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Abstract. In this research, we introduce a multi-parametric Mittag-Lefller function and provide
a new definition of the extended Prabhakar fractional integral operator. This operator generalizes
several previously introduce fractional integral operators. We establish some basic properties of
the introduced operator and the multi-parametric Mittag-Leffler function. To mention applica-
tions of the newly-introduced generalized operator, we study Prabhakar-based Hardy-type integral
inequalities.
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1. Introduction and Preliminaries

Fractional calculus is a necessity in this era due to its natural applications in all sci-
ences. Scientists are interested in it because of its demonstrated applications in various
fields. For example, Wu et al. presented a novel weighted fractional operator and used it
to develop several fractional models in [1]. Meanwhile, in [2], Samraiz et al. established
extended versions of some fractional operators and evaluated the Laplace transform. The
reader can also find the new fractional operator and some applications in [3]. Integer-order
integrals and derivatives are insufficient to explain all physical phenomena. Many common
fractional operators have been briefly discussed, including the Riemann-Liouville fractional
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derivative operator, k-fractional Hilfer derivative, k-Riemann-Liouville fractional deriva-
tive, and applications of numerous fractional operators, such as [4-12]. The Rieman-
Liouville fractional integrals of order ¢ € C are defined by the following equations with

R() >0, ie.,
€
TDO =15 [ T )

and

TN =5 [ e 2

3
The operators in (1) and (2) are introduced as the left and right Riemann-Liouville frac-
tional integrals.

Mathematical inequalities play a fundamental role in the theory of fractional-order
integrals and derivatives. Some interesting inequalities for fractional integrals under dif-
ferent convexities have been studied in works such as [13-15]. Hardy’s integral inequality is
one of the most important inequalities in mathematics and has been investigated by many
researchers. Wu et al. investigated a variety of fractional Hardy-type integral inequalities
in [16]. In the available literature, G.H. Hardy [17] established the following inequality in
1918, which is of particular significance to us:

172, Gllo < KlGlp, 1 Z5_Gll < KlGllp, 1< p < o0,

and it involves bounded fractional integral operators.
In 1920, Hardy [18] defined the following fundamental integral inequality

Zo( jg yis) e < (- /g@ 3

where p > 1 and G € L,(0,00).

Several mathematicians have recently studied the Hardy inequality and its variants.
Their work involves a variety of fractional integral and derivative operators. (see [19—
22]). It has a variety of uses, the most important of which is to stabilize degenerate
stationary waves. These arguments have motivated many academics working on integral
inequalities. They are particularly interested in specific fractional calculus operators used
to develop extensions and generalizations. Such inequalities may be applicable to more
general fractional integral operators.

Now, we will go through several definitions and theorems used to complete this research
path during recent years. This will provide us with a comprehensive perspective and make
our main goals in this article clear to the reader.

Diaz et al. defined the k-gamma and k-beta functions in [23] by the following defini-
tions.

M| =
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Definition 1. [23] Let k > 0 and R(¢) > 0. The integral form of k-gamma function is
defined by

(o) = [ e1etae.
/

Definition 2. [23] Let R(¢) > 0,k > 0 and R(¢) > 0. The integral form of the k-beta
function is defined by

=

1
Br(6,Q) =+ [ €511 —&)Fde.
/

Both I'y and (i have the following relation

_ Te(OT%(C)

Lp(l+ Q)

The following definition mentions to the (k,r)-Riemann-Liouville fractional integral
introduced by Sarikaya et al. in [24].

Definition 3. Let f be a continuous function on the interval [a,b] with r € R\{—1}. Then
(k,r)-Riemann-Liouville integral of f of order £ > 0 is defined by

s

&
T 1= ¢
I:Iﬁf(g) = (]:i_‘izg) /(ér—i-l _ ST+1)E_ISTf(S)dS. (3)

a

The following theorems will be used in our study. Fubini’s theorem is proved in [25,
pp. 664] and is stated as follows:

Theorem 1. Let (A1,)1,01), (A2, 5, 02) be two-dimensional spaces. Let ©1 and O3
be complete and G : A1 X Ay — (—00,00) be (©1 X Og)-integrable. Then for O1-a.e., where

s € Ay the function G(s,-) is ©y— integrable and the function [ G(-,£)dO2(E) is O1—
Ao
integrable. Similarly, for ©g-a.e. where & € Ao the function G(-, &) is ©1— integrable and

the function [ G(s,-)d©1(s) is ©2— integrable. Moreover

Ay
/ C/ G(s.£)d0s(¢) | dO1(s) = / C/ G(s,£)d01(s) | dOs(¢). (4)
A 2 Ao 1

The integral version of the Jensen’s inequality for convex functions, introduced by
Jensen in 1906 [26], is presented in the following theorem.

Theorem 2. Let (A1,Y.,,0) be a probability space and if ® o G € LY(O) on [a,b] with
a < G(s) <b for all s € Ay, then the inequality holds true

@ Q/ G(s)do(s) | < / B(G(5))d0(s), (5)

Ay
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for every convexr mapping ® : [a,b] — R.
Definition 4. Let f be a function defined on [a,b]. The space X% (a,b), 1 < p < oo

denotes all Lebesgue measurable functions for which || ¢ HX§< 00, i.e.,

1

b 1
o lxg=[ts+1) [ 1200 P 20X @], 1<p<ox,
for A(t) #0, s € R, and

¢ llx5e= ess supazes<n | At)p(t) [< oo

In [27] the well-known Minkowski’s integral inequality is stated as follows.
Let (A1,01) and (Ag,O3) be two o-finite measure spaces and F : Ay x A2 — R be
measurable. Then for 1 < j < oo,
G(¢,5)dO1(¢)

L e < [ ([ 9(¢ P den)

Let (A1,);,01) and (A2, ) 5, O2) be two finite o-measures. Let E(f, k) specifies the
function’s class Z : Ay — R in regard to the representation

2(¢) = / H(E, 5)F(s)dOs(s)
As

and the operator Ay be given by
1

/ H(E, 5)F(5)dO0(s), (6)

Ao

where H : A1 X Ay — R is measurable kernel with H > 0 and F : As — R is measurable,
and

0 < K(E) = [ H(E 5)dus). (7)
Ao

The following results are given in [28].

Theorem 3. Let (A1,) ,,01) and (A2, ,,02) be o-finite measure spaces and 0 < j <
h < co. Let a weight function U be defined on A1 and a measurable positive function VW be
defined on Ay. Also H be a non-negative measurable function on A1 X Ay and K is given by

7). Moreover KC(&) > 0 for all £ € Ay and the function & — U(& HEs)) ] is integrable on
K(&)

A1 for each fixed element s € Ay, and a convex map P is given on a non-negative interval
ICR. If

Ay = sup W (s) C/U(g) <H(§,s)>?d@1(§) . 0,

s€EN2 K(&)
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then for some E1 > 0, the inequality

/ B(Awf (€))7 dO1 (¢ C/ W(s)B(f(5))dOa(s) (8)

is valid for measurable mapping f : Ao — R with Imf C I in which Ay f is defined by
(6). Moreover, if Ei is the least positive number for (8) to be held, then Eq < A;.

<=

Corollary 1. [28] Let —co < h < 7 < 0 and consider the conditions of Theorem 3. For a
convez function ® > 0, if

Ay = inf W7o J (A/
s€ENg

then for some positive real numbers Eo the inequality

Stl=

>]d®1(§) .

1

Q/ UE) [(An ()] dOn (¢ ) Q/ W(s)(f(s))dOs (s )) , (9)

is valid for measurable function f : Ao — R with Imf C I. In addition, if Eo is the largest
positive number for (9) to be held, then Eo > As.

The Cizmesija et al. proved a theorem in [29] which is stated here.

Theorem 4. Let (A1, ,,01) and (A2, 5, 02) be o-finite measure spaces. Let a weight
function U be defined on A1 and H > 0 be a measurable function on Ay X Ay. Let K be
defined on Ay by (7). Suppose that KC(§) for all £ € A1, and the function & — U(E) 7%(55)
is integrable on Ay for each fized s € Ao, and that V is given on Ay as

H(E,s)
K(€)

V()= [

A1

Cl@l(f) < 00. (10)

If ®, on the interval I C R, is convex, then

UE)P (A f(£))dO1(E) < | V(s)D (f(s)) dOa(s), (11)

A1 Ao
holds for measurable function f;: Ao — R s.t. Imf C I, and Ay is formulated as (6).

Theorem 5. [29] Let (A1,),,01) and (A2, _,,O2) be o-finite measure spaces, a weight
function U be defined on Ay1. Consider a measurable function H which is non-negative on
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A1 x As. Assume that the function & — Z/{(f)?féfg) is integrable on Ay for each fix s € Ag
and P defined on Ay has the form

H(E, s)
Z5()

P(s) = fols) / u(e) o) jo, (6) < oo

A

Z1(&) fi(s)

For a convex function ® : I — R, if Z;Eg)’ R € 1, then the inequality

Z1(§)
Z5(8)
is valid ¥ G; € D(fi, k) (i=1,2)

fi(s)
fa(s)
and each measurable mappings f; : Ao — R.

Remark 1. If ® on the other hand, is exactly convexr on I and if g% 1s variable, the

uew (24e)) a6 < [ Poe (12 aeuto (12)

A1 A2

inequality presented in (12) is therefore strict.
The following theorem is connected to any arbitrary convex function (see [30]).

Theorem 6. Consider the hypotheses of Theorem 4 and a convexr mapping ® on I C R.
If o : I — R be so that p € OP(&) for each & € Intl , then

V(S)@(f(S))d@z(S)—/ UE)D (A3 f(£))) dO1(E)

A1

U [ e 10((s)) -
> [ e L e 10 ) - @ (s ©)

— lo (Anf ()] - £ (s) = A f (€| dO2(s)dO1(§),

is fulfilled for any measurable mapping f : Ao — R s.t. f(s) € I for each fized s € Ao. If
on an interval I C R, ® is monotone and conver, then

Ao

V(D ((5))dens) - | U@ (Ans(€)))dene)

A2 Al

= || S [ som (1) = Cr©) e [ (s)) — o (o)

I

~|e(Anf©)|-(£5) = A (©)] dos(s)d01(8)

is valid for any measurable function f : Ay — R s.t. f(s) € I for each fized s € Ao, in
which Ay f is given by (6).

The following theorem, established by Kaijser et al. in [31], proves a refinement of a
Hardy-type inequality.
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Theorem 7. Let a weight mapping U be given on (0,b) and & — UL AES) e integrable
on (s,b) V fized s € (0,b), and define W : (0,b) — R as

b
HE ), dE)
5 / KU .

with 0 < b < oo, H : (0,b)? = R be a positive function and

'3
/7—[ s)ds > 0.
0

If a convex function ®, on an interval I C R, is so that p(&) € OP(E) for every & € Intl,

then
¢
/7—[ (13)
0

b b b
O/W(s)@ O/U .AHf ; O/U

<2 (r) ~ 0 (4nr©) ] - o (Aus(©) | £65) = Ans(©)]asT

??
m

holds for any measurable function f : (0,b) — R having values in I. If ® is a concave
function, in that case, the sequence of integrals on the L.H.S. of (13) is inverted. If ® is
monotone convez, then

b
[ree(r)% -
0

o — .
D)
K
/N
b
x
=
N
~——
U
78 2%

b €
2| [ [ som (s - ans@) i) [o(160)) — o (Aus©)
0 0

= [e (s ©)](£65) ~ s (@) asg |

holds on the interval I C R for any measurable function f : (0,b) — R.

The mean value theorem presented in the sequel is proved in [32].

Theorem 8. Let (A1,) ,01) and (A2,) 5, 02) be measure spaces with positive o-finite
measures, U be a weight mapping on A1, the interval I be compact in R, h € C>(I), and
f Aoy = R a measurable function such that Imf C I. Then o € I s.t.

[ vem(r@)ionts) - | uen(anse)en
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_ M)
2

[ vt - [ ue (4nr©) deue].

Theorem 9. [32] Consider the conditions of Theorem 8. Furthermore, let j,h € C*(I) be
so that h"'(§) # 0 for all € € T and

/A2 V(s)h(f(s))d@Q(s) - /Alwg)h(AHf(g))d@l(@ £0
Then 3o € I such that

o) Jaa V()i (£(5))d0a(s) — fy, U (Ayf(ﬁ))deh(&)'
h"(e) fAQV(s)h< )d@2 — [y U (AHf(ﬁ))d@l(f)

The main goal of this research study is to fill the existing gaps related to a new
kind of multi-parametric integral operators in the sense of Prabhakar. Moreover, another
novelty of this study is to investigate a generalized version of some well-known integral
inequalities through the multi-parametric generalized Prabhakar fractional integral. After
recalling some notions in the direction of the purposes of the manuscript (in the present
section), we introduce the multi-parametric generalized Prabhakar fractional integral and
its related properties in Section 2. To demonstrate the useful applications of these new
multi-parametric operators, we derive the Prabhakar-based Hardy-type integral inequali-
ties and other variants in Section 3. Finally, in Section 4, we present the conclusions.

2. Generalized Multi-Parametric Prabhakar Operators

In this section, we first define the multi-parametric Mittag-Leffler function with seven
parameters. Second, we define the extended Prabhakar fractional integral operator using
this generalized form and establish some properties.

Definition 5. Consider ¢,3,7,A € C, k€ R*, neN, q,p > 0 with ¢ < R(¢) + p, and

min{R(¢), R(8), R(7), R(A)} >0,

then the k-generalized Mittag-Leffler function is defined as

Y4549 = an, "
Ekwp(e) - Z Fk((’Zl +kﬂ) (M) pnk” (14)

where (Y)gnk denotes the Pochhammer symbol and can be represented as %@3’7).

By specifying the following settings, the generalized multi-parametric function (14)
covers the following prior generalizations of the standard Mittag-Leffler function.
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Remark 2. (i) If k =1, the function (14) becomes

e}

,q (V)qn on
B O = 2 tont 5y

which is defined in [33].

(ii) If p=q =k =1, the equation (14) reduces to

Ay N 0"
Ej5(0) = ;0 T(tn + B) (A),’

which is stated by Salim in [34].

(i5i) If we choose k = A = p =1, (14) represents

ZFMH-ﬁ nl’

that was explored by Shukla et al. in [35]. Srivastava et al. depict the features of
such an extended function as well as its presence for a larger set of parameters in

[36].
(iv) For p=A=q=1, we have

- (V)nkz 0"
EIZ@B(Q) = Z , R
e "0 Fk(ﬁn + ,B) n!
which is given in [37].

(v) If p=A=q=k=1, it represents

o0

_ (M O™
Es (0) = nz:% T(tn + B) o’

which is defined by Prabhakar in [38].

(vi) It turns into the Wiman’s function in [39] for p =~ = A = q =k = 1. In addition,
by taking B = 1, the standard Mittag-Leffler function E, will be derived.

The modified fractional integral operator based on the Mittag-Leffler function with
seven parameters (14) is defined as follows:

Definition 6. Letr € R\{—1},¢,8,7,A,w € C,k € RT, n €N, ¢, p > 0 withq < R({)+p,
and

min{R(¢), R(5), R(7), R(A)} >0,
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then the modified (k,r)-fractional integral operator of order ( is given by

@

£
1= ¢
Czonn© = L [ - BB e - D (s, (15)

a

We obtain the modified integral operator incorporating the k-Mittag-Leffler function
defined in 2] if p=A=¢g=1.

Now, in the following definition, we define the more general form of operator described
n (15). We call it the generalized multi-parametric Prabhakar fractional integral.

Definition 7. Letr € R\{—1},¢,8,7,A,w € C,k € R, n € N, ¢, p > 0 withq < R({)+p,
and

min{R(¢), R(8), R(7), R(A)} > 0.

The generalized multi-parametric Prabhakar fractional integral operator of f w.r.t. another
strictly increasing function g is defined as

9
r 1=%
e n© = T [ - g6 i)

X Bl (w(g™ () — g () F)g/ () £ (s)ds. (16)

Note that the new generalized integral (16) covers several cases that exist in the liter-
ature. The fractional integral operator (15) is achieved if g(§) = £. The (k,r)-Prabhakar
fractional operator described by Samraiz et al. in [2] corresponds to the case g(§) = &, p =
A =q=1.1f we choose g(§) =&,p=A=qg=1and r =0, we get the k-Prabhakar inte-
gral operator described by Dorrego in [40]. By taking g(§) =&, k=1,p=A=¢g =1, and
r = 0, we get the Prabhakar integral operator introduced by Prabhakar [38]. Note that
the aforementioned operator simplifies to the (k,r)-Riemann-Liouville fractional integral
described by Sarikaya et al. in [24] for v =0 and g(&) = €.

In the next theorem, we prove that our introduced operator is bounded in the space
X¥, given in [41].

Theorem 10. Let r € R\{-1}, £,8,7,A,weC, ke RT, n €N,
min{R(0), R(3). RO, R(A)} > 0,

and p,q > 0 and ¢ < R(£)+p. Then the generalized Prabhakar fractional integral operator
of a function f with respect to another strictly increasing function g is bounded; i.e.,

LT, < 0 D70 g @) F B (g™ ) — g @)F)]
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Proof. By using Definitions 4 and 16, we have
)R

Gz ne)|.,

3
/ r1(g) — g (5) g () BTN (w9 (E) — () F)g () f(s)ds

Xp
17% - qn pw"

- %Fk In+ B)(A)pn i

3 tn
x \ [ @@ =g ) g 0 () s

a Xp
L rHDTE R (g
B k Z Fk(ﬁn + 6)(A)pn,k

, .

3 tn
/ (1) — g () g (5)g/ () () ds

X ((r+1)/at

By substituting ¢"*!(£) = o and gT+1(s) = §, we have

N 7’—1—1 Z anw

g™t
“\U
g™ (a)
Using the generalized Minkowski’s inequality, we have

72 anw

gr(f)g'(é)de)

)pn,k

S
U
Q
N——
S

gt (€) Ben
[ a0 g as

g"t1(a)

)pn,k
1
r+1 t D

g () gt (t) Bln P
></ <|f(gl(5ri1))yp/ (o —5)" @ _l)pda> ds
g )

_ (T + 1)_ - (7>qn kW™
- Z%Fk(&ﬂ'ﬁ)( A) pn

" 1
g () L gt — 6 (HE—Dpt1y
X / ’f(g_l((sH'l NI ( Bin ) do.
9 ( E Dp+1
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If we use the Holder’s inequality, then we have

_B o

(r+1)"% (V) gn o™
S X Tl + B)(A)pr

r+1 t

g (1) > gt () (ngrl(t) _ 5)(’%5” )p+1 e ‘
. / Flg~ 1 (7)) Pds / ( Brtn > s
g1 (a) gm1(a) (( et 1)p +1

8
(r+1)7* Z (V) gnpew™
- k Fk(ﬁn + B)(A)pn,k‘
1 B+en
gt p (,r+1 o+l =
_ g (t) =g (a)
<\ [ eerpas ( @) T
g"+1(a) 3
where 1 + 1 = 1. Now substituting (¢~ §7H)) = s, we have
p ' q

7“—|—1 ii anw

3 =

r+1 —_ gt a ﬁtfﬂ !
y (g™t (¢) gim (a)) ((7,+1)/ ’f(3)|pg7‘(s)g’(8)ds>

= (r+ D)7EGE) — g T @) REL N (o () — g T (@)Dl ]
The proof is completed.
We investigate some other properties. First, we give an identity.
Lemma 1. Let r € R\{-1},4,8,v,0,7, A\ w € C,k € R" n € N;R({) > 0,R(8) >
0,R(v) > 0,R(c) > 0,R(\) > 0. Then we have the identity
£
% / (071(€) — g™ () E 1@ () — 07 (@) F g () (5)

a

X B (w(@ () — 0 () VBT (w7 () — 07 (@) F)ds

rHliey _ artl Btv_q ,
- O g ) - 5 @),
Proof. Consider
£
3 @O - e ) - o @) (g

a
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X B (w(a™ (€)= o () F) BT (w(@™ (s) — o7 () F)ds

- zle/(g”l(é) g () E T (@ (s) — 07 (@) E T (5)g(s)
> )an,k w" Ty ot B
XT;)F’C i B )Im’k(g () =9 (s))
x Z Damk & (1) grid(q) s o= 1.

Fk Em +v ()\)pm,k:

THE—g" " (s)

W and using Definition 2 we have

Substituting u =

r r Btv_1 oo o0 n+m
I = (g +1(€) — 9 +1(a)) k ! Z Zrk(y)anw +

K(r+1) 2t Tl + B)(A) pue
(o) ;
g qm,k r+1 ol £(m+n) M,l B v+£m71
Fk(£m+v)()\)pm7k(9 (&) =g (a)F /u (1= w) & du
0
B+v 0o oo e
gr+1(a)) ! qn kW +

(@) - F
a (r+1) mznz k(0 + B)(A) p i

Z(er

Dt (qr+1(6) — g7 (a)

L (fm + v)(A) pmk By (In + B,4m +v)

(718 — g () T S w (g E) — 07 (@) T S (@gm—myk(Vagn

(T + 1) 0 l“k(ﬂm + ﬁ + ’U) "0 (A)pn,k()‘)p(mfn),k
r41 o+l B:Uf )
_ (g (g) (rg—i_ 1)((1)) ’Z’zzﬁj’?%w(grﬁ-l ({) _ gr-i-l (a))ﬁ)

This ends the argument.

Proposition 1. (Semi-group property) Let r € R\{-1},¢,8,v,0,7,A,\,w € Ck €
Rt n € N;R({),R(B),R(v),R(c), R(\) > 0. Then for any f € L'[0,B] and ¢ € [0, B],
we have
ST e ] ©) = GTTE N F)©). (17)
Proof. By utilizing Definition 7, Lemma 1 and Dirichlet formula for interchanging the
order of integration, we get

k b 7A'7 k b ’A7
TIZJQ&B?,O;Q [TI:J:f,v?p;gf] (€)
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s £
- / T — g () g ()9 () B (wl(a T (€) — a7 (5))F)
0

I
ﬁ
+
._|

o\m
ﬁ
+
»—\
ﬁ
+
>—\
Qb
SN—
N~—
=)
=+
e
L

g, ' T £ T
x BTSN (g (€) — g7 (9)) )" (0)g(6) £(8)d6
k ~+o, AN,
= (bzepjoive 1) ©).
This completes the proof.

Lemma 2. Let r € R\{—-1},¢,8,v,7,A,w € C,k € R*,n € N and R({), R(8), R(v) > 0.
Then
( kIw”y’A’q (QT—H(S) B gr—&—l(a))%—l) (5) Fk(v)(gTJrl(g) _ gT+1(a))6:U—1

+ . 0.8.0; =
r~at,¢,8,p9 (r + 1)%

X Bl (w(g i (E) — g7 (a)F).

Proof. By using Definition 7, we get

(z2oin @ () - @) E ) o)
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x B (w(@ () — g (s))F)ds

Ealie

3
B (T“‘l)l_ = (V)qn,k w" r+liey _ gl Bln_y
= e a/<g (&) - g1 (s))

x (g7 (s) — g™ (a))F T g"(s)g (s)ds == J.

g t(E) — g™ (s)
g7t (&) — g™t (a)

Substituting u = and using Definition 2, we have

1
(@) — gt a) T & (V) gnpw™ 1 N F [ TN = w)F
= k(r+1)% 2 L(ln + B)(A)pn.k @O ) 0/ o

r+l —grtt a B+U 1& n w" 1 1
@O - (a) ¢ an” (6771(&) — 97 (@) ¥ Bu(tn + B,0)

(T+ 1)% +5 )pn,k
@O @) T TS (Mank®” ey e Te(n+ BT (v)
) i 1? 2 T+ W @ OO

- Btv
g (a) &

_ Fk(U)(gr—’_l(f) - qn kwn . o Tn
B (rr-Jrl)% Zpk gn+5+v)( )pn,k(g (&) —9"" (a))

T (v r+1 _ q7t+1 a [3-1:1]71 1 r £
OO D g i -

Hence the proof is done.

3. Applications: Prabhakar-based Hardy-type Inequalities

In this section, we present the Prabhakar-based Hardy-type fractional integral inequal-
ities involving the generalized multi-parametric Prabhakar operator defined by (16). We
begin with the following lemma.

Lemma 3. Let k > 0,r € R\{-1},¢,8,v,7,A,w € C,n € N;R(¢) > 0,R(B) + k >
0,R(7y) > 0,R(A) > 0. Then

K(©) = (r+1) R (@) — o™ @) FEPNL, @l (©) — g @)F, (1)

and
3 B_ A L
(r+1) [ @) =g () r Bl (W@ (€) — g (s))F) ,
Ao f(€) = ) ()9 (s)ds
" k / @) — g @), (g () — g )
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Proof. Since

(U TF (g (g) — g7+ (s)) £ g7 (s)g (s)
H(E,s) = E;Z’g,’g,p(w(g’““(é) _ gr+1($))£), for a < s < & (20)
0, for £ < s <,

by using (7) and (14), we get

=%
O GRS CILSrOH®

S

X Wangk @@ (E) — g (s) T
<2 Tr(bn + B) (A i d

o0

3

1)!-% n W 5 ,

B H Z T ( hffﬁ () /(gm(f) — g () T E A (5)g/(5) s
on,

By simple integration, we obtain equation (18). Furthermore, using (18) and (20) into
(6), we have relation (19).

Theorem 11. Let W be a measurable positive function on (a,b),0 < p < q < 00,{ >
0,7 € R\{—1} and consider U as a weight mapping on (a,b). If

b r+1 _ artl s %—IE%AH w r+1 _r+1 s % q 1
y [/u(§)<(9 1(5) g 1( >)§ %Ak:,qe,g,p( (g 1(5) g 1( ))[))pd£:| " < 0,
A (gmt1(&) — g™t (a))kEk7Z7ﬂ+k7p(w(gr+ (&) — gt (a)*)

(21)

then for some positive number E1 and for a non-negative conver mapping ® onl C R, we
get

’ (r+ D) F TN (E) JRE
[a/ “e (‘D((QM@ - gr+1<a>>fE;’£;+kp<w§gr+1<f> - gu~+1<a>>i>>> s

< B [ Werenas)”, 22
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for measurable mapping f : (a,b) — R. Furthermore, if E1 > 0 is the least constant to
exist (22), then Eq < A;.

Proof. By applying the Jensen’s and then Minkowski’s inequality, we obtain

[ fue (a(— AL ~)) %dg} '
a (r+1) "k (g7 1(€)—gr 1 (a) kB A (&)—g"+1(a))F)

nt Bk, p W@t

b
(r+1)
< || UE) 7
[/ (k(g”l(f) — gt () FEPN L (w(g i (€) — g (a))E)

k.t,B+k,p

1
B L

£
x / (677(6) = g7 () F 10" (5)/ () B (w(@ 1 (€) — a7 (5))F) (£ (s))ds) " e

b b
—1 (P D" (s)g'(s) )5\
<[[((wre (e ey |
(71 — g () F BN (w(@TH(E) — g (8))F) | qay
X U(E) L —d(©)| ") W(s)B(f(s))ds
[(QT“(S) —gT“(a))%EngA,za‘ik,p(w(gT“(E) — gt a))*) } ) }

b
<A (/ W(s)cp(f(s))ds)?

Thus, the proof is concluded.

Corollary 2. Consider —oo < q¢ < p < 0 and the hypotheses of Theorem 11. If

. _1 (r g (9)d' (s)\ 5
A= il WO )
b B8 ¢
(07F1E) — g™ () T ELN (w(@ () — gt (s)F)\ ¢ N2
x| [ U) s Z)Pde)” < oo,
<5/ <<gr+l<g> — g (@) B (@@ () — gr+1<a>>k>> )

then for some positive real number Eo and conver function ® > 0, the inequality

q

p 1

(Comitrr e 1(3) L
uge) | L || )
</ [ (<r+1>fi<gr+1<f>gTH(a))’iE%A’q (w(g+1() — g7 (a)) ) )

a kzz7ﬁ+k7p
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. L
> B, ( / W(8)<I>(f(8))d8) (23)

is valid for any measurable function f : (a,b) — R. In addition, if Eq is the largest positive
number to hold (23), then Eq > As.

Utilization of Theorem 4 for the newly introduced multi-parametric Prabhakar integral
operator given in (7), we state this theorem.

Theorem 12. Assume £,8,7v, A, p,q are the same notions in Definition 7, and the weight
mapping U is given on (a,b). For each fized s € (a,b), define

(r+1) /b PN CAORT RG] TEPM (W@ THE) — g7 (s)

A
A (g7t(&) — g7 (a)) E;77Z77ﬂq+k7p(

M| @

V(s) = k

S
—
©
=
+
=
—
o
SN—
|
©
=
+
—
—~
S
~—
~—

(24)
If the function ® is convex on I C R, then for all measurable mapping f € Lla,b] with
Imf C I, we have

¢

b B_ A £
1) @O - ) A O~ )
ue)e = —0"(s)g'(s)f(s)ds )d§
a/ - / O TR otg 0 gD )
b
< /V(s)cp<f(s)>ds. (25)

Proof. By Theorem 4 with Ay = Ay = (a,b),dO1(§) = d€,dO2(s) = ds and with the
help of the Jensen’s inequality along with Fubini’s theorem, we have

b
Ju@e(ans©)ae

and the desired inequality is derived.
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Theorem 13. Assumek, £, 3,7, A, p,q are the same notions in Definition 7 and the weight
function U is given on (a,b). For a fized s € (a,b), define

b MT-{—I _7~+1S%_1TS/S
P(s) = f(s) / u(e)——8 <fgﬁg§q. f<2)>(>§) 0 (5)g'(s)

x EPiA (w(g™(€) — g7+ (5))F)dE < oo,

If the function ® : I — R is convex and

Fze s A
+,f}\6,p79 , fi(s) € I, then the inequality
(T ) (©) 12(5)

BT 1) () / £i(s)
a/ u(@@((’ﬂ:ﬂzg?;fa)(f)>d€ < / P(s)q>( f; (S)>ds (26)

holds.
Proof. By using Theorem 5 with A = Ay = (a,b),dO:1(§) = d§,dOs(s) = ds, Z1(§) =
((fI;"ﬁé%qp.gfl)(ﬁ), Z9(&) = ((,’fI;”ﬁé/qu,gfg)(f), we immediately obtain inequality (26).

The next theorem proves the new refined weighted Hardy-type integral inequality for

an arbitrary convex mapping based on the generalized multi-parametric Prabhakar integral
provided by (7).

Theorem 14. Consider the hypothses of Theorem 12. Furthermore, let a convex mapping
® onlICRand p: 1 — R beso that p(§) € 0P(E) for all § € Intl. Then

b b (r+ DEEZN )
V(s)®( f(s))d(s) — [ U(E)D o — )d(§)
/a ( ) /a ((gr+1(§) _ gr—i—l(a)>%E]Z’vé}g_"_k’p(w(gr-i-l(g) _ gr—l—l(a))k))

’ 2163
2/ -8 r+1 _ qr+1 £ v,\,q r41 _arl £
a (r+1)7E (@) — g (a) R By, (W@ (E) — g7 (a)F)

£(T+1)17% r+1 Pl 21 o o v.Aq r41 ril L
/ @) () T () () B, (wlg () — g7 (5))F)

) (r+ DEEZEETN 1))
H(I)(f( )) (I)<(gr+1(§) _ 9"“(@))gEZ,’ﬁ,’ng,p(wp(G"“(f) _ gr+1(a))ﬁ)> ’

ol (r+ DECT D) )
(@7 1(€) — g1 (@) FEL M (w(g () — g7+ (a))F)
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B Wy, A,
(r+1)* (f@ﬁﬂg}f )(€)
B L
(071(6) — 01 (@) FEL g ((@7 1 (6) — 97 (@) F)
holds for all measurable mappings f : Ao — R with f(s) € I, Vs € (a,b). If the function
® is monotone and convex onl C R, then

x| £(s) -

d(s)de), 27

b b (r+ EETEMF)(€)
V()@ (f(s))d(s) — | U)o Al ~)d(©)
/a (1) / <<gr+1<5> —gr+l<a>>5E,z;2’;+kvp<w<gr+l<5>—gfﬂ(a»k))
y /b U()
o )T - 0 @) L (0@ () - 0 ) )
¢ (r+ G F)(©)
sgn( f(s) — e e S
’ / o (a7+1(6) — g1 (@) R BN (w(@ () - gr+l<a>>k>)
r 17% ¢
U2 (@410 — 7 ()0 () () EL (la™ (€) — 07 (5))F)
” 8 k9w g
fo(ro) - CDRREILNO
(7+1() — g1 (@) R EL A (w(@r () — g7 (a))F)
- el (r DEGTE O )| e
(71(6) — 07+ (a) F B, (w(@1(€) — g7+ (a))F)
” 8 krgw,Aag
" (f(s) B (r+1) (rIaJrL/B’p &) )}d(s)d(ﬁ)‘

8 L
(g7 H1(E) — gt (@) F B oy (w(@ L (§) — g7 (a)) )
for each measurable function f: (a,b) — R with f(s) € I,Vs € (a,b).

Proof. By combining A; = Az = (a,b), dO1(§) = d, dO2(s) = ds with Theorem 6,
and H(&, s) given in (20), we derive (27) and (28).

The 1-dimensional structure yeilds refined Hardy-type and Polya-Knopp-type inequal-
ities. Kaijser et al. in [31] presented a refinement of a Hardy-type inequality that can be
generalized for fractional multi-parametric Prabhakar integral operator given in (16).

Theorem 15. Consider a weight mapping U > 0 defined on (a,b) and let k, ¢, B,~v, A, p,q
be the same notions in Definition 7. For each fized s € (a,b), define

U0 (g4 (€) — g7+ (s)) £ g7 (s)g (s)

W(s) :=s 7
S/ (@1() — 07 (@) F EL M @@ (€) — g () F)
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< BN (g (E) — g7 () o) 1)

e
If on I CR, ® is conver and ¢ : I — R is so that ¢(&) € O0P(£),VE € Intl, then
b b T A
. d T 50, D))
Jwee(re) % - [uos(—— Tk 5)
) 5 (r+1)"k(@ &) — g™t (a ))kEkZB-Hcp( w(grt1(§) — g™t (a))¥)

N /b U
T )R @) - g @) FEL N (@@ (E) — g7 (0)F)

£ 17% ¢
« [ @O - o) 0 B (ela O - 6D ) (29)
0

(FT g)(©)
x [|®(f(s)) — @ A -
‘ ( ) <(7’+1) F(gr(€) — g7 (a) R B (g’““(f)—g’"“(a))k))’
(¥ aﬁfﬁquf)(f)
B SD( -8 1 1 Y 1 10\ 4 )‘
(r+1)7 k(g (&) — g7 (a ))kEkZB—i-kp( w(grt(§) — g (a))*)

P (?Iﬁfﬂ&pgf)({) dé

(r+ 1)k (g+1(€) — g™ (a ))kEZw+kp( w(g (&) — g ti(a) ) &

is valid for all measurable function f : (a,b) — R having values in I. If ® is concave,

in that case, the order of integrals on the L.H.S. of (29) is inverted. If ® is conver and
monotone on I C R, then

b b A
ds (RT3, F)(©) d¢
W(s)®(f(s)) = — [uUE)e 0 e
a/ ()5 / (<r+1>-f<g7"+1<5>—gr+1< Q) EEPM (@ <gr+1<a>—gr+1<a>>k>>f
y /b U
T 1) TR (@) — g (@) RER ML (w(@ () — g (a)F)
13 kW Y>0,q
) /Sgn<f(8)_ - & a+mpgf)(€) )
J (r+ 1)~ % (g7 +1(€) — g™+ (a) R Yt (w(@1(€) — g7+ L(a))F)
(r+ 1) F (@) — g (@) FEY (@ () — a7 (@) F)
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(TN F)(E)

x |@(f(s)) — @ e b .
#(7) (<r+1>i(gfﬂ(&)—gr+l<a>>fE,z;;};fM,p(w(ng(s)—gr+1<a>>k>>
B ‘@( (’ﬁlfﬁfﬁ’?p;gf )(€) )‘
(r+ 1)k (g +1(€) — g7+ (a) R B0 (g H1(€) — 71 () F)
(FZSET 1) (€) de
x | f(s) — 2 b — ) |ds—=|,
( (r+ 1) F (g +1(E) — g (@) FEL Ly (w(@ 1 (€) - g”l(a))k))} §

is fulfilled for all measurable function f : (a,b) — R having values in I.

Proof. By using Theorem 7 with (0,b) = (a,b), value of non-negative kernel H (&, s)
given in (20) and

1
(7 1(€) — g7+ 1(a)) R B (w(gH1(€) — 7L (a))F)

A =
”Hf(f) (7’—1—1)_%

=@
ol

T 1- )
X /‘(—’_;)(gﬂrl(é&) _ gr+1(S))ﬁflgr(S)g/(s)E;ﬁé]’p(w(gﬂrl(é) _ QrJrl(a))E)f(s)ds,

a
give the required result.

Next, the mean value theorem given in [32] is proved for the generalized multi-parametric
Prabhakar fractional integral operator (7).

Theorem 16. Consider the hypothses of Theorem 12. Let I be compact in R, " € C*(I),
and f: (a,b) = R be a measurable mapping with Imf C I. Then o € I s.t.

’ (r+1)

v ()ats) ~ [ uion(

a

¢ B_ A £
(@) ~ 0 ) BN @O - gD
. L 47 (s)g/ () F(s)ds)
a/ (@1 - 0 @) B (a6 — g7 (@) F) )
" b b r
=B v - [Cue ("

j (071 () — g™+ () T EY (w(@ 1 (€) — g7 () F)
L (grL(€) — gr () R B (@@ (€) — gt (a))

> w
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Proof. By using Theorem 8 with A; = Ay = (a,b),dO1(§) = d§,dOz(s) = ds and using
value of Ay f(§) from (19), we derive (30).

Theorem 17. Let all conditions of Theorem 16 are fulfilled. Also, j,h € C*(I) and
he) £0¥Ee L If

[ von(se)ie - [(uen("HY
9

LEPM (W@t E) — g7 () F)
EP M (@ 1) — g+ (a))F)

y / (g1 (&) —a"T(s))
(g7 (&) — g7 (a))

then do €1 s.t.

o' (5)9'(5) (s)ds ) d€ # 0,

M@ w
s

a

o) B V@i(f)ds - [ue
o) b V(s)h(f(s))ds—ffll(f)

§ [ rtl 1y 2 =1 mvaAsg 1 1oy £
[ (r (8" (&)— (s)F E (w(@g" (&)~ NE)

(g e O P, O L) gr )/ (5) f (s)ds ) de

y a (@O —g T (@) FEL ML (w(@ (€~ (@) F)
S 1 41 B4 v,A,q 1 1 £ .

r (g tH(€)—g"t1(s)kF E (w(g 1 (§)—g"T1(s)) %)
(ot j e T B, G CC D) g1 )/ (s) £ (s)ds ) d

o (@O g (@) FE ML (w(gr T (€)—g+(a) F)

(31)

Proof. Applying Theorem 9 with Ay = Ay = (a,b),dO1(§) = d&,dOs(s) = ds and
using value of Ay f(£) from (19), we get (31), and the proof is completed.

4. Conclusion

Inequalities are prevalent in practically every aspect of life, and fractional calculus
depicts nature better than integer-order calculus. This article examines the generalized
multi-parametric Mittag-Leffler function and extended forms of fractional integral opera-
tors in the Prabhakar settings. Some important characteristics, such as the semi-group,
are also explored. Jensen’s and Minkowski’s inequalities have numerous applications in
optimization theory, and they are used to investigate Hardy-type integral inequalities in-
volving the newly described multi-parametric Prabhakar integral operator. In conclusion,
we may claim that this study will motivate scholars to explore new fractional operators
and Hardy-type fractional integral inequalities.
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