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1. Introduction

The nonlinear parabolic equations encapsulate the balance of momentum and mass
conservation, providing a rigorous framework for analyzing complex flow phenomena. Al-
though there is a fundamental importance to know the existence, uniqueness and regularity
of solutions to these equations, their non-linear coupled nature makes it extremely chal-
lenging to demonstrate and shows why it has been called one of the Millennium Prize
Problems. Nonlinear functional analysis was used to solve these equations because the
discovery of Temam [1] was an important basis. This publication was made a must-read
to any further researches in this sphere. Still, the regularity and decay of strong solu-
tions, especially in infinite spaces, were refined in the early works of scholars such as Da
Veiga [2]. These prior observations were decisively important for later interpretation. In
the same effort, the development of function space theory has been significant. Especially,
Triebel [3] introduced the so-called hybrid spaces, which is a clever generalization of the
ideas of spatial decay and temporal smoothing as it appears in the heat kernels. This new
method was extraordinarily successful, not just in the Navier-Stokes case but also in an
extended form beyond this in the more general elliptic and parabolic partial differential
equations.

The study of fluid mechanics has made great progress with the introduction of spaces
with non-standard growth on exponents, such as LP(®). The importance of these spaces is
due to the fact that they provide non-standard growth conditions, which better describes
the real-world fluids with their inhomogeneity. This development has led to the thrilling
developments in research. For example, the effect of replacing classical Lebesgue spaces
with variable exponent counterparts on the structure and solutions of the N-S system was
studied in [4]. An alternative approach was presented in [5], where the equations were
investigated under viscosity in interval-valued function spaces, which provide a suitable
algebraic framework for problems in higher dimensions. Further progress was made in [6],
where stationary N-S equations were analyzed in the variable exponent setting, leading
to new results. More recently, [7] addressed fractional and nonlocal variants of the N-
S equations and established global well-posedness in Fourier—-Besov—Morrey spaces with
variable exponents, which capture both frequency behavior and spatial localization. Rus-
lan Abdulkadirov and Pavel Lyakhov [8] investigated estimates of mild solutions to the
Navier—Stokes equations in the framework of weak Herz-type Besov—Morrey spaces.

Let us consider R™ with n > 2, and a fixed time interval (0, T) where 0 < T < co. The
incompressible Navier—Stokes equations system in R" x (0, T) is written as:

%—AH—F(UV)U‘va:f, ianX(O,T),
divu =0, in R" x (0, T),
u(0) = uy, in R™.

Here, the vector field u represents the velocity of the fluid, and f denotes the external
forces acting on the fluid. The scalar field p represents the pressure. In this context, T
denotes the finite time horizon or the maximum time for which the system is being consid-
ered. The work in [9] addressed the Cauchy problem for the incompressible N-S equations
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on R", where the analysis was directed toward the potential blow-up of local solutions
and the characterization of global uniqueness for large initial data within the homogeneous
weak Herz space WKgq. Key results include embedding theorems linking weak Herz and
homogeneous Besov spaces, essential for establishing boundedness estimates.

In [10], the authors investigated the stability of incompressible N-S equations within
generalized Herz spaces, which allow for precise localization and decay properties. Building
on this framework, [11] highlighted its limitations by demonstrating three-dimensional hy-
perdissipative N-S system in analogous spaces, illustrating the sensitive interplay between
dissipation, nonlinearity, and the choice of function space. The work in [12] investigated
asymptotically self-similar solutions in weak Herz spaces, focusing on behavior near critical
regularity thresholds. A different strategy was pursued in [13], where the three-dimensional
N-S equations were treated as a perturbation of the two-dimensional system, providing
deeper understanding of both weak and strong solution structures. Meanwhile, [14] an-
alyzed N-S and Euler flows, emphasizing the importance of scaling-adapted techniques
for addressing non-homogeneous dynamics. In [15], a Lagrangian formulation was applied
to the variable-density incompressible N-S equations, revealing intricate connections be-
tween transport effects and regularity. Finally, [16] explored the necessary conditions for
the smoothness threshold that ensures the global continuation of solutions.

In this study, we focus on a problem initiated by Huanzhi Ge and Feng Du, who, in
their recent work [17], proved the well-posedness and analyzed the determining regularity
of Navier—Stokes equations with delay. Building on their foundational contributions, we
propose a new methodology that emphasizes the role of operator-theoretic boundedness
in addressing the dynamics of delayed fluid systems. Specifically, we turn our attention
to the incompressible Navier—Stokes equations incorporating a memory-type delay term,
described by the following system:

%‘; —vAu+ (u-V)u+ Vp =9(s) + ®(s,u(s +0)), in (o,s8) € Q x (¢, T),

divu =0, in (o,8) € 2 x (¢, T),
u=0, on (o,8) € 002 x (¢, T),
u(o,t+6) = ¢(0,0), oceQ, 6¢e(—o00,0l.

In the considered system, the unknown functions u(o,s) = (uV)(o,s),u®(o,s)) and
p(o,s) denote the velocity field and pressure of the fluid, respectively. The term ) (s) =
(M (s),1p3)(s)) represents an external force varying over time, while v > 0 stands for
the viscosity coefficient. The delayed term u(s + 6), with § € (—o0,0], accounts for the
influence of past states on the current flow. Additionally, the mapping ®(-,-) introduces
a continuous feedback mechanism driven by this delay. For related results concerning
operator boundedness and functional inequalities, we refer the reader to [18-21] and the
references therein.

Operator boundedness, including that of singular integrals [22], heat semigroups [23],
and fractional Laplacians [24], plays a central role in establishing the regularity, existence,
and uniqueness of solutions to physical models such as the N-S systems. For example,
recent studies have investigated pullback attractors and delay effects in two-dimensional
flows [25], and the temporal and spatial decay have been analyzed by deriving upper



W. Afzal et al. / Eur. J. Pure Appl. Math, 19 (2) (2026), 7489 4 of 38

and lower bounds for the classical Navier-Stokes equations [26]. Along the way, the
introduction of functional spaces like the Herz-type, Morrey-type, and variable exponent
spaces has given ways of analysing nonlinear PDE efficiently. The smoothness of solutions
in such spaces, together with operator bound estimates and embedding, are critical to
the extension of classical results. Drihem [27] investigated composition operators and
composition of these to semilinear parabolic equations in the Herz-type Triebel-Lizorkin
spaces. Generalized Lebesgue and Sobolev spaces have been a subject of other works
in the search of how they can be used in the treatment of various types of PDEs [28].
More has been done concerning the regularity theory on variable exponent Herz spaces
[29], embedding between Morrey-type and Herz spaces [30], and the structure of Herz-
type Hardy spaces with variable smoothness and integrability [31]. Recently also, use
of parabolic and anisotropic mixed-norm Herz spaces has attracted interest in boundary
value and elliptic problems [32, 33]. Besides that, there is also more depth to both Hardy
spaces related to generalized Herz spaces [34] and estimates of operators in weighted
Morrey spaces [35]. Finally, the higher-order commutator and parametric integral operator
theory on Morrey-Herz spaces of variable exponent [36] is an idea of further development
of the aforesaid area. For additional relevant results concerning regularity criteria for
weak solutions of various classes of equations, we refer the reader to the following [37-41]
references.

The primary motivation of this work is to build upon and extend the results presented
in Afzal et al. [42], where the Riesz potential with damping in the kernel was introduced
and its boundedness properties were analyzed in the setting of Lebesgue spaces. Inspired
by this approach, we focus on the Bessel-Riesz operator, incorporating an additional layer
of spatial roughness into the kernel, which introduces new analytical challenges and richer
structural behavior. In particular, we extend the scope of investigation from the classical
Lebesgue spaces to Herz spaces, which provide both local and global features of functions
and have proven to be highly effective in harmonic analysis. Furthermore, by establishing
new boundedness results for this generalized operator, we are able to apply the developed
theory to a nonlinear model of fluid mechanics. Specifically, we examine the regularity of
the two-dimensional delayed Navier—Stokes system, where the coefficients are taken from
the VMO (vanishing mean oscillation) class, a setting that plays a crucial role in ensuring
stability and robustness of the system. This combination of operator-theoretic techniques
with applications to fluid dynamics highlights both the theoretical depth and the practical
significance of our contributions.

The structure of the article is arranged as follows. Section 1 presents a comprehen-
sive introduction and highlights the primary motivation behind this study, placing our
contribution within the broader framework of operator boundedness in harmonic anal-
ysis. In Section 2, we recall several essential lemmas, definitions, and auxiliary results
that will be repeatedly utilized throughout the paper. Section 3 is devoted to establishing
the boundedness properties of fractional operators along with their classical counterparts.
In Section 4, we demonstrate an application of these results to a nonlinear parabolic-
type equation. Finally, Section 5 summarizes our main findings and discusses potential
directions for future research.
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2. Preliminary Concepts

In this section, we compile the fundamental definitions and preliminary results that
form the analytical framework for the developments presented in this article. To supple-
ment the exposition and provide additional theoretical background, we refer the reader to
authoritative monographs in the literature, together with the reference [43]. Moreover, we
systematically establish the notation and conventions that will be employed throughout
the subsequent sections to ensure clarity and consistency.

Notational Conventions

Throughout the paper, we use the following notations. The Euclidean space is denoted
by R®, with RT for positive reals, B(w,r) for an open ball, |Q| for Lebesgue measure,
xE for the characteristic function of a set, and supp for the support of a function;
“a.e.” means almost everywhere. For function spaces, Pg)g(Q) and P(Q) denote variable

exponent classes, while Lﬁg(Q) and WHP(R?) are the local variable exponent Lebesgue
and Sobolev spaces. We write ¢ < ¢ for domination up to a constant, ; < g for
continuous embedding, and 1 *¢ for convolution. Finally, a standard dyadic decomposition

of R® into balls and annuli is employed.

2.1. Variable Exponent Spaces

Variable exponent Lebesgue spaces extend classical LP spaces by allowing the inte-
grability exponent to vary pointwise. Consider a measurable subset ) of the Euclidean
space R". We associate to each point of {2 a positive real number by means of a function
t: 2 — (0,00), often referred to in the literature as a variable exponent. We define

¢~ :=essinf (), 1T = esssup ().
£eq =9

The pointwise Holder conjugate ¢/(-) is defined so that
1 1

NGRRIG)

recovering the usual relation when ¢ is constant.

=1, fora.e. €,

For each ¢ € Pp(Q2) :={¢: Q2 — (0,00) | ¢~ > 0}, the associated modular functional is

D,(ip) = /Q B, (6 (I0(€)]) de,
where
T 0< 1< o0,
Q,(7):=420, 7<1, =00,

oo, T>1, t=o00.
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Definition 1 ([43]). Let Q2 be a measurable subset of the Euclidean space R*. We consider
a mapping ¢ : Q — (0,00) which assigns a strictly positive real value to each point in §);
such a mapping is commonly known as a variable exponent. The corresponding Lebesgue
space with variable exponent is introduced as

L‘(')(Q) = {X : Q — K measurable ‘ 37 >0 such that ¢, (%) < oo},

and it is endowed with the Luxemburg-type norm
. X
= : =) <1
Iy =t {7 >0 : 6, (%) <1}

Whenever +~ > 1, this space is complete and hence constitutes a Banach space. In
addition, if the essential supremum T is finite, then the following identity is valid:

XELO@Q) /Q X (©)19 de < oo,

In order to guarantee the boundedness of the principal operators under consideration, we
impose appropriate regularity conditions on the exponent function § : Q — R™. Specifi-
cally, we assume that § satisfies the classical log-Holder continuity conditions.

The first condition, commonly termed local log-Holder continuity, restricts the oscil-
lation of § between points that are close to one another. In particular, there exists a
constant cjog(d) > 0 such that for every pair of points w,¢ € €,

() - 8(0)] < — el
IOg (e + m)
This condition prevents abrupt fluctuations of the exponent within small neighborhoods
of the domain.
If the origin belongs to the domain, i.e., 0 € €0, we further assume the log-Hélder
continuity at the origin. That is, there exist constants cjog(d) > 0 and ro € (0, 1] such that
for every w € Q satisfying |w| < ro,

Clog(9)
log (e + ﬁ) ‘

This assumption ensures that the exponent remains stable and avoids excessive oscillations
in a neighborhood of the origin.

Finally, in order to regulate the asymptotic behaviour of the exponent on large scales,
we additionally assume the so—called log-Hdélder continuity at infinity. More precisely,
there exist constants do. € R and ciog(0) > 0 such that for every w € Q,

o) — Clog((s)
[9() = dec| < log(e + |@|)

6(w) —6(0)] <
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This condition ensures that the exponent stabilizes and converges toward a limiting value
as |w| — oc.

If a function ¢ satisfies the three log-Holder continuity conditions described above, then
it is referred to as globally log-Hélder continuous, which we denote concisely by § € Ciog(0).
Consequently, the family of globally regular variable exponents is given by

Pl(Q) = {5 EPy(Q): L e clog((s)}.

Proposition 1 ([43]). Let © denote a measurable set and assume that p(-) € P(0). Under
this assumption, the following assertions hold true.

First, when the essential supremum p™ is finite, the modular function exhibits a scaling
behavior governed by the variable exponent. In particular, for every scalar ¢ > 1,

PTOE) < 0() < PTI(E),

while the inequalities are reversed whenever 0 < ¢ < 1. This property describes how the
modular responds to scalar multiplication under varying exponents.
Next, assume that pT(©\ O) < 0o0. Then, for all t > 1,

9(i€) < 2 OVO=Dy(¢),
which provides a control estimate of the modular over the complement of a fired subset

Oy C 6.
Moreover, if & € LP()(©) and its Luzemburg norm satisfies 1€llecr @) > 0, then the

normalized function obeys
£
Yoy ————— | < 1.
P“(Hsnm«)(@)

In addition, if p* < oo, this inequality becomes an equality, i.e.,

£
Gy ——— | =1,
p()<||5||Lp(~)(@))

which characterizes the normalization property of the Luremburg norm.
Finally, provided that p™ < oo, the norm and modular are related by two-sided esti-
mates. Specifically, if |[[lp) @) > 1, then

Ip(y ()P < [IEllp0r () < Py ()P

Conversely, when 0 < HEHLP(.)(@) < 1, the inequalities reverse in the exponents:

Io(y (OVP < €llror o) < Fo) (6P
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Definition 2 ( [43]). Let ¢ € L] _(R®). The Hardy-Littlewood maximal function is
defined by

1
Me() = s o [ 101,

where the supremum ranges over all axis-aligned cubes @ C R® that contain the point ¢.
The operator satisfies the following properties:

(i) Subadditivity and Homogeneity: For any ¢, x € X(R"®) and any scalar v € R,
M(p +x)(¢) < Mp(e) + Mx(2), M(vp)() = [v] Mep(v).

(ii) Lower Bound in Measure: If x # 0, then for every bounded measurable region
© C R™, there exists a constant € > 0 such that

Mx(t) > €, Vie€O.

(iii) Lack of Integrability: If x # 0 a.c., then My ¢ L'(R™).

(iv) Preservation of Supremum Norm: If x € L>(R"), then
IMx|lso = [[x[loo-

v) Weak Type Estimate: Let ¢ € LP(R") for some 1 < p < 00, and t > 0. Then,
¥ P

3n4mP

e R Mp(r) > 8} < 0 /Rnwu)PdL.

(vi) Strong Type Bound: If 1 < p < oo, then
IMllLe ey < C@)(E)PllelLeme-

(vii) Boundedness in Variable Exponent Spaces: Supposep(-) € P(R®) with 1/p(:) €
P%)Og(Rn). Then, for any t > 0 and measurable o,

£ X peMo> 0 | ey < Cll@lLeo @
Moreover, if p— > 1, it follows that
Mol o0 mmy < Cllollee (re)-

Definition 3 ([44]). Let p,q € Po(R") be given variable exponent functions, and consider
a measurable function oo : R™ — R such that o € L*(R").
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The inhomogeneous Herz space with variable exponents, denoted by Kg(()) q(.)(Rn), con-
p(-)

sists of those measurable functions ¢ € Ly,

(R") for which the quasi-norm

Wy o= Ioxmlly + (220 w0

k>1 £ (Lr0))
is finite.

Intustively, this structure measures the local behavior of 1 near the origin together with
its weighted decay across dyadic annuli, adjusted to the spatial variability of the exponents.

()

Similarly, the homogeneous Herz space with variable exponents KIO;(:)

of all functions ¢ € Lp(')(RIl \ {0}) for which

loc

o) (R™) consists

Wy = [[(240 v )

keZ Z‘K‘)(LP('))

is finite. In this homogeneous setting, the origin is excluded, and the scaling sequence
extends symmetrically over all dyadic levels k € Z, thus encoding the global scale-invariant
structure of the function 1.

Remark 1. The generalized definition of Herz-type spaces given in Definition 3 naturally
encompasses several classical settings. If the weight parameter is constant, that is, a(-) =
a, while both exponents p(-) and q(-) are fized constants, then one recovers the standard
Herz spaces in their classical form [45]. When a(-) = « and q(-) is constant but p(-)
varies with position, the construction reduces to the variable exponent Herz spaces [46].
In particular, if a(-), p(+), and q(-) are all taken to be constant, the formulation collapses
to the original Herz space structure [47]. Hence, the generalized approach unifies the
traditional Herz spaces, providing a broader setting that interpolates naturally between
these cases.

Lemma 1 ([48]). Let § € L>®(R") and assume that t1 > 0. If B fulfills the log-Hdlder
continuity condition in a neighborhood of the origin as well as at infinity, then

( Bt

t1 . t

—_ 0 < t < a0

(t2> if 255
t

96 <800 1 if 5 <t <20,

5-
t

<1> Zf to > 2t1,
L\ B2

t t
for any e € B(0,t1) \ B (O, 21) and v € B(0,t2) \ B (0, 22> , with a constant implicit in

the estimates that is independent of €, v, t1, and to.
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Lemma 2 ([49]). Let v € P8(R™). Then, for each pair of cubes Q C R C R™, there
exists a constant C > 0, independent of Q and R, such that the following inequality holds:

A<R">1/’y+ . HXRHW(.) < B(w>l/’y
Q] Ixall, Q]

where the constants A,B > 0 are independent of the measures |R| and |Q].

Proposition 2 ([48]). Let 5 € L*(R"), p € P(R"), and ¢ € (0,00]. Assume that the
function B(-) satisfies the logarithmic Hélder continuity condition as || — oco. Then the
non-standard inhomogeneous Herz space with smoothness coincides with the corresponding
Herz space of constant smoothness determined by the asymptotic limit B ; namely,
Kp(-)ﬁ(Rn) - Kp(-),J(Rn)'
In addition, if B(-) also possesses logarithmic regularity in a neighborhood of the origin,
then the associated norm in quast sense can be equivalently represented as

I9llgsr = {240 )

,6

. H{Qkﬁwmk}

£ (Le() 03 (Le0))

Within this setting, the quantity B captures the asymptotic behaviour of B(e) at in-
finity, whereas 5(0) reflects its limiting value in a neighbourhood of the origin.

Here, £5< corresponds to the discrete quasi-norm taken over negative indices, whereas
6‘; 18 computed over non-negative indices. Such a distinction allows one to separate the
local part of the Herz norm from its asymptotic portion.

Lemma 3 ([48]). Let 0 < p < 1 and 0 < § < oo. Consider a sequence of positive reals
{ex}yez such that
[{extkez| s = I < oc.

Define two new sequences by

(i = Z,u,kijﬁj, & = Zujiké‘j, keZ.

i<k >k
Then both {Ckez and {&rez belong to €%, and one has

{¢ctiezls + ||[{€ctrez],s < CJ,

where C > 0 is a constant depending solely on p and §.

Definition 4 ([50]). The space of functions with bounded mean oscillation, denoted by
BMO(R?®), is defined as

BMO(R”) := {b € Li,o(R™) : ||b||pmo < >},
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where .
Ibllsno = sup / Ib() — b| deo,
Bcre |B| JB

with B denoting a generic ball in R®, and by := ﬁ fB b(w)dw representing the average

of b over the ball B.

Definition 5 ([50]). The space of functions with vanishing mean oscillation, denoted by
VMO(RR®), is a proper subspace of BMO(R®). It is defined by

VMO(R?) := {b € BMO(R") : lim (o) = O} ,

o—07t

where the function (o), referred to as the VMO modulus of b, is given by

1
oy s [ e <bn
p<o B, ‘BP‘ By

and B, ranges over all balls in R of radius p.
Lemma 4 ([48]). Let p € P25(R™), and set
S :=B(0,p0) \ B(0,2).
If |S| = 277, then the following norm equivalences are valid:

il ~ 1Q|1/poo

Ixs|lper & [S[VPE) &~ 8|/,

where the implied constants are uniform with respect to both the radius py and any point
eesS.

3. The Major results

The purpose of this section is to undertake a detailed investigation of the bounded-
ness properties associated with a newly formulated integral operator of Bessel-Riesz type.
This operator is distinguished by the simultaneous incorporation of an exponential damp-
ing factor and a rough kernel, features that substantially enrich its analytical flexibility.
By allowing additional structural parameters, this framework unifies and extends several
well-known operators, each of which may be recovered as a special case under appropri-
ate parameter restrictions. Consequently, the formulation provides a versatile tool for
addressing difficult integral estimates where standard operators either fail to apply or
provide insufficient control.

To set the stage, we introduce the operator explicitly:

|oo — o™ < w—=c
TY = Q
a,779¢(w) /R" (1 I ’?D _ §|)7

) o=l (<) de,

| — <]
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here, a € (0,n) characterizes the order of the kernel’s singular behaviour, whereas v > 0
dictates how rapidly it decreases as one moves towards infinity; furthermore, the measur-
able function

Q:R™\ {0} = C

is permitted to be singular or oscillatory, thereby admitting a broad class of rough kernels.
The exponential term e~ ?I@ =l plays the role of a damping factor, ensuring rapid decay at
large distances.

For points w located outside the support of 1, the operator satisfies the fundamental size
estimate

’w _ qafn

T4 o) (@)] < / (14| —<])7

Inequality (3.1) illustrates how the interplay of parameters shapes the kernel:

Q< w =< )‘ = (o) ds. (3.1)

| — <]

e the parameter « introduces a fractional-type singularity;
e the term (1 + | — ¢|)™7 governs polynomial decay at infinity;

e the exponential damping factor produces a rapid vanishing effect, which is particu-
larly effective in enhancing integrability and mitigating roughness in €.

Remark 2. The generalized Bessel-Riesz operator with exponential damping and rough
kernel is defined by

. w—cle™n w—c
T ) = | = — 4] ﬂ(

o At o =< ) T de.

| — <]

This single framework includes several well-known operators, which can now be written
unambiguously by specifying the corresponding parameter choices:

(i) Riesz potential: For v =0, v=0, and =1, we denote

T 0¥ (@) = / (<)

je [T — [P

dg.

(ii) Rough fractional integral: For v =0, v =0, and 2 homogeneous of degree zero,
o)
w—<
T?0,0,9)¢(W) = /1R — () ds.

N ’w _ g|nfa

(iii) Exponentially damped Riesz potential: For v =0 and Q =1,

1
v — —v|w—g| de.
(0,0,1)¢(w) /Rn 7@ — g‘n,ae ¥(s)ds
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(iv) Sublinear operator: When a =0, v=0,v=0, Q=1,

T(()O,O,l) (W)Z/R Md?

n |w—§‘“

(v) Bessel-Riesz operator: For v =0 and Q =1,

TO () = / Miﬂ(g) de
(eyy,1) re (14 @ —¢|)7 :
Thus, each operator is now clearly represented as a specific case of TZ,%Q, avoiding
any ambiguity in notation as highlighted by the reviewer.
Sublinear Operator
a=0,v=0 v=0 Q=1
Riesz Potential )
v=0 Q=1
. l N
Rough Fractional Integral
v=0, QelL>®
N\ J
/ : - -
Exponentially Damped Riesz Operator
v>0 Q=1
N\ J
Bessel-Riesz Operator
v=0, Q=1 v>0

h

£ Novel Generalized Fractional Operator }

v
TozmQ

Figure 1: Structural evolution from classical integral operators to the generalized Bessel-Riesz operator with
exponential damping and rough kernel.

Remark 3 (Novelty and Significance). The proposed Bessel-Riesz operator with rough
kernel and exponential damping advances beyond classical Riesz and rough fractional op-
erators. The additional decay term (1+|ww —<|)~7 enhances both integrability and decay at
infinity, ensuring boundedness in broader function spaces even when  is only measurable.
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Theorem 1. Let 0 < q < oo. We assume that the variable exponent function p : R* —
(1,00) belongs to the log-Hélder class at infinity, that is,

p € PY(RY),
meaning that there exists a finite limit

Poo = lim p(w)
|| —o0

and some constant Cso > 0 such that for all w € R*,

o0

IP(@) — Poo| < m-

Assume further that
1<p <p'<oo, n e N.

Let o € L°(R™®) be log-Hélder continuous at infinity and satisfying the limiting condi-
tion
n n
—— < O < R
Poo P
where Qoo := lim| |00 ().
Define the exponentially damped operator with rough kernel
o( ==

|w—s]

TH(0)() = [ ) i 4(c) d,

N
where 2 € L3(S*71), 1 < s < oo, is homogeneous of degree zero, and v > 0.
If TY, is bounded on LPU)(R®), then it extends continuously to Kg()

('),Cl
quently, for any ¢ € Ks((:))q(Rn) NLPO) | we have

(R®). Conse-

ITq ()

a(- S C a(- )
e = 1P
where the constant C > 0 depends on n, p(-), q, a(-), v, and || Ls.

Proof. Let T§ be a sublinear operator, and suppose that it is bounded on the variable
exponent Lebesgue space LP()(R?). Assume further that a € L>°(R?) is log-H6lder con-
tinuous at infinity. With these hypotheses in place, the operator Tg extends continuously

()

to the variable exponent Herz space Kg(:m(Rn).

To analyze this boundedness, we employ a dyadic decomposition of the underlying
space and estimate the corresponding Herz quasi-norm of T (1) by separately considering
contributions from near-field and far-field regions:

4
TG (@) < Y ITé (¢ xr,) (@)] 4
i=1
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where the spatial regions are specified by:

R :=B_o,
R := By \ B_o,

Rs := {w eR: 252 < |w| < 2k+2},
R4 = Rn \ Bk+2.
Using the exponentially damped kernel estimate:
2 (=)
Ta)@) < [ L e,
n =g

and the boundedness of Tg on LPO), each part TE (¢ - xR;) is estimated.
Collecting all the preceding bounds and estimates, we arrive at the final conclusion:

ITE ey, mey < Ol vy

where the constant C > 0 depends only on [|||rs, v, and the parameters in the assump-
tions.

Next, we analyze the part arising from T¢ (1/) XB,g) when evaluated at points w € Ry for
all indices k > 1. Noting that for every ¢ € B_s, the following property holds:

@ — <] > @] - || > 27 - 272 2 2K,

the kernel estimate of T, yields
U (2] e
Th (e ) (@) < [ S e ) e
Using the pointwise estimates
o —¢|™ < 27kn7 o vlw—s| < efvc-2k7

We estimate the local part for @ € Ry, k > 1. From the definition of Tg, we have

T4 (0w (@) s27e [ Ja(z=g)] vl

To estimate the integral, we apply the generalized variable Hoélder inequality:

/132 ‘Q(@iil)‘ [$(9)]ds < [|@ = IxB_a [lpwrrs_y) 1Y XB2llio0 @y
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Observing that s > p/(-)~ alone does not guarantee that p(-) > 1. In order for the

decomposition
1 1 1

PO B s

to be meaningful, we additionally require

1 1
— —=->0 = p'(s) <s forall g€ R"
p'(c) s
Equivalently,
s >p'T :=esssupp’(s),
sER®

which ensures that p(¢) > 1. Under this additional assumption, the relation
1 1 1
. S 3.2
CRECRE &2

holds, and hence, using Lemma 2.1.4 of [51], we obtain

HQ(W —) XszHLp%)(BfQ) < Hﬂ(w —) XB72} Ls(B_3) HXB72HL5(-)(B,2)'

w—9
|w—]

Making the change of variables w = and using polar coordinates, we deduce

/3_2 a(z=)

Hence,
_ _ k
TS (¥ xB_,) (@)] S 27| QL so1) 1Y xB s 1500

Since ¢ € B_3 implies 1 < p~ < p(¢) < pT < oo, the exponent functions p(-) and p(-) are
bounded and measurable on the compact set B_s. It follows from the local equivalence
property of variable Lebesgue spaces that if two exponents r(-) and s(-) satisfy

S 2_2
sx [T [ R o £ 190

0 < inf —= < sup — < oo,
—28(S) T B, 8(g)
then the corresponding norms || - || g_,) and || - [lsc) g _,) are equivalent. Therefore,

the norms LP()(B_5) and LPO)(B_5) are equivalent that is

1Y xB oI5 S 1Y XB_s e

Consequently,
—kn_ —wve2k
TG (¥ xB_,) (@)] $ 2752 |Q|ps sn-1) ¥ XB_ollLp0-

Taking the LPO)-norm and applying Lemma 4, we get
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k(aoo—n+-=2-) _ k
25 |\ TH (Y xB ) [[pp0) S 2 (aomntpis ) v 1@ 15 (s2-1) [ XB [l Le-
Summing over k > 1 in ¢4, we conclude

1/q

> 24 s TE 0 xm ) | S 190y 18l < Clllar gy
k>1 p()q

We now estimate the term

TH(Y xB, ,\B ) (@)

Let w € Rk and ¢ € Bi_3 \ B_y C Rj for some —1 <j <k — 2. Then

Q
}qujl (¢ Xkaz\B_2) (w)‘ < Z / | |w gl)l 7U\w*<| W(C)| ds.

—1<j<k—2 g|n
Since | — | > 2X, we have

_ _ _ _ _ k
|w_§|ns2kn’ e“‘wg‘SeUCQ.

By the same argument as in the previous estimate, and after applying the variable Holder
inequality in conjunction with relation (3.2), we obtain

—kn — k
TS (¥ xB, 2\B_,) (@)] S 1Qs(sa-1) Z 275 e V2|9 x| 11Xl oo -
—1<j<k—2

Taking the LP()-norm on Ry and multiplying by 2k

koo katoo o—kn . — k
259 |Ixic TS (Y XBi_o\B_2) || o) S 1QLs(sn-1) 25027 e V2 Il e Z 19 Xl Lo Gl er e -
~1<j<k-2

Using Lemma 4,
_jn_ n
HXJ'HLP’(-) A 20 Ixk|lp o) A 2P .

Thus,

- _ L
20 |\i TH (¥ X8y o \Bs) |0 S [QlLe(sn1y 2= )2 5™ 25y xg oo
—1<j<k—2

Let

5 ::aoo—n—l—i.
Poo
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Then
ke ||y, TG (1 XBy_\B_a) || 1o0) S HQHLs(Snfl)e’“CQk Z 20920 |1 4h x| -
—1<j<k—2
Taking the ¢9-quasi norm,
1/q Y/a
Z e HXk Tq (d) XBk—2\Bf2) H%pt) S 1€UlLs sy Z 21 |4) Xij ||Ep(-)
o1 j=0
Therefore,
1/aq
1; gkaced ka TY (¢ XBk,g\B_z) H‘Ep(') < HQHLS(Snfl) HwHK‘g("j’q(Rﬂ) SC HT/JHK;((:))’q(Rn).

Estimation of T¢ <@ZJ Xﬁk):
Let

2
Rii= {Ce R 22 < (| < 22} sothat wg, = D Xk
=1

Since T, is bounded on LPO), we deduce that

2
S Qs D M9 Xaewsll o -

j=-1

s (35|

Lr()

Taking the ¢9-quasinorm and applying the quasi-triangle inequality, we obtain:

qa
[2e758
Lo S Qs se-1y 22 ool xell P
k>1 £20

q
D gk ka T4 (w Xﬁk>

< CT,Z)”Kg(?O)’q(Rn)-

Estimation of T (w XRH\BHQ):
Let w € Ry, and note that for ¢ € R® \ By, one has ¢ € R; with j > k+ 3. Then

QU= e
TG (¥ XRr\By,) (@)] S Z / ﬁe V==l ()] de.
ioki3 /Ry 170
Since | — | > 2/, we have

— 3 — _ _ J
|w_g|n§2jn’ €U|wg|§evc2.



W. Afzal et al. / Eur. J. Pure Appl. Math, 19 (2) (2026), 7489 19 of 38

Using Lemma 4 together with Holder’s inequality, it follows that:

_jn
/ ()] ds < 275 ) xill oo

d

we get . '
TG (¥ XRo\Bye) (@)] S 1 QILs(sn1y) Y 277 e P xj o0 -
j=k+3

Taking the LP()-norm over w € Ry and applying Lemma 4:

k—j ot === j — j
2k0¢oo||xk T’lf}l(%bXRn\BkJ,-Q)HLp() /S ||QHLS(SH*1) Z 2( J)(Ot poo)QJOéooe UC2J||?/}XJ||LP()
i>k+3

Finally, taking the ¢4-quasinorm over k > 1 and using Lemma 3:

1/q 1/q
Koo -

D 25 i TG (8 XR\Bro) [ S Qs say 4 D 279 x|,

k>1 i>1

Hence,

1/q
kaoo
> 2= U T xre B o) (S 19eesey [l -

k>1

Final estimate: By leveraging the boundedness of T¢, together with the localized nature
of 1, it follows that

I(To¥) xBollLoe) S [92sgo-1) [Pllges < CllYllgacr gay-
p(-).q p(-).a

Decompose
w = ¢XB0 + ¢XR1 +wXR“\B17

and estimate pointwise for w € Bg via subadditivity:
Ty (@)| < TG (¥ xBo) (@)] + TG (¥ xw,) (@)] + [ TG (¥ Xxme\B, ) (w)] -

Contribution from the near-field: To estimate the part of the operator arising from points
in the vicinity of @, we apply the known boundedness of T¢ on Lr0),

ITG (¥ xBo) XBollLoe) S I1lLsgn-) 19 XBollLeer S 12Le g1y [Wllxcons -

Near shell: Similarly,

ITq (¥ xR.) XBollee) S HQHLS(Sn—l) 1 xR e S HQHLS(SD—l) WHKgm'
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Far-field contribution: Consider w € By and ¢ € R € R™\ By with k > 2. In this case,
the distance between w and ¢ satisfies |co — ¢| 2 ok Consequently, we deduce:

T (4 xrom,) (@)] S 19 e gory S 2740 v / (c) de.

k>2 Ry

Using Lemma 4 together with Holder’s inequality, it follows that:

kn
/ (<) ds < 27 (14 wllpcs
Ry

SO

_k-n k
TG (¥ xra\By) ()] S 19 pssn1y Y27 P €™ [ xallpoce -
k>2

Taking the LP()-norm over By gives

176 (0 xmmm,) X8l o S 19sqsos) [

Combining all three parts, we conclude
& < o A
ICT50) xBollrer S 190ty Wl | < C IWllgatr -
This concludes the proof.

Remark 4. Theorem 1 unifies and extends several existing results. If a(-) = a, v = 0,
and Q =1, it reduces to Theorem 3.3 in [52]. With the further assumption p(-) = p, the
result coincides with Theorem 2.1 in [53]. Moreover, for a constant kernel Q = 1 and
v =0, it refines Theorem 4.2 and related results in [48].

Theorem 2. Let 0 < o < n and v > 0. Consider the variable exponents
p € PYE(R") NPE(R"), qe Py(RY),
satisfying the growth restriction
l<p <p'< E.
o

Assume that the function a € L*° (R") is log-Hdélder continuous at both the origin and
at infinity, with bounds

n 1
a—+<a_§a+<n(1—_>,
p P

ensuring compatibility with the scaling of the operator.



W. Afzal et al. / Eur. J. Pure Appl. Math, 19 (2) (2026), 7489 21 of 38

Let Q € L® (Sn_l) for some 1 < s < oo such that s > p~, and assume that § is
homogeneous of degree zero. We define the generalized rough Bessel-Riesz operator with
exponential decay by

To 0 (w) = /R ( @ — o Q( S )w<<> ds.

1+|w—g|)" \|w—¢

Suppose that T, .0 is bounded from the variable exponent Lebesgue space
LPO(R") into LPO(RY),
where the associated Sobolev conjugate exponent is given, for each point w, by
1 1 o

p*(w) "~ p(w) n’
With these assumptions in place, the operator admits a bounded extension between the
corresponding variable exponent Herz spaces:
() n () n
(a0 (B = K 40 (RY)-

Proof. Based on Proposition 2, let us fix w € R, for some ¢ < 0. To analyze the
operator effectively, we decompose the function 1 according to its spatial position with
respect to the origin. Accordingly, the entire space R" is divided into three non-overlapping
regions, allowing separate treatment of contributions from near-field, intermediate, and
far-field zones.

"0
Ta7'Y7Q ° Kp

R"=B, ,UR,U(R"\ B,;3),

where B, = {¢ € R" : [¢| < 2"} denotes the open ball of radius 2" centered at the origin,
and B
R, = {g eR": 272 < ¢ < 2L+2}

is an annulus.
This decomposition allows us to write

P(<) = (<) - xB,_o(s) T (<) - X, (S) + ¥(S) - XRm\B, 12 (S)-

Applying the linear operator Ty, 4 o (as defined in Theorem 2) and then taking its absolute
value, we utilize the triangle inequality:

Tar 0b(@) = [Tana (¥ X8, 2 + 6 Xg, + ¥ Xro\B..s) (@)

< ‘Ta,'y,Q (1[) : XBkz) (w)‘ + ‘Ta,'y,Q (TJZ) : Xﬁb> (w)‘ + }TamQ (d} : XR“\BL+2) (w)} .

We now estimate the first term, | T, .0 (1/1 : XBL_Q) (w)‘ For this, we further decom-
pose the ball B,_o into a countable union of disjoint dyadic annuli:
=2
B, , = U R., where R, := {g eR":2°<|[¢| < 2€+1}.

E=—00
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Using this decomposition within the integral definition of the operator, and applying the
triangle inequality, we obtain:

‘Ta,'y,Q (77[) : XBL,Q) (w)‘
B | — glo™ w—c
- /B i oy (B ) o

w—¢l*" Q<W_§>¢(g)dg

. 1+\w—<\) @ —
S lo(z=)
< Q )| ds.
: _Z/ e o 2 (=gl
E=—00
Since w € R, ¢ € R, and ¢ < ¢ — 2, we have
@ =<l > || — <] 2 2"
Thus, the integrand satisfies
Nw =" inmat)
(I+]w—<)7 ™
Hence,
Tare (613, ()] £ 240 JREORECER

E=—00

From the previous estimate for
both sides by 2:4(0).

22O Ty o (¢ xB,_,) (@)] S 20 sz /RE (171 \;'—O:T)V ‘ <|w d)‘ 19(<)] ds.

Since w € R, and ¢ € R. C B,_5, we have |w — ¢| = 2*. This allows us to estimate
the kernel terms:

, and by Lemma 1, we multiply

Tg,’y,Q (d} ) XBh?) (w)

( | |— C‘QT) < g—tln—aty)
1+ |w—¢)7 ™

Due to the log-Holder continuity of a, we obtain

9:a(0) < CIQ(L—E)cWL 9ea(s)

Indeed, decompose
2La(0) _ 2(L—6)a(0) 2611(€) 2€(a(0)—a(§))'
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Since a(0) < a*, we have
2(Lf€)a(0) < 2(L*€)Cl+'

Moreover, log-Holder continuity at the origin implies

Clog (@)

a(0) —a(9)] <
log (e +

) < Clog(a),

Is]

and therefore
9e(a(0)—a(s)) < 9€clog(8) —. (V.

Combining these bounds yields

9ta(0) < C/2(L7€)a+ 9ea(s)

)

which is the desired inequality.

20 |Ta% (1/1 XB,_ 2 Z o(t—e)at  g—i(n—aty)

E=—00

. /Rg ‘Q<| —cl)‘ 27 |3)(<)| ds.

Next, we take the LP"()-norm restricted to R,. Applying generalized Minkowski’s
inequality to move the outer LP*()-norm inside the summation gives

=2
< Z 2(L—€)a+ . 2—L(I‘l—0¢+’Y)

E=—00

(WH/ 2(==5)

Now we apply the generalized Holder inequality in variable exponent spaces. For each
fixed w € R,, the integral over R, can be seen as the dual pairing of three functions:

‘Q(m g\>"X€(<)7 2594 (q) - xe(s), and x,(w).

9ta(0) T&%Q (¢ . Xth) .

“UNere)

X

20 6)] s ) - (@)

Lrp*()

By Holder’s inequality with exponents p(-), p/(+), and p*(-), we obtain

H wH/ 2(12=5) [ 2Ol ds) - x(=)

S, HXEHLP’(-) : H2€a )1/} : Xa”Lp(-) : ”XLHLP*('%

Lr*()

Here, the first factor arises from bounding the kernel part with y. in the dual space LP'(),
the second factor corresponds to the weighted function 2¢%()y localized to R, and the
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third factor comes from the cutoff y, ensuring restriction to R,. Thus, both applications of
Hoélder’s inequality are consistent, and the exponent indices match the variable exponent
framework.

Finally, invoking Lemma 4, we first estimate the auxiliary characteristic function. Since
the condition s > p’(-)~ alone does not ensure that the decomposition

1 1 1

V(@) b= s

is meaningful, we additionally assume that

I+

s> p'" :=esssupp’(w),

weRM

which guarantees that

1 1 ~
D= s >0 and hence p(w) > 1.

Under this strengthened condition, the relation
1 1 1

=— +-,  weRY
p(w) Dplw) s

holds, and thus by the generalized Holder inequality (Lemma 2.1.4 in [51]) we obtain

Ixellercr < Clixells - lIxellse
= CIR|Y* - |Ixellpso
<25 Ixellseo-

Here the first step uses Holder’s inequality with mixed exponents p/(-),p(:), and the con-
stant exponent s; the second step uses ||xc[s = |Re|'/%; and the last step relies on the
dyadic scaling relation |Rg| ~ 2°".

Substituting this bound into the previous estimate for the operator term, we obtain the
consistent inequality

HQLa(O) Ti 0 (¢ ) Xﬁ) : XLHLP*H
< o(t—e)(at —(n—a+v)) H2ea(-)¢ Xellroo - Ixellpo o -

We proceed to estimate the contribution from the local region, specifically, we consider

1 1 =)
|R.| »==) |R,|?=) < C - ot Z':)r,

For any w. € R. and w, € R, with ¢ < — 2, the Holder continuity of p(-) € P%)Og(R") N
Pg%g(R”), which further ensures that the conjugate and Sobolev exponents satisfy p’(+), p*(-) €
PyE N PRE.
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Exploiting this property together with the structural form of the operator T, , q, we
deduce:

2“1(0) : Ta,’y,Q (¢ ’ XB/,—2) ’

“IlLe* () (R

e e [
\7R| Py rR|<w»
s & ) o) o, 69

Noting that

n
at —n+ — <0.
p

At this stage, invoking Lemma 3 for the Bessel-Riesz-type operator T, , o yields

qa(0) o
¢ Lp*(-)(Rn)}
- Z (Z A7) o)) 240w e

L=—00
1
a(0) o
Lp( )(Rn

9ta(0) Toro (d, . XBhg) .

(£]

1

a(0) Y a®
r() (R“)>

2Lu(0)¢ XL

A%

~ ”"b” ;(()) ()(Rn)'

Consider the estimation of 2‘< - T, (w . XBHQ) in the ¢2°-norm. We proceed
analogously to the earlier case, but with 2% in place of 2%(9). Here, the validity of the
estimate is ensured by the log-Holder continuity at infinity, which guarantees the existence
of constants clog(a) > 0 and a. € R such that

Clog(a) n
— O] & ——F—| R".
la(w) — aso| < Tog(e + @) w €

Hence, for large |w| (in particular when w € B, with large ¢), we obtain
‘aoo - a(w)’ S Clog(a)) 2L(aoo*a(w)) S 2L010g(a) = C/'

Therefore,
9lloo _ 2La(w) 2L(aoo—a(w)) < o4 2La(w)_
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This shows that 2‘*< can be controlled by 2:4(®) yp to a harmless multiplicative constant
depending only on the log-Ho6lder constant. With this observation the subsequent estimate

H2[’a°° . Ta,’y,Q ('l/] . XBL_Q) . XLHLP*(‘)(RH)

=2 (L—E)(CPL—TH-L)
< Z 2 P~/ . H‘Q(‘g:a)‘ 'QEa(‘)l/}'Xe
e=—00

LPO) (RM)
follows exactly as in the case of the origin.

Fixing + > 0 and adopting the convention that Y'~2--- = 0 if ¢+ € {0,1,2}, we can
apply Lemma 3 once more, leading to

. e
{Z HQLCloo “Tan0 (w . XBL_Q) : XL| i?*(‘)(R")}
=0

1

00 N N 0 N N Ao Y Goo
<C {Z 2L(Cl —n+p—_) ) Z 2—e(a —n+pf) sup 9£a(0) [ X5||LP(')(R")> }
=0 £=—00 e<0
o0 1—2 (1—9) (cﬁ‘ o ) 0 oo q%.o
L= =) legals) ), .
+ C {; (;2 P ‘ 2 P Xe LP(')(RN)> } .
Since a™ —n + % < 0, we conclude:

1

0 doo
—0 p(-),a(")

In estimating the middle component,

Toq0 (%ZJ ' Xﬁb) ;
by using the boundedness of T, ~.q from LPC) (R®) to LP"() (R"), we obtain:

v (438 s
p*(-),a(-)

g H{Qba(o) . Ta,A/,Q <¢ . Xﬁ) 'XL}

<[ o

(R")

Laoo . . ~ .
1O (L () * H{2 Tana <¢ XRL) XL}

R [l LT

£ (13°0)

©)
‘ 5 3>

= Ol o

Next, we turn to the estimate of the far-field component:
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Tono (¥ xmMB,,),  @E€R, <0

Recalling the definition of T, o, we can express

290 | To 0 (U Xro\B.2) (@)]

/Rn\BL+2 (1‘?—? |_wg’—agl\1)w ‘Q<|g:§|>) [v(<)| ds

— 2w(0) Z/ 1\i|;§’_a;)w‘ (|w C|>M¢ )| ds.

e=1+3

For w € R, and ¢ € R, with ¢ > ¢ + 3 we have

_ 2Lu(0)

o — <l 2 [¢| = |w| 2 2571 =2 2 27,

hence the kernel satisfies the pointwise bound

| — o™ _ o
(1 + ]w — g|)'y ‘QOW*E\)‘ S HQ”LS(S,,_l) 92 e(n Jm,)'

Using the log—Hélder control of a (cf. Lemma 1), we may compare weights and obtain

2L0(0) S 2(L—e)a, 2ea(<)’

so that
9ta(0) ‘TozmQ (qj} . XR“\BL+2) (w)‘

[e.e]

S ey 3 2 gmelo—at) /R 29) [44(¢)] d.

e=1+3

Next take the LP"()-norm over w € R,. By Holder’s inequality in variable Lebesgue
spaces we have

/R 2O <) ds 5 (|2 xe [ s - el
Therefore

HQLa(O)' a7, (77[) XR“\BL+2) 'XLHLP*(‘)

o0

S essn-1y Z 2(= )= 9=t 1195800 | oy [1Xel v (1l [ppeco-
e=t+3

Finally, using Lemma 4 to control the characteristic norms H XEHLPIM and H XLHLP*(')’
and summing in ¢ (applying Lemma 3 where necessary), one obtains the expected Herz—space
bound

1/9(0)
{ S [[250T, o Wxrp o ) S 19 e

L=—00

a()



W. Afzal et al. / Eur. J. Pure Appl. Math, 19 (2) (2026), 7489 28 of 38

In order to control the tail component of the operator,
To 0 (@b : XR“\BL+2) , for fixed w € R,, ¢ < 0, we write:

29O TY o (¥ xmR\B.) (@)]

L (<)l
< Qs enry - 20 2/ I e L

e=14+3

Since | — ¢| > 2°73 for ¢ € R., we estimate
1

< 9—e(n—atv)
| — <" (1 + |w — )Y

and hence,

2O |TY o (¢ xrom,) (@)] S Qs Y 20790 27t
e=t+3

< [ 20 o)l d.
R.
Applying Holder’s inequality, we obtain

2:0(0) . 40 (¥ XrM\B,.,) X

‘ Lp*(-)(Rﬂ)

S ”QHL&'(S"%) Z 9t—e)a—  9g—e(n—at+y) ’
e=1+3

26a(')¢ * Xe

Lr() (RM) HXEHLP’(-)(Rn) ”XLHLP*C)(Rn) :

Using the volume scaling relation
R.| /26 R, [VP) < ¢ 2oy

we get
a(0 n
U (0) .'| 0,0 (@D XR \BL+2) ’

‘ t LP*()(RM)

S 18l 3 2|

e=t+3

259004 - xe

LPO)(R®)
Observing that

a_+i—’y>0 and 25“(0;::25“00, forall¢ € R., € >0,

1/q(0
o(0) /a(0)
“llLe* () (Rrm)

-1 0 ( 3 )( + ) Q(O)
S 1| so-1y Z < > 2 o ‘ LP<->(R")>
e=1+3

2€a 7/) Xe
t=—00

and applying Lemma 3, we obtain

(s

L=—00

2Lu(0) . Tg7779 (r(/] . XR"\BL+2) .

1/q(0)
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We proceed by estimating each sum separately. The first is directly absorbed through
Lemma 3, from which we obtain
1/q(0
o0 /a(0)
LPO)(R®) '

(s

Regarding the second term, employing the supremum and isolating the summable
geometric decay yields

2La(0) ,(Z} . X[,

» 1/a(0)

or ) oo ) b

L=—00

By combining the two preceding estimates, we obtain

Tana (0 xroBoa) g ey € Clelgeo) oy

P
To control the estimate

2Laoo

' Ta,'y,Q (1/} : XR“\BL+2)

in the /2 norm, we proceed analogously to the argument in the local part, replacing the
factor 2¢(0) with 2%~ This leads to the estimate

HQLOOO ’ TO“%Q (w ’ XR“\BH-Q) ’ XLHLP*(‘)(R")

S HQ||LS(Sn71) Z 2(L*€)<a_+p'7‘_7,y> . ‘
e=u+3

250()y . Xa’

LPO(RM)

By once more invoking Lemma 3 together with the summability of the geometric series,
we deduce:

o] 1/d00
{Z HQLGOO ) Ta7’77Q (w ’ XR“\BH-Q) ’ XLHE;()(R")}
1=0

> e 0oy 1/doo
< 19| 9= (1-+37) [lgeay . U
~ Ls(Sn—1) Z Zg ‘ d} Xe L) (RM)
e=t+

=0

S C ||17Z}||Ka(()) ()(Ru) *
p(-),ql-

This concludes the argument and thereby establishes the validity of Theorem 2.
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Remark 5. Theorem 2 encompasses several known results as special cases and provides
refined extensions. For instance, when a(-) = a, v = 0, and the variable exponents reduce
to constants p(-) = p, q(-) = q, the statement sharpens Theorem 2.2 of [54]. Furthermore,
if one additionally sets Q2 = 1, the result specializes to a refinement of Theorem 2.8 in
[48]. Thus, the present framework not only unifies but also strengthens earlier boundedness
criteria in the literature.

4. Regularity Framework for Delayed Two-Dimensional Parabolic
Equations

In this section, we examine the regularity behavior of a nonlinear family of two-
dimensional parabolic equations containing a time-delay component. The analysis is car-
ried out by employing key boundedness results for fractional-type potential operators,
which play a central role in both elliptic and parabolic regularity theory. Such operators
are instrumental in characterizing qualitative properties of solutions and in establishing
precise control over their local and global behavior.

Our methodology is motivated in part by the contributions of [50], where these tech-
niques are shown to be particularly effective in addressing fine regularity phenomena. In
addition, the developments in [29] on elliptic equations posed in Herz spaces with variable
exponents, together with the insights obtained in [55] for problems formulated in Morrey-
type spaces, provide a robust analytical foundation that supports the framework adopted
in the present study.

To provide analytical context, we now discuss the related parabolic framework that
forms the basis for studying regularity and well-posedness. The Stokes system, derived as
a linearized form of the Navier—Stokes equations, captures the behavior of incompressible
viscous fluids in regimes where inertial forces are negligible.

Let 0 # Q C R", where n > 3, be a bounded domain, and define the temporal interval
T := (0,T). Within this framework, we investigate the following initial-boundary value
problem [56]:

We consider the following initial-boundary value problem of parabolic type:

0
a—f —Lw =V, in Q,
w =0, on JpQr,

with data specified as
U elPO(Qr), @ e L3(Q).

Here, the space-time cylinder is defined by Qr := Q x T, while dpQr denotes its
parabolic boundary, incorporating both the spatial boundary of 2 and the initial time
layer.
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The evolution is driven by a second-order differential operator of parabolic type, de-
noted by L, which acts on the spatial variables and governs the diffusion mechanism of
the system.

Lw = Z O, (a(cm, t) Oy @)

i,j=1

with the coefficient matrix (aij) satisfying:

all € L= (Q1) N VMO(Qy), (1)
al = all  (symmetry), (2)
vHEP < Y alhg < vig, vEeRM (3)

ij=1
These ensure uniform ellipticity and regularity of the operator L.
For a fixed point (g, 0p) € Qr, the associated frozen-coefficient operator

n

Lov := Oyv — Z a’ (w07 90) awinV
=1

admits the fundamental solution:

n

1 1

(47 (8o — 0))2/2\ /det Ao, Bg)

where (AY) is the inverse of (al(wo, 6p)).
We define the spatial derivatives:

F((WOa 00), (1, 9)) =

i,j=1

2
0 ij = o L,
OT0T;
and introduce the bound

91°ITy;
ore

M := max max

Lj |aj<2n ’

Lo° (Qp xX)

where « stands for a index, and ¥ C R™ x (0,T) is a compact subset chosen so as to
exclude the singular point (e, t) = (7,6).

Theorem 3. Suppose that assumptions (1)—(3) are fulfilled, and the variable exponent
mappings p(-),q(-), and a(-) comply with the structural requirements stated in Theorem 2.
Under these hypotheses, one can find positive constants

C= C(n,p(-),q(-),a(-),M), po = PO(Cvn)u

1) > Al(wg, o) (@i — 1) (wj —

7)

)
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such that for any ball By @ Q with v < pg, and any weak solution u € Wg’p(')(Br) of the
following incompressible Navier—Stokes system with delay:

% — vAu+ (u : V)u + Vp = ’(Z}(S) + (I)(S,U(S + 0))7 in (Ua S) € x (L’T)a
divu =0, in (o,8) € @ x (1, 7T),
u=0, on (o,s) € 002 x (1, 7T),
u(o, .+ 0) = ¢(0,0), o€, fe€(-00,0]

where u denotes the velocity field, p the pressure, ¥ the external force, v > 0 the viscosity
coefficient, and ® a prescribed delay-dependent function. Then the following a priori
estimate is satisfied:

e e R il e

Kol (B: p(-),

p*(),a(")
Here, the Sobolev conjugate exponent p*(-) is defined by
1 1 «

p*(w@) p(w) n
Proof. Fix a ball B, C Q with r < pg, and let u € Wg’p(')(Br) be a weak solution
of the above system. The nonlinear term (u - V)u, together with the delay contribution
®(-,u(- +0)), is incorporated into the effective forcing term v + ®.

Using the standard parametrix representation for the linearized Stokes system, the
second-order derivatives of the velocity field u satisfy

O, uz(w, s) =P.V. Kfjn(w, 738, 9) (P (9) + (Y, u(I + 0))) dr

B:
/n . n n
+P.V. . Kij'(w, 738,9) [(u- V)u" (e, s) — (u- V)u"(r,9)] dr
+8%(w, 5),

valid V i,j € {1,...,n}.

The kernel Kfjn(w, T;8,1) arises as the second-order spatial derivative, with respect to
w, of the velocity component of the fundamental solution to the time-dependent Stokes
system. It satisfies the parabolic Calderén—Zygmund estimate

C C
|Ki€jn(wa7-; 8719)’ < pn+2 =

(lo =72 + v s — 0)) @D/

where
= — 1] +vis -9,

and v > 0 denotes the kinematic viscosity. In the steady-state case s = 9, this bound
reduces to the classical Calderén—Zygmund singular kernel estimate

KL (w,7)] < —

= |w =T’
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which has the same singular structure as the kernel of a standard singular integral operator
(see Remark 2). If a =0, 2 =1, and v = 0, the operator T, o reduces to

¥(s)
TO,O,l—/ dea
Rn

which has the same singularity profile as Kfjn. Thus, Top,1 corresponds to the classical
singular integral operator generated by a homogeneous kernel of order —n, for which
boundedness theory applies. In general, we introduce the fractional-type operator

(=)
T, w) = Q <) ds,
,'y,ﬂw( ) /R“ (1 + ‘w — g’),y |’ZD — §| ¢( )
which, by Theorem 2, yields the bounded mapping

KO n o0
Toqn: Kp(-),QC)(R ) — Kp*(’)"]‘(')

Applied to the effective source term v + @, this gives

(R").

<o)

Kos(),a0)

HP.V. / K (o, 7) (" + @") (1) dr

< C|lv+ @(-,u(- 4 6)) HKQU .
)sa(+)

For the nonlinear contribution, assuming VMO-type regularity,

sup }agk[u V)u|"(w) — 9, [(u-V)u}n(7)|<5,

|w—7|<8

we deduce

HP'V' /Kiejn(w’ 7) ((u -V)u'(w) — (u- V)un(q-)) dr o) <e HVUHKO‘S) .
p*(),a(")

This small term may be absorbed into the left-hand side for sufficiently small e.

Finally, the term S*(w, s) is the remainder (or error) term. Crucially, the function S is
expected to be smoother than the singular integral terms. The small radius r < pg ensures
that S¢ behaves as a lower-order term. Specifically, since S* is controlled by a non-singular
integral operator acting on the force term, we have

S¥(w,s) = / H™ (w, 738,9) (wn(r) + ®"(r,u(r + 9))) dr,

T

where the remainder kernel satisfies the uniform smooth estimate

‘Hzn(w,T;s,ﬁ)‘ < rgn

Since H™ is bounded, it follows that

’Sé( <C/ 7)+ @(7,u(t +0)) ’dT
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Hence, S’ is controlled by a Hardy-type averaging operator:
8'(w) < CM( + @(,u(- + ) ) (=),

where M denotes the Hardy—Littlewood maximal operator.
By Theorem 2, the maximal operator is bounded on the variable exponent Herz space:

_al) ()
MK a0 — Koao)r

Using the embedding

Ko(ae) = Kpilq  (since p°() < p(0)),
we conclude that
1S gacr < Cllo+@Cu(-+0)||gaer -
p*(-),a(") p(),a()

This uniform bound for the remainder term, combined with the singular integral esti-

mates for Kfj“, completes the a priori estimate.

5. Conclusions

In this work, we introduced and analyzed a new class of Bessel-Riesz type fractional
potential operators with spatial roughness. Using a refined decomposition method, we
established their boundedness in Herz-type spaces with variable growth, thereby unifying
and extending classical results for Riesz and Bessel potentials.

We further demonstrated the applicability of this framework to the two-dimensional
Navier—Stokes system with delay terms, where the finiteness of these operators plays a key
role in establishing existence and regularity of mild solutions.

Several directions for future research remain open, including extensions to coupled
nonlinear systems (e.g., MHD, Oldroyd-type fluids), development of numerical discretiza-
tion schemes, investigation of endpoint estimates in Herz and Lorentz-Herz spaces, and
applications to stochastic Navier—Stokes equations with fractional noise.
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