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Abstract. In this article, we study the convergence of the Laplace Adomian algorithm applied
to the telegraph equation with a nonlinearity and a source term. To this end, we review some
definitions and properties that enable us to establish the convergence proof, then we present a
description of the method, followed by the convergence proof, and finally we propose an application
of the algorithm.
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1. Introduction

In this article, we focus on the study of convergence and the application of the Laplace-
Adomian algorithm to the telegraph equation model, incorporating non-linearity in order
to take into account more complex effects. We recall that the study of the standard tele-
graph model equation for the linear case was the subject of a previous publication [1].
Vineet K Srivastava and his colleagues in [3] also proposed a description of the physical
problem and suggested the solution of some applications of the model using the RDTM
(Reduced Differential Transform Method). For the nonlinear telegraph equation with a
source term, Abdul Rahmin Farhan Sabdin and his collaborators developed the MM-
RDTM (Multistep Modified Reduced Differential Transform Method) in [5] and proposed
an approximate solution for certain applications. In our study, we first review some defi-
nitions and properties, then present a description of the Laplace-Adomian algorithm, then
study the convergence of the Laplace-Adomian algorithm applied to the nonlinear tele-
graph equation with a source term, taking into account certain conditions, and finally
propose an application.
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2. Preliminary and definitions

In this section, we recall some definitions and theorems

Definition 1. Let u : RT — C be a continuous function.
The function L(u) defined by

o

L(u) = /u(t)e_Stdt.
0
This theorem is a result that proves the existence and uniqueness of the solution of

the functional equation Au = f

Theorem 1. (Minty-Browder) [4]
Let E be a reflexive Banach space. Let A : E — E' an application (non-linear)
continues such that :

(Au — Aviu —v) >0 Yu,v € E, u#v

A .
lim (Av; v)

Joll—o0  [J]|

=0

So for everything f € E', there is u € E a unique solution to the equation Au = f

Considering the functional equation in the form v = Nu + f, Cherruault and his
colleagues establish the following result

Theorem 2. [2]
if

vn >0, |[N® (uo)‘ <m<lt

(&

then the decomposition series Z Uy, 18 absolutely convergent and we have the following
n>0
relation :
”AnH < Mn-‘rlen-i-l

3. The numerical Laplace-Adomian method

The standard telegraph equation is a partial differential equation given by :

ou? 9%u

ou
W—aﬁ+ﬁa+’yu+5(u):h(t,x)

where u = u(t, x) is the resistance, and o, and  are constants related to the induc-
tance, capacitance and conductance of the cable respectively.
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Let us consider the following functional equation:

0%u 0%u ou
%(t,o) = [ (1)
U
) 0%u 0%u ou
Taking Lu = 922’ Ru = Oag /BE —yu and Nu = —6 (u)
We have :

Lu = Ru+ Nu+ h(t,x) (2)

Where L is an invertible operator in the Adomian sense and R the linear remainder.
Applying the laplace transform to the equation (2), we obtain :

Ly (Lu) = Ly (Ru) + Ly (Nu) 4+ L, [k (¢, x)] (3)

we deduce

§°Ly (u) = sf (t) + g (t) + Lo (Ru) + Ly (Nu) + Ly [h (¢, 2)] (4)

Using the decomposition series for the linear term u(t,x) gives

Y Lo (un) =sf(t)+g(t) + Lo [h(t,2)] + ) Lo (Run) + Lo (N > un) (5)

n>0 n>0 n>0
Using the decomposition relation
Nu=N Z U, | = Z A,
n>0 n>0

This yields the following Adomian algorithm:

{ §°Ly (ug) = sf (t) + g (t) + L [h(t, 2)] (6)
82Ly (Uny1) = Lz (Ruy) + Ly (An);n >0

Applying the laplace transform to the equation (2), we obtain :
1
w0 lt) = £7 | 6F (0490 + £, [ ()|

1 1
i (00) = £7 | 5o () + L0 (A)] i 20
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4. Algorithm of Laplace - ADM Convergence’s

Considering the equation

o2 0? 0

o = g — A —qu—d(u)+h(ta)
%@An = f(t)

u

With (¢,z) € Q where Q = [0; +00[ X [a, b]

The application of the Laplace-ADM method gives

w0 lt) = £57 | 3 6F (0490 + £, [ ()| N
Uni1 (t,2) = L1 [Slzﬁx (Ruy,) + 8—12[% (An)} ;m >0

Let us suppose :
- (Hy)
f is continuous then there is a real M; so that

|f (t)] < My for all ¢t € [0,T]

- (Hy)
g is continuous then there is a real Ms so that

g (t)] < My for all t € [0,T]

- (H3)
h is continuous then there is a real M3 so that

|h(t,x)| < M3 for all (¢t,z) € [0,T] x [a,b] withb>a >0

However
R the linear remainder is continuous then there is a real 8 > 0 so that
|| Rul| < 0 ]ul|

Indeed, we have :

luo| =
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There is a real zp € R so that Re (s) > g, we deduce the following system :

e[| 2] e

£ [t e

IN

|uo

n— 1
| < ﬁ;l['R“ 1']+£;1 [Hﬁxmn_l\)];nzl

5| s?|

lug| < My + Mab+ M3b?,
=
L, (|Rg,— 1
lun| < L7 M + L0 | 5L (JAnal)| 50> 1
\ o i
lug| < My + Mab+ M3b?
= 1
lun| < ?Lgl [Ex (|RU}L_1‘) + L, (|An,1\)] in>1
0
lug| < My + Mab+ M3b?
- 0 1 ‘
‘un‘ < ;%Hun—1|’+;8|’An—l|’7nZl

Step by step, we deduce :

‘UO’ § M1 +M2b+M3b2

= n

6 1

lup| < <2) [My + Mab+ Msb?| + 5 M"e" ;n>1
X

) 0
[uo| < M + Mayb+ Msb?
= , M + Mob + Msb? 1
Z lim Jun| < 2 2
n>0 x5 —0 x5 (1 — Me)

Then the series Z uy, is convergent for z # v/0, therefore this algorithm is convergent.
n>0

5. Example

u  0%u  Ou 9 ou
i - — R = >

w(t,0) =0, uy(t,0)=¢c
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2 2
07u Ru:au—au andNuqu—a:u@

Taking Lu = ~— oo .
aktg LU =50 o2 ot oz

Where L is an invertible operator in the Adomian sense and R the linear remainder.
Applying the laplace transform to the equation (9), we obtain :

L, (Lu) = L; (Ru+ Nu) (10)
2 au
$°Ly (u) — su (t,0) — p (0,z) = Ly (Ru) + Ly (Nu) (11)
Using the decomposition series for the linear term (¢, x) gives
Y Lo (un) =€+ > Lo (Run) + Y La(An) (12)
n>0 n>0 n>0

We deduce the following Laplace-Adomian algorithm
s2L, (ug) = €'

$2Ly (Unt1) = Lo (Ruy) + Ly (An);n >0
We obtain

Upi1 (t,2) = L1 [812,61, (Run)] + L7t [Szﬁx (An)} in >0

Determinate u,(t,z), for n >0

t
wolt,z) = £51 ]

~ T

= up(t,x) = xe

[1 1
Ul (t, I‘) = ,C;l ?;Cm (RU[)):| + E;l |:$2£:1: (AO):|
We have
82u0 8’11,0
Ruo =5 =5
8u0
A = 2 — _— =
0 = Uy — TU O 0

= ui(t,z) =0
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us (t,) = £ [8125 (Rul)] o [312"3”” (Al)]

We have
82’&1 8U1

R =59 =% =0

A = zug Oui (¢, ) + zug Ouo (¢, 2) — 2uou; =0

ox ox
We deduce : ug(t,z) =0
us(t,z) = L1 iﬁ (Rug) | + L1 iﬁ (A2)
3\ — A~y 52 x 2 T 52 T 2

82u2 8’&2

e ="5p ~ 5 =

oAy = g2t O ) Q) e s = 0

ox ox ox

We deduce : us(t,z) =0
In recursive way, we deduce
up(t,x) =0, forn >1

Then
u(z,t) = Z un(z,t) = xet + Z un(t,z) = ze'

n>0 n>1

Conclusion : The exact solution to the problem is

u(z,t) = xe'

6. Conclusion

This document studies the convergence of the Laplace-Adomian method applied to
the telegraph equation with non-linearity and source term, providing rigorous proof and
practical application. This study establishes the effectiveness of the Laplace-ADM method
for numerically solving nonlinear partial differential equations, particularly those of the
telegraph, by accelerating convergence towards the solution.
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