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Abstract. The study of chaos and control in engineering oscillators has important applications
in scientific and technological fields. In this work, the problem of investigating the discrete-time
modified autonomous Van der Pol-Duffing oscillator based Euler discretization is considered. A
circuit design of the proposed discrete-time system is presented via MATLAB Simulink. The
system has one origin and two non-origin fixed points whose conditions for local stability are
derived. The Neimark—Sacker bifurcation is shown around the non-zero fixed points when using
a specific selection of the parameter values. Chaotic dynamics in the considered discrete-time
system are illustrated by plotting the bifurcation diagram and the maximal Lyapunov exponents.
The interesting multistability phenomenon is shown in this system, such as the coexistence of
two period-1, period-2, period-4, and period-5 limit cycles. In addition, the coexistence of two
one-band chaotic attractors is shown. Therefore, the corresponding basin sets of attraction are
plotted to investigate this interesting type of multistability phenomenon, which results in higher
complexity and unpredictability in the proposed discrete-time engineering model. Finally, the
considered discrete-time system is stabilized at all its fixed points using a linear control method.
Moreover, it is found that controlling chaos in the considered discrete-time system to one of the
non-origin fixed points is faster when the initial data are located near one of the coexisting chaotic
attractors than when they are chosen near the other
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1. Introduction

Exploring the nonlinear dynamics of discrete-time dynamical systems (DTDS) is con-
sidered to be an interesting research topic [1]. Many models related to science, engineering,
and economics can be described in terms of DTDS [2-7] because of their efficiency in pro-
viding more convenient tools for describing processes that evolve over non-overlapping
intervals or which have different time scales. In addition, DTDS require less computa-
tional complexity than the corresponding continuous-time counterparts. Furthermore, the
DTDS always show a variety of rich dynamical behaviors, including bifurcations, chaos,
and the multistability dynamical phenomenon. FEuler’s method is considered one of the
most powerful tools for discretizing continuous dynamical systems. It helps to improve
the calculations in numerical schemes and offers distinct stability properties. In addition,
it is essential in optimization, stochastic simulation, and applications to the dynamics of
rigid body since it supports structures-preserving techniques that preserve physical in-
variants such as momentum and energy. So, the Euler discretization method plays an
important role in obtaining discrete integrators in continuous dynamical systems. For
example, George et al. [8] investigated the bifurcations in a discretized SIR epidemic
model based on the Euler scheme; Al-Basyouni and Khan [9] applied the Euler forward
formula to display chaos and bifurcations from a COVID-19 epidemic model, and Guiying
and Rudidi [10] investigated the complex dynamics in Lorenz system and Holling-Tanner
system using the Euler method.

The modified autonomous Van der Pol-Duffing oscillator (MAVPDO) was modeled by
Matouk and Agiza in 2008 [11]. The MAVPDO has a unique nonlinear term with cubic
nonlinearity, which attracts many scientists to investigate its dynamical behaviors and
shows potential applications in engineering field [12-20].

To demonstrate the novelty in this work, we will summarize the key findings of this
study as follows: The MAVPDOQ’s system is discretized based the on Euler’s method. The
engineering meaning of the discretized system is explained by designing the corresponding
circuit via MATLAB Simulink. Some dynamical analysis of the considered discrete-time
system is discussed such as the local stability of all the system’s fixed points and the
N-S bifurcation conditions. Chaotic dynamics in the considered discrete-time system are
also shown via the N-S bifurcation route. The interesting multistability phenomenon is
shown in this system, such as the coexistence of two period-1, period-2, period-4, period-5
limit cycles (LCs) and two one-band chaotic attractors (CAs). The analytical results are
accompanied with numerical simulations such as maximal Lyapunov exponents (MLEs)
and bifurcation diagrams, phase plots, and basin of attractions, which verify the occurrence
of complex dynamics in the considered discrete-time system. Controlling chaos in this
system to all three of its fixed point is obtained via the linear feedback control scheme. In
addition, it is found that controlling the discrete-time MAVPDO to one of the non-origin
fixed points is faster when the initial data are located near to one of the coexisting chaotic
attractors than when they are chosen near the other.

In conclusion, we will summarize the structure of the paper as follows: in Section 2, the



T. Alzkari et al. / Eur. J. Pure Appl. Math, 19 (2) (2026), 7279 3of 19

description of the MAVPDO and its Euler discretization are fully explained. In Section
3, the local stability conditions of the three fixed points of the discretized MAVPDO are
discussed. In Section 4, some conditions for the existence of the N-S bifurcation in the
discretized MAVPDO are shown. In Section 5, various numerical tools are applied to
the considered discrete-time system. In Section 6, the discretized MAVPDO system is
stabilized to its three fixed points using linear control. In Section 7, the concluding part
of this work and the future works are discussed.

2. Description of the chaotic MAVPDO system and its discretization

The Multisim circuit realization of the MAVPDO is obtained by using TL074 oper-
ational amplifiers (OA), analogue incorporating AD633 multipliers, and essential circuit
elements, including capacitors and resistors, the circuit implementation of the unique 3D
system is laid out as follows. Compare this to our system, these electronic components’
values are presented as

Ry = Ry=R3=Ry=Rg=Rio= Ri2=100KQ, Rs = 0.5K(,
Rs = Rg=1KQ, Ry =10K(Q), Ry; =59.523K0Q), C1 =Cy = Cy = 10nF.

So, the dimensionless equations are

dx 1 3 1 1
e 3 P —

dt RGCQ R?CZ RSCQ v
dy 1 n 1 . 1

2 = = x z
dt RiCr "  RuCY T RiCLT
dz 1

S y.

dt RsCy

whose circuit’s implementation is illustrated in figure 1.
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Figure 1: The proposed circuit schematics by Multisim, corresponding to the values of parameters showed
above.

The rescaled MAVPDO is represented by

da
dt
Y o= o etay, (1)
dz

E - /Bya

= v+ nrr + vy,

which can be considered as a modification to the Van der Pol-Duffing oscillator [21]. The

chaotic attractors can experimentally be obtained when from the above-mentioned circuit,
as shown in figure 2.
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Figure 2: Chaotic dynamics of circuit implementation of the MAVPDO (1) simulated by Multisim at o = 1.68

Applying Euler method to system (1), we obtain the following discrete-time model

Tmt+l = Tm+h (—I/l‘?n + pre, + Vym) ,
Ym+l = Ym+h(Tm — (2m + aym)), (2)
Zm41 =  Zm + hBYm,

where m € N and h represents the time step. According to Refs. [11], the system (2) is
linearizable and has the three fixed points:

Py =(0,0,0) and Py = (£/11,0,£/pt) . (3)

Using Simulink to represent the continuous and discrete nonlinear dynamical systems (1)
and (2) with three variables, z, y, and z, each obtained through an integrator block, are
shown in figures 1 and 2. For the continuous system (1), the derivatives are computed
using combinations of summation, gain, and product blocks, introducing both linear and
nonlinear coupling between variables. Adjustable gain blocks (o = a (in Simulink) =
4.2, f = b (in Simulink) = 200, ¢ = v (in Simulink) = 100, pr = wv(in Simulink) =
10) define key parameters controlling the system’s behavior, which can range from stable
motion to chaotic dynamics. For the discrete system (2), there are parameters added to
the discrete time, its values affect the behavior of the generator, where the step size of the
solver is presented as an actual component, and the delay unit used in the model has two
parameters; the delay time (D) in seconds, and the initial value (IV) which represents the
initial state of the dynamical system.
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Figure 3: Circuit realization of the continuous-time model (1) using Simulink.
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System (2) has the following Jacobian matrix

1—vh (3562 — u) vh 0
J(z,y,2) = h —ah+1 —h |. (4)
0 hp 1

Assume that the characteristic equation of (/) has the form
MNAar+60+6=0. (5)

Remark 3.1 For a DTDS, a fixed point P is locally asymptotically stable (LAS) if
|\i| < 1¥i = 1,2,3 and unstable if 3\;, |\;] > 1. In addition P, is unstable (source) if
|Ai| > 1 and unstable (saddle) if |A;| > 1 and |A;| < 1 for some i # j.

Remark 3.2 a fixed point P is LAS (or sink) if all the properties mentioned below
are met [5],

()1+& +&+E& > 0, (i) 1 —-& — &+ 86 >0,
(iii) 1 — (+ &) +&& > 0, ()& >&&+&5 — 1.

According to the conditions (i)-(iv), the local stability of the fixed points Py, Py and P_
is determined by the coefficients &1, & and £3. They are given as follows:

For Py,

& o= —B+h(w—a),

& = 3—h[vh+hauv —hf+2(a— pv)],

& = —1+h[vh+hB+a+pv (—Bh* +ah—1)].
For P,

§ = —(B+hEw+a),

& = 3—h[vh(1—2au) —hf+2(a+2uv)],

& = —l+h[a+h(v—7B)+2u (Bh® —ah+1)].

4. Existence of N—S bifurcation around the non-origin fixed points

For 3 = 200, v = 100, u = 0.1, and h = 0.01 the non-origin fixed points P _ satisfy the

eigenvalue criterion of the N-S bifurcation [22] at al™®) = 5.42468831. When a > o™
all the stability conditions (i)-(iv) hold, which imply that P, _ are LAS. When a < alNd)

all the fixed points are unstable. Moreover, P, _ change from sink to saddle as crosses o

(NS)

the critical value ag
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We will examine the N—S bifurcation type in the rest of this section. Firstly, we define
the vector represents the system’s state variable X. We specify the change of variables
(X,a) = (X —X,a— a(N)) , to transform the non-origin fixed points Py _ to the zero
fixed point Py. Thus, the transformed system version of system (2) is read as:

X1 = F (Xp,a). (6)
The system (6) becomes
1 1 A
Kot = J X + 5B (X, Xn) + 5:C (X, X, Xa) +0 (IXall*) (7)
where
0°F; ( g 0)
Bi &€, = ZjYk,
£=0
" 03F; (£,0) _
Ci(xz,y,2) = _— TiYkZm. =12 3. 8
,k,m=1 £=0

If Py exhibits a N-S bifurcation, then J <a£NS)) has two eigenvalues of the form A\ o =

A2 (agNS)> =etlf [ = /=1, 0 < 6y < . The direction of bifurcation is determined by

lgu|? ‘902| gare~ 10 e—2I00 _ 9p—1b0
ll (0) = — 5 1 + Re T — Re 920911 5 2@190 (9)

where [; refers to the first Lyapunov coefficient [23],

g20 = <UaB (,O,p)>, g11 = <UvB (,O,ﬁ)> y 902 = <U7B (ﬁa p» )

g = @.Clop ) +2(0.B (p(li= D) Blpp))+ <a,B (p, GOE J)l) B(p. p>>

67190 _ 2 100

He e — T loul — S loal
1 _ o0 920911 1 — o—100 g11 6319_1902 )

and I3 is an identity matrix. The vectors o € C3 and p € C? must satisfy
J (agNS)) p = ey g (agNS)) 5= e l00g JT ( ((:NS)) o=e 100,
JT (a((:NS)> 7 = % (o,p)=7Tp=1. (10)

Theorem 1. The system (2) exhibits subcritical N-S bifurcation around P _ using

B =200, v =100, 4 = 0.1, A = 0.01 and ongS) = 5.42468831. Therefore, unstable invari-
ant closed curves bifurcates from P, _, while these fixed points change from unstable to
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(NS)

stable as « crosses ag

Proof: The Jacobian matrix (4) evaluated at P4 _ using the parameter values 3 =

200, v = 100, . = 0.1, h = 0.01 and the critical parameter agNS) = 5.42468831 is given by
B 0.8 1 0

J(P+—-) = 0.01 0.9457531168 —0.01 |, (11)
0 2 1

with the eigenvalues Ao = 0.9915753117 4= 0.12953146821, A3 = 0.7626024935 and the
corresponding eigenvectors
p = (0.1228781924 + 0.32437956691, 0.06555778952 + 0.046226524161
—0.7763009449 + 0.9617391626I)T,
o = (0.4964419915 + 0.13023150221, 7.823695 + 8.9254001241,
—0.6470316495 + 0.6460823076I)T, (12)

which fulfils the property (10). Hence, the multi-linear functions B, C' are obtained as
follows

—1.897366596&1m; —6&1m1C1
B(f,n): 0 , C(fﬂ?a(): 0
0 0

Now, the quantities g;; appearing in Eq. (9) are obtained as follows

g2o = 0.03418060048 — 0.042069965781, g11 = —0.05347528783 + 0.0088650472081,
go2 = 0.04592761108 4 0.028789755311, go1 = 0.2673437878 4 0.31789217521.  (13)

Inserting Eq. (13) into Eq. (9), yields l; (0) = 0.1405739367 > 0 which refers to emer-
gence of unstable invariant closed curves around P _.

On the other hand, when the parameter values are fixed at o = 4, § = 200, v = 100,
p = 0.1, the N-S bifurcation around the non-origin fixed points Py __ is found at the
critical value h = 0.002563830238, which satisfies the eigenvalue criterion of the N—S
bifurcation [22]. This illustrates the extent to which changing the step size parameter can
affect the N—S bifurcation points in the discrete-time system (2). In addition, the previous
results are consistent with Ref. [11], which showed the presence of Hopf bifurcation in the
continuous system (1) at the same previous parameter values but with a change in « to
3.5078.

5. Coexistence of periodic orbits and chaotic attractors

In this Section, the parameter values f = 200, v = 100, x = 0.1 and h = 0.01 are
fixed, while the dynamical parameter « is varied. The related bifurcation diagram and
computation of MLEs are illustrated in figures 3 and 4.
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Coexistence of period- 1, 2, 4, 5 LCs are observed around P, and P_ when o =
5,4.8,4.68 and 4.6, respectively. In addition, Coexistence of one-band chaos is observed
around P, and P_ when a = 4.4. In figures 5 to 9, the previous results are depicted,
along with computing the basin sets of attraction (BSA), For example; In Fig. 5c, the
blue region refers to a self-excited attractor (SEA) connected with LC around P_, the
red region refers to a SEA connected with LC around P, the turquoise region refers to a
period-1 LC around P, and the yellow region refers to a period-1 LC around P_. In Fig.
6c, the blue region refers to a quasi-periodic attractor around Py, the red region refers
to another quasi-periodic attractor around Py, the turquoise region refers to a period-2
LC around P, and the yellow region refers to a period-2 LC around P_. In Fig. 7c, the
blue region refers to a quasi-periodic attractor around Py, the red region refers to another
quasi-periodic attractor around Py, the turquoise region refers to a period-4 LC around
P, and the yellow region refers to a period-4 LC around P_. In Fig. 8c, the blue region
refers to a quasi-periodic attractor around Py, the red region refers to another quasi-
periodic attractor around Py, the turquoise region refers to a period-5 LC around P and
the yellow region refers to a period-5 LC around P_. In Fig. 9c, the blue region refers
to a quasi-periodic attractor around Py, the red region refers to another quasi-periodic
attractor around Py, the turquoise region refers to a one-band chaos around P, and the
yellow region refers to a one-band chaos around P_. Furthermore, double-band CA is
found when a = 4 (See figure 10).

25 3 a5 4 4.5 5 55 8

Figure 5: The bifurcation diagram of system (2) as « is varied.
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Figure 6: The MLEs of system (2) as « is varied.
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Figure 7: For o = 5, system (2) shows: (a) a period-1 LC surrounding P when (z0, 3o, z0) = (0.4,0.01,0.4)",
(b) a period-1 LC surrounding P— when (x0, 50, 20) = (—0.4,0.01,-0.4)", and (c) the corresponding BSA. (
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5 &4 e

(a) (b) (c)
Figure 8: For o = 4.8 , system (2) shows: (a) a period-2 LC surrounding Py when (zo,y0,20) =

(0.4,0.01,0.4)", (b) a period-2 LC surrounding P_ when (zo,%0,20) = (—0.4,0.01,—0.4)", and (c) the
corresponding BSA.

o~ - -

(a) (b) (c)
Figure 9: For @ = 4.68 , system (2) shows: (a) a period-4 LC surrounding P4 when (z0,v0,20) =

(0.4,0.01,0.4)", (b) a period-4 LC surrounding P— when (z0,y0,20) = (—0.4,0.01,—0.4)", and (c) the
corresponding BSA.

(a) (b) (c)
Figure 10: For o = 4.6 , system (2) shows: (a) a period-5 LC surrounding P+ when (x0,%0,20) =

(0.4,0.01,0.4)", (b) a period-5 LC surrounding P— when (z0,v0,20) = (—0.4,0.01,—0.4)", and (c) the
corresponding BSA.
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(a) (b) (c)
Figure 11: For o = 4.4 , system (2) shows: (a) a one-band chaos around P when (zo,%0,20) =

(0.4,0.01,0.4)", (b) a one-band chaos around P_ when (zo, 5o, z0) = (—0.4,0.01,—0.4)", and (c) the corre-
sponding BSA.

(a) _(b)

Figure 12: For o = 4, system (2) shows: (a) a double-band chaos when (z0,%o,20) = (0.4,0.01,0.4)", and
(b) the corresponding BSA.

On the other hand, another route of complex dynamics starting from the N—S bifur-
cation to chaos is obtained by changing the step size parameter h and fixing the other
parameter values at o = 4, § = 200, v = 100, p = 0.1. This scenario is depicted in figure
11 and the corresponding MLEs are shown in figure 12.
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1 2 3 4 5 6 7 8 9 10
h %1073

Figure 13: The bifurcation diagram of system (2) as h is varied.
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Figure 14: The MLEs of system (2) as h is varied.
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6. Chaos control of system (2)

The controlled version of system (2) is described by

Tm+l = T;m+h (71/33%1 + pvz, + Vym) - K (:cm — ?m) ,
Ymt1 = Ym +h(zm — (2m + aym)) — Ko (ym - Py) J
Zmt1 = Zm + hBYym — K3 (Zm - Pz) ) (14)

where (P, Py, P) is an arbitrary fixed point of the discrete-time MAVPDO (2) and
K; > 0,i = 1,2,3 are feedback control gains (FCGs) that are designed to satisfy the
stability criterion in Remarks 3.1 and 3.2. It is found that when the parameter values
a =4, 8 =200, v =100, & = 0.1 and h = 0.01 are selected, the suitable FCGs that
stabilize system (14) to one of the fixed points Py, P, and P_, can be chosen as K1 = 1,
Ky =0, and K3 = 0. The numerical results are outlined in figures 13 to 15, in which the
initial conditions (20,0, 20) = (0,0.01,0)” are used.

On the other hand, when the parameter values a = 4.4, § = 200, v = 100, pu = 0.1,
and h = 0.01 are selected, it is found that controlling the discrete-time MAVPDO (1)
to one of the non-origin fixed points is faster when the initial data are located near to
one of the coexisting chaotic attractors than when they are chosen near the other. The
results are depicted in figures 16 and 17, in which the blue and red attractors represent
the attractors given in Figs. 9a and 9b, respectively.
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Figure 15: The state variables of the discrete-time MAVPDO (14): (a) are controlled to Py when the FCGs
K, =1, K, =0, and K3 = 0 are implemented, and (b) become chaotic when the FCGs are removed.
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Figure 16: The state variables of the discrete-time MAVPDO (14): (a) are controlled to P when the FCGs
K, =1, K> =0, and K3 = 0 are implemented, and (b) become chaotic when the FCGs are removed.
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Figure 17: The state variables of the discrete-time MAVPDO (14): (a) are controlled to P_ when the FCGs
K, =1, K, =0, and K3 = 0 are implemented, and (b) become chaotic when the FCGs are removed.
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Figure 18: The state variables of the discrete-time MAVPDO (14): (a) are controlled to Py when
(0,0, 20) = (0.4,0.01,0.4)" near the blue chaotic attractors (a) than when they are chosen as (o, o, z0) =
(—0.4,0.01,—0.4)" near the red chaotic attractor (b). The FCGs are chosen as K; = 0.181, K> = 0, and
K3 =0.
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Figure 19: The state variables of the discrete-time MAVPDO (14): (a) are controlled to P_ when
(0,0, 20) = (—0.4,0.01, —0.4)" near the red chaotic attractors (a) than when they are chosen as (o, 0, z0) =
(0.4,0.01,0.4)" near the blue chaotic attractor (b). The FCGs are chosen as K; = 0.28, K> = 0, and K3 = 0

7. Conclusion

The dynamical system of MAVPDO has been discretized based the on Euler’s method.
The engineering explanation of the discretized system has been explained by designing the
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corresponding circuit via MATLAB Simulink. Some dynamical behaviors of the consid-
ered discrete-time system have been discussed, such as the local stability of the system’s
three fixed points and the conditions for the N—S bifurcation. Based on computing the
first Lyapunov coefficient, it has been found that the N-S bifurcation type is subcritical.
Existence of chaotic dynamics in the studied discrete-time system has also been shown via
the N-S bifurcation route. Coexistence of two period-1, period-2, period-4, period-5 LCs
and two one-band chaotic attractors have been illustrated. The analytical results have sup-
ported by numerical simulations such as computation of the MLEs, a bifurcation diagram,
phase plots, and basin of attractions, which verify the occurrence of a variety of complex
dynamics in the considered discrete-time engineering model. Finally, the discrete-time
MAVPDO has been stabilized at all its fixed points using linear control.

In our future works, some applications to the discrete-time MAVPDO will be pre-
sented, such as image encryption, biomedical signal encryption, and synchronization of
the discrete-time MAVPDO for secure communication.
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