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Abstract. A new structure, referred to as a modified JS-modular metric space, is introduced in
this paper. Fixed point results for a class of hybrid contractions are studied within this framework.
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1. Introduction

Among the well known fixed point (F'P) theorems in spaces with metric structures is
the Banach contraction (also known as the Contraction mapping principle). Because of
the simplicity of the result, it is widely used in solving existence problems across various
branches of mathematics and applied sciences. Hence, the contraction mapping principle
has been extended in different directions ( e.g., see [1-4]). In 2019, Karapinar and Fulga
[5] introduced a new hybrid contraction that combines Jaggi-type and interpolative-type
contractions in a complete metric space (M .S) setting. Jidda et al. [2] extended the work
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of [5] to the setting of G-M S by defining the idea of interpolative Kannan-type (G —a— )
contraction. Not long ago, in a related development, Jidda et al. [6] studied a general
class of inequalities under the name admissible (H — « — k) contraction in a M .S endowed
with a graph. Yahya and Shagari [7] defined multivalued contraction from a combination
of Jaggi-type contractions, interpolative-type contraction and Pata-type inequality in the
framework of MS. For further information on F'P results of hybrid contractions and
contractions on G-M S, the reader can consult [6].

The notion of modular spaces as a generalization of M .S has attracted considerable
interest since Nakano [8], Musielak and Orlicz [9] introduced the concept of modular spaces
and presented some results in that direction. The idea of modular M S has been worked
on by Chistyakov [10], where the basic definitions and properties of modular metric are
introduced. After [10], many authors have studied F'P theorems and presented significant
results in modular M S (see for instance, [1-3] and others therein).

Jleli and Samet [11] introduced the concept of a generalized M .S (now called JS-M.S)
and extended some well-known F'P results. The idea of JS-M S recovers various concepts
in topological spaces including standard M .S, b-M S and modular spaces. Turkoglu and
Manav [12] considering both a modular M S and a JS-M S later introduced a new concept
of JS-modular MS and proved some F'P results in this setting. Interestingly, Manav
[13], using Nadler [14] and Edelstein’s result in [15], proved Caristi and Feng-Liu type
F' P theorems for multivalued contractive-type map in generalised modular M .S. Later on,
Manav and Agarwal [16] studied best approximation of F'P results for Branciari contrac-
tion of integral type on generalized modular M S. For some recent results on Branciari
contractions, see [17, 18].

Following the reviewed literature, we see that a unified concept in the sense of [5, 11]
is not adequately considered. Motivated by the above information, we propose a new
combinational concept under the name Jaggi-type hybrid contraction (JHC') in Modified
JS-modular M S and prove the existence of F'P of such contraction. The proposed result is
a direct improvement of the work of [5, 11], and some related results therein. An example
is constructed to support the assumptions of our established ideas. Some corollaries are
highlighted and discussed to show that the concept proposed therein, subsumes some
existing results. From application point of view, we further demonstrate the utility of our
main result by employing it to study the solvability of certain integral equations (I Es).

The structure of the paper is outlined as follows: Section 1 provides an introduction.
In Section 2, we recall specific preliminary concepts needed in the discussion of our main
results. The main result and corollaries are presented in Section 3 with an example given
to support the established concepts. In Section 4, a possible utility of one of our obtained
result is presented in connection with a class of I Es.

2. Preliminaries

In this part, the basic concepts and auxiliary results needed for the presentation of our
main result are collated.
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Definition 1. [11] Let E be a nonempty set and F : E x E — [0,400] be a given
mapping. For every c € F, define the set

B(F,E,c)={{ch} CE: nli_H}OF(Cn,C) =0}
VY A>0. We say that F is a JS-modular metric on E if it satisfies
i. for every (c,d) € E?, X > 0, we have
F(e,d) =0=c=d;
ii. for every (c,d) € E?, X > 0, we have
F(e,d) = F(d,c);

iii. there exists B > 0 such that if (c,d) € E? {c,} € B(F,E,c) then

F(c,d) < Blimsup F(cp,d).

n—s+o0
Then (E,F) is a JS-MS.
Definition 2. [10] Let E be a vector space over R (or C).
a. A functional p : E — [0,00] is called a modular if for arbitrary c,d € E,
i) p(c) =0iff c=0;

i1) p(ac) = p(c) for every scalar o with |a| = 1;
i11) plac+ ad) < p(c)+p(d) ifa+ B =1 and a, B > 0;

b. if iii) is replaced by iii') p(ac+ad) < a®p(c)+ B°p(d), for o, f > 0,a°+ 3° = 1 with
s € (0,1], then p is called an s-convex modular, and if s = 1, p is called a convex
modular.

c. A modular p defines a corresponding modular space i.e the vector subspace of E, E,
given by
E,={ce E:p(Ac) — 0 as A\ — 0}.

Definition 3. [10] Let E be a nonempty set. A function w : (0,00) X E x E — [0, 0]
is said to be a metric modular on E if it satisfies the following conditions:

i) wa(c,d) =0V A>0iff c=d;
ii) wi(c,d) = wi(d,c) VA > 0;
ii1) wiagp(c,d) < wy(e, z) +wa(z,d) VA, 1> 0.
Definition 4. [11] Let (E, F) be a JS-MS. We say that
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i) {cn} F-converges to E if {c,} € B(F, E,c).

it) {cn} is F-Cauchy sequence if lin+1 F(en, cnym) = 0.
n——+0o0o

iii) (E,F) is F-complete if every Cauchy sequence in E is convergent to some element
mn E.

Definition 5. [5] ¢ : [0,00) — [0,00) is a (c)-comparison function if it is nondecreasing
and satisfies there exists jo € N and k € (0,1) and a convergent series Z(;; zj such that
qj >0 and

W) < kY (t) + qj, for > jo and t > 0.

The set of all (c)-comparison functions will be denoted by ¥. FEvery 1p € U satisfies the
following:

o $(q) < g, for any g € RY,

b. ¢ is continuous at 0;

c. the series Z;’il VI (q) is convergent for q > 0.

Karapinar and Fulga [5] gave the following definition of JHC in MS.

Definition 6. [5] Let (E, F') be a complete MS. A mapping k : E — E is called a JHC
if there exists ¥ € U such that

(e, kd) < (I (e, d)) (1)
Ve,d € E, where s > 0 and

AT 4 b d)) ] fors > 0.cid € Bue # d

(0(c, k)71 ((d, kd))?2 for s =0,¢,d € E/F(E)

sle.d) = {71
foro; >0,i=1,2 such that o1 + 0o =1 .

Theorem 1. [5] A continuous self-mapping k on (E,0) possesses an FP ¢ provided that
k is a Jaggi-type hybrid contraction. Moreover, for any cy € E, the sequence {k™(co)}
converges to c.

Turkoglu and Manav [12] introduced the JS-modular metric as follows.

Definition 7. [12] Let E be a nonempty set and wy : E x E — [0,400] be a given
mapping. For every c € E, define the set

B(W)\,E,C) = {{Cn} - E, lim ’W)\(anc) = 0}’
n—s0

Y A > 0. wy is a JS-modular metric on E if it satisfies
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i) for every (c,d) € E>, A\ > 0, we have

wy(e,d) =0=c=d;

ii) for every (c,d) € E*,\ > 0, we have

wy(c,d) = wy(d,c);

iii) there exists B > 0 such that if (c,d) € E?,{c,} € B(wy, E,c), then
wx(c,d) < Blimsup wy(cp, d).

n—>-+00

The pair (E,wy) is called a JS-modular MS.

3. Main Results

Definition 8. Let E be a nonempty set and w¥ : E x E — [0,+00] be a given mapping.
For every c € E, define the set

@(Wf,E,C) = {{Cn} g B nlii)n()Wf(Cn,C) = 0},
vV A>0. We say that wf is a modified JS-modular metric on E if it satisfies:

i) for every (c,d) € E?,\ > 0, we have

wi(c,d) =0=c=d,

ii) for every (c,d) € E?,\ >0, we have

@ (c,d) = @} (d, c);

i11) there exists a continuous function ¢ : E— [0,00) such that

@y (¢,d) < w(ligiup @f (cn, d)).

We call (E,wy) a modified JS-modular MS.

Remark 1. If p(t) = kt fork > 0,Vt > 0, then we get the definition of a JS-modular
metric. However, there exists a modified JS-modular metric which is not a JS-modular

metric as demonstrated in Fxample 1.
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Example 1. Let E, = [0,1], ¢ : E — [0,00) be defined by o(t) = 2+ t. Define

d
wy : Ex E — [0,400] by wi(c,d) = ]c—k/\|7 A > 0. Then clearly, (Ex,w}) is a

modified JS-modular MS.
1

On the other hand, observe that if c=1,d =0, and ¢, = —, then
n

E
n p—

0.

140
= [1+0] £ Blimsup @y (¢, d) = Blimsup

)\ T—>00 T—>00

wy¥ (¢, d)

Hence, (Ex,wy) is not a JS-modular MS.

Definition 9. Let (Ew,wf) be a modified JS-modular MS. A mapping k : Er, — E4
is called a hybrid contraction of Jaggi-type (HCJT) if there exists ¢» € ¥ such that

@} (ke, kd) < Y(H(c,d)), (2)

Ve,d € Eg, where s > 0 and

¢ ?(d, kd)\* .
oo (FEIELIDN g ey gors o

¢,d € Eg,w{(c,d) #0
(5 e, 7)) (5 (ds )7 for s = 0,0, € B/ Fi (o)

Hi(c,d) =

foro; >0,i=1,2 such that o1 + 09 =1 .

Proposition 1. Suppose that k is a HCJT. Then any FP c € E of k satisfying w$ (c,c) <
oo implies w¥ (¢, c) = 0.

Proof. Let ¢ € E be an FP of k such that @§(c,c) < oo. Since & is a HCJT, for s > 0,
if wf(c,c) # 0, then

w? (e, ke)w? (¢, ke 1
FHlweone) < vl (PG (fe o))

wf(z,r)w?(z, x 1

— W BEZTEED e e o)

A G

= ¥([(o1 + 02)(@(c, )] ")

= Y(@{(c,0))

< wi(cc)

Hence, we have w¥(c,¢) = w{(ke,kc) < w¥(c,c¢). This is a contradiction. Hence,

@y (¢, ¢) = 0. Similarly, for s = 0, if @ (c,c) # 0, then

wi(c,c) = wf(ke, ke)
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< (@ (e, ke)) 7 (@S (e, ke))7?)
< (w(e, ke) T (w (¢, Ke))T?
= (w¥(c, ke))7 o2

(¢, ke)
(

¢, c).

w

)
A
— P

This is a contradiction. Hence, @ (c,c) = 0.

Proposition 2. Let (E,,@Y) be a modified JS-modular MS, {c,} be a sequence in E
and (¢,d) € Eg X Eg such that w$(cp,¢) — 0, wX (cp,d) — 0 as n — 400 for some
A>0.Then c=d.

Proof. Using the property iii) and without lost of generality, suppose that ¢ is contin-
uous at the origin. Then we have

wf(c, d) < go(limsup wf(cn,d)) =0,

n—>-+00

which implies from the property i) that ¢ = d.

Theorem 2. Suppose that the following conditions hold:
i) (Ew,wy) is a complete modified JS-modular MS;
it) k is a continuous HCJT;
iii) there exists co € E such that
Y(wf, K, co) = sup{wf(/{i(c),/{j(c))} < 0.
Then, the sequence {k"(co)} w$-converges to c € E, a unique FP of k.
Proof. Let n € N and ¢y € E. Since k is a HCJT, Vi, j € NU {0}, we have
@ (K" (co), K™ (co)) < Y(HZ(K" 1 (co), K771 (e0)))- (3)

We shall prove the claim of the theorem by examining the two cases: s > 0 and s = 0.
Case (1): for s > 0 and taking j =i + 1, the expression (2) becomes

@ (" (o), " (o)) < W(H(K" ™ (o), 8" (c0))) (4)

But

o mlig i - @ (K14 (o), K (co) ) (K" (eo), K7 (o)) |
Hyi (K" (eo), 6" (c)) = [‘71< @ (k=1 (cp), i+ (o)) )
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w [

+ o2 (wf (K" (co), 5" (0)))?

Therefore (3) becomes

wy (K

Now suppose that

then,

IN

<

n+i(60), Hn+i+1(CO))

(o1 (@S (5 (eo), 571 (ep)))?

+oa(w (K" (co), K (c0)))°] )

wm(wf(m"“(co),n"““(co))f

"Hi(co), £ (¢0)))*] )

(" (co), K (e0))°]
*1(co))

0)).

+o9(wf (k
¥([(o1 + 02)(w
w(wf(ﬁn 1+1<
@} (K" (co), K

1
s

)

0), K
n+i+1 (

This is a contradiction. Hence, we obtain that

Wf(ﬁn+i(co),/€n+l+i(co)) <

f(l%nflJri(cO), /inJri(C())).

Since y(w¥, K, ¢) = sup{wf(k'(c), K’ (c))}, The expression (4) becomes

5(wf, K, k" (co))

< P(8(wf, K, " (o))
< P(0(wf, kK" (o))
< YP"(6(w¥, K, ).

Let n,m € N with m > n. By using the property of the (c¢)-comparison function,

@ (" (co), K" (co))

<
<

§(w, K, K" (co))
V" (6(wy, K, c0)) — 0asn — o0

8 of 17

This implies that {"(co)} is an w¥-Cauchy sequence. Since (E,w}) is wi-complete,
there exists ¢ € Eg such that {s"(co)} is w}-convergent to E. Now, since  is continuous,

it follows from Proposition 3 that

@y (¢, ke)

(), w(K"()))

lim @y (k

n—> -+00
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_ : PN n+1
= Jim  w{(s" @), 5" (@)

= w}(cc)
= 0,

which shows that E is an F'P of k.

To show uniqueness, suppose that {x™(co)} is w}-convergent to d, then by Proposition 2,
we have that ¢ = d.

Case (2): for s > 0 and taking j = ¢ + 1, the expression (2) becomes

@{ (K" (co), 5" (o)) < W
= 9

< (@ (K" (o), " (0))) T (@ (K" (o), KT (o)) 2.
The above inequality turns into
@ (K" (o), " ()T < (@ (K" (eo), KM (e0)))

and since o1 4+ 09 = 1, we have

wf(lin+i(00), K,n+i+1(00)) < wf(lin_l—i_i(Cg), K,n—H(CQ)
Returning to (5), we find that

@ (K" (co), K™ (o)) < (@ ("7 (eo), K™ (c0)) (6)

Since (@, k, ¢) = sup{w (k' (c), K(c))}, The expression (6) becomes

5(wf,/£,/<;"(co)) < ¢(5(wf7ﬁ,ﬁ”_1(co))
R A CY))

IN

Y (0(w¥, K, o))

By using the same tools as in the case of s > 0, we find that {x"(cy)} is an w{-Cauchy
sequence in a wf—complete modified JS-modular MS. Hence, there exists ¢ € E, such
that {s"(co)} is wf-convergent to E. It follows that E is a unique FP of k.

In the following result, we establish the existence of F'P of x under the restriction of
continuity of some iterates of k.

Theorem 3. Let (Ew,wf) be a complete modified JS-modular MS and k : By, — E4
be a HCJT. If for some i > 1, k' is continuous, then k has an FP in E.

Proof. In Theorem 2, it has been shown that there exists an w¥-Cauchy sequence {c,}
in (E,, wf) with ¢,, = kc,—1 such that ¢, — ¢ for some c € E,,.
Let {cy, } be a subsequence of {¢,}, where ny = k.i for some k € N,k > 1 fixed. Observe
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that k¥ is an identity self mapping on E so that Cn, = /iicnk_l. Hence, by continuity of
k', we have
(e, k'e) = lim wf(e, Klen,—i)
k—so00

= lm =f(en

= wi(ce)

which means that F is an FP of k'. Now, to see that E is an FP of x, assume by
contradiction that rxc # c. Then in that case kK*~™ ¢ # xk'~"™c for any m = 0,1, ...,7 — 1.
Again, we must consider two cases.

Case (1): for s > 0, replacing ¢ by x*~

1 1 1 o
HE(I{i_m_IC,Ki_mC) _ |:O_1<wf(ﬁl m C,K/(K/l m C)).wf(/q/l m C,R(RZ mc))>s

wf(/ii—m—lc’ Hi—mc)

m=1lc and d by k"¢, we have

+ oo(w{ (K e, /fimc)> ]

and since k is a HCJT,

(KM, kT e = (kKT e), k(KTe))
5 (Kz‘—m—lq Hi—m))
w([al(wf(/ii*mflc, k(K™ ) + Ug(wf(ni*mflc, KTMe)))

[a1(wf(/£i_m_1c, k(K™ Le)) + 02(wf(/€i_m_lc, /ﬁi_mc))s]%

A
=
=
0

)

A

which yields that
(@ (K Me, k)5 (1 — 01) < oa(@w (K™ e, k™)) .
However, o1 + 09 = 1, so that for every m =0,1,...,i — 1

wi (ke k

mtle) < oo (@ (K™ e, KT e).
This clearly implies that for every k=m,m +1,...,i — 1,
@ (K, KT e) < oo(wf (KT TR e, kTR
Taking in particular m = 0 and k = ¢ — 1 in the above inequality, we get
@f (e, k'e) = wf (ke k') < @ (e, ke),

which is a contradiction. Consequently, kc = c.
To show uniqueness, suppose that {x™(co)} is w}-convergent to d, then by Proposition 2,
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we have that the F'P is unique.
Case (2): for s = 0, by replacing ¢ by /"™ !¢ and d by x'~™c, we have

H (k7™ e k™M) = [w

= [w
and the iequality becomes

w/\(/@i_mc, /ﬁi_mﬂc) wf(/{(/@i_m_lc), m(ﬁi_mc ) < w(H,f kiTm e, Hi_m))
= Y([@{(&"" e, 5T @ (e, KT e))]7)

< [ R [ (e R )

By simple calculation, we get
wf(/@i_mc, R wf(/ai_m_lc, KTMe),

and using the same tools as in the Case (1), we obtain that ¢ is a unique F'P of k.

Corollary 1. Let (Ew,wf) be a complete modified JS-modular MS. Suppose that the
continuous mapping K : B — Ey satisfies

wf (e, wd) < (@ (c, d))
Ve,d € E. Then k has an FP in E.

Proof. Letting 01 = 0,02 =1 and s > 0, the result follows.

Corollary 2. (see [12], Theorem 3.1) Let (Ex,w}) be a complete JS-modular M S and
k:FEys — Eg be an wf—contmction mapping, i.e

w¥ (ke, kd) < kw¥ (¢, d) Ve,d € By, k € (0,1).
Then, k has a unique FP (say u) and Kk is continuous at u.
Proof. Consider Definition 9 and let 1 (t) = kt, 01 =0, 02 =1 and s = 1, we have
wy (ke, kd) < k(Hi(c,d)) = kw¥(c, d),

which coincides with Theorem 3.1 due to [12] and the result follows.

Example 2. Let E = [0,00), 0 : E? — R and define @¥ : (0,00) x E x E — [0, 4+00]

by
o(c,d)

wy(c,d) = Ve,d € B, where o(c,d) = max{|c|, |d|}.
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Then, (Ex,wy) is a complete JS-modular MS.
Consider the mapping k : E, — E defined by

c cel0,1]
c>1

KC = Vee FE.

(X)\ —00|—

Define the function v : Ry — Ry by ¥(t) = %t YVt > 0. It is clear that ¢ is a (c)-
comparison function. Let o1 = 0,00 = 1. Then:
for s >0, if c,d € [0,1] with ¢ > d, then

o(ke, kd) max{|kc|, |kd|}
wf(ﬁc,ﬂd):f = — 5
_ b
= ¢
s 3 3o(c,d)
w(Hﬁ(cad)):Z(wf(Qd)) = Z A
_ 3max{[c], |d[}
4 A
_ 3
o
Hence, w$ (ke, kd) < ¢Y(HE(c,d)).
1 3
P _ = = S
If c,d € (1,00), @} (kc, kd) = Y < Y(HE(c,d))

If c€0,1] and d > 1,

(e, ed) = T ) maxtjucl )
1

8A

3o(c,d)
4\

3 max{|c|, |d|}
4 A

3

YU e ) = (w5 (e ) =

Hence, w$ (ke, kd) < ¢(Hi(c,d)).
For s =0, Y(H(c,d)) = w§(d, ke). If ¢,d € [0,1] with ¢ < d, then,
o(ke, kd) max{|kc|, |kd|}

ip P — ==
@i (ke, kd) = 3 3
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1
- —d
8\

Y(H (e, d)) = (w5 (d,nd) = zg(d;\/-@d)
3 mae{ll ]}
VRN

3
= —d.
4\

Hence, w$(ke, kd) < ¢Y(HE(c,d)).
For ¢,d € (1,0),

Sty 2t mld

3o(d, kd)

4 A

3 max{|d|, |kd|}
4 )

3
=
X

Hence, w$(ke, kd) < ¢Y(HE(c,d)).
Ifc€0,1] and d > 1,

o(ke, kd) max{|kc|, |kd|}

14 d = =
@ (kc, kd) 3 5

3o(d, kd)

4 A

3 max{|d|, |kd|}
4 X

3
=
X

Y(H3 e ) = 5(K(d, ) =

Hence, w$(ke, kd) < ¢Y(HE(c,d)). Therefore, all the assumptions of Theorem 2 are satis-
fied. Consequently, k has a unique F'P given by ¢ = 0.

Remark 2. From Example 2, wf is not a modular metric since c = d - wf(c, d) =0, and
therefore, Theorem 3.2 due to Mongkolkeha et al. [19] cannot be applied to this example.
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Furthermore, Karapinar and Fulga [5] supposed (Definition 6) that ¢ and d are distinct,
since J3(c,d) is undefined for Case (1) if ¢ = d. However, ¢ = d - w¥(c,d) = 0 in our
definition. Therefore, our HCJT is not Jaggi-type contraction defined by Karapinar and
Fulga [5], and so Theorem 1 due to Karapinar and Fulga [5] cannot be applied to this
example.

4. An Application to Integral Equations

In this section, one of our obtained results is applied to examine the existence criteria
for a solution to a class of integral equations. Accordingly, consider the integral equation
(IE)

4(c) = /ﬁ TK(et)f(to)dt  te (B (7)

Let E5 = C[B,7] be the set of all continuous real-valued functions. Define w? : (0,00) x
E x E — [0,+00] by

P h) = M Ya. h E_ .t
w)\(gv ) tlgig}’(ﬂ A ’ gv € w 6[677]

Then, (Ew,wy) is a complete modified JS-modular M S with ¢(t) = ¢. Define a mapping
k:FEgs — Eg by

rlc) = /ﬁ CK(et)f(tg®)dt  teBalA >0, (8)

Then p is said to be an F'P of k if and only if p is a solution of (8). Now, we study
existence conditions of IE (7) under the following hypotheses:
Theorem 4. Suppose that the following conditions are satisfied:

i) K:[8,7] x[B8,7] — R4 and f : [3,7] x R — R are continuous;
ii) Vg, h € Eg,t € [5,7], we have |f(t, g(t)) + f(t, h(D))] < |g(t) = h(D)|;

”
i11) max / K(e,t)dt < p for some p < 1.
telB Jp

Then the IE (7) has a solution p in Eg.

Proof. Observe that for any g, h € E, using (8) and the above hypotheses, we obtain

Ikg(c) + kh(c)| = ' /5 (e ) F(t g ()t + /ﬁ e ) £t (D)) dt

IN

/5 ke, 17t g(8)) + F(t, h(t))]dt
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< /ﬁ ke, t)|g(t) + h(t)|dt

IN

/[; k(c, £) max |g(£) + h(t)|dt

< «a max |[g(t) + h(t)].

t€[B,7]
Hence,
g(t) + h(t
= awf(g, h).

Therefore, all the required assumptions of Corollary 1 are satisfied. This implies that there
exists a solution p in E of the IE (7). Conversely, if p is a solution of (8), then p is also
a solution of (7) so that kp = p, that is, p is an F'P of k.

5. Conclusion

This paper introduced and explored a new type of contraction, called the Jaggi-type
hybrid contraction, within the framework of modified JS-modular metric spaces. We estab-
lished conditions under which such contractions have unique fixed points. Additionally, we
showed that even when only certain iterates of a mapping are continuous, F'P can still be
guaranteed. A few corollaries demonstrated how our approach generalizes and strengthens
existing results in the literature. To further support our findings, we provided a detailed
example and applied the main result to a class of I Es, showing its practical usefulness.

Declaration

Availability of data and materials

Not applicable

Competing interests

The authors declare that they have no known competing financial interests or personal
relationships that could have appeared to influence the work reported in this paper.

Authors’ contributions

Conceptualization: Abdulaziz Zakariyya, Ahmad Aloqaily and Mohammed Shehu Sha-
gari; Formal analysis: Ghada Ali Basendwah, and Ahmad Aloqaily; Investigation: Mo-
hammed Shehu Shagari and Nabil Mlaiki; Methodology: Ghada Ali Basendwah and Nabil
Mlaiki; Writing original draft: Abdulaziz Zakariyya, Mohammed Shehu Shagari; Writing,



A. Zakariyya et al. / Eur. J. Pure Appl. Math, 19 (2) (2026), 7329 16 of 17

review and editing: Mohammed Shehu Shagari and Abdulaziz Zakariyya. All authors

reviewed the manuscript.

for

[1]

Funding

This project is funded by Prince Sultan University, Riyadh, Saudi Arabia.

Acknowledgements

The authors, A. Aloqaily and N. Mlaiki, would like to thank Prince Sultan University
paying the APC and for the support through the TAS research lab.

References

Z. Bekri, S. Aljohani, M. E. Samei, A. Akg, A. Belhenniche, N. Alogaily, and
N. Mlaiki. Unique solution analysis for generalized caputo-type fractional bvp via
banach contraction. European Journal of Pure and Applied Mathematics, 18(2):5979—
5979, 2025.

J. A. Jiddah, M. Alansari, O. K. S. Mohamed, M. S. Shagari, and A. A. Bakery. Fixed
point results of jaggi type hybrid contraction in generalized metric space. Journal of
Function Spaces, 2022(1):2205423, 2022.

J. A. Jiddah and M. S. Shagari. Graphical approach to the study of fixed point results
involving hybrid contractions. Results in Control and Optimization, 14:100394, 2024.
S. Wasfi, M. Nabil, R. Doaa, and O. Enyinda. Fredholm-type integral equation in
controlled metric-like spaces. Advances in Continuous and Discrete Models, 2021(1),
2021.

E. Karapinar and A. Fulga. A hybrid contraction that involves jaggi type. Symmetry,
11:715, 2019.

J. A. Jiddah, S. S. Mohammed, and A. T. Imam. Advancements in fixed point results
of generalized metric spaces: A survey. Sohag Journal of Sciences, 8(2):175-208,
2023.

S. Yahaya and M. S. Shagari. Multivalued hybrid contraction that involves jaggi and
pata-type inequalities. Mathematical Foundations of Computing, 2023.

H. Nakano. Modular Semi-Ordered Spaces. Tokyo, Japan, 1959.

J. Musielak and W. Orlicz. Some remarks on modular spaces. Bull Acad Polon Sci
Sr Sci Math Astron Phys, 7:661-668, 1959.

V. V. Chistyakov. Modular metric spaces i: Basic concepts. Nonlinear Analysis,
72:1-14, 2010.

M. Jleli and B. Samet. A generalized metric space and related fixed point theorems.
Fized Point Theory and Applications, 2015:61, 2015.

D. Turkoglu and N. Manav. Fixed point theorems in a new type of modular metric
space. Fized Point Theory and Applications, 2018, 2018.



A. Zakariyya et al. / Eur. J. Pure Appl. Math, 19 (2) (2026), 7329 17 of 17

[13]

N. Manav. Fixed-point theorems in generalized modular metric spaces. In Metric
Fixzed Point Theory: Applications in Science, Engineering and Behavioural Sciences,
pages 89-111. 2021.

Nadler. Multivalued contraction mappings. Pacific Journal of Mathematics, 30:475—
488, 1969.

A. Abdou and M. Khamsi. Fixed point results of pointwise contractions in modular
metric spaces. Fized Point Theory and Applications, 20(2):213-221, 2013.

N. Manav and R. P. Agarwal. Best approximation of fixed point results for bran-
ciari contraction of integral type on generalized modular metric space. Mathematics,
11(21):4455, 2023.

S. Arockiam and M. J. John. Common fixed point theorems for three mappings in
generalized modular metric spaces. Korean Journal of Mathematics, 32(1), 2012.

G. A. Okeke and D. Francis. Some common fixed point theorems in generalized
modular metric spaces with applications. Scientific African, 23, 2024.

C. Mogkolkeha, W. Sintunavarat, and P. Kumaam. Fixed point theorems for con-
traction mappings in modular metric spaces. Fized Point Theory and Applications,
2011, 2011.



