infected population can be rewritten as:

ac _

= = F(O) - V), (6.6)

where
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! Iy (t—11) ! I (t—71)
(51 N};(t—’rl1) +/82N7n(t—7'11)> (w1 + v+ vy + 1)1
F= 0 , V= v+ G+ +92)Ch | . (16)
By Sr (t=r2) [+ (t=75) (wo + V3 + 1)1,
Nr(thQ)

Jacobian matrices for (32) at DFE () is given by

’ /
gsh o sk

N7 A wi +v+ v+ 0 0
F = 0 0 0 ,V = —y S+ vp + U2 0
0 0 5;502 0 0 wy + V3 + vy
NT
(6.8)
So we get
5,59 B,SY
(w1+'y+uh+191)N,? (w2+ﬁ3+VT)NrQ
By S0
0 0 Coatdstvm?

The most prominent eigenvalue for the next-generation matrix FV ! is referred to as
the basic reproduction number.
In this case, Ry is provided by

Ry = max{Rp,, Ry, },

where Ry, and R,, represent the reproduction number generated by humans and non-
humans respectively, and using the values of @w” we get reproduction number as follow;

Ry — By
© (vn A pw) (Wi Y+ vp + 1)
By
(wy + 93+ 1)

Ry, =

4.5. Sensitivity analysis

This subsection presents an analysis of the factors influencing the basic reproduction
number Ry within the specified model (3). A sensitivity analysis was conducted to eval-
uate the impact of various parameters, involving the calculation of the sensitivity index,
which quantifies the significance of each parameter in relation to disease frequency and
transmission. An analytical expression for the sensitivity index can be derived using the
explicit formula for Ry.
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a0 [81%0} | )

S'Lé :Rio W

Tables 2 and 3 display the derived sensitivity index depending on the corresponding
parameters of Ry, and R,,, while Figure 2a and 2b exhibit a graphical illustration of the
data. The sensitivity index of a parameter can be used to determine how it affects the
reproduction number. A positive index means that increasing the parameter will raise Ry,
whereas a negative index means that increasing the parameter will decrease Ry. Only 51
and (B3 have positive indices among these parameters, indicating that minimizing them
will help manage the endemic. Furthermore, v has the least effect on the sensitivity,
whereas ;1 and (3 have the most, suggesting that managing 51 and B3 is more successful
than controlling . Additionally, our analysis provides that the vaccination index rate
is -0.7356, meaning that more vaccinations prevent the disease from spreading. This
mathematical insight illustrates the influence of vaccination on endemics.

Parameter | Sensitivity index | Value | Sign
wy sil%0 -0.8383 | -ve
51 siglo 1 +ve
Vh sibo -0.0207 | -ve
v 517 -0.0034 | -ve
Lh S0 -0.7356 | -ve
i si? -0.00389 | -ve

Table 2: Sensitive index of Ry,

Parameter | Sensitivity index | Value | Sign
B3 siggo 1 +ve
wa sigg -0.3040 | -ve
U3 sy -0.1465 | -ve
Vr sifio -0.54945 | -ve

Table 3: Sensitive index of R,,

4.6. Stability analysis
4.6.1. Stability of disease free equilibrium

This subsection discusses the stability of disease-free equilibrium (DFE) in two scenarios:
T1=7m=0and 7 > 0,79 > 0.

Without Delay (i.e.ry =1 =0)
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Figure 2: Plot of sensitive indices of the parameters of Ry.

The following is the Jacobian matrix of system (3) at DFE without delay;

—6h — (vh + n) e 0 0 0 0 o 0
8 B3 — (wi + 7 + vn + 1) 0 0 0 0 Bl 0
0 v ~(cH+w+da) 00 0 0 0
S i 0 0 v 0 0 0 0
0 w1 S 0 —up 0 0 0
0 0 0 0 —&-u — 0
0 0 0 -5, ﬁ;f'('ff)’) —(wa+Y35+v) 0

0 0 0 0 0 0 wy —Up

(18)

For simplicity, Let k1 = vp+pp, ko = w1 +y+vp+91, k3 = s+vp+092, kg = wa+93+1v,
and using the Eq. (15) we get;

kgl 0000 0 0
0 (;filfﬁh) —k O 0 0 0 By 0
0 v —ks 0 0 0 0 0

g1 mn 0 0 -, 0 0 0 0 (19)

0 w1 S 0 —-v, O 0 0
0 0 0 0 0 -uv —B3 0
0 0 0 0 0 0 PBy—kyi O
0 0 0O 0 0 0 o

The characteristic polynomial of .J is given by;

A+ k) A+ k) A+ ) (A + 1) (A + kg — B3) (/\ + ko — (Hilzﬁl‘:ﬁ/h)o . (20)

It is quite straightforward to see that all zeros of Eq. (20) carry negative real values
whenever Ry < 1, which is in keeping with the Routh-Hurwitz criterion [44]. As a result,
DFE is locally stable when Ry < 1. Nevertheless, DFE becomes unstable if Ry > 1, Eq.
(20) has a positive solution.

With Delay(i.e. 71 > 0,72 > 0)
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The following is the Jacobian matrix of system (3) at DFE with delay;

—B15K(0) —B25k(0)

an - A 5 0 0 0 0 R 0
& am—A 0 0 0 0 Bein ¢ =xn 0
0 ¥ asz — A 0 0 0 0 0
det | 0 0  —wm—A 0 0 0 0 —o,
0 w1 S 0 —vp — A 0 0 0
—B35,(0
0 0 0 0 0 ——y-x 0 0
0 0 0 0 0 —6y arr — A 0
0 0 0 0 0 0 wo —Up — A
(21)
h ~ = & — ~ _ 6ish(0) —AT1 _ 9 ~ _
where a11 = —0y — (Vh + pn), G2 = N,(0) © (w1 +y+vp+91),a33 = —(s +vp +
- 1Sr(0)
ﬂ2%077=:%%«&)€ AT — (wy + U3 + 1),
Now, the characteristic equation of the matrix (21) is;
Yo(A) + Yi(N)e ™™ + Ya(N)e ™ 72 + Ya(N)e MNmHm2) — (22)
where
A) = A% + 501 AT + 502A® + yosA® + yoaA! + yosA® + yosA® + yor A + yos,
A) =y AT + 1220 + YA + yiadt + y1s A% + y16A% + yirh + yis, (23)

Yo (M)

Yi(A) =y

Ya(A) = Y21 A"+ 122 A8 4 5oz A% + y2a A + 425 A3 + Y26 A 4 yar A + yos,
V3(N) = y310% + y320% + 3z At + y3aA® + yssA? + yae A + ysr.

For an equation like (22), (author?) [45] provided a method for determining stability

switching curves. Thus, by substituting A = iA\(A > 0) in (22), using the same procedures.
Identifying the set €2, or each value of A\ such that;

[IYol? + V1] — Y2 — |V3)°| < 24/ 42 + B, (24)

in order to determine that P(\) = 0 where,

2
P(A) = (Yol> + Vaf* = Ya]? — |V3)°)" — 4 (A7 + BY),
Ay := Re(Y2Y3) — Re(YoY1), (25)
By := Im(Y2Y3) — Im(YyYy).

If there is a positive real solution to this equation, we can use the method described
by [45] to discover the values of 71 and 79, switching curves. Thus, endemic equilibrium
is stable under certain conditions. If not, we look into the circumstances in which this is
completely stable.
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Lemma 1. Let

Yo(u) = 1® + yori” + yoor® + yos3p” + yoars™ + yosi® + yos s + yorp + yos,

Vi(w) = yup” + yion® + yisp® 4+ yrap® + yisp® + yiep® + yirp + s, (26)
Yo(p) = yorpt” + yoou® + yasp® + yoap™ + yasp® + yoer” + yorp + yos,

V3(p) = ys1p® + yaop® + yssp® + ysap® + yssp® + ysen + ysr.

where ‘% + 38+ %‘ <1 If M(p) = Yo(p) +Yi(p)e ™ + Ya(u)e ™ 4 Ya(p)e )
and N(p) = Yo(u), where 71,70 > 0, then M () and N(u) have an identical number of
zeroes in their right half plane.

Proof. Let

1
3]
1]
Considering @ to be big enough, so that |N(u)| > 0, % - 1‘ < 1 on Bg. Therefore

IN(p)—M(p)| < |N(p)| on Bg. Therefore, M(p) and N () are identical number of zeroes
in Bg, by Rouche’s theorem.

Bo = { iQ(4t — 1), (27)

te o
Qexp (2%(3 - 4t)) , te€ (%

Using Lemma 1 and the Routh-Hurwitz criterion, we arrive at the following conclusion.

Theorem 5. If Routh-Hurwitz Criteria satisfied by Yo(\) and (22) follows Lemma 1, then
for any T, 70 > 0, the roots of (22) possess a non-negative real component. Therefore,
endemic equilibrium is stable absolutely for any delay.
4.6.2. Stability of endemic equilibrium
Without Delay (i.e.tj = 1 =0)

The following is the Jacobian matrix of system (3) at endemic equilibrium without

delay;

518y 65}

=0, = (vn + pn) Ny 0 0 0 0 N} 0
5t B = (w v+ v+ 1) 0 0 0 0 =t 0
0 gt —(s+vp+v2) 0 0 0 0 0
Lh 0 0 -, 0 0 0 0
0 w1 S 0 —up 0 0 0
0 0 0 0 0 —&-u =B 0
0 0 0 0 0 —0r BE (wy v d3+y) 0
0 0 0 0 0 0 ws —v,

(28)
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The characteristic polynomial is given by;
200+ vn) (A + k3) (v + A)

N2 (BsSE S ks 1
(‘g*(m ‘2‘2‘2)A

B3Sy ks . ky (29)
+<2N;," 9 Vr—i-(sr /83T2 B

S Sh .
(—A2 + (1\[}7‘;61 — Ky — ko + 5h) A+ (N:fkﬁl - k2> ki — 5hk2> :

where k1 = v + pp, ko = w1 + v+ vp + U1, ks = s+ v + 99, kg = wa + V3 + vy

It is quite straightforward to see that all zeros of Eq. (29) carry negative real values
whenever Ry < 1, which is in keeping with the Routh-Hurwitz criterion [44]. As a result,
DFE is locally stable when Ry < 1. Nevertheless, DFE becomes unstable if Ry > 1, Eq.
(29) has a positive solution.

With Delay(i.e. 71 > 0,72 > 0)

In order to talk about the stability of endemic equilibrium over time, we first lin-
earize system (3) around X = (gh,fh,dh,Vh,P:h,gr,fr,Iér) as any kind of equilibrium.
Additionally, Let Sp(t) = S, + @1(t), In(t) = I + x2(t),Cp(t) = Cp + a3(t), Vi(t) =
Vi + 24(t), Ru(t) = Ry 4 x5(t), Sr(t) = S + x6(t), I(t) = I + x7(t), Ro(t) = Ry + a5(2).

X =PX(t)+QX(t—7)+ RX(t — 1), (30)

where X(t) == [l’l,l’Q,ﬂff},,$4,x5,x6,.’1)7,$8]T,

—ﬁuléh

pn TR0 000 0 - 0

0 P2 0 0 0 0 0 0

0 v P 00 0 0 0

wn 0 0 - 0 0 0 0
P_0w1§0—1/h 0 0 0o |’ (31)

0 0 0 0 0 Ry ZBE0

0 0 0 0 0 prr 0

0 0 0 0 0 0 wy  —vy
0 0 0000 0 O 00000 0 0 O
62162200006270 000 O0O0O O 0 O
0 0 0000 0 O 00000 0 0 O

Q_oooooooo r_| 00000 0 00

0 0 0000 O 0| 00000 0 0 0]
0 0 0000 O O 00000 0 0 O
0 0 0000 0 O 00 00 0 #g Fmr O
0 0 0000 O O 00000 0 0 O

(32)
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where p11 = 31 i;; +52§7:_(Vh+ﬂh)71322 = —(wi+y+vp+01),033 = —(s+vp+V2), P17 =

9 rf N Sn . LSh AN 'S
—(w2 + 93 + 1), 21 = B4 N}; + 52]{7:,(122 = 5]1\7;,(127 = B2vTh7 = B§T 7 = ﬁf;vfr :
The characteristic equation of the system (30) is;
= A 25 0 0 0 0 e 0
(G21) ™™ (Gaz) €™ + oz — A 0 0 0 0 Jare AT 0
0 ¥ D33 — A 0 0 0 0 0
1 0 0 —wm-XA 0 0 0 0 B
det 0 wy s ho —m=A 0 0 0 =0
0 0 0 0 0 by =B85 0
0 0 0 0 0 Fre M (F)e M —(ws + 93 F1n) — A 0
0 0 0 0 0 0 wo —Up— A
(33)
The result is a transcendental polynomial that is provided by;
—AT1 — T2 7/\(T1+T2) _
Yo(A) +Yi(Ne +Ya(Me +Y3(AN)e =0, (34)
where
A) = A%+ 501 AT + 502 A% + yosA® + yoaA! + yosA® + yosA® + yor A + yos,
(35)

A) = Y2 AT+ Y228 4 ya3A® + y2u At + yas A + yog A 4 yar A + yos,

(\)
(A) =y AT + y122% + y13A° + y1adt + y15A® + y16A% + yirh + yis,
(A)
(A) = y31A° + y32A° + Y33 A + y3aA® + Y3527 + Y36 + yar.

Yo
Y1
Y,
Ys

By using the same, above Theorem 5 and Lemma 1 we get the endemic stability of

(3)-
5. Numerical simulation and graph

5.1. Numerical scheme

To build an appropriate methodology for (3), we utilize predictor corrector method
using Caputo derivative. The following is the editing system of (3);

Cr(t)] = Xu(t, Cu(t)),
Vi(t)] = As(t, Vi(1)), (36)
Ry (t)] = Xo(t, Ru(t)),
Sr(t)] = &z (t, Sp(t)),
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where
( Xi(t, Sh(t)) = Ay — <ﬂ1]{7}; + 5214> Sh — (v + 1n)Shs
Xo(t, Ep(t)) = (5 f4 5214) (5/1 ]IV}; tt TTll) + /Bé]I\; tt :11)> Sp(t —11) — vpEn,
Xg(t, Ih(t)) (Bi]{;;(tt 7;11) + B;]{;(tt :_11)) Sh(t — 7’1) — (w1 + v+ vp + 191)Ih,
Xy(t, Cn(t)) = vIn — (s + v + 92)Ch,
Xs(t, Vi(t)) = pnSh — vnVh,
Xo(t, Rp(t)) = <Ch + wily, — vp Ry,
X?(t7 Sr(t)) =Ag — (%) Sy — 1Sy,
Xs(t, I,(t) = <W> Sp(t — 72) — (ws + vy + U3)1,
Xg(t, Rr(t)) = ’U)QIT — VTRT.

Hence, we can write model (3) as;

Dp[@(t)] = X(t, (1), ©(t — 7)),
{ ®(t)(0) = f(t), te[-7,0] (38)

Now, utilizing the predictor corrector technique, we get;

ha
o(t) =f(0) + mX(tm+1a PP (i), PP(ty1 — 7))
he m (39)
—_— 1) X(t, @(t;), ®(t; —
+F(a—|—2)§ Lm+1X (t, (1), (8 — 7)),
where
metl — (m — a)(m + 1)°, [ =0,
Simi1 =4 (m—1+2)° 4 (m -0 —2(m -1+ 1)*TL, 1<I<m, (40)
1, l=m+1,
and .
PP (ty11) = F—Zwl m1 X (L, @(1), @(t — 7)),
1=0 (41)
hOl
Yimer = (om0 — (m— 1),

5.2. Results and discussion

In this section, we provide a comprehensive analysis of the graphical outcomes as-
sociated with the proposed model (3). Due to the scarcity of empirical data on rodent
populations and their epidemiological statistics specific to monkeypox, the initial values
and parameters related to the rodent compartment were estimated by adapting transmis-
sion rates and population sizes from literature on zoonotic diseases. This approach ensures
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Initial Condition Value Initial Condition | Value
Sk(0) 7900000000 Sr(0) 500
EL(0) 10000000 I,.(0) 125
I,(0) 4500 R, (0) 50
Cr(0) 1000
V4 (0) 1000000
Ry (0) 3000

Table 4: Initial condition of model (3) used in simulations
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Figure 3: Simulation of human population dynamics with delays 7 = 7 and ™ = 5, using
parameter value from Table 1, for fractional order o = 0.75,0.85,0.95, 1.

the model’s parameters are grounded in established epidemiological patterns, enhancing
its applicability to real-world monkeypox dynamics. The complete set of initial condi-
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tions and parameter values employed in the simulations are presented in Tables 4 and
1, respectively. Numerical experiments were implemented using MATLAB [46], a widely
utilized platform for scientific computation. The numerical approximations were obtained
by applying the discretization schemes defined in Eqgs. (39) and (41), thereby ensuring
both reliability and stability in the evaluation of the fractional-order delay model. These
results yield significant insights into the transmission dynamics of monkeypox under the
influence of delays and memory effects.

The graphical outcomes depicted in Figures 3—4 highlight the impact of the fractional
derivative order v on the delayed dynamics of monkeypox spread. Here, 71 = 7 days rep-
resents the average diagnosis delay in humans, while 79 = 5 days denotes the correspond-
ing diagnosis delay in rodents. The parameter « reflects the memory effects intrinsic to
fractional-order models, where smaller values capture stronger non-local effects and slower
system responses compared to the classical case &« = 1. The simulations demonstrate that
the exposed human population (E},) stabilizes over time, whereas the infected population
(Iy) increases, indicating a clinical burden on healthcare systems, as represented by the
growth in the clinically ill class (C}). Simultaneously, a marked rise in the vaccinated
population (V}), coupled with a decline in both susceptible (S3,) and clinically ill individ-
uals (C},), underscores the role of vaccination as an effective intervention strategy. These
findings align with real-world epidemiological observations, where timely vaccination cam-
paigns can significantly reduce disease severity and incidence.

In Figure 5, we illustrate the impact of extending the delay parameters from 7 = 7,
1o = 5 days to 71 = 14, 7o = 21 days on the transmission dynamics of monkeypox. This
adjustment significantly delays the predicted outbreak timelines. With shorter delays, the
model forecasts outbreak scenarios within approximately 500 days. In contrast, longer
delays extend predictions to over 1000 days, highlighting a substantial deviation from
real-world disease progression. These extended delays present critical challenges for pub-
lic health interventions, as delayed predictions may misguide disease control strategies,
leading to prolonged outbreaks, increased transmission, and difficulties in implementing
timely and effective mitigation measures in practical settings.

In Figure 6, we examine the effect of varying the human vaccination rate u; on the
transmission dynamics of monkeypox, specifically focusing on the exposed (Ep,), infected
(I), and clinically ill (C},) populations. As the vaccination rate py, increases from 0.25
to 0.85, a clear decline is observed across all three population classes. This reduction
highlights the effectiveness of vaccination in mitigating disease spread, lowering the number
of exposed and actively infected individuals, and ultimately reducing the clinical burden
of monkeypox.

6. Conclusion

This study investigates the transmission of monkeypox disease in both human and
rodent populations through the application of fractional order delay differential equations
utilizing the Caputo derivative. The model encompasses the transmission dynamics of
monkeypox in humans, represented by six compartments (Sy(t), Ex(t), I5(t), Vi(t), Ch(t),
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Figure 4: Simulation of rodent population dynamics with delays 7 = 7 and 7o = 5, using
parameter value from Table (1), for fractional order oo = 0.75,0.85,0.95, 1.

Ry (t)), as well as three compartments associated with rodents (S, (¢), I (t), Ry(t)). Fur-
thermore, the study explores the implications of vaccination and relevant clinical scenarios.

In the qualitative analysis, the existence and uniqueness of solutions are affirmed,
alongside the positivity and boundedness of these solutions. The basic reproduction num-
ber is calculated employing next-generation matrix techniques, with normalized sensitivity
indices for critical parameters of the basic reproduction number also determined. The sta-
bility of the model is established through the curve switching method, Routh-Hurwitz
criteria, and Rouche’s theorem. The theoretical findings are validated by numerical sim-
ulations and graphical representations, which illustrate the impact of delays within the
infected and clinically ill populations, highlighting the significant role of vaccination in
stabilizing disease dynamics and facilitating disease eradication.

This research primarily focuses on the transmission dynamics of single diseases; how-
ever, the framework can be adapted to include scenarios involving co-infections, such as
dengue, malaria, and HIV. Additionally, it can be enhanced through the incorporation of
stochastic effects and alternative fractional operators, including ABC fractional derivative
and generalized Caputo derivatives. Future studies assessing the cost-effectiveness of in-
tervention strategies serve to provide a more comprehensive basis for improving epidemic
management and guiding public health policy.
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Figure 5: Simulation of Ej, I, and C} population under different values of fractional
order a = 0.75,0.85,0.95, 1, using parameters value from Table (1), with delays 7 = 14
and 7 = 21.
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