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Abstract. In this study, we investigated the existence and uniqueness of solutions for integro-
fractional differential equations with a generalized Caputo operator involving boundary conditions.
Utilizing the fixed-point technique, we examined the existence of a solution, and the Banach
contraction technique was employed to determine the uniqueness of the solutions. Moreover,
the stability conditions of the Ulam-Hyers are discussed. Subsequently, a suitable application
is given to illustrate the validity of this work. The findings presented in this study serve to expand
and generalize the existing body of knowledge about nonlocal and classical fractional differential
equations.
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1. Introduction

A discussion of integer order derivatives and integrals to arbitrary order is explored
in the field of fractional calculus to study mathematical concepts. Due to its significant
applicability across a wide range of scientific domains, there has been an increased inter-
est in fractional differential equations (FDEs). Compared to classical models, non-integer
models have more reliability. The exploration of differential equations with a fractional
order has become extensively researched. Models with non-integer order can grant an
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astonishing description of memory and hereditary properties of many physical phenom-
ena. Moreover, using fractional derivatives in non-integer order models of real systems
can be more accurate and adequate than the integer order models. Fractional differential
equations can provide a comprehensive scheme to examine complex and regular systems
in numerous fields, such as chemical physics, electrical circuits, physics, chemistry, bio-
physics, groundwater problems, viscoelasticity, polymers, environmental science, image
processing, and capacitor theory. For more applications in this work, see, for example,
[1-5].

Several authors have shown that integrals and derivatives of fractional order are more con-
venient for modelling some hereditary properties and disordered regions of several complex
phenomena than the integer-order derivatives [6-8]. Researchers are now highly interested
in looking into existence and uniqueness (EU) results for different FDEs. In recent times,
a number of researchers used a variety of mathematical techniques to develop EU conclu-
sions for various types of FDEs including fractional operators. Here, we highlight a few
significant and recent papers concerning the solvability of different kinds of FDEs, see the
articles [9-14]. Another subsequent aspect of fractal fractional calculus is investigating the
stability analysis of initial value problems of FDEs. Stability analysis is a technique used
to find the ability of the system to get back to its equilibrium position after introducing
some changes. There are different kinds of stability analysis in the present literature of
fractional calculus [15]. Ulam raised a question that under what conditions does there
exist an additive mapping near an approximately additive mapping?. In reply to this
question, Hyers answered Ulam’s question for the “additive mapping in complete norm
spaces” [16]. After it was considered a type of stability, it was called Hyers-Ulam (HU)
stability.

Nowadays, the existence of solutions for FDEs of different orders is in the field of deep
research. Now, we discuss some recent and important works of numerous authors on
the existence of solutions for various classes of FDEs. The existence and uniqueness of
solutions for local fractional differential equations with local fractional derivative opera-
tors were established by Jafari et al. [17]. The existence and uniqueness of solution for
the fractional Langevin equation in terms of generalized Caputo derivatives with non-
local boundary conditions involving generalized operators was investigated by Dhaniya et
al. [18]. Aydogan et al. [19] explored the existence of solutions for the integro FDEs
involving Caputo-Fabrizio derivative. Baleanu et al. [20] investigated the existence of
hybrid-integro differential equation using the fixed-point theorem. Bohner et al. [21]
studied the stability analysis for a fractional integro-differential equation involving non-
local boundary conditions with constant delays. Boutiara et al.[22] discussed the existence
and stability results for the coupled hybrid system of integro-differential equations using
the fixed-point theorem. Ravichandran et al. [23] have presented sufficient conditions for
the existence of solutions in the framework of Atangana-Baleanu derivative for fractional
integro-differential equations

(?Bc@am(t) = f(t,x(t), hz(t), Lx(t)) te J:[0,1],
z(a) = m,
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where §PCD® is the Atangana Baleanu fractional derivative of order 0 < a < 1. f :
JxR3 = R, z(t) : J xR — R is a continuous function. Ahmad et al. [24] investigated the
existence and uniqueness of solutions for the Langevin equation in terms of generalized
fractional derivatives with nonlocal boundary conditions involving a generalized fractional
integral

PDe (D7, + Nx(t) = f(t,x(t)) te€J:|a,T], AR,

2(a) =0, z(n) =0, o(T) = eIl x(§), a <n<&<T,

where ’c)@gﬂr, 5.@5 + denotes the Liouville-Caputo-type generalized fractional differential
operators of order 1 < a < 2, 0 < 8 < 1, p > 0 respectively, ’C’Ig+ is the generalized
fractional integral operator of order § > 0 and f : [a,T] x R — R is a given continuous
function. Jan et al. [25] studied the existence and uniqueness of solutions for a dynamic
model via Schaefer’s and Banach’s fixed-point theorems. Nyamoradi et al. [26] discussed
the EU of solutions for fractional integro-differential equation involving the Hadamard
derivative. For more interesting results on FDEs, see [27-32]. Motivated by the afore-
mentioned facts, in the present manuscript, we consider the following generalized Caputo
derivatives fractional integro-differential equation involving the boundary condition:

(1)

§@§+y(t) = V(ta y(t)ﬂlly(t)712y(t)) teJ: [a76]7
y(a) = yo,

where g@g . is the generalized Caputo fractional derivative of order 0 < ¢ < 1. v : JxR3 —
R, y(¢) : JxR — R is a continuous function and p > 0, v, T € [a,6],v(a, y(a),a, fOT p2(a,
3,y(s))ds = 0. Suppose L1y(t) = fot ¢1(t,9,y(s))ds and Ly(t) = f(;f ¢a(t,s,y(s))ds. The
structure of the paper is organized as follows: In Section 2, we present the foundational
definitions, properties, and lemmas that serve as the basis for this study. In Section
3, we demonstrate the existence results of the problem (1). In Section 4, we establish
the uniqueness of the solution using the Banach fixed-point theorem. In Section 5, the
stability of our problem is also studied based on Hyers-Ulam stability analysis. Finally,
illustrative examples are provided in the concluding section to highlight the applicability
of our results.

2. Preliminaries results

In this manuscript, we consider @ = C([a, 6],R) is the Banach space of all continuous

functions on the interval [a, 6] equiped with the norm ||y|| = sup |y(¢)|.
t€la,b]

Definition 2.1 ([11]) Suppose v € XE(e,0) and —co < € < ¢ < 6 < oo, then the left-sided
generalized fractional integral of order § > 0 is defined as:

1-6 gt -1
(PI% () = 1;(5) /6 T Apdp)lay(o)&a, p>0, (2)
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where X2 (¢, 0) contains all the complex-valued Lebesgue measurable functions 1 on (e, 6)
and is defined with the norm as:

0
. ds\ 1
bty = ([ a@P)F <o, cer 1<p<e
€

and for p =00, c€ R

Ix1ll = sup [5|x1(s)]].
e<s<6

Similarly, the right-sided generalized integral operator of order é > 0 is define as:

s p1—5 0 41

p _ /

(PI-v)(t) = ) /e = ep)l_(sy(o)&’a, p>0. (3)
Definition 2.2 ([12]) If ¢ = [0]+1, where § > 0and 0 < € < x < 6 < o0, then generalized

fractional derivative in the form of integral operators (2) and (3) are defined as:

et = (208 ) 1

L\ pl-atd  rt 41 (4)
= <t J:) (7 =0) /E = dp)l—q+6y(‘/))&d’ p > 0.
Similarly,
d\1?
eoin0 =~ ) R
(5)

d\1 pl—q+5 0 41
e — tlfpi ) (ﬂ(
( &t) ['(q—9) /[ (s — tp)l—q—i—éV(J) 3, p>0,

if the integrals in the above expressions exist.

Definition 2.3 ([33]) Suppose ¢ = [0] + 1, where § > 0 and v € AC{[e, 6], then the

generalized Liouvilli-Caputo fractional derivative ’C)CDE 4 v and 5@3_1/, respectively is de-
fined as:

P00, u(t) = PD°, {V(a) _ qf Ak:fe) (dp - €p>k ] 0 A=l (6)

k=1 P a1
-1

12500 = i ot - - CIXO (PN g il
k=1

where ¢ = [0] + 1,5 € R (6 > 0) and ACj[e, 0] is the class of all functions v, which are
absolutely-continuous and having A9~ !-derivative (A9~ 'v € AC([¢, 6], R)), with the norm

-1
Wllacy = SIS IMv
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Lemma 2.4 ([33]) Suppose v € AC4[e, 0] and § > 0, then

1 Erp— 5P\ (A (5)ds
i) == [ (557) SR ®
1 0 0 — P\ 0T (Z19) (AT (5)ds
P70 _
bt =5 | (5°) I )
Lemma 2.5 ([33]) Suppose v € ACi[e, 0], or CY[e,0] and ¢ € R, then
-1 | k
Nv(e) (P — €
@6+V Z ]{7‘ ( p ‘ ) ’ (10)
=1
and
& w (0) (60 — o\
PIS PDS- < > . (11)
p
k=1

In particular, for 0 < 6 < 1, then we get
e+ p®e+y( ) V(d> - V(6)7

and
PIS PDS_v(s) = v(s) — v(6).

The following existence and uniqueness result for the problem (1) is based on fixed point
techniques. We will need the following hypotheses:

e (A;) Let y € Cla, 6] and suppose that v € (J x R3,R) is continuous function and
there exist a positive constant wq, wy and w such that

(£, 21,915 31) = V(£ @2, 2, 30) || < wil[lar — 2l + 1 — w2 - 52[l)
for all a1, x2,y1,2, 31,32 MY, wo = max,cp, q)[|v(t,a,a,a)|| and w = max{wy, wy}.

Let Y = C[J, Q] be the set of continuous functions on J with values in the Banach spaces Q.
e (A2) There exist a positive constants Eq, E2 and E such that
1 (68, 1) = Bt 0, 22) | < Ba (s — )
for all xy,xy € Y, and Ez = max( ,c(q4ll1(¢,9,a)|| and E=max{E1, Ea}.
e (A3) There exist a positive constants 1, 19 and v, then
112(t, 5, x1) = La(£,9, 22) || < Pr([ler — a2])

for all x1,29 € Y, and P9 = max(t7d)e[a7ﬂHIQ(t,A,a)H and Y = max {¢1,¢2}.
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e (A4) For each positive r, suppose B, € {y € Y : ||y|]| < r} C Y where r = ((1 —
)" Hlwol) and consider u = wr(1 + Et +¢T) < wr(1+ E6 + ¢T).

e (A5) For each positive rg, suppose B,, € {y € C([a,6],]) : ||yl < ro} then B,, is a
nonempty closed, bounded convex subset in C([a, 6], J).

Lemma 2.6: If A5 and A3 are satisfied, then the estimate
[Lhx@)]] < ((Exllx]| + E2), [[Lri() — Lhaa(2)]] < Etflry — xof]

and
[ ox(t)| < T(Prllx]l +b2), [[ri(t) — Las(t)]| < YT ||ley — x|

are satisfied for any ¢ € [a,6] and &, 22 € Y.

Theorem 2.1 (Krasnoselskii Fixed Point Theorem) ([34]) Suppose S be a convex,
bounded, closed, nonempty subset of a real Banach space E. Suppose #1,#> are op-
erators on S satisfying the following conditions

(i) Hyx1 + Ha2yr € S, whenever z1,y1 € S;

(73) &€, is a strict contraction on S, i.e., there exists a n € [0,1) such that

|H1y — 13

<nlly—3l Yy, z€S

(#i1) #; is compact and continuous.
Then, there exists a ¢ € S such that ¢ = #H1¢ + Ha¢.

Theorem 2.2 (Ascoli - Arzela Theorem) ([34]) Suppose ® is a compact Housedroff metric
space. Then 11 C C(®) is relatively compact iff 7 is uniformly bounded and uniformly
equicontinuous.

3. Main Results

In this section, we demonstrate the existence results for Fq.(1) using the fixed-point
technique.

Lemma 3.1 If y(t) € Cla,b] is said to be a solution of Eq.(1) and there exists v €
(Cla,6] x R3,R) such that ¢ € [a, 6] and the integral equation

y(£) = yo + 71 v, y(6), hiy(8), by(2)). (12)

is satisfied.
Proof. Now, we prove that y(¢) satisfies the problem (1) iff y(¢) satisfies the Fq.(12).
Using Lemma 2.5 and the integral operator pI§+ on Eq.(1), the stated Fq.(1) becomes

y(t) = P18, v(t,y(t), hiy(t), by(t)) + Co. (13)



7 of 14
Since, y(a) = yo, then Fq.(13) become
y(t) = yo + IS w(t,y(t), Liy(t), by(?)). (14)
Now, we define the operator # such that
Foy(t) = yo+ "I v(t, y(6), hy(t), hy(t)). (15)

It can be observed that y(¢) is the result of the given Eq.(1) if operator # has a fixed point.

3.2 Results on existence

Theorem 3.2 If the assumptions (A1) — (As) are satisfied and P(yo — y1)={(w(||y(t2) —
y(t)|| + Et||y(t2) — y(t1)|| + T ||y(t2) — y(t1)]]) }, then the given Eq.(1) has a solution.
Proof. For any positive constant rg, and y € B,, defined two operators #; and #5 on
B, as follows

(#H1y)(6) = w, ¢ € [a,b], (16)
(Fay)(¢) = IS v(t,y(0), hy(0), oy (£)): (17)
Obviously, y is a solution of Fq.(1) iff the operators #1y+#2y = y has a solution y € B,,

on [a,6].
Here, we execute the following steps to demonstrate the required solutions.
Step 1. To show #Hy = #1y + Hay € By,.

|#1y(t) + Hay (@) < llyo + LS v(t,y(t), hiy(t), by ()]

< llyoll + IPZ5 v (e, y(£), hiy(2), By(t)||

< lyoll+ | P15, v(t, y(0), hiy(t), By(e)) |
(67 — ar)$
e 31 WUl +Eellyll + ¥ Tlyl))
([,p _ aﬂ)§
pT(E+1)
(5/) _ ap)f
PET(E+ 1)
< llwll + pllyl
<r(l—p)+pr
<r,

< ol +

< [lwoll + (w(1+Et +4T))|yll

< [loll + wllyl

Hence, ||#1y + #Hay|| < r.

Step 2. The operator #; is contraction on B, for any y, 5 € B,,, according to assumption
As, we have
[#1y(e) — s =0<nlly—5], 0<n<L
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Hence, #; is Lipschitz continuous with constant 0 (< 1), and therefore it is a contraction

mapping on B,,.

Step 3. Now, we show that the operator #{» is continuous and compact.

First, we have to show that #, is continuous on ®,,, with li_>m ly, — y|]| = 0 for any
n oo

Yn, Y € Bry, n=1,2,..., we get li_>m Ya(t) = y(t), for t € [a, 6] Thus, by A1, we have
n oo

nh—>H<}o V(ta yﬂ(t)? Ilylz(t)a 12y12(t)) = l/(ta y(t)7 Ily(t)a IQy(t))

for t € |a, 6], let us obtain

It (6) = o)) = sup {IPIE w600 T o (60) = PIE00,00), o @) oy )

t€a,b

(67— ar): (6, 3006), Trgn®), T (6)) — w(t, y(6), Fry0), Toy(®)]
S 7 X sup ||V, Yn y 11Yn » 12Yn Ay’ , 41Y , 12y .
PLEFT)  fefag]
Consequently, ||#ay,(t) — #Ha2y(t)|| — 0, as n — oo. It indicates that the operator #s
is a continuous mapping.
Now, we show that #fy is compact.

I3yOll = sup {IPTE w16 (0, T e), )1}
t€la,b
(5;} _ aP)§
= PTE+ )
Subsequently, this demonstrates that operator #» is uniformly bounded.
In order to study the compactness of #5, we must establish the equicontinuous nature of

the operator #s.
For any ¢ € B, and t1,1t5 € [a,6] and £y > t1, then we have

x (w(llyll + E[y[l + £Tyll)) < oo,

1-¢ 1
|y t2) — Fay ()| Hp / (tpa_/)dp)l —v(9,9(9), Ly(s), y(s))ds

1-¢ o1
a F(f)/ (zlpd_ jp)l—glj(dvy(‘d)aIly(d),lgy(d))&AH

1“5[/ | (827 = o) = (0 = )| ||v(o, y(9), Tiy(9), oy (9)) [1do

IN

1@ =) .y, o), By )]

Fay(t2) — Hay(t1)|| — 0 as to — 1.

As a result, the operator # is relatively compact and equicontinuous on [a,6]. Hence,
#to is a compact operator in accordance with the Arzela Ascoli theorem. Consequently,
using Theorem 2.1, there exists a point y €®8,, such that y = #1y + #2y. Hence, the
given Fq.(1) possesses at least a solution on [a, 6].
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4. Results on uniqueness

In this section, the uniqueness results of solutions for Fq¢.(1) is examined.

Theorem 4.1 Consider the assumption A; — A5 are satisfied. Then the given problem
(1) has a unique solution on [a, 6], if

p(6P —a?)*

Proof. Let B, € {y € Q : ||y|| < ¢} and by using Lemma 2.6, we get
Now, we show that #®, is bounded, i.e., #B, C B,.

1F€y(O)]| = llyo + P15, v(t, y(t), hy(t), By(e))|
< lwoll + 115, v(t, y(£), Liy(t), By())]

< llyoll+ | pI§+V(t7 y(t), hiy(t), Ly(t)) |
((W—aﬂ)ﬁ - ’
ere ¢ o Uyl + Byl + 9 Tliy]))
(67 — ar)$
ATErT)
< [lwoll + pllyll

< (1l —p)+ pr

C.

< |lwoll +

< [lwoll + pllyl

VAN

This proves that # is bounded by ®,.

We now show this uniqueness. Suppose that for each y;, yo € @ we have

|F51() = FHyp(O)l = I1PT5 vt 1 (), T (8), oy (1)) =PI vt o(8), Tiga(8), By (0) |

< ([;p_ap)f( (Il | + Et|] |+ 47| 1))

RS _ _ _

= STET 1) Y1— Y2 Yi— Y =14
<~

nevertheless, it was assumed in Fq.(18) that l(f;i{g)f)u < 1. Thus, by Eq.(18), the operator

& is a contraction mapping. As a result, # possesses a unique fixed point, that is a unique
solution for Fq.(1) according to the Banach contraction mapping principle.

5. Stability results

The notion of HU stability for Eq.(1) is presented in this section.
Definition 5.1: The Integral form of Eq.(14) exhibits HU stability if there exists V > 0,
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and given that the conditions below are satisfied.

If
| y(t) = yo + P15, v(t, y(t), iy (t), hy(1) | Q, ¥V Q >0, (19)
then the continuous function 5(¢) exists and it satisfies the integral form shown below:
5(0) = 50+ TS v(t,5(6), hiz(0), Ba(t)), (20)
with
[ y(t) = 5(1) |[< VQ. (21)

Theorem 5.1: The given integro FDEs (1) are HU-stable under the assumptions A; — As.

Proof. For integro FDFEs (1), Let 3(¢) be the approximate solution, under the suppositions
that A; — A5 satisfy Eq.(20). Following up, we get
[ y(6) = 5(0) | = w0 + PISv(t, y(0), hiy(0), by (1) — 50 — PLeav(t, 5(t), hi3(t), b3 (1))

<[ yo = z0 |+ 5 w(t, y(8), y(e), by(t) = PI5, w(t, 5(t), his(t), Bs(t))]
<|yo — 30 | +°15, vt y(1), Ly (t), Ry(t)) — v(t, 5(t), Liz(t), b5 (L))]

(6P — aP)E

= (w(ly=5ll + Et|ly—5] + YT |y—5

(£+1)( (ly=s5l ly=5l ly=311))

(b—a@
pT(E+1)

<l o — 30 | +Qlly—35|

<\y0—50|
- 1-Q

<l v — 30 | +

S’yo—zo\Jr

VtEla,b],

(22)
where ) = %. Making use of Eq.(22), the stability analysis of HU types of the

integral Eq.(14) is proved. Therefore, the given integro FDE (1) is HU-stable.

6. Applications

Application 6.1 Consider the following integro FDEs:

{5@§+y<r> = v(t,y(t), hy(t), by(t)) ¢e[0,1], -

y(0) = yo,
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B1(0,5(9) = 322+ Dy(), 62(8,9,9(0)) = 55¢'y(0).
Now,
[ 61(6,0, 9 (6))s = 91650, 105 |< = (ly = i),
[ 62,0, D)o — b2(t,0, 1 (s 1< o5y — i),

v(t,y(2), hiy(2), by(t)) — vt ni(0), hiyi (), by (2))] < 0.12091[]y — yi ).

Therefore, assumptions (A1), (Az2), and (A3) are satisfied. Thus, according to Theorem
3.2, there exists at least one solution of Fq.(23).

Also, 2 = % ~ 0.48314 < 1. Consequently, from Theorem 4.1, the given problem
(23) has a unique solution.
Additionally, Theorem 5.1 requirements are all satisfied. As a result, Fq.(23) exhibits HU

stability.

Application 6.2 We examine the following integro FDEs:

{g®§+y(t) :V(t7y(t)7lly(t)712y<t)) te [07 1]’ (24)
y(0) = wo,
where ] 1 1 1
P—*f gvT:%,yoz?,zo:@a:O,ﬁ:l
(sto. [ orteosonos [ o) =35 [ Gz
TE 04cos(t)y(o)&(d))
t0,0) = (G v))s alt09(0) = Leosn0o)
Now,
[ 61(6,,9(6))s — 610, (s |< =y — ),

[ 62(6,0,9(6))ds — 96,0, 1 ()5 1< £ (ly — ),

y(t, y(t)a Ily(t)v IQy(t)) - l/(tv yl(t)a [lyl(t)7]21/l(t))’ < 019165Hy - Z/1||

Therefore assumption (A1), (Asz), and (A3) are satisfied. Thus, according to Theorem
(3.2), There exists at least one solution of Fq.(24).

Also, Q = % ~ 0.62350 < 1. Hence, by Theorem 4.1, the given problem (24)

has a unique solution. Furthermore, the hypotheses of Theorem 5.1 are satisfied, and
consequently, Fq.(24) possesses HU stability.
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7. Conclusion

To summarize, we attained the conditions for showing the existence and uniqueness
of the solution for the considered fractional integro-differential equations involving the
generalized Caputo operator. Utilizing the fixed point theorem, we examined the exis-
tence of solutions, whereas the application of the Banach contraction mapping principle
technique obtains the uniqueness of the solution. Moreover, we discussed the stability
of this fractional differential equation in the Ulam—Hyers sense. Later, we provided an
application to verify the accuracy of the obtained findings. The obtained results are new
and generalize many existing results in the literature. This field is active in research, and
hence we recommend continuing in this line of study to more qualitative analysis of such
systems and using generalized fractional derivatives.
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