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Abstract. Let R be a ring and M be a strictly ordered monoid equipped with a twisting map
f:MxM — U(R) and an action map w : M — Aut(R). In this paper, we introduce the
concept of strongly C'M-reversible rings and investigate properties of crossed products of R with
M. We specifically focus on the C'M-Armendariz condition and its extension from polynomial
rings to these crossed product structures. We prove that, under some additional conditions, R * M
is semicommutative (symmetric, Dedekind finite, clean, uniquely clean, or exchange) if and only
if R satisfies the corresponding property. Furthermore, we prove that a ring R is strongly C'M-
reversible if and only if it is a right Ore ring with a classical right quotient ring @. Finally, we
discuss several related properties and characterizations of strongly C'M-reversibility.
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1. Introduction

Let R be a ring with unity and M be a multiplicative monoid. The crossed product
RxM of M over R is an associative ring whose structure is determined by R, M, and a set of
defining parameters, namely a monoid action w and a twisting map f. Let w : M — Aut(R)
be a monoid homomorphism. For g € M, we denote the automorphism wy by w(g). More
precisely, the crossed product R % M over R is defined as the set of all finite sums of
the form R M = {yy9|y, € R,g € M}, where addition is defined component-wise, and
multiplication is defined using the distributive law alongside two rules known as action and
twisting. Specifically, for s,g € M and y € R, we have gy = wy(y)g and sg = f(s,9)sg,
where f : M x M — U(R) is a twisted function and U(R) denotes the set of units
of R. Here, the twisted function f and the action w of M on R satisfy the following
conditions: ws(wy(y)) = f(s, 9)ws(we(y)f(5,9)7"), ws(f(g,k))f(s,9k) = f(s,9)f(s9,k),
f(1,s) = f(s,1) = 1 for all s,g,k € M. It is worth noting that the monoid crossed
product is a general ring construction.
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Given a monoid crossed product R x M with a twisting function f and an action w,
if the twisting f is trivial (i.e., f(b,c) = 1) for all b,c € M, then R * M is the skew
monoid ring R x M. If both the twisting function f and the action w are trivial, then
R % M becomes a monoid ring, denoted by R[M] (see [1] and [2]). A monoid M is called
a u.p.-monoid (unique product monoid) if, for any two nonempty finite subsets X and Y’
of M, there exists a unique element h € M that can be expressed as h = uv with v € X
and v € Y. An ordered monoid (M, <) is termed strictly ordered if the following condition
holds: whenever g, k, h € M with g < k, it follows that gh < kh and hg < hk. The concept
of a reversible ring was first introduced by Cohn in [3|, defining a ring R as reversible if
bc = 0 implies ¢b = 0 for all b, ¢ € R. Anderson and Camillo [4] referred to this property as
Z(Cy. The research presented in [5] demonstrated that reversible rings do not necessarily
lead to reversible polynomial rings. A ring is considered reduced if it contains no non-zero
nilpotent elements, meaning that d?> = 0 implies d = 0 for all d € R (as defined in [5]).
In [6], a strongly reversible ring is defined as one in which polynomials f(z),g(x) € R[z]
satisfy f(z)g(z) = 0 implies g(z)f(x) = 0. It is important to note that while every
reduced ring is strongly reversible, the converse is not necessarily true. The concept of an
Armendariz ring was introduced by Rege and Chhawchharia [7|. They defined a ring R to
be Armendariz if the product of any two polynomials f(z) = ag + a1z + asx® + - - - + apmaz™
and g(z) = by + byz + box? + -+ + by2™ in R[z] equals zero only if the product of any
corresponding coefficients a; and b; equals zero. A ring is said to be semicommutative if
for all elements x and y in the ring, their product being zero implies that both their right
and left annihilators are also zero. According to [8], a ring R is termed M-Armendariz if
for any nonzero element pu = ¢181 + caS2 + -+ - + ¢ Sp and ¢ = arhy + ashs + -+ - + amhm
in R[M] satisfy pp = 0, then for all 4, j, it follows that c;a; = 0. Furthermore, a ring
R is strongly M-reversible if for any nonzero elements ¢, € R[M] such that pup = 0
and c;a; = 0, it holds that ¢ = 0 for all ¢, n € R[M]. This is discussed in detail in
[9]. Numerous publications have explored various extensions of reversible rings, including
strongly reversible rings, strongly M-reversible rings, Armendariz rings, reversible rings,
and reflexive on skew monoid rings. These discussions are documented, and additional
findings are also available in [8, 10-14]| and [6]. According to [15], a ring R is referred to as
an M-Armendariz ring of crossed product type relative to the given twisting f and action
w, (simply CM-Armendariz ring) if, for any p = >1, ¢;si,9 = 370"  ajh; € R* M such
that py = 0, it follows that c;ws,(a;) = 0 for all 4, j and s;, h; € M.

This paper consider various classes of nonreduced C'M-Armendariz rings and investi-
gating strongly C'M-reversible rings, which are defined as a reversible-like property for the
monoid crossed product R * M in relation to the given twisting map f and action map
w. We prove that if, R is a semiprime, then R x M is reversible if and only if R x M
is semicommutative. Additionally, we show that R % M is semicommutative (symmetric,
Dedekind finite, clean, uniquely clean, or exchange) if and only if R has the corresponding
property under some conditions. Also, we prove that a ring R is strongly C' M-reversible if
and only if it is a right Ore ring with a classical right quotient ring Q. Finally, we discuss
example and present some results related to this topic.

For a ring R, we denote by U(R) group of units. An element p € R % M is a unit if
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there exists an element ¢ € R+« M such that u¢ = 1, where 1 is the identity element in
R M. The elements of the skew group ring R * M can be expressed as finite sums of the
form > %, ajhj, where a; € R and h; € M. The action w : M — Aut(R) and the twisting
function f: M x M — U(R) provide the necessary structure for the skew group ring.

2. Reversible ring of Crossed products type

In this section, we will primarily delve into the concept of strongly reversible properties
in the context of a crossed product monoid R * M. For a ring R and a monoid M with a
twisting map f: M x M — U(R) a monoid homomorphism.

Definition 1. Let R+ M be the crossed product of a ring R and a monoid M with respect to
an action w and a twisting map f. The ring R is said to be strongly M -reversible of crossed
product type (or simply strongly C M -reversible) if, for any elements p = > ¢;is; and
Y = 227;1 ajhj in R* M satisfying the condition that pp = 0 implies ciws, (wg(aj)) =0,
and Yu = 0 implies ajwp; (wg(c;)) = 0, for all i,j and for every g € M.

Remark 1. (1) When a ring R is strong C'M -reversibility with a trivial twisting map f,
we classify the corresponding monoid M as a strongly M -reversible ring. Similarly, if R is
strong C' M -reversibility with o trivial action map w, then R as a strongly T M -reversible
(or twisted strongly M -reversible). It is worth noting that when both f and w are trivial, R
is simply considered strongly M -reversible. In particular, if M = (NU {0}, +) and both f
and w are trivial, then R is strongly C'M -reversible if and only if R is strongly reversible.

(2) Suppose R is a strongly C M -reversible ring with a trivial twisting map f. In this
case, if we consider any (M,w)-invariant subring D of R (meaning wqy(D) C D for all
g € M), then D is strongly C M -reversible.

It is worth noting that the category of w-rigid rings and w-compatible rings is a limited
one, and it is evident that every w-compatible ring falls under the category of w-weakly rigid
rings. However, there exist several classes of w-weakly rigid rings that do not belong to the
category of w-compatible rings. By [16], R is w-rigid if and only if R is w-compatible and
reduced. According to [17], any prime ring that has an automorphism w is considered to be
w-weakly rigid. If a monoid homomorphism w : M — Aut(R) is weakly-rigid (compatible),
it means that the ring R is also weakly rigid (compatible) with respect to each g € M under
the automorphism wy.

Lemma 1. [18, Lemma 1.1] If M is a unique product monoid, then it is cancellative. This
means that for any elements p, h,v € M, if uy = hy or yu = vh, it follows that = h.

Lemma 2. [19, Lemma 2| Let R be a ring and M be a unique product monoid with a
twisting map f : M x M — U(R) and an action map w : M — Aut(R). If R is an
(M, w)-rigid ring, then the monoid ring R * M is a reduced ring.

Theorem 1. Let R be a reduced ring and M be a unique product monoid (u.p.-monoid).
Let f: M x M — U(R) be a twisting map and w : M — Aut(R) be an action map. If R
is (M,w)-compatible, then R is strongly C'M -reversible.
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Proof. Let p= 37" ¢;s; and ¢ = Y71 ajh; € R+ M satisfying pgp = 0. Since R is
reduced by Proposition 2.2 [15], R is CM-Armendariz, which implies ¢;ws,(a;) = 0 for all
i,j. We now show the stronger condition c¢;ws,(wq(a;)) = 0 for all g € M. For any g € M,
we have:

(c181 + casa + -+ + cusp)(arhy + azhy + - - - + aphy,) = 0. (2.1)

We proceed by induction on n, to show that cjws, (wy(aj)) =0foralll <i<n,1<j<m.
This can be achieved by utilizing the fact that M is a compatible monoid. If we take n = 1,
then we have (cis1)(a1hy + aghe + -+ + amhy) = 0. Therefore, for each 1 < j < m, we
have ciws, (wg(a;))f(s1,h;))(s1hj) = 0. Since M is cancellative by Lemma 1, the elements
s1hj are distinct, sih; # sihj for any ¢ and j with 1 < j < m. Thus, ciws, (a;) f(s1,h;) =0
for each j. Since f(s1,h;) is a unit, ciwg, (aj) = 0. In a reduced (M,w)-compatible ring,
ab=0 = awy(b) = 0 for any g € M. Therefore, ciws, (a;) = 0 implies cjws, (wg(a;)) =0
for all j and all ¢ € M. Inductive step (n > 2). Assume the result holds for all p with
support of size less than n. Since M is a u.p-monoid, for the finite subsets K = {s1,...,s,}
and H = {hq,...,hy}, there exists sgh; that is uniquely represented. Without loss of
generality, let d = 1 and t = 1. From Eq. (2.1), the coefficient of the unique product s;hq
must vanish, cjws, (a1)f(s1,h1) = 0 implies cjws, (a1) = 0. By (M, w)-compatibility and
the reduced property, ciws, (a1) = 0 implies ¢jws, (wg(a;)) = 0 for all j and g. This allows
us to "annihilate" the first row of coefficients. Specifically, cia; = 0 implies ¢1519 = 0.
Subtracting this from Eq. (2.1) yields

(casg + -+ + cnsn)(arhy + agha + -+ - + amhp,). (2.2)

The support of this new element p/ = > , ¢;s; is n — 1. By the induction hypothesis,
ciws; (wg(aj)) = 0 for all 2 < i < nand 1 < j < m. Combining the base case and the
inductive step, we have cjws,(wg(aj)) =0 foralll <i<n, 1<j<m, Vge M
To conclude that R is strongly C'M-reversible, we must show that ¥y = 0 implies the
corresponding coefficient vanishing. Suppose ¥u = 0. Since R is reduced and compatible,
the symmetry of the Armendariz property in reduced rings implies c;a; = 0 <= a;c; = 0.
Applying the same inductive argument to ¥y = 0, we can see that

ajwh; (wWg(ci)) =0 for all 4, j and g € M.

Thus, R is strongly C'M-reversible. O

The following example illustrates the existence of a ring R over a field F' which is not
strongly C'M-reversible.

Example 1. If M is a monoid with a minimum of two elements, and D = My(F') is the
matriz ring over a field F' equipped with a twisting map f : M x M — U(R), then D is
not strongly C M -reversible.
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Solution. Take e # s € M, we define w : M — Aut(D) by

Ty r -y
(0 8)-(0 )
If the twisting map f is trivial, meaning that f(b,c) = 1 for all b,c € M, then it follows that
the ring D is not strongly C' M-reversible. To prove this, for any elements u = Eise+ E11s
and ¢ = Fiie 4+ Fios € D x M. We can verify that puy = 0. But, ¥u # 0, which implies
that the ring D is not strong C'M-reversibility 0

Suppose I is an ideal of R and w : M — Aut(R) is a monoid homomorphism. We
define w : M — Aut(R/I) as ws(d + I) = ws(d) + I, where d € R and s € M. It can be
shown that @ is a monoid homomorphism.

Additionally, the twisting map f : M x M — U(R) induces a twisting map f : M x M —
U(R/I) given by f(z,y) = f(z,y) + I. Furthermore, for every p= >, ¢;s; € R* M, we
denote it = Y i | &s; € (R/I)* M, where ¢; = ¢;+1 for 1 < i < n. It can be easily verified
that the mapping 6 : R x M — (R/I) x M defined as 6(u) = i1 is a ring homomorphism.

In [9], it was shown that when I is a reduced ideal of R and R/ is strongly M-reversible,
then R is strongly M-reversible. Similarly, we have the following result.

Theorem 2. Let M be a u.p.-monoid and I an ideal of R with twisting f : M x M — U(R)
and action w : M — Aut(R). If I is a reduced and R/I is strongly C'M -reversible, then R
is strongly C' M -reversible.

Proof. Let p = X7 ¢i84,9 = E;ﬂ:lajhj € R x M satisfying uy = 0. We will show that
ciws,; (wy(a;)) = 0 for any i and j. Note that in (R/I) x M, i = X1 ,¢;s;,1 = Y ah; €
(R/I) x M, we have

0= [

(€151 + Casg + - -+ + Cnsp)ws, (wg(@rhy + azha + - + amhim)) f (i, hj)sihy
= (a1 + 1wy, (wg(ar + 1)) f(s1, h1)s1hy + (c2 + I)ws, (wg(az + 1)) f (s2, ha)s2ho
oot (e + Do, (Wg(am + 1)) f(Sny ) Sphom.-

+

Thus we have cjws, (wg(a;)) f(si, hj)(sihj) C I foralliand j with1 <i<nandl<j<m
since R/I is strongly C'M-reversible.

By induction on both n and m, considering every ¢ € M, and for 1 < ¢ < n and
1 <j<m.If we take n = 1. Then

(0181)(a1h1 + agho + -+ + amhm) = 0.

Thus, (ci1s1)(arh1) + (c151)g(agha) + - -+ (c151)(amhm) = ciws, (wq(a1)) f(s1, h1)(s1h1) +
C1Ws, (WQ(G’Q))f(Slv hZ)(Sth) +otaws (wg(am))f(sl, hm)(slhm) =0 for any g € M. By
Lemma 1, M is cancellative we have s1h; # s1h; for any ¢ and j with 1 < ¢ # j < m.
Then ciws, (wg(aj)) f(s1,h;)(s1hj) =0,5 =1,2,...,m. Thus, ciws, (wg(a;)) = 0 for any j.
If m = 1, then, the proof is similar.

Now suppose that n > 2 and m > 2. Since M is a u.p.-monoid, there exists ¢, j with 1 <
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t <nand 1< j < msuch that s;gh; is uniquely presented by considering two subsets K =
{519,529, ...,sn9} and H = {hy, ha, ..., hy} of the monoid M. Without loss of generality,
we may assume that ¢ = 1 and j = 1. We can deduce that ciws, (wg(a1)) f(s19, h1)s1(ght1) =
0, which implies that cjws, (wg(a1)) = 0. Since wy and ws, are automorphisms of R, we
have cjws,(a1) = 0. Let b = cgaq, where 1 < k < n,1 < ¢ < m. Then b € I. Since
(a1bc1)? = 0 and [ is reduced, we have ajbc; = 0. Thus,

(a1beasy + arbegsg + - - - + arbeysy) (arhy + aghy + -+ - + amhy)
= (a1b)(cas2 + 383+ -+ - + cpSp)(arhy + agha + -+ - + amhp) = 0.

By induction, we have aibciws,;(wg(a;)) = 0 for 2 < i < n and 1 < j < m. Thus,
(a1bc;)? = 0. Since I is reduced and w is automorphism, it follows that a;bciws,(a;) = 0.
Note that bcjws, (a1) C I. Thus bcjws, (a1) = 0 for any i. Now we have

(56181 + bcoso + -+ + anSn)(a1h1 + aghg + - + amhm)
= (b)(c181 + 282 + -+ - + cpsn)(arhy + aghs + - - + amhy,) = 0.

By applying the induction hypothesis, it follows that bc;ws,; (wg(aj)) = 0foralll <i <n
and 2 < j < m. Thus, we have cjws,(wy(aj)) = 0 for all ¢,j. Particularly, we have
berws,, (wg(ag)) = 0 and so b2 = 0. Thus b = 0. This shows that cxws, (wy(aq)) = 0 for any
1 <k <nand1<qg<m. Consequently, we can see that a;wp, (wg(ci)) =0 for all g € M,
1 <j<m,and 1l <i<n. Therefore, R is strongly C'M-reversible. ]

The notion of complete (M, w)-compatibility is important in the following result [12].

Corollary 1. Assume that R is a ring that is completely (M,w)-compatible, where M is
a monoid with twisting f : M x M — U(R) and action w : M — Aut(R). Let I be an
ideal of R such that I is reduced ring and R/I is CM-Armendariz. Then R is strongly
CM -reversible.

Proof. Since every C'M-Armendariz rings is strongly C M-reversible, the result follows
directly from Theorem 2. ]

Proposition 1. Assume that R is a ring that is both (M, w)-compatible and C M -Armendariz,
where M is a monoid with twisting f : M x M — U(R) and action w : M — Aut(R).
Then R is reversible if and only if R M 1is reversible.

Proof. Proving a necessary condition is sufficient. Let p = X7 ¢;si,¢ = XL, a5h; €
R x M satisfying pui = 0. Since R is C'M-Armendariz, we have
ciws; (wg(aj)) f(si, hj)(sih;) = 0 for all 4, j. This implies that c;ws,(wq(a;)) = 0 for all i, j
since R is M-compatible. Because R is a reversible ring, a;c; = 0. Then, ajwy, (wy(c;)) =0
for all 4, j, and for any g € M. Thus, we have

= B5L X ajwn, (wg(ci)) f (R, si)(hysi) = 0.

Therefore, R * M is reversible. O
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If N is an ideal of the monoid M with twisting f : M x M — U(R) and action
w: M — Aut(R), then the restrictions f|yxny : N x N — U(R) and w|y : N — Aut(R)
are induced twisting and action.

Proposition 2. Let R be an M-compatible ring and M be a commutative, cancellative
monotid and N be an ideal of M with a center element A. If R is strongly C N -reversible,
then R is strongly C' M -reversible.

Proof. Let p = 371 ¢isi, ¢ = > 1L  ajh; € R+ M satisfying puap = 0. Since v € N
is a center element, this implies that vsi,vso,...,vSn, b1y, hay, ..., hmy € N, such that
vl # ~l; and h;y # hj7y for all © # j. Then, we have

it =Y > (eiws (wy(a5)) f (517, hy) (Psihy) = 0.

i=1 j=1

Since p and 9 are nonzero in R *x M, so pu; and 1) are nonzero elements in (R
M)[N]. Moreover, from pup = 0 and w compatible automorphism,  a center element
of N one can easily obtain that p19; = 0. Since R is strongly CN-reversible. Then,
ciws; (wa(az)) f(si, hj)(sihj) = 0. So cjws, (wy(a;j)) = 0. By a compatible automorphism, we
have ajwp; (wy(c;)) = 0. Therefore, R is strongly C'M-reversible. O

Corollary 2. [9] Let M be a cancellative monoid and N an ideal of M. If R is strongly
N -reversible, then R is strongly M -reversible.

3. Some results on ring extensions of Crossed products type

In this section we examining several kinds of ring extensions which have roles in ring
theory, being concerned with cross product of reversible rings. A ring R is considered to be
a right (or left) Ore if, for any z,y € R is non zero-divisor, there exist x1,y; € R such that
y1 is non zero-divisor, and xy; = yx1 (or y1x = x1y, respectively). According to Theorem
6.2 [20], R possesses a right quotient ring if and only if the collection of regular elements
in R constitutes a right Ore set.

Assume that the classical right quotient ring @) of R exists. Then, for any automorphism
w of R, we can define an induced map @ : Q — @ as follows: for any element xy~! €
Q, where 2,y € R and y is regular, @(zy~!) = w(z)w(y)™!, if R is a ring and w is a
monomorphism, then by Lemma 2.11 [10], we obtain the following results for strongly
C M-reversible.

Lemma 3. Let R be a ring, M be a u.p.-monoid with a twisting map f: M x M — U(R)
and an action map w : M — Aut(R) a monoid homomorphism. If R is strongly CM -
reversible, then R * M 1is semicommutativity.

Proof. Let p = c151+cas2+ - -+ cpsp, Y = athy +agha +- - -+ anhy € Rx M satistying
pyp = 0 implies that cjws,(wq(aj))f(si, hj))(sihj) = 0 for any g € M. So, by Lemma 1,
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M is a cancellative, this means s1h; # s1h; for any ¢ and j with 1 <4 # j < m. Thus,
ciws, (wg(aj)) = 0. Since R is strongly C'M-reversible. For any ¢ = bit1 +batao+- - - +bgtq €
R M for each 1 < k < d. Hence, cjws, (wg(Ra;)) = 0 by compatibility. Thus, puey = 0.
Therefore, R x M is semicommutative. O

Theorem 3. Assume that R is an (M,w)-compatible ring and M is a cancellative monoid
with a twisting map f: M x M — U(R) and an action map w : M — Aut(R). Considering
R as a right Ore ring with the classical right quotient ring Q, the R is strongly CM -
reversible if and only if Q is strongly C M -reversible.

Proof. Tt is enough showing necessary. Assume that R is strongly C M-reversible. Let
w=X" a8, = Zzzﬂkhk be an elements in QM satisfying pp = 0. Using the property
of right Ore rings a cording to Proposition 2.1.16 [16], we can represent all coefficients «;
and 7, using common right denominators. There exist regular elements u,w € R and
elements a;, ¢, € R such that o = a;u™" and v, = cpw™'. Thus,

m p
= <Z aisi> v ' and ¢ = (Z ckhk> wl
=1

k=1

Let p1 =Y ;" a;s; and ¢y = Ei:l crhi € R* M. The condition

pp =0 = (mu")(Prw™") =0.

By the Ore condition, there exist regular element ¢t € R such that u~'4; can be rewritten
as ot ~! for some Yo = > cphi € R * M. Since R is strongly CM-reversible, w is an
automorphism of R and M is a cancellative monoid by Lemma 1, s;h1 # s;jh; for s; # s;
it follows that by substituting,

pp = B S0 (agumws, (wy(erw ™)) f (si, ha) (sihi)
S S aiws, (wg(cr)) f (56, hi) (sihu) (ws, (E71))
E;llzzzlaiwsi (wg(ck))

= 2 = 0.

Therefore, 111102 = 0 implies that the coefficients vanish coefficient-wise, a;ws, (wq(c)) =0
for all i,k and ¢ € M. Thus, pujvps = 0 implies that ou; = 0. Using the (M,w)-
compatibility and the relation uwy = 11t, we translate the vanishing property back to the
original elements. Since the annihilator structure is preserved in @,

Yp = (hrw™ ) (pu"t) = 0.

Consequently, the individual coefficients in @ must satisfy ciwp, (wg(a;)) = 0, therefore,
proving that @ is strongly C M-reversible. O

Corollary 3. [9, Theorem 2/. If M be a monoid and R be a right Ore ring with classical
right quotient ring @ of a ring R, then the ring R is strongly M -reversible if and only if
its quotient ring Q is also strongly M -reversible.
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Proposition 3. Let R be an (M,w)-compatible ring and M a monoid, with a twisting map
f:MxM — U(R) and an action map w : M — Aut(R). Let e be a central idempotent of
R such that ws(e) = e for all s € M. Then R is strongly C M -reversible if and only if eR
and (1 — e)R are strongly C M -reversible.

Proof. (=) Let R be strongly C'M-reversible and S C R be a subring. Since e is a
central idempotent and ws(e) = e, and ws(1—e) = 1—e, S is a subring of R invariant under
the action w (i.e., ws(S) € 5). Let p= 371" ¢isip =371 ajhy € S« M. If pgp = 0 in
S * M, then up = 0 in R x M because S« M C R M. By the strong C'M-reversibility
of R, we have c;ws, (wg(a;)) = 0 for all i, j and g € M. Since the coefficients ¢;, a; already
belong to S, and w preserves S, these relations hold within S. Thus, eR and (1 — e)R are
strongly C'M-reversible.

( <= ) Assume eR and (1 — e)R are strongly C'M-reversible. Let p = Y 1" ¢s;
and ¢ = Z;”:l ajh; are elements in R * M satisfying that pui) = 0. Using the central
idempotent e, we decompose the elements, = ey + (1 —e)u and ¢p = erh + (1 — e)r. Since
ws(e) = e and e is central, the twisting map f(s, h) and action w respect the decomposition
R~ eR& (1 —e)R. Thus, 0 = e(up) = (ep)(eyp) € (eR) * M and 0 = (1 — e)(uyp) =
(1—=e)p)((1 —e)y) € (1 —e)R) x M. Applying the strong CM-reversibility of eR and
(1 — e)R to the coefficients for the eR component, (ec;)ws,(wq(ea;)) = 0 for all ¢,j and
g € M, similarly for the (1—e)R component, ((1—e)c;)ws, (wy((1—e)a;)) = 0 for all 4, j and
g € M. Taking the direct sum of these relations, e[cjws, (wq(a;))]+(1—e)[ciws, (wq(a;))] =0
which simplifies to cjws,; (wg(a;)) = 0 in R. Similarly, if ¢ = 0, the same applies to the
components e(yp) and (1 — e)(xu) to conclude that ajwp;(wy(c;)) = 0 for all i,j and
g € M. Therefore, R is strongly C'M-reversible. O

Proposition 4. Let R be a CM-Armendariz ring and M a strictly ordered monoid,
equipped with a twisting map f : M x M — U(R) and an action w : M — Aut(R).
Let e € R be a non-zero idempotent such that wy(e) = e for all g € M. Then, the corner
subring eRe is strongly C' M -reversible.

Proof. The proof is a variant of the proof given in Proposition 2.9 [21|. Let p =
Yoy cisiand ¥ =371 ajh; € (eRe) x M satisfying pui) = 0. Since M is a strictly totally
ordered monoid, we can assume that s; < s; and h; < h; whenever i < j. Since R is
CM-Armendariz, then so is eRe. Thus, we have cjws, (wg(a;))f(si, hj)(sihj) = 0 for all
i,j. This implies that c;ws, (wg(a;)) = 0 for all 4, j since R is M-compatible and w is an
automorphism. Therefore, by Proposition 3, eRe is strongly C'M-reversible. O

Proposition 5. Let R be a ring and M be a monoid, w : M — Aut(R) a monoid homo-
morphism with a twisting f : M x M — U(R). A ring R is (M,w)-rigid if and only if R
is strongly C' M -reversible and semiprime.

Proof. Note that any (M, w)-rigid ring is reduced by [16]. Assume that g = >"", ¢;s;
and ¢ =377 | ajh; € R+ M satisfying uip = 0. Then, cjws, (aj)ws, (ciws, (a;)) f(si, hy)(sih;)
= cwg,; (ajci)ws,; (aj) = 0. Thus, cjws,(a;) = 0. Therefore, R is strongly C'M-reversible.
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Conversely, assume c;ws, (¢;) = 0 for ¢ € R. For any r € R,0 = cjws, (¢;)ws, (1) = ciws, (rc;).
Since R is strongly C'M-reversible, ws,(¢c;re;) = 0 for any r € R. Thus, ¢; = 0 since w is a
homomorphism of a semiprime ring R. Therefore, R is (M, w)-rigid. O

Corollary 4. Let (M, <) a strictly ordered a.n.u.p.-monoid, w : M — End(R) a monoid
homomorphism with a twisting f : M x M — U(R) and R be a locally finite ring. Assume
that R is (M,w)-compatible. Then the following statements are equivalent:

(1) R is semiprime and C'M-Armendariz;

(2) R is (M, w)-rigid;

(3) Rx M is reduced.

Proof. (1) < (2). If R is CM-Armendariz, then R is strongly C'M-reversible. Thus
the result follows from Proposition 5. (2) < (3). Since R is (M, w)-compatible, so R is
(M, w)-rigid. Thus the result follows from Lemma 2. O

Theorem 4. Let R be a semiprime, M be a strictly ordered monoid and w : M — End(R)
a monoid homomorphism with a twisting f : M x M — U(R). Then R* M is reversible if
and only if R M 1is semicommutative and ws is injective for each s € M.

Proof. Let p = Y31 ¢isisp = 371  ajhy € R+ M satisfying pyp = 0. If R+ M is
reversible, then we have c;ws, (a;) f(si, hj)(sihj) = ciws, (a;) = 0 then by Theorem 4.12 [22]
we have wy is injective for each g € M. So, R * M is semicommutative by Lemma 3. Now,
assume g € M, wy € End(R) and b € R such that bw,(b) = 0. Since R is semiprime and
semicommutative, then R is a reduced ring and so wy(b)b = 0. Thus, by Lemma 4.4 [22],
we have wy(b)wy(b) = 0. Then v*> = 0 and so b = 0. Thus for each g € M,w, is a rigid
endomorphism. Then by Theorem 4.12 [22|, R* M is reversible and the result follows. [J

The following proposition shows that a crossed products over semicommutative rings
R are semicommutative when R is C'M-Armendariz.

Proposition 6. Let M be a strictly ordered monoid and w : M — End(R) a monoid
homomorphism with a twisting f : M x M — U(R) and R be an CM-Armendariz. Then
R is semicommutative if and only if R+ M is semicommutative.

Proof. Suppose that R is semicommutative and g = > 7" ¢;8;,9 = 27:1 ajh; €
R x M are such that ui) = 0. Since R is CM-Armendariz and semicommutative, we have
ciws, (a;) f(si,hj)(sihj) = 0. Now for any ¢ = Y 1 _ bpAy € R+ M and any g € M, we
have (ug)(9) = D (cpa)ex, (urw) CiWs; (Wx(Raj)) f(si hy)(sihj) = ciws; (wa(Raz)) = 0.
Thus, pu¢y = 0. This shows that u(R * M)y = 0. This means R * M is semicommutative.
Conversely, if R * M is semicommutative, then R is semicommutative since subrings of
semicommutative are also semicommutative. O

Proposition 7. Let R be a ring that is both (M,w)-compatible and CM-Armendariz,
where M is a monoid with twisting f : M x M — U(R) and action w : M — Aut(R).
Then R is symmetric if and only if R+ M is symmetric.
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Proof. Since any subring of a symmetric ring is again a symmetric ring. It suffices to
show that if R is a symmetric ring, then so is R * M.
Let p =Yy cisiyh =250  ajhj, ¢ = Y70 bpAx € R* M are such that

ppy = > ciws; (br)ws, (W, (7)) f (si; Ak, hj) (sidehy) = ciws, (wr(Ray)) = 0.
(C’b)a)eX(s,A,h) (N#’ﬂ/l)

Since R is both C'M-Armendariz and (M, w)-compatible, we have
ciws, (Rwp, (bk)) f (535 Ak, hij) (siAkh;) = ciws,(Rwn, (b)) = 0,V s, Ak, hy € M.

Thus, pu¢ = 0. Therefore, R * M is a symmetric ring. O
A ring R is said to be Dedekind finite if ca = 1 implies a ¢ = 1 for any a,c € R.

Proposition 8. Let R be a ring that is (M,w)-compatible, where M is a monoid with
twisting map f : M x M — U(R) and action map w : M — Aut(R). If R is CM-
Armendariz, then both R and the crossed product R M are Dedekind finite.

Proof. To prove R is Dedekind finite. Let ¢,a € R such that ca = 1. Consider the
elements 4 = c¢sy and ¥ = as; € R+ M. Then pyp = (¢s1)(as1) = cwi(a)f(1,1)s;.
Since wy = idgr and f(1,1) = 1, we get up = casy = s1. Thus, pp = s1. Because R is
CM-Armendariz, from pip = s; we conclude that the constant coefficients satisfy ac = 1.
Therefore, R is Dedekind finite.

Now, to prove R M is Dedekind finite. Suppose that p =" | ¢;s; and ¢ = Z;”:l ajhj €
RxM are such that puap = Y0, D7 ciws, (aj) f(si, hy)sihj = 0. Since R is C M-Armendariz,
it follows that cjws,(aj) = 0 for all 7, j. Now consider the coefficient of s; in uip. Hence
c1 a1 = 1 where s1 = hy = 1. Since R is Dedekind finite, we conclude that a; ¢; = 1. Now,
(Yu)(1) = a1e1 = 1. Moreover, the coefficient of ¥y is ajws,(c;) f(hy, s:). Using (M,w)-
compatibility together with the relations c¢; ws,(a;) = 0, we obtain ajwp;(c;) = 0. Hence,
Yu = s1 = 1. Therefore, R * M satisfies this property. O

Theorem 5. Let R be a ring, M be a strictly ordered monoid and w : M — End(R) a
monoid homomorphism with a twisting f : M x M — U(R) and R a ring without nonzero
zero-divisors. Then R is Dedekind finite if and only if R* M is Dedekind finite ring.

Proof. 1t is evident that if R x M is Dedekind finite, then R must also be Dedekind
finite. Now suppose that R is Dedekind finite, and p = ¢;8;,¢ = a;jh; € R M are
such that uyp = 370 Y700 ciws, (a;) f(si, hj)sih;. We will show that 1u = c1. Note that
i # 0 and ¢ # 0. By Ribenboim [23], there exists a compatible strict total order <’ on
M, which is finer than < (that is, for all s,h € M,s < h implies s <’ h). Since supp(u)
and supp(1y)) are non-empty artinian and narrow subsets of M, the sets Min(supp(u))
and Min(supp(y))) of minimal elements of supp(u) and supp(v)), respectively, are fi-
nite and non-empty. Let Min(supp(u)) = {s1,...,s,} with s1 <’ s9 <’ ... <’ s, and
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Min(supp(¥))) = {h1,ha, ..., hm} with hy <" hg <’ ... <" hy,. Then

ci(s1+hi) = p(s1 + hi) = > ciws, (a;) f(si, hy)(sihy).
(Cva)ex(lerhl)(,uv"/})

Since 1) = 1 in R M this means c;ws, (a;) f (i, hj)(sihj) = 1. For pp = 1 to hold, it must
be that there are non-zero contributions from ¢; and wg,(a;). By assumption of Dedekind
finiteness of R the fact ¢;jws,(a;) = 0 for some 7, j implies that ¢; = 0 or ws,(a;) = 0. Thus,
if ca = 1 for some c,a € R, we conclude a c = 1. Therefore, R x M is Dedekind finite. [J

Corollary 5. [24, Proposition 3.15]. Let R be a ring, (M, <) be a strictly ordered monoid
and w : M — End(R) a monoid homomorphism. If R is (M,w)-Armendariz, then R and
R[[M,w]] are Dedekind finite.

According to Nicholson [25], a ring R is called a clean (uniquely clean) ring if every
element 7 € R can be written (uniquely) in the form r = u + e where u € U(R) and
2
e“=ecR.

Lemma 4. Liu [26] A homomorphic image of a clean ring is a clean ring.

Lemma 5. Let R be a ring and M be a strictly ordered monoid satisfying the condition
1<s foreveryse M. Let f: M x M — U(R) be a twisting map and w : M — Aut(R) be
an action map. Suppose that p € Rx M. Then p is a unit in the crossed product, denoted
w € U(R* M) if and only if its constant coefficient is a unit, (1) € U(R).

Proof. Suppose p € U(R * M). There must exist an inverse ¢y € R * M such that

p=1landYu=1. Let u =c181+casa+---+cps, and Y =ajhy+agho+---+amhn,.
Since M is strictly ordered and 1 < s for all s € M, we can order the supports such that
1l=5 <83 < -+ <spand 1= hy < hy < -+ < hy,. The coefficient of the identity
element 1 € M in the product uy) = cjws,(a1)f(s1,h1) = 1. Since s = 1 and hy = 1,
and wy is the identity automorphism, this simplifies to cja; f(1,1) = 1. Because f(1,1) is
a unit, c; has a right inverse in R. A symmetric argument using ¥y = 1 shows ¢; has a
left inverse. Thus, u(1) € U(R).
Now assume (1) € U(R). We want to show that u € U(RxM ). We construct a right inverse
¥ = > ajh; such that uyp = 1. Write g = p(1)ug + >, p(s)us. Let ¢ = p(1)~! € R.
Define (1) = ¢. It follows that the constant coefficient of the product p is given by
(1) (1) = pu(1)y(1) = 1. For the identity 1 € M, we require cia1 f(1,1) = 1. Since ¢; and
f(1,1) are units, we uniquely define a; = cl_lf(l, 1)~!. For any A > 1 in M, the coefficient
of A in the product gy must vanish. The coefficient of A is

cwi(a)f(LA)+ Y cws(a))f(si,hy) =0.

Sih]‘:>\,87;>1

In a strictly ordered monoid with 1 < s, if s;h; = X and s; > 1, then it must be that
hj < X. By the induction hypothesis, all such a; for h; < X have already been uniquely
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determined. Therefore, we can solve for ay as follows:

ax=—let' | D ciwsla)f(sihy) | FOLA)T

SihjZ)\,Si>1

Since p has finite support and M is strictly ordered, the coefficients a; are obtained as
unique solutions to the recursive system of equations. Thus, p has a right inverse. A
similar construction yields a left inverse, Therefore, u € U(R * M). Ul

Theorem 6. Let R be a ring and M be a strictly ordered monoid satisfying the condition
1<s foreveryse M. Let f: M x M — U(R) be a twisting map and w : M — Aut(R) be
an action map. Then the crossed product R M is a clean ring if and only if R is a clean
Ting.

Proof. We use the method in the proof of Theorem 5.3 [26]. Let R be a clean ring and
p € R+ M. Write (1) = u + e where u € U(R) and e = e € R. Define ¢ € R+ M via

Uu, s=1
wo-|

u(s), 1<s.

We obtain a map ¢ : M — R with suup(v)) = supp(p) U{1}. Since supp(p) is artinian and
narrow, 1) € R* M. Then, by Lemma 5, ¢ € U(R % M). Clearly, it = ¢ + c. and ¢? = c.
Thus, R« M is a clean ring.

Conversely, suppose that R * M is a clean ring, we show that R is a clean ring. Let
I'={pu€e R+«M | u(l)=1}. For any px € I and any ¢ € R * M, since M satisfying the
condition that 1 < s for every s € M, so we have u(1) = 0 which implies that py € I.
Similarly, ¥ € I. Thus, I is an ideal of R+ M. Define a mapping ¢ : R — R+ M /I for any
¥ = bt € Rx* M by setting ¢(b) =9 + I for every b € R and t € M. It is straightforward
to verify that ¢ is a ring isomorphism. Therefore, by Lemma 4. R is a clean ring. O

Theorem 7. Let R be a ring, M be a strictly ordered monoid and w : M — End(R) a
monoid homomorphism with a twisting f : M x M — U(R) and action w : M — Aut(R).
Assume that R is CM-Armendariz. Then R x M is a uniquely clean ring if and only if R
is a uniquely clean ring.

Proof. We use the method in the proof of Theorem 5.6 [26]. Suppose that R is a
uniquely clean ring. Then by Theorem 6, R* M is a clean ring. Assume that y =1 +h; =
9 + hy where 91,19 € U(R* M) and hy,he € R x M are idempotents. Since R is CM-
Armendariz, by Proposition 4.10 [22], h1(1) and ho(1) are idempotent elements of R and
h1 = cp, (1), ha = cpy(1). Now from 1p1 — g = ¢p, (1) — cpy (1) it follows that 11 (s) = a(s)
forany 1 < s. Also (1) = 91 (1)+h1(1) = ¥2(1)+he(1). By Lemma 5, ¢1 (1), ¢2(1) € U(R).
Since R is a uniquely clean ring, thus 11(1) = 12(1) and hi(1) = ha(1). Hence 91 = 9o
and hy = hs. This proves that R x M is a uniquely clean. Conversely, suppose that R x M
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is a uniquely clean ring. Similar to the proof of Theorem 6, we can show that the ring R is
isomorphic to a factor ring of R * M. By Theorem 22 [27]| every factor ring of a uniquely
clean ring is also uniquely clean. Thus, the result follows.

Lemma 6. [25, Proposition 1.8(2) and Theorem 2.1]. Clean rings are always exchange
rings. The converse holds true if R is an Abelian ring.

Proposition 9. Let R be an abelian ring and M be a strictly ordered monoid and w :
M — End(R) a monoid homomorphism with a twisting f : M x M — U(R) and action
w: M — Aut(R). Then R x M is an exchange ring if and only if R is an exchange ring.

Proof. If R is an exchange ring, then, from Lemma 6 and Theorem 6, it follows that
R+ M is a clean ring, and consequently, it is an exchange ring. Conversely, if R %« M is
an exchange ring, then, similar to the proof of Theorem 6, and by applying Lemma 4 and
Lemma 6, there exists a ring isomorphism R = R M /I. Since every homomorphic image
of an exchange ring is also an exchange ring, it follows that R is an exchange ring.

4. Conclusion

In this study, the author investigates the properties of crossed products of a ring R with
a strictly ordered monoid that has a twisting map and an action on R, focusing on the
CM-Armendariz condition from polynomial rings to these crossed products. The paper
explores various classes of nonreduced C'M-Armendariz rings and establishes that certain
properties, such as being semicommutative, symmetric, Dedekind finite, clean, uniquely
clean, or exchange, hold for the crossed product R * M. This framework opens avenues
for future research in several directions can be transferred from R to R x M. Additionally,
there are applications in noncommutative algebra that explore the implications of these
findings in noncommutative settings, particularly in the context of module theory.
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