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Abstract. A number of different procedures and techniques are used to study the Abel and some
related equations of the first and second kind. The Abel equation of the first kind is related
to a non-homogeneous second order Liénard equation. These equations are equivalent as far as
algebraic and Liouvillian integrability go. Any Liouvillian solution to a Riccati equation induces
a Liouvillian solution for the second order associated second order linear equation and conversely.
Under suitable conditions on the coefficients which appear in the Abel equation, a Darboux first
integral can be produced for the Abel equation of the first kind. Some results related to algebraic
solutions to a form of the equation are developed at the end.
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1. Introduction

There has over time been a great deal of interest for many reasons in equations that
are called Abel differential equations [1-4]. They arise in many areas and have many
applications. They provide a test for Hilbert’s 16-th problem on the number and upper
uniform limit for limit cycles of first order polynomial differential equations. as well as
the center problem. Approaches to the study of Abel equations are necessary especially
from the view-point of quasi-Lie schemes. These equations were first studied by Abel,
and later by Appell and Liouville [5− 6]. At the present time, and here as well, Abel
differential equations of the first and second kind are investigated systematically [7-8].
These equations [9] have the form

d y(x)

dx
+ a1(x)y(x)

3 + 3a2(x) y(x)
2 + 3a3(x) y(x) + a4(x) = 0,

(b5(x) + b6(x) z(x))
dz(x)

dx
+ b1(x) + 3b2(x)z(x) + 3b3(x) z(x)

2 + b4(x) z(x)
3 = 0.

(1.1)
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Many ideas and procedures will be introduced and used to study equations of the type
(1.1). The link between the Abel differential equation and some non autonomous Liénard
equations is examined. The crux of the method of Darboux is the existence of finitely
many Darboux invariant curves, or exponential factors, for a planar polynomial differential
system, and forces it to possess a Liouvillian first integral. By obtaining some well-chosen
transformations, it can be shown that if the Abel differential equation has a Liouvillian
solution, then its associated Liénard equation also has a Liouvillian solution. Conversely, it
holds that if the associated Liénard equation has a Liouvillian solution, then necessarily the
Abel equation of the first kind has a Liouvillian solution. By exploiting a simple relation
between the Abel differential equation of the first kind and the associated equation of the
second order given by

d2u

dx2
+ a1(x, u)(

du

dx
)3 + 3a2(x, u)(

du

dx
)2 + 3a3(x, u)

du

dx
+ a4(x, u) = 0 a1(x, u) ̸= 0, (1.2)

under suitable conditions on the ai, one finds a Darboux first integral of the Abel equation
of the first kind. These equations have applications in describing geodesics of a projective
connection in dimension two. Finally, some cases are investigated in which the Abel
equation has algebraic solutions [10-14].

Let us show the correspondence of these Abel equations under an invertible transfor-
mation given by

y(x) =
1

b5(x) + b6(x) z
, (1.3)

and its inverse. These map the y equation in (1.1) to the z equation, and the inverse
of (1.3) the z equation into the y equation. The correspondence of the coefficients under
these transformations will be given. Putting (1.2) into the y equation in (1.1), the following
result in z follows,

(b5+ b6 z)
dz

dx
−a4b26 z3− (3a4b5b6+3a3b6− b6,x) z2− (3a1b

2
5+6a3b5−

b5
b6
b6,x− b5,x+3a2) z

+
1

b6
(a1b

3
5 − 3a3b

2
5 + b5 b5,x − 3a2b5 − a1) = 0. (1.4)

When the transformation (1.3) is inverted to give z(x), we have

z(x) =
( 1

y(x)
− b5(x)

) 1

b6(x)
. (1.5)

Substitute (1.5) into the second equation in z in (1.1) to get the equation in y,

dy

dx
+ (−b1b6 + 3b2b5 − 3

b3b
2
5

b6
+
b4b

2
5

b26
)y3

+(b5,x − 3b2 −
b5
b6
b6,x + 6

b3b5
b6

− 3
b4b5
b6

)y2 + (
b6,x
b6

− 3
b3
b6

+ 3
b4b5
b26

) y − b4
b26

= 0. (1.6)

Results (1.5) and (1.6) relate the coefficents in one form of the equation to those in a
related equation.
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2. The Relationship of Abel Equation with Riccati and Liénard
Equations.

If the Abel differential equation of the first kind has a Liouvillian solution, then nec-
essarily its associated Liénard equation also has a Liouvillian solution. Conversely, if the
associated Liénard equation has a Liouvillian solution, then necessarily the Abel differ-
ential equation of the first kind has a Liouvillian solution. The following definition of an
extension iS used: Let E ⊂ F of differential fields. An extension is called Liouvillian if F
can be generated from E by adjoining a finite number of integrals, exponentials of inte-
grals, and algebraic functions. An integral of an element κ is defined to be any solution
of y′ = ζ. An exponential of an integral ζ is defined to be any solution of the equation
y′ = ζ y. Darboux’s method relies on the existence of finitely many Darboux invariant
curves or exponential factors, for a planar polynomial differential system forces it to pos-
sess a Liouvillian first integral. The following two Lemmas will be subsequently be used
to produce a Theorem.

Lemma 2.1. Define η as
η = −(a1y

2 + 2a2y), (2.1)

and let L be given by

L = a2a1,x − a1a2,x + a1 (a1a4 − a2a3) + 2a2(a
2
2 − a1a3), (2.2)

where y in (2.1) satisfies the equation

yx + a1(x)y
3 + 3a2(x)y

2 + 3a3(x)y + a4(x) = 0. (2.3)

Then provided y satisfies (2.3), η satisfies the following first order differential equation

ηx − 2η2 − µ(x) η − 2a2 a4 − 2
L

a1
y = 0, (2.4)

where µ(x) is defined by

µ(x) =
a1,x + 2a22 − 6a1a3

a1
, (2.5)

If L ̸= 0, the differential equation (2.3) is transformed into a Riccati system which admits
the rational solution

η0 =
a22
a1
.

This Riccati equation is integrable by means of quadratures, so the solutions reside in a
Liouvillian extension of K.

Proof. Substitute η in (2.1) and L in (2.2) into (2.4) and simplify to find

(a1 y + a2)(yx + a1y
3 + 3a2y

2 + 3a3y + a4) = 0. (2.6)

Hence (2.4) holds whenever y satisfies (2.3), that is, when y = −a2/a1 which by (2.1),
implies η0 = a22/a1.



P. Bracken / Eur. J. Pure Appl. Math, 19 (3) (2026), 7800 4 of 19

Equation (2.4) can be produced in a constructive way starting with (2.1) to calculate
ηx − 2η2 as

ηx − 2η2 = −a1,xy2 − 2a2,xy + 6a1a3y
2 − 2a1a4y

2 + 6a2a3y + 2a2a4.

The derivative yx has been eliminated by substituting (2.3) which appears when ηx is
calculated. Adding µ η to this and collecting y terms, (2.4) follows

ηx − 2η2 − a1,x + 2(a22 − 3a1a3)

a1
η =

2

a1
(a2 a1,x − a1 a2,x + a21a4 + a32 − 3a1a2a3) y + 2a2a4

= 2
L

a1
y + 2a2 a4.

When L = 0, this implies that η verifies a Riccatti equation. Solving L = 0 for a2,x and
putting η = η0 in (2.4) followed by a2,x the η equation simplifies to zero. So η0 solves
the η equation when L = 0. Since the Riccatti equation admits a rational solution, it is
Liouville integrable. Set η = η0+1/τ , then τ satisfies a first order non-homogenous linear
differential equation with coefficients in K. Thus τ lies in a Liouvillian extension of K as
does η. □

Lemma 2.2. Suppose L ̸= 0 and η defined by (2.1) satisfies the following equation

ηxx + 3 (δ1 η + δ2) ηx + γ1 η
3 + 3γ2 η

2 + 3γ3 η + γ4 = 0, (2.7)

where the quantities (δi, γi) must satisfy the system,

δ1 = −1

6
γ1 −

4

3
, (2.8)

−2δ2 − γ2 =
1

6
(4− γ1)µ(x), (2.9)

σ(x) = 3(δ2 + γ2) =
Lx

L
− (

2

a1
− γ1

2a1
) a1,x + 3a3 − (3a3 +

a22
a1

) γ1, (2.10)

3γ3 = 2(γ1 − 3)
a2
a21
L− µ′(x) + (1− γ1

2
)µ(x)2 + µ(x)σ + γ1a2a4, (2.11)

γ4 = 2a2a4 σ − γ1 a1a2,x − 2a2a1,x + 3γ1 a2a3a4 − a1a
2
4 − 6a2a3a4 + (γ1 − 1) a1 a

2
4

+(4− γ1)
a4
a1
L(x) (2.12)

where µ(x) is defined in (2.5).
Proof. Define η by (2.1) so it satisifies (2.4) with µ(x) defined by (2.5). Solve (2.1) for

η′, then differentiate it and eliminate yx using (2.3) to give an expression for ηxx. To obtain
this equation in the form (2.7), subtract this form for ηxx and (2.7) and then equate to
zero. The coefficients of the powers of y produce a linear system for the set (δi, γi) which
specifies (2.7). The coefficients of the two highest powers of y are proportional to the
factor δ1 + γ1/6 + 4/3. When this is set to zero we get (2.8), and the two highest powers
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of y are eliminated. Any ordered pair that satisfies (2.8) may be used. However we solve
(2.8) for δ1 in terms of γ1 and replace δ1 in the equations remaining in the set. There is a
system of five equations but not all linearly independent. The first four are independent,
and solving them yields δ2 and the remaining γi in closed form. However, they are not yet
in the form (2.9) or (2.10). Take δ2 and γ2, write the combination −2δ1+γ2 and eliminate
a1,x in terms of µ(x) using (2.5) to produce (2.9). Similarly, define σ to be σ = 3(δ2+ γ2)
and simplify to get (2.10). Moreover, the derivative of L(x) can be computed. It is found
to be

L(x)x =
1

2

[
(4− γ1)

a1,x
a1

+ (6a3 + 2
a22
a1

) γ1 − 6a3 + 2σ − 8
a22
a1

]
L(x). (2.13)

Eliminating a1,x in terms of µ(x) and substituting L(x)x from (2.13), the result (2.11) is
found

3γ3 = 2(γ1 − 3)
a2
a21
L(x)− µ(x)x + (1− γ1

2
)µ(x)2 + µ(x)σ + γ1 a2a4

The function appears squared in γ3 when γ1 ̸= 2. The last term to be calculated is γ4. To
finish this, obtain a1,x by solving (2.2) for it in terms of L(x) and replace this form of a1,x
as well as Lx(x) from (2.13) into γ4 to obtain the last of the γi as

γ4 = 2a2a4 σ−γ1 a1a′2−2a1,xa2+3γ1 a2a3a4−a1 a24−6a2a3a4+(γ−1)a1a
2
4+(4−γ1)

a4
a1
L(x)

where σ is defined in (2.10). □
The two lemmas which have been stated and proved above can be combined into a

final Theorem.
Theorem 2.1. Suppose F is a differential field of characteristic zero and consider

equation (2.3) over F with (ai)1≤i≤4 ∈ F , a1 ̸= 0. Let η be given by (2.1) and L by (2.2)
Then with µ(x) given by (2.5), η satisfies

ηx − 2η2 − µ(x) η − 2 a2a4 − 2
L

a1
a = 0,

where (δi, γi) are given in (2.8) to (2.12). □
Proof. The first claim follows from (2.1) so η = −(a1 y

2 + 2a2 y), and the second by
invoking equation (2.4) as an identity. □

3. Abel Equations and Projective Connections.

A holomorphic projective structure on an open set U ⊂ C2 is an equivalence class
of torsion free affine connections [Γ]. Two connections Γ and Γ̂, represented by their
Christoffel symbols, are projectively equivalent if they share the same unparametrized
geodesics. The analytic expression for this equivalence is

Γ̂c
ab = Γc

ab + δca ωb + δcb ωa, a, b, c = 1, 2.

for a one-form ω = ωa dx
a =

∑2
a=1 ωa dx

a.
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In dimension 2, the projective structures or connections are equivalent to second or-
der ordinary differential equations for (x1(t), x2(t)) = (x(t), u(t)) and the parameter t is
eliminated between the two equations,

ẍc(t) + Γc
ab ẍ

aẋb = λ ẋc,

where λ ⊂ C. An ordinary differential equation similar to (1.2) is obtained,

d2u

dx2
= Γ1

22 (
du

dx
)3 + (2Γ1

12 − Γ2
22) (

du

dx
)2 + (Γ1

11 − 2Γ2
12)

du

dx
− Γ2

11.

Conversely, any second order equation cubic in the first derivatives gives rise to some pro-
jective structure as the independent components of Γc

ab can be found from the coefficients
of the powers of ux.

Abel differential equations of the first kind are of interest which are related to second
order differential equations uxx = f(x, u, ux), f ∈ C(x, u, ux) in the ring of convergent
power series in x, u, ux which can be transformed under the pseudogroup of point tran-
formations X = ϕ(x, u), U = ψ(x, u) whose functions ϕ(x, u), ψ(x, u) ∈ C(x, u) and the
Jacobian J ̸= 0 into the form uxx = 0. Consider P the pseudogroup of transformations of
the plane given by

X = ϕ(x, u), U = ψ(x, u), J = det

(
ϕx ψx

ϕu ψu

)
̸= 0. (3.1)

The action of P on (x, u) induces an action on (ux, uxx) given by the chain rule

UX =
dU

dX
=
Ux

Xx
=
ψx + uxψu

ϕx + uxϕu
. (3.2)

If this derivative is denoted Ũx, then we can compute

d2U

dX2
=
Ũx

Xx

=
ψxx + uxψxx + uxxψx + ux(ψux + uxψuu)

ϕx + uxϕu
− (ψx + uxψu)

(ψx + uxϕu)2
·(ϕxx+uxϕxu+uxxϕu+ux(ϕux+ux ϕuu)

=
λ+ µux + νu2x + ξ u3x + J uxx

(ϕx + uxϕu)2
. (3.3)

The coefficients in the numerator of (3.3) are given as follows

λ = ϕ1ψxx − ψxϕxx,

µ = ϕuψxx + ϕxψxu + ϕ1ψxx − 2ϕxxψx − ψuψxx,

ν = ϕuψxu + ϕuψxx − ϕuuψx + ψuuϕx − 2ψuϕxu, (3.4)

ξ = ϕuψuu − ψuϕuu,
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J = ϕuψx − ϕxψu.

Given two ordinary differential equations

uxx = f(x, u, ux), Uxx = F (X,U,Ux), (3.5)

it is said they are point equivalent if there exists a transformation of the form (3.1)
with induced action (3.2), which sends the source uxx equation (3.5) into the target Uxx

equation (3.5). In such case, using (3.2) and (3.3), there is the following identity between
the functions f(x, u, ux) and F (X,U,Ux)

(ϕx + uxϕu)
3F = J f + λ+ µux + νu2x + ξu3x. (3.6)

This class of projective connections is preserved under point transformations. Both Cartan
and Liouville have shown that the necessary and sufficient condition for the existence of
a point transformation which sends uxx = f(x, u, ux) to uxx = 0 is

f(x, u, ux) = −(a1(x, u)u
3
x + 3a2(x, u)u

2
x + 3a3(x, u)ux + a4(x, u)), (3.7)

(ai)1≤i≤4 ∈ C(x, u), along with two constraints denoted L1 and L2 given by

L1 =
∂

∂x
(2
∂a3
∂u

−∂a2
∂x

+a1 a4)−
∂

∂u
(
∂a4
∂u

+3 a2a4)+a4 (
∂a1
∂x

−3a1a3)+3a3(2
∂a3
∂u

−∂a2
∂x

+a1a4) = 0,

L2 =
∂

∂u
(
∂a3
∂u

−2
∂a2
∂x

+a1a4)+
∂

∂x
(
∂a1
∂x

−3a1a3)+a1(
∂a4
∂u

+3a2a4)−3a2(
∂a3
∂u

−2
∂a2
∂x

+a1a4) = 0.

(3.8)
Constraints (3.8) will play a large role here, such as when {ak(x)}41 just depend on x.

The Abel differential equation of the first kind can be related to second order equations
by replacing y = ux in (2.3). for some function u(x) which produces an equation which
belongs to the family of projective connections,

uxx + a1(x)u
3
x + 3a2(x)u

2
x + 3a3(x)ux + a4(x) = 0. (3.9)

Suppose {ak(x, u)} = {ak(x)}4k=1 ∈ C, and 1 ≤ k ≤ 4 are independent of u and
a1(x) ̸= 0 in (2.3). Then conditions (3.8) simplify to the form

L1 = (a1a4−
da2
dx

)x−3a3
da2
dx

+a4
da1
dx

= 0, L2 =
d

dx

(da1
dx

+3(a22−a1a3)
)
= 0. (3.10)

By starting with an equation for a projective connection (3.9) with L1 = L2 = 0, the
coefficients ak(x) can be used to define a system of partial differential equations as follows,

zuu + a1 zx − a2 zu + (−a1,x + 2(a1a3 − a22)) z = 0,

zxu + a2zx − a3zu + (−a2,x + a1a4 − a2a3) z = 0, (3.11)

zxx + a3 zx − a4 zu + (−a3,x + 2(a2a4 − a23)) z = 0,
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L1 = L2 = 0.

It will be seen that system (3.11) leads directly to an equation for a projective connection
of the form (3.9).

Lemma 3.1. The integrability conditions for system (3.11) given by

∂

∂x
(zuu) =

∂

∂u
(zxu),

∂

∂u
(zxx) =

∂

∂x
(zxu), (3.12)

are the constraints given in (3.10).
Proof. Isolate the second derivatives given in (3.11) and use them to compute first

the compatibility (zuu)x = (zxu)u to obtain

d2a1
dx2

− 3 a1a3,x + 3(a22)x − 3a1,xa3 = 0,

which is L2 = 0. Second compute the second relation in (3.12) which yields

d2a1
dx2

− 2a1,x a4 + 3a2,xa3 − a1a4,x = 0,

which is L1 = 0 in (3.10). □
Let us return to the system (3.11) and consider the more general form in which the

{ak(x, u)}4k=1 depend on u. It given by

zuu + a1zx − a2zu +
(
a2,u − a1,x + 2a1a3 − 2a22

)
z = 0,

zxu + a2zx − a3zu +
(
a3,u − a2,x + a1a4 − a2a3

)
z = 0, (3.13)

zxx + a3zx + a4zu +
(
− a4,u − a3,x + 2a2a4 − 2a23

)
z = 0.

Proposition 3.1. Let the functions {ak(x, u)}1≤k≤4 satisfy the integrability conditions
(3.12), then the following statements hold:

(i) The vector space S of solutions for (3.13) is of dimension 3.
(ii) Every basis {ω1, ω2, ω3} of S determines a local isomorphism σ(C2, 0) → (P 2, σ(0))

where σ = {ω1, ω2, ω3}. Moreover, if σ̃ = {ω̃1, ω̃2, ω̃3} is associated to another basis of S,
then σ and σ̃ are projectively equivalent, that is, σ̃ = M σ where M is a matrix which is
an element of GL(3,C).

Proof. (i) Let B be the ring of differential operators which are linear and have
coefficients in C(x, u) and B/S denotes the left B module associated to (3.13). Since the
ak satisfy the compatibility or integrability conditions (3.12), the ideal O[ζ, η] generated
by the principal symbol of elements of S is (ζ2, ζη, η2) ◦ (ζ, η), which shows that B/S is
B-isomorphic to O3 and one has in particular that,

dimC S = dimC HomB(B/S,O) = 3. (3.14)

(ii) Let {ω1, ω2, ω3} be a basis of S. It may be verified that the determinant

W (x, u) = det

 ω1 ω2 ω3

ω1,x ω2,x ω3,x

ω1,u ω2,u ω3,x


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is a non-null element of C(x, u), unless the ωj are linearly independent over C. In addition,
system (3.13) demonstrates that ∂xW (x, u) = ∂uW (x, u) = 0. As one of the ωj(0) is non-
null, this implies the existence of a local isomorphism ϕ = (ω1, ω2, ω3) of the preceding,
and projective equivalence is consequently a consequence of (i). □

Corollary 3.1. The system of partial differential equations (3.13) has three linearly
independent solutions in C(x, u) over C, that is, the dimension of the solution space
S ⊂ C(x, u) over C is three.

Proof. This is a consequence of Proposition 3.1 where all functions (ai)1≤i≤4 are
independent of the u variable. In that case, (3.13) reduces to the integrability conditions
(3.10) L1 = L2 = 0. □

Theorem 3.1. Let z1, z2, z3 ∈ C(x, u) be three linearly independent solutions to
system (3.11) and z = α1z1+α2z2+α3z3, α1, α2, α3 ∈ C the general solution. Putting z = 0
allows us to define u implicitly in terms of x. Using the system (3.11) with L1 = L2 = 0,
an integral curve to differential equation (3.9) is obtained. Conversely, given (3.9), its
associated system (3.13) can be constructed and based on that obtain solutions to (3.9).

Proof. The plane with a fixed origin is called (C2, 0), CP1 the complex projective
line and CP2 the complex projective plane. When the set of functions z1, z2, z3 is linearly
independent, the Wronskian determinant is non-vanishing for all (x, u) ∈ (C, 0),

W (x, u) = det

 z1 z2 z3
z1,x z2,x z3,x
z1,u z2,u z3,u

 (x, u) ̸= 0.

Let (x0, u0) ∈ (C, 0), then outside the projective line CP1 = {[α1 α2 α3] ∈ CP2 : z1,u(x0, u0)α1+
z2,u(x0, u0)α2 + z3,x(x0, u0)α3 = 0}, it must be that zu(x0, u(x)) ̸= 0. This means
the implicit function theorem can be used to define a holomorphic function u(x) where
z(x, u(x)) = 0. Under implicit differentiation, the relation z(x, u(x)) = 0 implies that

zu ux + zx = 0, zxx + 2zxu ux + zuuu
2
x + zu uxx = 0. (3.15)

System (3.13) and the first equation of (3.15) to replace zx, zxu, zxx, zuu in the second
equation of (3.15) by their values in terms of z, zu, ux and the set of coefficient functions
(ai)1≤i≤4 and their derivatives. The result of this is

(uxx + a1 u
3
x + 3a2 u

2
x + 3a3 ux + a4) zu

+[(a3,x − 2a2 a4 + 2a23) + 2 (a2,x + a2a3 − a1a4 ux + (a1,x + 2a22 − 2a1a3)u
2
x] z(x, u(x)) = 0.

Along the trajectory, z(x, u(x)) = 0, this is equivalent to (uxx + a1(x)u
3
x + 3 a2(x)u

2
x +

3a3(x)ux+a4(x)) zu(x, u(x)) = 0. However, since zu(x, u(x)) ̸= 0, by the implicit function
theorem, we conclude this equation is equivalent to (3.9),

uxx + a1(x)u
3
x + 3a2(x)u

2
x + 3a3(x)ux + a4(x) = 0.

The set of integral curves of (3.9) and the set of functions u(x) defined implicitly through
z(x, u) = 0 for z the general solution of system (3.11) coincide as there is a neighborhood
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of a point where the elements of the equivalence class coincide. This follows from the
generalized Cauchy-Lipschitz theorem. Thus given a point (x0, u0) and a direction denoted
u′0, there is a unique integral curve u(x) of (3.9) which satisfies u(x0) = u0 and ux(x0) = u′0.
Given such a point (x0, u0), apply the implicit function theorem at (x0, u0), v(x0) = u0,
z(x, v(x)) = 0 and the two further conditions

vx zu(x, v(x)) + zx(x, v(x)) = 0, zxx(x, v(x)) + 2zxuvx + zuu v
2
x + zuvxx = 0. (3.16)

Set V = CP2\{CP1} = CP2 {[α1 : α2 : α3] ∈ CP2 : z1,u(x0, u0)α1 + z2,u (x0, u0)α2 +
z3,u(x0, u0)α3 = 0}.

Since the Wronskian is non-zero, there exists the following isomorphism V → C2 which
takes [α1 : α2 : α3] → (Ψ1([α1 : α2 : α3]),Ψ2([α1 : α2 : α3]) such that

Ψ1([α1 : α2 : α3]) =
( z1(x0, u0)α1 + z2(x0, u0)α2 + z3(x0, u0)α3

z1,u(x0, u0)α1 + z2,u(x0, u0)α2 + z3,u(x0, u0)α3

)
,

Ψ2([α1 : α2 : α3]) =
(z1,x(x0, u0)α1 + z2,x(x0, u0)α2 + z3,x(x0, u0)α3

z1,u(x0, u0)α1 + z2,u(x0, u0)α2 + z3,ux0, u0)α3

)
. (3.17)

For the same reason that [α1 : α2 : α3] → (α1/α3, α2/α3) is an isomorphism on U3 =
{[α1, α2, α3] ∈ CP2, α3 ̸= 0} onto C2, such an isomorphism exists.

This says for example that by using the first equation in (3.16), the value of v′ : v′(x0) =
−Ψ2([α1 : α2 : α3]) at x0 can take any given value δ ∈ C. Taking v′(x0) = u′0, there is
equality of the elements in equivalence classes of integral curves of (3.9) in a neighborhood
of the point and the set of functions u(x) defined implicitly by z(x, u) = 0 for z the general
solution of the system of equations in (3.11). □

4. First Integral for the Abel Equation.

A first integral of the first Abel equation we started with in (1.1) is now formulated such
that its coefficients satisfy (3.10). Once we have arrived at (3.10), some of the quantities
introduced already turn out to be conserved or constant with respect to x,

Lemma 4.1. The two quatities 3 τ1 and τ2 defined as

3τ1 = a1,x + 3(a21 − a1a3), (4.1)

and
τ2 = L = a2a1,x − a1a2,x + a21a4 + 2a32 − 3a1a2a3, (4.2)

are conserved, that is constant, with respect to differentiation by x. Writing the last three
terms in (4.2) as a21a4−a1a2a3+2a32−2a1a2a3 and then factoring, it is clear that L in (4.2)
is the same as (2.2). Also µ(x) in (2.5) is constant provided the ak satisfy the constraint.

3τ1 (
1

a1
)x = 3a1,x + 3a3 − 2

a22
a1
.
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Proof. The derivative (3τ1)x is proportional to L2 = 0 in (3.10). To see that τ1 is
constant, write the derivative of L as

Lx = a1(2a4a1,x − 3a3a2,x + a1a4,x − a2,xx + a2(a1,x + 3(a22 − a1 a3)),

which is L1 = 0 in (3.10). The last result is shown by putting µ(x) in the form,

µ(x) =
3τ1
a1

− 3a1 − 3a3 + 2
a22
a1

differentiating both sides with respect to x and using (4.1) with µ(x)x = 0. □
Theorem 4.1. Consider Abel equation (2.3) where coefficients ai satisfy constraints

(3.11), and (3.9) is the associated second order differential equation, the corresponding
differential system in terms of z is (3.11). Then the general solution of (3.11) for z is given
by

z = α1 φ1 e
m1u + α2 φ2 e

m2u + α3 φ3 e
m3u, α1, α2, α3 ∈ C, (4.3)

where φi for 1 ≤ i ≤ 3 satisfy the following equations with 3τ1 given in (4.2)

φ′
i =

3τ1 + a1a3 − a22 − a2mi −m2
i

a1
φi (4.4)

The mi with 1 ≤ i ≤ 3 are the roots of the cubic polynomial

m3
i − 3τ1mi − τ2 = 0, (4.5)

The τ1, τ2 ∈ C given in (4.2) are chosen so the roots mi are distinct, non-zero and τ2 is
just L in (2.2). Define the set of {ωi}3i=1 as

ω1 = (m3 −m2)φ2φ3 y + φ2φ
′
3 − φ′

2φ3, ω2 = (m1 −m3) φ1φ3 y + φ′
1φ3 − φ′

3φ1, (4.6)

ω3 = (m2 −m1) φ1φ2 y + φ′
1φ2 − φ′

2φ1.

Then it follows the product
ωm3−m2
1 ωm1−m3

2 ωm2−m1
3 (4.7)

is constant along all integral curves of y equation (2.3) which is developed from solutions
u(x) of the implicit equation with α1, α2, α3 ∈ C,

z = α1 φ1 e
m1u + α2 φ2e

m2 + α3 φ3 e
m3u, (4.8)

by setting y = ux.
Proof. The idea is to start with the system for z in (3.11) and obtain a solution of

the form (4.3) with α1, α2, α3 ∈ C and (mi)1≤i≤3 constants which are nonzero, distinct
and satisfy (4.4). To get (4.3), it suffices to show that for 1 ≤ i ≤ 3,

zi = φi(x) e
miu, (4.9)
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verifies the system. The first step is to substitute (4.9) into the first equation of (3.11) to
get

m2
i φi + a1 φi,x − a2mi φi + (−a1,x + 2(a1a3 − a22))φi = 0.

From this, isolate the derivative φi,x to obtain (4.4). Put (4.4), in the second equation of
z system (3.11) and (4.4) appears

m3
i − (a1,x + 3(a22 + 3(a22 − a1a3))mi − (a1,xa2 − a1a2,x + a21a4 + 2a22 − 3a1a2a3) = 0.

In fact, the second equation of (3.11) is

(mi + a2)φi,x + (a2,x + a2a3 +mia3 − a1a4)φi(x) = 0.

Replacing φi,x in this, it takes the form

a−1
1 [−m3

i + 3τ1mi + 3a2τ1 + a4a
2
1 − a32 − a2,x] = 0.

Differentiate φi,x with respect to x and substitute φi,x using (4.4), an expression for φxx

results

φi,xx =
(3τ1 + a1a3 − a22 + a2mi −m2

i

a1

)
x
φi+

(3τ1 + a1a3 − a22 + a2mi −m2
i

a1

)2
φi. (4.10)

The Wronskian determinant has to be nonzero to proceed. Thus at this point it is calcu-
lated. Computing zi,x and zi,u using (4.9), W is given by

W = det

 φ1 φ2 φ3

φ1,x φ2,x φ3,x

m1φ1 m2φ2 m3φ3


Using (4.4), this determinant is found to be

W =
1

a1
(m2 −m1)(m3 −m1)(m3 −m2)φ1 φ2 φ3.

This is nonzero when the mi are distinct.
Substitute zi into the third equation of the system (3.11) and simplify it. The result

is found to be equivalent to the following second order equation for φi

φi,xx + a3 φi,x + (−a4mi − a3,x + 2(a2a4 − a23))φi = 0. (4.11)

The first term on the right of (4.9) can simplified by computing the derivative before φi.
The derivative of a1,xx(x) appears. It can be obtained by solving the constraint L2 = 0
for this derivative and substituted to find(3τ1 + a1a3 − a22 + a2mi −m2

i

a1

)
x
φi

= [(a1(a1,xa3+a1a3,x−(a22)x+mia2,x)−a1,x(a1,x+2(a22−a1a3)+a2mi−m2
i )]

φi

a21
. (4.12)
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Expanding the second term in (4.10), and replacing the powers of mi by m
3
i = 3τ1mi+τ2,

m4
i = 3τ2m

2
i + τ2mi as well as the expressions for 3τ1 and τ2 from (4.2) in terms of the ai

and their derivatives, this second term is

(3τ1 + a1a3 − a22 + a2mi −m3
i

a1

)2
φi

= [a21,x + 4a1,x(a
2
2 − a1a3) + 4(a22 − a1a3)

2 − (a1,x − a1a3)m
2
i (4.13)

+a2(a2a1,x − a1a2,x + a21a4 − a1a2a3)mi − 2a2(a2a1,x − a1a2,x + a21a4 + 2a32 − a1a2a3)]
φi

a21
.

Combining (4.12) and (4.13), the following expression for the second derivative φi,xx results
from (4.8)

φi,xx =
1

a3

(
− a1,xa3 + a1a2,x + 4a1 a

2
3 + a21(mi − 2a2) + a3(mi + a2)(mi − a2)

)
φi. (4.14)

The second term in (4.11) is

a3 φi,x = a3
(3τ1 + a1a3 − a22 + a2mi −m2

i

a1

)
φi = (a1,x+2(mi−2a2a3)+a2mi−m2

i )
a1a3
a4

φi,

(4.15)
and the last term in (4.11) can be used unmodified,

(−a4mi − a3,x + 2(a2a4 − a23))φi (4.16)

Substituting (4.14), (4.15) and (4.16) into differential equation (4.11), all terms on the left
collapse to zero, so the equation is satisfied identically.

This means that when φi satisfies (4.4) and the mi satisfiy (4.5), functions zi = φi e
miu

satisfies system (3.11). The constant τi are chosen so that cubic (4.5) has three distinct
roots.

To get the first integral, the general solution u of (3.9) is obtained by setting z = 0 in
(4.3). Thus u(x) is obtained from the following expression where all αi ̸= 0,

α1 φ1(x) e
m1u + α2 φ2(x) e

m2u + α3 φ3(x) e
m3u = 0. (4.17)

Upon solving (4.17) u(x) is now a function of x, so it may be differentiated with respect
to x to produce

α1 (m1ux φ1+φ1,x) e
m1u+α2 (m2uxφ2+φ2,x) e

m2u+α3 (m3uxφ3+φ3,x) e
m3u = 0. (4.18)

Multiply (4.17) by (m3ux φ3 + φ3,x) and (4.18) by φ3, calculate their difference, then the
following is the result

α1 ((m3−m1)uxφ1φ3+φ1φ3,x−φ1,xφ3) e
m1u+α2 ((m3−m2)uxφ2φ3+φ2φ3,x−φ2,xφ3) e

m2u = 0.
(4.19)
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With the {ωi}3i=1 defined in (4.6), (4.19) can be presented as

α1

ω1
em1u =

α2

ω2
em2u. (4.20)

In a similar way α1 can be eliminated from the pair (4.17) and (4.18), and combined with
(4.20). These results are summarized now as

α1

ω1
em1u =

α2

ω2
em2u =

α3

ω3
em3u. (4.21)

The three roots of cubic (4.5) must add to zero, so multiplying the three terms of the
system in (4.21) and using m1 +m2 +m3 = 0 gives

α1

ω1

α2

ω2

α3

ω3
e(m1+m2+m3)u =

α1 α2 α3

ω1ω2ω3
. (4.22)

Substituting (4.21) repeatedly, e3miu can be calculated for i = 1, 2, 3,

e3m1u = κ
ω3
1

α3
1

, e3m2u = κ
ω3
2

α3
2

, e3m3u = κ
ω3
3

α3
3

, (4.23)

where κ is defined to be
κ =

α1α2α3

ω1ω2ω3
. (4.24)

The equations in (4.24) can be expressed equivalently by solving for the ω3
i ,

ω3
1 =

α3
1

κ
e3m1u, ω3

2 =
α3
2

κ
e3m2u, ω3

3 =
α3
3

κ
e3m3u. (4.25)

Raise the first expression in (4.25) to the power m3−m2, the second to the power m1−m3

and the last to m2 −m1 and forming the product, it is found to be a product of the αi

raised to a power

ω
3(m3−m2)
1 · ω3(m1−m3)

2 · ω3(m2−m1)
3 = α

3(m3−m2)
1 · α3(m1−m2)

2 · α3(m2−m1)
3 . (4.26)

The last thing to do is to take implicit solution u(x) from (4.17) and require y = ux. □

5. Constructing Algebraic Solutions for an Abel Equation.

The following Abel differential equation composed of linear powers of v has some
interesting properties and is investigated here:

v
dv

dx
= b1 + b2 v, b2 ̸= 0, b1, b2 ∈ C(x). (5.1)

Theorem 5.1. Let n > 1 and {fi}1≤i≤n ∈ C(x), and let F be a nontrivial polynomial
of degree n > 1 of the form

F (x, v) = vn + f1 v
n−1 + f2 v

n−2 + · · ·+ fn−1 v + fn. (5.2)
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For all the roots of (5.2) to satisfy (5.1), it is necessary that the following differential
equations be satisfied:

f2,x(x)− (b2 + f1,x) f1 + nb1 = 0,

f3,x(x)− (2b2 + f1,x) f2 + (n− 1) b1 f1 = 0,

f4,x(x)− (3b2 + f1,x) f3 + (n− 2)b1 f2 = 0,

...

fn−1,x(x)− ((n− 2)b2 + f1,x) fn−2 + 3b1fn−3 = 0, (5.3)

fn,x(x)− ((n− 1)b2 + f1,x) fn−1 + 2b1fn−2 = 0,

fn−1(x) b1 − (nb2 + f1,x) fn = 0.

Proof. Let (vi(x))1≤i≤n be the roots of the F (x, v) = 0 where F is defined by (5.2). A
polynomial vanishes only at its roots and there are exactly n roots, where n is the degree
of the polynomial. Setting v = vi(x) in (5.2) yields

F (x, vi(x)) = vni + f1 v
n−1
i + f2 v

n−2
2 + · · ·+ fn−1 vi + fn = 0 (5.4)

Each vi(x) is constant with respect to differentiation with respect to v at fixed x. Differ-
entiating (5.4) with respect to x and multiplying both sides by vi, we get

vi
∂F

∂x
(x, vi) +

∂v

∂x

∂F

∂v
(x, vi)

= (nb2+ f1,x) v
n+(nb1+(n− 1)b2f1+ f2,x) v

n−1
i +((n− 1) b1f1+(n− 2)b2f2+ f3,x) v

n−2
i

+((n− 2)b1f2 + (n− 3)b2f2 + f4,x) v
n−3
i + · · ·+ (3b1fn−3 + 2b2fn−2 + fn−1,x) v

2
i (5.5)

+(2b1fn−2 + b2fn−1 + fn,x) vi + b1 fn−1.

If P (x, v) = 0 then all its coefficients vanish. This gives in addition to the constraint
fn−1 = 0, n differential equations for the fk. If the opposite holds P (x, v) ̸= 0, then
the functions v1, . . . , vn which are also roots of F (x, v) are roots of P (x, v) as well. When
F (x, v) is non-trivial, so that f1,x+nb2 ̸= 0, then P (x, vi) must be proportional to F (x, vi)
and the proportionality factor is nb2 + f1,x. Collecting like powers of vi in this, their
coefficients produce system (5.3). □

It is worth developing results for the cases in which F is linear or quadratic. The
results for the quadratic case are the same as those obtained from (5.3).

Theorem 5.2. (a) Supppose (5.4) is a linear polynomial F (x, v) = v − f(x). Then
one of the bi in (5.1) can be expressed in terms of the other and (5.1) such as

v
dv

dx
= b1 + (fx −

b1
f
) v. (5.6)
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(b) Suppose F (x, v) = v2 + 2f v + g be quadratic with f2 ̸= g. Then the two roots of
F (x, v) = 0 satisfy (5.1) where b1, b2 are given by

b1 = −1

2
g
2f fx − gx
f2 − g

, b2 = −1

2

4f2fx − f gx − 2fxg

f2 − g
. (5.7)

Proof. (a) Substitute the root v1 = f(x) into (5.1) and solve for the term b2, for
example. Then in terms of b1, we have b2 = fx − b1/f . Putting b2 into (5.1) we obtain
(5.6).

(b) The roots of the quadratic F (x, v) can be computed explicitly, v1,2 = −f(x) ±√
f(x)2 − g(x) and provided f2 ̸= g, the roots are distinct. Substitute the roots into (5.1)

to produce a system of two equations for b1, b2 in (5.1). Solving this system produces
results (5.7).

□
Two examples are presented now to show how to apply the results and are not hard to

check. Let f(x) = −2(x+ 1)(2x− 1) and g(x) = (x+ 1)2(x− 1)(8x− 1) in F (x, v) where
the roots are v1,2 = (x + 1)(4x − 2 ±

√
3− 6x). Substituting f and g into (5.7) gives b1

and b2, so (5.1) takes the form

v
dv

dx
= −3x(x+ 1)(2x− 1) + (14x− 2) v.

A quadratic F is defined by taking f = −(x2+2x+1) and g = x3+3x+1. The roots
of the polynomial are v1,2 = −x2−2x−1±

√
x4 + 3x3 + 6x2 + x and putting f and g into

(5.7) we get

v
dv

dx
= −(x3 + 3x+ 1)(4x3 + 9x2 + 12x+ 1)

2x(x3 + 3x2 + 6x+ 1)
− (x+ 1)(8x4 + 25x3 + 45x2 + 17x+ 1)

2x(x3 + 3x2 + 6x+ 1)
v.

We present system (5.3) for the case n = 3 where F (x, v) = v3 + f1v
2 + f2v + f3. The

system is

f2,x− (b2+ f1,x) f1+3b2 = 0, f3,x− (2b2+ f1,x) f2+2b1 = 0, f2b1− (3b2+ f1,x) f3 = 0.

An example of a cubic F (x, v) = v3 + f1(x)v
2 − (4/27) (f1(x))

3 has roots which satisfy
(5.1) given by,

v
dv

dx
=

1

9
(f1(x))

2
x −

1

2
f1,x(x) v.

Theorem 5.3. Consider Abel equation (5.1) where b1, b2 are determined by (5.7) and
the roots of v2 +2fv+ g are distinct f2 ̸= g. If k > 1 and b2 can be factored with respect
to (βi)1≤j≤k−1 distinct complex numbers

b2 = c (x− β1) . . . (x− βk−1) (5.8)

then the remaining functions b1, f and g can be found explicitly.
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Proof. By differentiation it may be verified that b1 and b2 may be expressed using
∆ = 4(f2 − g) as

b1 = −g
2

d log(∆)

dx
, b2 =

1

2
f
d log(f2∆)

dx
. (5.9)

By assumption b2 in (5.8) admits a pole at ∞ and when f is polynomial it can be factored
as well

f = −ζ(x− r1)(x− r2) · · · (x− rk) (5.10)

where rk ∈ C and ζ non-zero. Using (5.8) in (5.9) and integrating we solve the second
equation in (5.9) for log(f2∆)

log(f2∆) =
2c

ζ

∫
(x− β1)(x− β2) · · · (x− βk−1)

(x− r1)(x− r2) · · · (x− rk)
dx.

The roots ri can be chosen to be distinct from the set (βi)
k−1
i=1 , so a partial fraction

decomposition can be produced with (si)1≤i≤4 ∈ C

2c

ζ

(x− β1)(x− β2) · · · (x− βk−1)

(x− r1)(x− r2) · · · (x− rk)
=

s1
x− r1

+
s2

x− r2
· · ·+ sk

x− rk
, (5.11)

This means ∆ admits the factorization

∆ = 4C (x− r1)
s1−2 · · · (x− rk)

sk−2.

By hypothesis si ∈ N≥2 since ∆ ∈ C[x]. Solving for g in terms of ∆ yields,

g = f2 − ∆

4
= a2 (x− r1)

2 · · · (x− rk)
2 − C (x− r1)

s1−2 · · · (x− rk)
sk−2.

Introduce Λ = (f2/2) (log(∆))x where

(log(∆))x =

k∑
j=1

sj − 2

x− rj
.

then Λ can be computed as

Λ =
a2

2
(x− r1)

2(x− r2)
2 · · · (x− rk)

2 ·
( k∑
j=1

sj − 2

x− rj

)
.

This permits us to calculate b1 as

b1 = −Λ
g

f2
= −Λ

(
1− C

a2
(x− r1)

s1−4 · · · (x− rk)
sk−4

)
.

This equation requires that si ∈ N≥3 for 1 ≤ i ≤ k. Substitute x = βi into partial fraction
decomposition (5.11) to produce the following system of equations 1 ≤ i ≤ k,

s1
βi − r1

+
s2

βi − r2
+ · · ·+ sk

βi − rk
= 0,
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Multiply the partial fraction decomposition (5.11) by (x− r1) · · · (x− rk) and collect the
coefficient of xk−1 on both sides of the equality. This produces a equation that relates c
and ζ

c =
ζ

2
(s1 + · · ·+ sk). (5.12)

□
It is worth remarking that the Abel equation of the first kind of the form yx = −b1y3+

b2y
2 with b1, b2 ∈ C[x]. can be studied an upper bound to its rational solutions can be

located according to deg(b1). Also the substitution y = v−1 maps this to an equation of
the form (5.1).

6. Conclusions.

To summarize the main results, algebraic integrability of some Abel differential equa-
tions of the first and second kind has been investigated here. An Abel equation can be
associated to a Riccati equation when its Liouville invariant given by (2.2) vanishes. When
L is not zero a non-autonomous Liénard equation can be associated to the Abel equation
of the first kind. Louvillian integrability of of the Abel equation is equivalent to Liou-
villian integrability of the corresponding Liénard equation. Abel equations will continue
to have many applications and be worthy of study. For example, such an equation can
result geometrically. To see this, let P (x) = (G(x), H(x)) and Q(x) = (I(x), J(x)) be two
possible rational curves. For given a(x), b(x), c(x), p(x) ∈ C(x) find a function ξ(x) such
that if

U(x) = (G(x) + a(x) ξ(x),H(x) + b(x) ξ(x))

then U(x)N(x) is parallel to (c(x)(G(x) + a(x)ξ(x))x, p(x)(H(x) + b(x)ξ(x)x) for any x.

The condition that ray
−−−−−−−→
U(x)N(x) = (I(x)−G(x)−a(x)ξ(x), J(x)−H(x)ξ(x)) be parallel

to (c(x)(G(x) + a(x)ξ(x))x, p(x)(H(x) + b(x)ξ(x)) is exactly that

J(x)−H(x)− b(x)ξ(x)

I(x)−G(x)− a(x)ξ(x)
=
p(x)(H(x) + b(x)ξ(x))x
c(x)(G(x) + a(x)ξ(x))x

.

This is equivalent to an Abel equation of the second kind

(b5(x) + b6(x)ξ)ξx + b1(x) + 3b2(x)ξ + 3b3(x) ξ
2 + b4(x) ξ

3 = 0

provided the (bk)
6
k=1 are given as b1 = (I −G) · p ·Hx − (J −H) cGx, 3b2 = (I −G) p bx −

(J −H) cax+ b cGx− apHx, 3b3 = bcax− ap bx, b4 = 0, b5 = (I −G) b p− (J −H) a c and
b6 = a b(c− p), where a, b, p ̸= 0. It is very likely more applications of these equations will
emerge in the future.
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