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Abstract. Scalar invariance is a fundamental property in the theory of risk measures. In this pa-
per, we provide a complete characterization of multivariate scalar-invariant mappings and examine
their main structural properties. To support this analysis, we introduce a novel topology on the
linear space of bounded random vectors, together with a new duality framework tailored to this
setting. Building on these foundations, we establish a new representation result for multivariate
scalar-invariant mappings.
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1. Introduction.

The axiomatic approach of risk measures originates from the introduction of the co-
herence axioms in Artzner et al. [1]. Since then, numerous extensions of this framework
have been developed, notably encompassing convex, coherent and distortion risk measures
as presented in [2], [3], [4], [5], [6] and [7]. These risk measures are inherently univariate,
in the sense that the risk they quantify is aggregated into a single scalar at a future time.

To account for risks arising from multiple sources, univariate risk measures have been
extended to the multivariate setting. The study of multivariate risk measures was first
initiated by Burgert and Riischendorf [8], where the authors introduced a class of multi-
variate convex risk measures of the form

\IIA(h) = Slelg \I’u(fu(h))7

for h € L, where LS® denotes the Lebegue space of bounded random variables taking
values in R, (U,)4ca is a family of univariate risk measures and (f,)uca is a family of
real functions on R?. Alternatively, they consider representations of the form

Wp(h) = 53}1@ ’ Wy (ful(h)) dp(u),
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for a family M of weighted measures on A. They establish consistency property of these
measures with respect to various convex and dependence orderings, and derive a Legendre-
Fenchel-type representation for multivariate convex risk measures.

Further developments are provided in Riischendorf [9], Ekeland and Schachermayer
[10], and Ekeland et al. [11], where the class of law-invariant multivariate convex risk
measures is characterized, and a Kusuoka-type dual representation is obtained. In partic-
ular, these measures are expressed as the supremum over a family of maximal correlation
risk measures. More precisely, it is shown that a map ¢ : L3 — R is a law-invariant
convex risk measure if and only if there exists a penalty a such that

¢(h) = sup (¢u(h) — a(p)),
pneM
for h € LY, where ¢, is the maximal correlation measure with baseline 4 and M is a set
of vector distributions.

An axiomatic approach for such measures, referred to as systemic risk measures, is
introduced in Chen et al. [12], Feinstein et al. [13], Armenti et al. [14], Kromer et al. [15]
and Biagini et al. [16, 17]. Dual representations under suitable assumptions are further
established in Arduca et al. [18] and in Ararat and Rudloff [19].

In general, multivariate financial positions are modeled as random vectors representing
future capital positions of financial institutions. Thus, one considers a system of risky
positions h € L3® and a mapping ¢ : LS — R as a measure of the associated multivariate
risk. The construction of such measures relies on a flexible methodological framework that
incorporates multi-dimensional acceptance sets and aggregation functions. In particular,
multivariate risk is typically reduced to a univariate setting through a combination of
aggregation and risk measurement procedures.

Two widely studied approaches in the literature are the following. The first, known
as first aggregate, then allocate, consists of aggregating the components of the risk vector
and then applying a univariate risk measure. In this case, the multivariate risk measure

is defined by

¢(h) = p(n(h)),
for h € L3, where n : Ly — L is a random aggregate function and p : L — R
is a univariate risk measure. The second approach, called first allocate, then aggregate,
proceeds by evaluating each component of the risk vector separately via univariate risk
measures and then aggregating the results. In this setting, the multivariate risk measure
takes the form

¢(h) = 7w(p1(h1), ..., pi(ha)),

for h € Ly°, where 7 : R? — R is a deterministic aggregate function and p1,. .., pq: L™ —
R are univariate risk measures.

In this paper we consider a deterministic linear aggregate function 7 : R4 — R and
denote by @, the set of multivariate scalar invariant maps with respect to 7. A map
¢ : L3P — R is said to be scalar invariant with respect to 7 if

¢(h+y) = ¢(h) +7(y),
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forall h € LY and y € RY. To each ¢ € ®,_, we associate its acceptance set
By :={h e Ly : ¢(h) <0}
We show in particular that 1, 4 € @, for any subset A in L3°, where
Yra(h) =inf{n(c): c€RY h—cec A},

for h € Ly° and that ¢ = ¢, if and only if ¢ € &,. We also introduce two new
properties called w-closeness and 7-solidity and show that these conditions are necessary
and sufficient for a set A to satisfy A = By,_,.

For the purpose of establishing dual representations of multivariate scalar-invariant
maps under minimal assumptions, we introduce a new topology 7 on the vector space L,
defined in terms of the family of acceptable sets. We show that 7 is the coarsest topology
on Lg°, that renders all elements of ¢, lower semi-continuous. Furthermore we construct
a duality between L3® and @ via the non-bilinear pairing b, defined by b(¢, h) = ¢(h) for
¢ € ®_and h € L, and establish a version of the classical bipolar theorem. Finally we
investigate dual representation for elements in ®_.

We emphasize that the present work extends several results from [20] to the multivari-
ate setting.

2. Preliminary results.

We consider a probability space (2, F,P) and introduce the main definitions and con-
cepts used throughout this paper. We denote by 11, the set of real-valued linear functions
on R?. For n € I1;, we define the set of units associated with 7, by

e(n) :={e € RY, n(e) = 1}.
In the remainder of the paper, we fix a linear map m € Il,.

Definition 1. (i) A subset A in L, is called a w-pseudo-acceptance set (or pseudo-
acceptance set with respect to ) if the map ¥y 4, defined by

Yra(h) :=inf{r(c): c€RY h—cec A},

is finite for all h € L. We denote by AP*(m), the set of all m-pseudo-acceptance
sets.

(it) A subset A in LY is called a m-acceptance set if there exists a map ¢ € @, such that
A=By:={hec Ly : ¢(h) <0}
We denote by A(m), the set of all m-acceptance sets.

A simple example of a pseudo-acceptance set is given below, illustrating that the
associated acceptance set may be significantly larger.
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Example 1. Consider n(c) = c1 + co for ¢ € R? and define A := LS, as the set of
non-positive elements in Ls°. Then A € AP*(r) since

1XJTr,.A(h) = esssupw(hl + h2)(w)7
which is finite for all h € LS. Consequently
Bwﬁ,A:{hELSO: h1+ ho SO}

We investigate necessary and sufficient conditions on 7 € Il;, A € AP*(7) and ¢p € D,
in order to ensure that A = By, , and ¢ = ¢ p,. To this end, we introduce two new
notions, namely 7-closeness and 7w-solidity.

Definition 2. Let A C L.

(i) The set A is said to be m-closed if for every h € LP, ¢ € R and every sequence
(cn)n>1 C RY such that the sequence (7(cn))n>1 is decreasing and converges to 7(c),
with h — ¢, € A for all n > 1, it follows that h — c € A.

(ii) The set A is said to be w-solid if for every h € A and every ¢ € R? such that 7(c) < 0,
one has h+c € A.

The next result collects the fundamental properties of the map 1 4 associated with
a pseudo-acceptance set A. In particular, it shows that every pseudo-acceptance set nat-
urally generates a multivariate scalar-invariant map.

Proposition 1. Let A € AP*(7) and define A := By, 4. Then

(1) for every h € L3, there exists a sequence (cp)p>1 in R?, such that the sequence
(7(cn))n>1 is decreasing, converges to ¥y a(h) and satisfies h—cy, € A for alln > 1.

(2) %,A S @w’
(3) IfC C A with C € AP*(), then ¢p4 < thrc.

(4) Yra=1v, 1

Proof. (1) The result follows directly from the definition of 1, 4(h) as an infimum.
(2) let h € LY and y € R% By assertion (1), there exists a sequence (cp)p>1 in RY,
such that the sequence (7(cy,))n>1 is decreasing, converges to ¥ 4(h) and h — ¢, € A for
all n > 1. Then
(h+y)—(cn+y)=h—cy € A,

Ve alh+y) <m(en +y) =m(en) +7(y).

Take the limit as n — oo, we obtain that

Tbn,A(h + y) < ww,A(h) + ﬂ—(y)
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Replace (h,y) by (h+y,—y), we get

¢W,A(h) < wﬂ,A(h‘ + y) - 71'(:[/)

Combining the two inequalities yields

VY Alh +y) = r a(h) +7(y),

which shows that ¢ 4 € ©,.
(3) Let h € L. Since C C A, we have

{r(c): ceRY h—ceC}C{n(c): ceRY h—ce A}

Taking infima yields ¢ 4(h) < ¥y c(h).

(4) Since A C A, assertion (3) implies V. 4 < Y. Conversely let h € Lg®, and con-
sider a sequence (c,,),>1 in R? such that the sequence (7(c,,))n>1 is decreasing, converges to
wm;‘(h) and satisfies h—¢,, € A for all n > 1. By definition of A, we have Y a(h—c,) <0,
which implies ¢z a(h) < m(cp) for all n. Taking the limit gives ¢ a(h) < ¢, z(h). Hence
¢W,A = wm.,i

Proposition 1 above shows that the correspondence

A— Q;Z)W,Av

preserves the scalar invariance property. The next result investigates the structural prop-
erties of the associated acceptance set By, ,, and shows that it provides a canonical
enlargement of the original set A.

Proposition 2. Let A € AP*(n) and define A := By, 4. Then
(1) A is w-solid.
(2) A is m-closed.
(3) If A€ A(r), then A= A.
(4) A is the smallest m-acceptance set containing A.

Proof. (1) let h € A and y € R? such that 7(y) < 0. Since 1y 4 € ®, from assertion
(2) in Proposition 1, we have

Ur a(h+y) = g a(h) +7(y) <O.

Hence h +y € A, which shows that A is m-solid.

(2) let h € LY, ¢ € R? and (cp)n>1 € RY such that (7(cy))n>1 is decreasing and
converges to 7(c), with h — ¢, € A for all n > 1. Then ¢, 4(h — ¢,) < 0, which implies
Yra(h) < m(cy) for all n > 1. Taking the limit yields 1, _4(h) < 7(c), hence h — ¢ € A.
Therefore A is m-closed.
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(3) Suppose A € A(m). Then there exists C € AP*(r) such that A = By, .. By
assertion (4) in Proposition 1, we have ¢, 4 = ¢ ¢, and thus

‘/Zl = B"Z"n,A = BTZ)TF,C = A

(4) By definition, A = By, , and ¢z 4 € @
that A C D. Then 9 p < x4, which implies

so A € A(m). Now let D € A(n) such

T

'/2( = wa,A g wa,D = D
Thanks to Proposition 1, we can characterize the class of multivariate scalar invariant
maps.

Proposition 3. Let ¢ : LY — R. Then ¢ € ®_ if and only if there exists a set A € AP*(7r)
such that ¢ = P 4.

Proof. For the direct implication, let h € L5°. Then
Yr5,(h) =inf{m(c): c€ RY h—c€ By} =inf{r(c): c€RY ¢(h—c) <0}

Since ¢ € @, we have ¢(h — ¢) = ¢(h) — 7(c), and thus the condition ¢(h —¢) < 0 is
equivalent to ¢(h) < mw(c). Hence,

rB,(h) =inf{m(c) : c€ R, ¢(h) < 7(c)} = ¢(h),

which shows that By, € AP*(m). The converse implication follows directly from Proposition
1.

Thanks to Proposition 2, we now show next that the properties of m-solidity and -
closedness for a set A € AP®(w) are necessary and sufficient for A to belong to A(w).
Note that in Example 1, the set L3° is not an acceptance set. Indeed for h = (0,0) and
c=(1,-2), we have w(c) = =1 < 0, but h+c¢=c ¢ L3, hence L$° is not m-solid.

Theorem 1. Let A € AP*(w). Then the following assertions are equivalent:
(1) A€ A(r).
(2) A=By, ,-
(3) A is w-closed and mw-solid.
(4) A is m-solid and h — 1 a(h)e € A for all e € e(w) and h € LY.

(5) A is m-solid and there exists e € e(m) such that h — 1 4(h)e € A for all h € LY.
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Proof. (1) = (2) This follows from assertion (3) in Proposition 2.

(2) = (3) This follows from assertions (1) and (2) in Proposition 2.

(3) = (4) Let h € LY and e € e(m). By assertion (1) in Proposition 1, there exists a
sequence (cp)p>1 in R? such that (7(cy))n>1 decreases to ¥r 4(h) and h — ¢, € A for all
n > 1. Since m(¢cy) — 7(c) with ¢ := ¢ a(h)e and A is 7-closed, then h —c € A.

(4) = (5) This implication is immediate.

(5) = (2) The inclusion A C By,_, is straightforward. For the reverse inclusion, let
hed:= By, 4. For e € e(r), define ¢ := r a(h)e. Then h = (h —c) + ¢ € A, where
h—ce A, m(c) =1Pra(h) <0and Ais 7-solid. Hence h € A and therefore A = By,_,.

(2) = (1) This follows directly from Definition 1.

Corollary 1. Let A € AP*(m). Then for all h € L,

Yra(h) = inf inf{aeR: h—aeec A}.

ece(m)
Proof. For e € e(m), define
we(h) =inf{a € R: h —ae € A},

and set p(h) = inf.ce(r) pe(h). For each h € Ly and e € e(r), there exists a sequence
(an)n>1, converging to y.(h) such that h —ane € A. This implies ¢ 4(h < ay, and hence
by passing to the limit, ¢ 4(h) < ¢c(h). Taking the infimum over e yields ¥, a(h) < ¢(h).

Conversely, let h € LY, and consider a sequence (c,)n>1 in RY, such that (7(cy))n>1
converges to ¥ 4(h) and h — ¢, € A for all n > 1. Define

= S .
en 1= — ) e(m)
Then h — (e )en € A, which implies p(h) < ¢, (h) < 7(cy,). Passing to the limit yields
p(h) < thr a(h).

We now present some examples of multivariate maps. We denote by @, the set of
univariate scalar invariant maps and by A, the set of univariate acceptance sets. We say
that 7 € I is monotone if 7(x) < 7(y) for all z,y € R? such that z < y. We also set
i = Uneﬂdgn-

Example 2. A map ¢ € @ is said to be of type (A) if there exist n € Ilg and p =
(p1,---,pd) € xle ® such that

¢ = ¢, where ¢"°(h) :=n(p1(h1), ..., pa(ha)),
for all h € L. Then
(i) ¢ € @,.

(ii) If n is monotone, then
B¢n,p = Bl)l X ... X de.
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(ii) if m is monotone, then a map ¢ € @, is of type (A) if and only if there exist
A1, ..., Ag € A such that
B¢:A1 X ... XAd.

Proof. (1) Let h € LY and ¢ € R%. Then

¢"P(h+c) =n(p1(h1 +c1), .-, palha + ca)) = n(p1(h1) +c1,- -, pa(ha) + ca),

since each p; € ®. Hence

¢"P(h+c) =n((pr(h1), - -, pa(ha)) + ) = ¢™7(h) +1(c),

which shows that ¢ € @,.
(2) Let h € LY and set B := x.,B,.. Then

Vp(h) =inf{n(c): c€RY h—ce x B, } =inf{r(c): c€R?, pi(h;) <cifori=1...d}.
By monotonicity of n, the infimum is attained at ¢; = p;(h;), hence

Uni(h) =n(p1(h1), .., pa(ha)) = ¢"*(h).

Therefore Bgnp = By, X ... X Bp,.
(3) This follows directly from (2).

We recall that a map ¢ : L3® — R is subadditive if
d(h+h') < é(h)+ ¢(h'), forall h,h' € LY.

Example 3. A map ¢ € ® is said to be of type (B) if there exist a subadditive map p € ®
and a random vector f € L such that the map c € R? — p(f.c) is linear on R? and

¢ =", where ¢I(h) == p(f.n),
for all h € L. Then

(i) ¢»1 € ®,, where n(c) = p(f.c) for c € R%.

7’]7
(ii) ¢ is subadditive.

(iii) If ¢ € @, is subadditive, then ¢ is of type (B) if and only if there exits a one-
dimensional random vector space C' in R* such that

»=¢dopc,

where po denotes the pointwise projection onto C'.
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Proof. (1) Let g € L™ and ¢ € R%. Since p is subadditive, we have

p(g +c.f) < plg) + ple.f).
Moreover
p(g) = plg+c.f—cf)<plg+ef)+pl—cf),
and since p(—c.f) = —p(c.f), it follows that
p(g +c.f) = plg) + ple.f).

Hence
¢"I(h+c) = p((h+c).f) = p(h.f + c.f) = ¢"I (h) +n(c),

for all h € LY and ¢ € RY.
(2) Let h,h' € LY. Then

I (h+ 1) = p((h+1').f) = p(hf + 1. f) < p(h.f) + p('.f) = 7 (h) + ¢ ().

(3) Assume that ¢ is of type (B). Define the one-dimensional random vector space C
spanned by f, normalized as kf with k := 1/(f.f). Then for h € L,

¢popo(h) = ¢((h-f)kf) = p((h-f)kf.f) = p(h.f) = ¢(h).

Conversely, let f be a generator of C such that f.f =1, and assume

¢(h) = ¢ opc(h) = o((h-f) ),
for h € L3°. We define p(g) = ¢(gf) for g € L. Then

¢(h) = p(h-f),

for all h € LS. Since ¢ is subadditive, so is p. Moreover

ple.f) = o(e) = ¢(0) + n(c),
for all ¢ € R?, which shows that ¢ is of type (B).

In the following lemma, we show that under a suitable roundedness condition, the
intersection of a family of acceptance sets is again an acceptance set.

Lemma 1. Let (Aq)acr € AP*(7) and assume that sup,cy Vx4, is finitely valued. Then,

for
A = mae)\Aa,
we have A € AP*(m) and

Y, A = SUP Ur A, -
aEN

Moreover if (Aa)aecx C A(r), then A € A(r).
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Proof. Let h € Ly and ¢ € R?. Then

h—ce A & h—ceAyforallae X
& Yra,(h) <m(c)foralla e A
& supyen UrAl(h) < 7(e).

Hence

Yr a(h) :==inf{r(c): ce€ RL h—ce A} = sup ¥y 4, (h),
aEN

which shows that A € AP*(m).

Now assume that (Aq)aex € A(m). We show that A € A(m) by verifying condition (3)
of Theorem 1.

First, let h € A and ¢ € R? such that 7(c) < 0. Since each A, is 7-solid, we have
h € A, implying h + ¢ € A, for all a € X\. Therefore h + ¢ € A.

Second, let h € LY, ¢ € R? and (c,),>1 in R? such that the sequence (7(cp))n>1 is
decreasing, converges to w(c) with h — ¢, € A for all n > 1. Then h — ¢, € A, for all
« € A\, which implies h — ¢ € A,. Consequently h — ¢ € A. This completes the proof.

3. On coherent multivariate scalar invariant maps.

In this section, we establish a dual representation for elements of ®_ under coherency
axioms. We refer to [19], [18] and [17] for more details on dual representation of convex
systemic risk measures.

Definition 3. A map ¢ € @ is said to satisfy:

(1) the subadditivity property (SA) if
¢(h+9) < ¢(h) +¢(g) for all h,g e Lg.

(7i) the positive homogeneity (PH) if
d(AR) = Ap(h) for all h € LT and X € Ry..

(#i1) the monotonicity property (M) if

o(h) < ¢(g) for all h,g € LT such that h < g.

(iv) the Fatou property (F) if for every bounded sequence (hp)p>1 € LY,

¢(liminf hy,) < liminf ¢(hy,).
n—o0

n—oo

Definition 4. A map ¢ € @ is said to be coherent if it satisfies the properties (SA), (M),
(PH) and (F).
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We recall that there exists a vector a € R? such that 7(c) = 7%(c) := a.c for ¢ € RY.
In particular 7 is monotone if and only if a > 0.
For a vector probability measure Q = (Qq,...,Qq) and h € L3, we define

E2(h) = (E% (hy),. .., E%(hy)).

Theorem 2. Suppose that m = 7 with a > 0 and let ¢ € ®_.. Then the following
assertions are equivalent:

(i) ¢ is coherent.
(it) By is a weak-closed convex cone in L with LY C By.

(iii) There exists a closed convex set Q% of P-equivalent vector probability measures such
that
o(h) = sup n(EQ(h)), for allh € LY.
QeQ’
Before proving this theorem, we establish the following auxiliary result.
Theorem 3. Let p € &_. Then
(i) ¢ is subadditive if and only if By + By C By.

(i1) ¢ is convex if and only if By is convez, i.e,

ABy + (1 — \)By C By for all X € [0,1].

(111) ¢ is positively homogeneous if and only if By is a cone, i.em

ABy C By for all A € Ry.
(iv) ¢ is monotone if and only if ™ is monotone and
By + L3 C By.
Proof. (1) Assume that ¢ is subadditive. For h, g € By, we have

p(h+g) < ¢(h) + é(g) <0,

so h + g € By, and thus By + By C By.
Conversely, let h,g € LY and let e € e(n). Define b/ := h — ¢(h)e € By and ¢’ :=
g— ¢(g)e € By. Then b/ + ¢’ € By, so

(h+g) — (¢(h) + &(g))e € By,

which implies ¢(h + g) < d(h) + 6(g)-
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(2) Assume that ¢ is convex. For h,g € By and A € (0,1), we have
P(Ah+ (1= N)g) < Ad(h) + (1= N)o(g) <0,

so A+ (1 —N)g € By.
Conversely, let h,g € LY and A € (0,1). For e € e(n), define b’ := h — ¢(h)e € By
and ¢’ := g — ¢(g)e € By. Then

AR+ (1= N)g' € By,

which implies
(A + (1= X)g) — (A¢(h) + (1 = A)o(g))e € By.

Hence ¢(Ah + (1 = A)g) < Ag(h) + (1 = A)o(g)-
(3) Assume that ¢ is positively homogeneous. For h € By and A € R, we have

¢(Ah) = Ap(h) <0,

so Ah € By.
Conversely, let h € L3 and A € R. For e € e(m), we have h — ¢(h)e € By, hence

Ah — Ap(h)e = AM(h — ¢(h)e) € By,
which implies ¢(Ah) < Ap(h). Applying this inequality again, we obtain
¢(h) = (A1 (M) < A1H(AR),

and therefore ¢p(Ah) = Ap(h).
4) Assume that ¢ is monotone. For h € B, and g € L% , we have h 4+ g < h, hence
¢ d

¢(h+g) < o(h) <0,

so h+g € By.
Conversely let h,g € LY such that h < g. For e € e(m), we write

h—¢(g)e = (g9 — ¢(g)e) + (h — g).
Since g — ¢(g)e € By and h — g € LY , we deduce that
h—¢(g)e € By + L~ C By,

and therefore ¢(h) < ¢(g).

Proof. (of Theorem 2)

(1) = (2)

The fact that By is a convex cone follows directly from the subadditivity and positive
homogeneity of ¢, together with assertions (1) and (3) of Theorem 3.
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Let h € L7 . By the monotonicity of ¢, we have

¢(h) < ¢(0) =0,

hence h € By and therefore L3° C By.

We now prove that By is weak®-closed. Let B = By N B, where B denotes the unit
ball of Ly°. It suffices to show that B is closed in Lg. Let (hn)n>1 € B be a sequence
converging to h in Lg. Then h € B and by the Fatou property,

¢(h) <liminf ¢(hy,) < 0.

n—0o0

so h € B. Hence By is weak*-closed.
2) = (3)
let Z be the polar cone of By in L}l. Since L3® C By, it follows that Z C L}H.
Let e, e’ € e(m). Then +(e — €') € By, which implies

E(Z).(e—¢€')=0 forall Z € Z.
Hence, there exists A? > 0 such that
E(Z) = Ma.
For h € LY and e € e(m), we have h — ¢(h)e € By, so
E(Z.h) < M ¢(h), forall Z € Z.

On the other hand, for every € > 0, we have h — (¢(h) — €)e ¢ Bg. Therefore there exists
Z° € Z such that
E(Z°.h) > M\ (¢(h) — ¢),
which implies
A 6(h) > B(Z°.h) > M7 (6(h) — ¢),
showing that
A7 g(h) > A (p(h) —e),

for all h € L3 and € > 0. We choose h such that ¢(h) > 0 and € := ¢(h), therefore
A?" > 0. Define .
Z:={Z/] )\ >0, Z e Z}.

Then for every € > 0,

e+ sup E(Z.h) > e + E((Z°/A7").h) > ¢(h) > sup E(Z.h).
zZeZ ZeZ

Letting € — 0, we obtain
¢(h) = sup E(Z.h).
Zez
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Writing this componentwise,

Z;
o(h) = sup 3 E(Z)E ( hi) .
A A ; E(Z:)
Define probability measure QZZ by
Z .
in: Zi , 1=1...d
dpP E(Z;)

Since E(Z) = a for all Z € Z, it follows that

¢(h) = sup a. E2(h),
Qeg

where Q := {Q7 : Z € Z}.

(3) = (1)

This implication follows directly, since the supremum of linear functionals preserves
subadditivity, positive homogeneity, monotonicity, and the Fatou property.

The examples 2 and 3 are reexamined under coherency property.

Example 4. Recall from example 2 that a map ¢ € @ is said to be of type (A) if ¢ = ¢™F
for some p = (p1,...,pa) with p1,...,pq € . Then a coherent map ¢ € ®_ is of type (A)
if and only if
Q2 =09'x ... x Q4
for some Q' ..., Q¢ C L.
Indeed, let ¢ € @, be a coherent map of type (A), then By = B, X ... x B,,. Let
(e1,...,eq) denote the canonical basis of R%. For eachi=1...d and g € L, we have

pi(9) = ¢(gei)/ai.

It follows that each p; is coherent. Therefore, by the univariate dual representation, we
obtain

0% = QP x ... x Qrd,
Conwersely, let Q° be associated with p; fori =1...d. Then, for h € LP,

¢(h) = sup a.E=(h) = sup Z a;E% (h Z sup a;E%(h Z a;pi(h
QeQ? QeQ? 51 —1 QieQs

We say that a map ¢ € @ is relevant if for every h € L3 such that P(h > 0) > 0, one
has ¢(h) >0
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Example 5. Recall from example 3 that a map ¢ € ® is of type (B) if ¢ = ¢*/ for some
subadditive map p € ® and f € L3 such that the mapping ¢ € R? — p(f.c) is linear.
Then a relevant coherent map ¢ € @ is of type (B) if and only if there exists k € L33 and
a closed convex set Q C L' such that

§¢={Q: dQ; = k; dQ for someQ € Q, i =1...d}.

Indeed, let ¢ € @ be a relevant coherent map of type (B) and write ¢(h) = p(h.f). We
first show that f > 0. Suppose by contradiction that there exists i € {1,...,d} such that
the set F':= {fi; < 0} has positive probability. Let (e1,...,eq) denote the canonical basis
of R, Then —1pfie; > 0, and by monotonicity of ¢,

0 < ¢(—1pfie;) = p(—1p|f;]?) <0,

which implies ¢(—1F fie;) = 0, contradicting the relevance of ¢. Hence f > 0.
Moreover, using the representation p(g) = ¢(gf/|f|?)), it follows that p is coherent.
Therefore

¢(h) = p(h.f) = sup E®(h.f) = sup Y E2(f;h).
Qegr Qeer ™
Define k; := f;/E(f;) fori=1...d, and set
Q:={Q: dQ = kdQ for some Q € Q°}.
Then
o(h) = p(h.f) = sup E(f)E% (h) = sup E(f) EX(h).
QeQ ™ QeQ

Since 7(c) = a.c = ¢(c) = E(f).c for all ¢ € RY, it follows that E(f) = a, and thus

¢(h) = sup a.EL(h).
QeQ

Conwversely, suppose that

¢(h) = sup Z a;E% (hy).

QeQ?
Then, writing f = (a1k1,...,aqkq) and letting p be the univariate coherent risk measure
associated with Q, we obtain
¢(h) = p(f.h),

which shows that ¢ is of type (B).
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4. Topology on L, topological dual and dual representation.

The dual representation of (multivariate) coherent risk measures rely on the duality
between Lebesgue spaces, and in particular on the bipolar theorem, which states that a
set A C Ls coincides with its bipolar if and only if A is closed and convex. When weaker
assumptions are imposed on the risk measure, these properties of closeness and convexity
may no longer hold. This motivates the introduction of a new topology on L5°, together
with a corresponding dual space and a suitable version of the bipolar theorem in this
framework.

Assume throughout this section that the map 7 is monotone.

4.1. Topology on L.

In this subsection, we introduce a new topology on L3°. Define
T :={pec®, : ¢is monotone},

and
A (m) ={A€A(r): Yrac€ S}

By assertion (4) of Theorem 3, a set A € A(m) belongs to A () if and only if
Ly +AC A
Theorem 4. The family T, defined by:
Ti={A: AeA, (m)}U{0,LT},
is a topology on LY, where A’ denotes the complement of A in LS.

Proof. We verify the axioms of a topology.

(1) By definition () and L belong to 7.

(2) Let (Aa)aca € A, (m) and consider B := NgAy. If B = ), then its complement
belongs to 7. Otherwise, fix f € B. For any h € L%°, we can write

h<f+lh—flrel,
where 1 is the vector of ones in R%. Since each Yr A, is monotone, we obtain

U do(h) < rao (f + [|h = fllegel) = Yra () + (A = flleel) < 7([h = fllze).

Taking the supremum over o« € A, we get

sup VAo (h) < (|l — fllLgel) < oo.
[e1S

Hence, by Lemma 1, ¢, g = sup,ca ¥r .4, and B € A(m). Moreover v, g is monotone, so
B € A (r). Therefore Uy A, = B' € 7.



A. Berkaoui / Eur. J. Pure Appl. Math, 19 (2) (2026), 7523 17 of 27

(3) Let (Ax)jy €A, (m) and set C := U;" | Ay. Then
1/}71'76 = i%f %,Ak,

which is finitely valued, hence C € AP*(w). One verifies that C is both m-solid and 7-closed
and therefore C € A(w). Since 1 ¢ is monotone, we conclude that C € A, (7), and thus
nAL=C€erT.
This proves that 7 is a topology on Lg°.
We now derive some properties of the topological space (L3°, 7). To this end, we first
characterise the T-convergence of nets.

Proposition 4. A net (ha)aca in LY converges to h € LY with respect to T if and only

of
o(h) < lirr}xinfgb(ha), for all ¢ € ®F.

Equivalently, for every € > 0 and every ¢ € ®F, there exists oy € A such that for all
(o Qo,

¢(h) < d(ha) + &

Proof. For the direct implication, assume that (h,) converges to h € L3° in the
topology 7. Then for every 7-neighbourhood V' of h, there exists ag € A such that h, € V
for all & = ag. In particular, for any ¢ € @ such that ¢(h) > 0, there exists ag € A such
that p(hqa) > 0 for all a = ay.

Fix e > 0 and ¢ € @, and define ¢ = ¢ + & — ¢(h). Then ¢ € ®} and p(h) = > 0.
Hence there exists ag such that ¢(h,) > 0 for all a > agp, which yields

¢(ha) +te— ¢(h) > O?

and therefore ¢(h) < ¢(hy) + €.
Conversely, assume that the inequality holds for all ¢ € ®}. Let ¢ € ® be such that
¢(h) > 0. For 6 € (0,1), set € := d¢p(h) > 0. Then there exists o such that for all a > ag

¢(h) < d(ha) + &,

which implies
¢(ha) = ¢(h) —e = (1= 8)p(h) > 0.
This proves the 7-convergence of (hy) to h.

We recall that a map ¢ : (L3, 7) — R is said to be lower semicontinuous if, for every
ho € Ly and € > 0, there exists a neighbourhood V' of hg such that

o(ho) < @(h) +¢ forallh €V,
or equivalently, if o ~1((—o0,y]) is T-closed for all y € R.

Proposition 5. Suppose w is strictly monotone.
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(i) The topology T is the smallest topology on L3P for which each ¢ € @ is lower
semicontinuous.

(ii) The space (L3°,T) is a Ty-space.
(iii) The space (L3°,T) is not a Ti-space.

Proof. (1) Let ¢ € ® and y € R. Then

¢~ ((—00,y]) = ¢, ((—00,0]),

where ¢y := ¢ —y € @F. Hence

¢_1((—oo,y]) = Btf)y € A—k(ﬁ)’

which shows that ¢ is lower semicontinuous with respect to 7.
Now suppose that 7" is another topology on L$° for which every ¢ € @F is lower
semicontinuous. For any A € A, (7), let ¢ := 1)r 4. Then

A=By=¢""((—00,0)),

which is 7/-closed. Hence 7 C 7/, proving minimality.
(2) Assume there exists a € R? such that a > 0 and 7(c) = a.c for all ¢ € R%. Let

f,g € LY with f # g. Define f, := (a1 fi,...,aq4fq) and gq = (a191,...,aq9q), then
fa # ga- Therefore there exists a vector probability measure Q, equivalent to P such that

> EY () < 3 EY(6)).

We define the map ‘
¢(h) :=>_ a'BEY(h'), he LY.
i

Thus ¢ € @ and ¢(f) < ¢(g). Define ¢ := ¢ — ¢(f). Then ¢ € &I, o(f) = 0 and
¢(g) > 0. Setting A := B, € 7, we have g € A and f ¢ A, which shows that (L3, 7) is
To.

(3) A space is T} if and only if all singletons are closed. This is not the case here, since
singletons are not 7-solid. Therefore (L3°,7) is not a T}-space.

4.2. Topological dual.

We define the topological dual of L3® with respect to the topology 7, as @F. In order
to introduce dual sets both in LY and in @7, and to state the bipolar theorem in this
framework, we first introduce the following notation.

Define

HP*(7r) := {H C @ : 3 := sup ¢ is finitely valued},
wEH
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and
H(m) :={H € H”(7) : oy € H and H is solid},

where a set H C @;{ is said to be solid if for all ¢ € @j{ such that ¢ < ¢ and ¢ € H, it
follows that ¢ € H.

Definition 5. Let A C LY and H C ®F. We define the generalised dual sets of A and
H, respectively by:
A° = {p € @ : ¢(h) <0 for allh € A},

and

HC :={he Ly : ¢(h) <0 forallp € H}.

We now state conditions ensuring that these dual sets are nonempty and describe their
properties. Define
AP (m) :={A e AP(r): A+ L3 C A}.

Proposition 6. Let A € AY(7) and H € HP*(w). Then
(i) A° # 0 and H° # 0.
(ii) HO € AP (n) and brpeo = o1
(i1i) A° € HP*(7r) and p g0 = P A
Proof. (1) Since 9 4 € ®F and 1 4(h) <0 for all h € A, we have 1, 4 € A°, hence
A% #£ .
Now let h € L3 and e € e(n), and define
B’ :==h—py(h)e.
Then for every ¢ € H,
¢(h') = ¢(h) — pn(h) <0,
which shows that h’' € H°. Hence H° # 0.
(2) Let h € LY and ¢ € R%. Then

h—ceH’ < ¢(h) <m(c)for all p € H < oy (h) < ().

Therefore,
Yo = O,
and thus H° € A% ().
(3) Let h € L, then there exists a sequence (¢p)n>1 C R? such that 7(c,) N\ Ve, a(h)
and h — ¢, € A for all n > 1. Hence, for all ¢ € A°,

o(h) < 7(ey), foralln>1,
and passing to the limit gives ¢(h) < 1¢r 4(h). Therefore
o a0 (h) < b A(h).
Since ¥ 4 € A°, equality holds, and thus ¢ 40 = 1r 4. In particular A° € HP(r).

We now establish a one-to-one correspondence between A () and H().



A. Berkaoui / Eur. J. Pure Appl. Math, 19 (2) (2026), 7523 20 of 27
Proposition 7. Let A € A¥(7) and H € H”(). Then

(i) H® € A (m).

(i1) A° € H(m).

Proof. (i) We have
He = m¢>€7{8¢ € A(m).

Moreover, for every ¢ € H,
By + Ly C By,

SO
H°+ L C NeenBs = HC.

Hence H° € A ().
(ii) From Proposition 6, we know that ¢ 40 = ;4 € A% Let ¢ € ®F and ¢ € A°
such that ¢ < . Then, for all h € A,

¢(h) < p(h) <0,
which implies ¢ € A°. Hence A° is solid, and therefore A° € H(r).
We now state the bipolar theorem in both A (7) and H(r).
Proposition 8. Let A € A¥’ (). The following assertions are equivalent:
(1) A€ A (n).
(2) A= A% = (A°)°.
(3) For all h € LY such that h & A, there exists ¢ € A° such that ¢(h) > 0.

Proof. (1) = (2) the inclusion A C A% is immediate. Let h € A°. Since ¢, 4 € A°,
we have 1; 4(h) <0, hence h € A.

(2) = (3) Let h ¢ A. Since A = A%, it follows that h ¢ A°°, so there exists ¢ € A°
such that ¢(h) > 0.

(3) = (2) The inclusion A C A% is trivial. Suppose there exists h € A% such that
h ¢ A. Then there exists ¢ € A° such that ¢(h) > 0, which contradicts the fact that
w(h) <0 for all ¢ € A°.

(2) = (1) Since A = A%, we conclude from Proposition 7 that A € A (7).

Proposition 9. Let H € HP*(w). The following assertions are equivalent:
(1) H e H(m).
(2) H =H> = (H)°.
(3) For all ¢ € ®F such that ¢ ¢ H, there exists h € H® such that ¢(h) > 0.
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Proof. (1) = (2) The inclusion H C H°° is immediate. Let ¢ € H°°. For any h € Ly

and e € e(m), define

g:=h—oy(h)e € H°.
Then g € H°, so ¢(g) < 0, which implies ¢(h) < py(h). Since py € H and H is solid, we
conclude that ¢ € H.

(2) = (3) Let ¢ ¢ H. Since H = H, it follows that ¢ ¢ H°°, hence there exists
h € H° such that ¢(h) > 0.

(3) = (2) The inclusion H C H is trivial. Suppose there exists ¢ € H°® such that
¢ ¢ H. Then there exists h € H° such that ¢(h) > 0, which contradicts the definition of
HO.

(2) = (1) Since H = H°, we conclude from Proposition 7 that = H € H(n).

4.3. On representing multivariate scalar invariant maps.

In Proposition 6, it was shown for any map ¢ € &,

¢ = VrB, = YB3y = SUD ¥,
weBg

where
By ={ye®f: ¢ <¢}.
Thus, the representation ¢ = sup,,¢ By ¥ is essentially tautological and does not provide
additional structural insight. This naturally raises the following question: given a class

U C & does there exist a strictly smaller subclass ¥’ ;Cé ¥ such that every ¢ € W can be
represented as

¢ = sup o,
peK

for some subset K C U'?
To address this question, let P, denote the collection of properties (P), that are satisfied
by at least one element of ®1. For a given property (P) € P and ¢ € ®, define

DFT(P) = {p € & : ¢ satisfies (P)},

and

L(¢,(P)) =={p € 21(P): ¢ < }.

Definition 6. Let ¢ € ®F and (P) € P such that T'(¢, (P)) # 0. The (¢, (P))-transformed
of ¢, denoted TP, is defined for h € LY by

TP g(h) == sup{p(h) :  €T(4,(P))}.
We now collect some basic properties of the transformation TF).

Theorem 5. Let ¢, p € ®F and (P),(P') € P. Then



A. Berkaoui / Eur. J. Pure Appl. Math, 19 (2) (2026), 7523 99 of 27
(i) T"¢ € F.
(ii) TP)p = 6 if 6 satisfies (P).
(i) If ¢ < p, then TP)p < TP) .
(iv) If (P) = (P'), then TP < T,
(v) TPITP) g = TP) g,
(vi) TPV p < TEV ¢ if and only if TITET ) = TP)g,

Proof. Assertions (1-4) follow directly from Definition 6.
For (5), observe that

TOTE ¢ = suplp: ¢ € T(TPg;(P))}.
Since T(TP) ¢ ; (P)) = T'(¢; (P)), it follows immediately that
TP TP g = TP) g,
For (6), assume first that 7(")¢ < T(")$. Then
TP ¢ = TPITP) ¢ < TPIPI) 6y < T(P) 5.

which implies equality.
Conversely, if TF) ¢ = T(P)T(P/)gzﬁ, then

P)g = TE)ITE) g < TF) g,

Definition 7. A property (P) € P is said to be consistent (with respect to the supremum
operator) if for every ¢ € ®F, the transformed map TP ¢ satisfies the property (P). We
denote by Pest, the subset of P, consisting of all consistent properties.

When a property (P) € P is consistent, the map T ¢ is called the (P)-hull of ¢ for
pedf
A useful characterization of consistency is given in the following result.

Theorem 6. A property (P) is consistent if and only if for every family © C ®F(P) such
that

Yo = Sup ¢,
peO

is finitely valued, the map pg satisfies the property (P).
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Proof. The converse implication is immediate by taking © :=I'(¢; (P)).
For the direct implication, let © C @] (P) be such that pg is finitely valued. By
definition of T(F), we have
TP e < po.

On the other hand, since © C I'(pg ; (P)), it follows that

TP e > sup ¢ = pe.
peO

Hence,
vo =T pe,
which shows that ¢g satisfies the property (P).

We now consider a property (P), which is not necessarily consistent. The next result
shows that every such property admits a canonical extension to a consistent property,
called its consistency hull.

Theorem 7. Let (P) € P and define a new property (P*) € P by
5 (P):={TP¢: ¢ € 2]}

Then the following assertions hold:

(i) (P) = (P7).

(ii) TF) = TP,

(iii) (P*) € Pest-

(iv) If (P') € Pt and (P) = (P'), then (P*) = (P').

(v) (P) and (P*) are equivalent if and only if (P) is consistent.

Proof. (1) Suppose that ¢ € ®F(P). Since ¢ already satisfies (P), we have ¢ = T(F)¢
and therefore ¢ € @ (P*). Hence (P) = (P*).
(2) Since (P) = (P*), assertion (4) of Theorem 5 yields

TP ¢ < TF) g,

Conversely,
PG =sup{vr: ¢ € 2F(PY), ¥ < ¢}

By definition of (P*), every element of ¢ € ®F(P*) is of the form Ty for ¢ € ¢ € &F.
Hence
TP = sup{TP g : p e dF, TWp < ).

Using the idempotence property from Theorem 5,

TPITP) = TPy,
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we obtain
TPy < TP g,
Therefore
T(P*)¢ — T(P)¢.
(3) By assertion (2),
TPy = TP g,
and by definition T(")¢ € ®F(P*). Hence T satisfies (P*) for every ¢ € ®F, proving
that (P*) is consistent.
(4) Assume that (P’) € Ps and that (P) = (P’). Then by Theorem 5,

TP g < T(P/)Qb-
Let ¢ € ®f(P*). By definition
¢ =Ty =TF)g.
Therefore
¢=T"¢ <TMg <9,

which implies

o=T""9.
Since (P') is consistent, we conclude that ¢ € @1 (P’). Hence

(P*) = (P').

(5) If (P) and (P*) are equivalent, then (P) is consistent because (P*) is consistent
by assertion (3).

Conversely, assume that (P) is consistent. Since (P) = (P*) by assertion (1), it
remains to prove the converse implication. Applying assertion (4) with (P') = (P), we
obtain

(P*) = (P).

Definition 8. The property (P*), introduced in Theorem 7 for a property (P) € P, is
called the consistency hull of (P).

We conclude this section with two illustrative examples of the consistency hull con-
struction.

Example 6. The coherency property, introduced in Definition 4, is the consistency hull
of the property (Q), where a map ¢ € ®F is said to satisfy the property (Q) if there exists
a vector probability measure Q such that

¢(h) = n(E®(h)), he L.

Indeed, Theorem 2 shows that every coherent map can be represented as the supremum of
maps satisfying property (Q). Consequently, coherency is precisely the smallest consistent
property, which is implied by (Q).
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Example 7. Assume that Q0 is finite. Then the joint property ((SA),(PH)), namely
positive homogeneity and subadditivity, is the consistency hull of the linearity property

(L).

Indeed, every positively homogeneous and subadditive map is convex. Moreover, by the
Legendre-Fenchel representation theorem, every positively homogeneous convexr map can
be expressed as the supremum of a family of linear maps.

We now establish a dual representation for maps satisfying the consistency hull prop-
erty associated with a given property (P) € P.

Theorem 8. Let (P) be a non consistent property and let (P*) denote its consistency
hull. Then a map ¢ € ® satisfies the property (P*) if and only if there exists a subset
K C ®F(P) such that

¢ = sup .
peK

Proof. Suppose first that ¢ € ®F(P*). Then

p=TF)p=TPlp=  sup ¢,
w€l'(¢5(P))

where

L(¢;(P)) € 27 (P).

Hence ¢ is the supremum of a family of maps satisfying the property (P).
Conversely, assume that

¢ = QK = sup g,
peK

for some K C ®(P). Since
(P) = (P7),

we have K C ®F(P*). As (P*) is consistent, Theorem 6 implies that the supremum of
any finitely valued family of maps satisfying (P*)) again satisfies (P*). Therefore,

¢ = oi € DE(PY).

We conclude by giving a further characterization of the consistency hull property.

Theorem 9. Let ¢ € ®F, let (P) € P and let (P*) denote its consistency hull. Then the
following assertions are equivalent:

(i) ¢ satisfies (P*).
(it) For every h € L3® such that ¢(h) > 0, there exists ¢ € I'(¢, (P)) such that ¢(h) > 0.

(iii) For every h € LY and y € R such that ¢(h) >y, there exists p € I'(¢, (P)) such
that o(h) > y.



A. Berkaoui / Eur. J. Pure Appl. Math, 19 (2) (2026), 7523 26 of 27

Proof. (1) = (2) Let © :=T'(¢, (P)). Since ¢ satisfies (P*), Theorem 8 yields

¢ = sup .
pEO
Equivalently
B(z) - ﬁwegB(p.

If ¢(h) > 0, then h ¢ By, hence h ¢ B, for some ¢ € ©. Therefore ¢(h) > 0.
(2) = (3) Let h € L3 and y € R such that ¢(h) > y. For e € (),

6(h — ye) = o(h) — y > 0.

By assertion (2), there exists ¢ € I'(¢,(P)) such that ¢(h — ye) > 0, which implies
o(h) —y = @(h —ye) > 0 and then ¢(h) > y.
(3) = (2) This follows immediately by taking y = 0.
(2) = (1) By definition
T < 6.

Suppose, by contradiction, that there exists h € L3 such that
¢(h) > TP p(h).

Let e € e(n) and define h' := h — T p(h)e. Then ¢(h') > 0. By assertion (2), there
exists ¢ € I'(¢, (P)) such that ¢(h') > 0. Hence

p(h) = TPG(h) > 0,

that is
p(h) > TP (h),

which contradicts the definition of T(7)¢ as the supremum over all elements of T'(¢, (P)).
Therefore,

o =T"g,
which means that ¢ satisfies (P*).
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