EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
2026, Vol. 19, Issue 3, Article Number 7800
ISSN  1307-5543 — ejpam.com

Published by New York Business Global

Geometric Properties of Abel Differential Equations of
the First and Second Kind

Paul Bracken
Department of Mathematics, University of Texas, Edinburg, TX 78540, USA

Abstract. A number of different procedures and techniques are used to study the Abel and some
related equations of the first and second kind. The Abel equation of the first kind is related
to a non-homogeneous second order Liénard equation. These equations are equivalent as far as
algebraic and Liouvillian integrability go. Any Liouvillian solution to a Riccati equation induces
a Liouvillian solution for the second order associated second order linear equation and conversely.
Under suitable conditions on the coefficients which appear in the Abel equation, a Darboux first
integral can be produced for the Abel equation of the first kind. Some results related to algebraic
solutions to a form of the equation are developed at the end.
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1. Introduction

There has over time been a great deal of interest for many reasons in equations that
are called Abel differential equations [1-4]. They arise in many areas and have many
applications. They provide a test for Hilbert’s 16-th problem on the number and upper
uniform limit for limit cycles of first order polynomial differential equations. as well as
the center problem. Approaches to the study of Abel equations are necessary especially
from the view-point of quasi-Lie schemes. These equations were first studied by Abel,
and later by Appell and Liouville [5 — 6]. At the present time, and here as well, Abel
differential equations of the first and second kind are investigated systematically [7-8].
These equations [9] have the form

di/li:x) + a1(z)y(2)? + 3a2(z) y(x)? + 3a3(z) y(z) + as(z) = 0,
(1.1)
dz(z)
dx

(bs(x) + be(z) 2(x)) + by (x) + 3bo(z)z(z) + 3b3(z) 2(z)* 4 ba(x) 2(2)> = 0.
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Many ideas and procedures will be introduced and used to study equations of the type
(1.1). The link between the Abel differential equation and some non autonomous Liénard
equations is examined. The crux of the method of Darboux is the existence of finitely
many Darboux invariant curves, or exponential factors, for a planar polynomial differential
system, and forces it to possess a Liouvillian first integral. By obtaining some well-chosen
transformations, it can be shown that if the Abel differential equation has a Liouvillian
solution, then its associated Liénard equation also has a Liouvillian solution. Conversely, it
holds that if the associated Liénard equation has a Liouvillian solution, then necessarily the
Abel equation of the first kind has a Liouvillian solution. By exploiting a simple relation
between the Abel differential equation of the first kind and the associated equation of the
second order given by

d*u du . 5 du du
2 + ay(z, u)(da;> +3a2(w,u)(%) + 3as(x,u) -

under suitable conditions on the a;, one finds a Darboux first integral of the Abel equation
of the first kind. These equations have applications in describing geodesics of a projective
connection in dimension two. Finally, some cases are investigated in which the Abel
equation has algebraic solutions [10-14].

Let us show the correspondence of these Abel equations under an invertible transfor-
mation given by

+ag(z,u) =0 ai(xz,u) #0, (1.2)

B 1
y(z) = bs(x) + bg(z) 2’
and its inverse. These map the y equation in (1.1) to the z equation, and the inverse
of (1.3) the z equation into the y equation. The correspondence of the coefficients under

these transformations will be given. Putting (1.2) into the y equation in (1.1), the following
result in z follows,

(1.3)

d b
(b5 + bg Z) 4 _ a4b§ 23— (3(14()566 + 3asgbg — b67x) 22— (3a1b§ + 6agbs — = bG,x — b5jx + 3&2) Z

dx be
1
b (a1b5 3&3()? + by b57x — 3asbs — al) = 0. (14)
6
When the transformation (1.3) is inverted to give z(x), we have
1 1
z(x) = (—— —bs(z)) ——. 1.5
@ =G ) @ 9
Substitute (1.5) into the second equation in z in (1.1) to get the equation in y,
— 4+ (—=b1b babs — 3—=
dw+( 1be + 3b2b5 b6+b2)y
bs bsbs  ,babs, o bes b3, babs by
bsz — 3ba — —bg x +6—— —3—)y =~ —3—4+3—=)y— 5 =0. 1.6
b =8by = bes 65 =3 O (G 8 T )Y T (1.6)

Results (1.5) and (1.6) relate the coefficents in one form of the equation to those in a
related equation.
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2. The Relationship of Abel Equation with Riccati and Liénard
Equations.

If the Abel differential equation of the first kind has a Liouvillian solution, then nec-
essarily its associated Liénard equation also has a Liouvillian solution. Conversely, if the
associated Liénard equation has a Liouvillian solution, then necessarily the Abel differ-
ential equation of the first kind has a Liouvillian solution. The following definition of an
extension iS used: Let E C F of differential fields. An extension is called Liouvillian if F
can be generated from E by adjoining a finite number of integrals, exponentials of inte-
grals, and algebraic functions. An integral of an element k is defined to be any solution
of ¥ = (. An exponential of an integral ( is defined to be any solution of the equation
y’ = (y. Darboux’s method relies on the existence of finitely many Darboux invariant
curves or exponential factors, for a planar polynomial differential system forces it to pos-
sess a Liouvillian first integral. The following two Lemmas will be subsequently be used
to produce a Theorem.

Lemma 2.1. Define 1 as

n=—(a1y® + 2a2y), (2.1)
and let L be given by

L = asa; » — ajaz; + a1 (ar1a4 — azas) + 2a2(a% —ajas), (2.2)
where y in (2.1) satisfies the equation
Ye + a1(z)y” + 3az(2)y® + 3az(z)y + as(z) = 0. (2.3)

Then provided y satisfies (2.3), n satisfies the following first order differential equation
2 L
Ne — 27 —,u(x)n—2a2a4—2a—1y:0, (2.4)

where p(x) is defined by
a1 4 + 2a2 — 6aia
pla) = =2 (2.5)

ay

If L # 0, the differential equation (2.3) is transformed into a Riccati system which admits

the rational solution

2
as

M= —-
a1
This Riccati equation is integrable by means of quadratures, so the solutions reside in a
Liouvillian extension of K.

Proof. Substitute  in (2.1) and L in (2.2) into (2.4) and simplify to find
(a1y + a2)(yz + a1y” + 3azy® + 3azy + aq) = 0. (2.6)

Hence (2.4) holds whenever y satisfies (2.3), that is, when y = —as/a; which by (2.1),
implies 1y = a3/a;.
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Equation (2.4) can be produced in a constructive way starting with (2.1) to calculate
2
Ne — 2n° as

Ne — 20° = —a1.2y° — 292y + 6a1a3y® — 2a1a4y” + 6azazy + 2azay.

The derivative y, has been eliminated by substituting (2.3) which appears when 7, is
calculated. Adding pn to this and collecting y terms, (2.4) follows

2

5 a1z +2(a5 — 3a1a3) 2 9 3
- a n= ;(GQ a1z — a1 a2,5 +ajas + a3 — 3a1a2a3) y + 2a2a4
1 1

N — 21)

L
=2—y+ 2asay4.
a1

When L = 0, this implies that n verifies a Riccatti equation. Solving L = 0 for az, and
putting n = no in (2.4) followed by az, the n equation simplifies to zero. So 1y solves
the n equation when L = 0. Since the Riccatti equation admits a rational solution, it is
Liouville integrable. Set n = no+ 1/7, then 7 satisfies a first order non-homogenous linear
differential equation with coefficients in K. Thus 7 lies in a Liouvillian extension of K as
does n. I

Lemma 2.2. Suppose L # 0 and 7 defined by (2.1) satisfies the following equation

Moz +3 (011 + 02) ne + 10 + 37217 + 33+ 71 =0, (2.7)

where the quantities (d;,7;) must satisfy the system,

1 4
R 2.
51 671 37 ( 8)
1
—202 — 72 = 6 (4 — 1) p(x), (2.9)
L, 2 Y1 a%
= 3(d == —(— - — 3as — (3 —= 2.10
o(z) =3(02 +72) T (a1 2a1)a1,m+ as (a3+a1)717 (2.10)
a
393 =201 = 3) 5 L— /(@) + (L= DIp(@)’ + ule) o + mazas,  (211)
1

2 2
Va4 = 2a2a4 0 — Y1 a102,; — 2a2a1 5 + 371 agazas — ajay — 6agazays + (71 —1) a1 aj

HA =) L) (2.12)

where () is defined in (2.5).
Proof. Define n by (2.1) so it satisifies (2.4) with p(z) defined by (2.5). Solve (2.1) for
7', then differentiate it and eliminate y, using (2.3) to give an expression for 7,,. To obtain
this equation in the form (2.7), subtract this form for 7,, and (2.7) and then equate to
zero. The coefficients of the powers of y produce a linear system for the set (d;, ;) which
specifies (2.7). The coefficients of the two highest powers of y are proportional to the
factor 61 4+ v1/6 +4/3. When this is set to zero we get (2.8), and the two highest powers
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of y are eliminated. Any ordered pair that satisfies (2.8) may be used. However we solve
(2.8) for 67 in terms of y; and replace d; in the equations remaining in the set. There is a
system of five equations but not all linearly independent. The first four are independent,
and solving them yields d» and the remaining ~y; in closed form. However, they are not yet
in the form (2.9) or (2.10). Take d2 and 72, write the combination —2d; + 2 and eliminate
a1, in terms of p(x) using (2.5) to produce (2.9). Similarly, define o to be o = 3(d2 + 72)
and simplify to get (2.10). Moreover, the derivative of L(x) can be computed. It is found

to be
1 2 2

a a a
L(x), = = [(4 = 71) =2 + (6az + 2-2) 31 — 6a3 + 20 — 8-2] L(x). (2.13)
2 ai ail a

Eliminating a; , in terms of p(x) and substituting L(z), from (2.13), the result (2.11) is
found

a

393 = 2(01 — 3) 5 L(@) — p(a)e + (1= T) p(@)? + pla) o + 7 azas
1

The function appears squared in 3 when ~; # 2. The last term to be calculated is 4. To

finish this, obtain a1 5 by solving (2.2) for it in terms of L(x) and replace this form of a;

as well as L, (x) from (2.13) into 4 to obtain the last of the v; as
a4
Y4 = 2aza4 0 —1 a1ah—2a1 za2+371 azazas—ay aZ—6a2a3a4+(7—1)a1ai+(4—71) o L(x)

where o is defined in (2.10). O

The two lemmas which have been stated and proved above can be combined into a
final Theorem.

Theorem 2.1. Suppose F is a differential field of characteristic zero and consider
equation (2.3) over F with (a;)1<i<a € F, a1 # 0. Let n be given by (2.1) and L by (2.2)
Then with pu(x) given by (2.5), n satisfies

L
nx—2772—u(x)n—2a2a4—2a—la:0,

where (;,7;) are given in (2.8) to (2.12). O
Proof. The first claim follows from (2.1) so 7 = —(a1 y? + 2a2y), and the second by
invoking equation (2.4) as an identity. O

3. Abel Equations and Projective Connections.

A holomorphic projective structure on an open set U C C? is an equivalence class
of torsion free affine connections [I']. Two connections I' and I, represented by their
Christoffel symbols, are projectively equivalent if they share the same unparametrized
geodesics. The analytic expression for this equivalence is

[¢, =T, + 6° wy + 0f wa, a,b,c=1,2.

2
for a one-form w = w, dz® =), | w, dx.
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In dimension 2, the projective structures or connections are equivalent to second or-
der ordinary differential equations for (x!(t),2%(t)) = (x(t),u(t)) and the parameter ¢ is
eliminated between the two equations,

G°(t) + Ty %% = N i®,
where A C C. An ordinary differential equation similar to (1.2) is obtained,

du
dzr

du

Pu_py du du
dzx

_ 2
W_ 22(d$ 1—‘11'

)? + (2T} — T35) (5-)% + (T1; — 2T'%,)
Conversely, any second order equation cubic in the first derivatives gives rise to some pro-
jective structure as the independent components of I';, can be found from the coefficients
of the powers of u,.

Abel differential equations of the first kind are of interest which are related to second
order differential equations u,, = f(z,u,u;), f € C(z,u,u;) in the ring of convergent
power series in x,u, u; which can be transformed under the pseudogroup of point tran-
formations X = ¢(x,u), U = ¢(z,u) whose functions ¢(z,u), ¢ (z,u) € C(z,u) and the
Jacobian J # 0 into the form ug, = 0. Consider P the pseudogroup of transformations of
the plane given by

X = u), U=u), J=det @f $> 20, (3.1)

The action of P on (z,u) induces an action on (u,, uy;) given by the chain rule

vy = 90 _Us _ i 3.2

If this derivative is denoted U,, then we can compute

PU O,
dx? X,
. Yoz + UpWre + Ugpr + U:c(wux + uxwuu) . (% + wau)
_)\+uuw+uu§+§ui+Juxx (3.3)
B (¢z + um¢u)2 ' .

The coefficients in the numerator of (3.3) are given as follows

A= ¢1¢xm - 1/}x¢xma

n= ¢uwxm + GxVpu + ¢1wxm = 2022Vs — YuVra,
v = ¢u'¢mu + ¢uwmm - ¢uuwm + wuu(bz - 2'¢u¢:cu7 (3-4)
§ = (buwuu — Yy Puu,
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J = ¢u¢z - ¢x¢u

Given two ordinary differential equations
Uy = f(xaua Uz)a Uze = F(X, U, U:):)7 (3'5)

it is said they are point equivalent if there exists a transformation of the form (3.1)
with induced action (3.2), which sends the source u,, equation (3.5) into the target U,
equation (3.5). In such case, using (3.2) and (3.3), there is the following identity between
the functions f(x,u,u,) and F(X,U,U,)

(¢z + ux¢U)3F =J [+ A+ pug + Vui + é‘ui (3.6)

This class of projective connections is preserved under point transformations. Both Cartan
and Liouville have shown that the necessary and sufficient condition for the existence of
a point transformation which sends u, = f(z, u, uy) t0 Uzy = 0 is

fx,u,uz) = —(ay(z, u)ud + 3az(z, u)u? + 3az(x, u)u, + ag(z, u)), (3.7)

(ai)i1<i<a € C(z,u), along with two constraints denoted L; and Ly given by

. g 8@3_8(12 0 6 8 _ 8a3_8a2

L = 5 (Q—BU B +ajaq)— 50 (8 +3a2a4)—|—a4(—a 3a1a3)+3a3(2—8 B +aiay) =0,
- 0 8a3 8&2 0 6 8 8&3 aag

L2 = au (% 2%"_@1@4) 67(87 3@1@3)"_@1(37_{’3@2@4) 3@2(% 2874‘@1@4) =0.

(3.8)
Constraints (3.8) will play a large role here, such as when {ay(z)}{ just depend on z.
The Abel differential equation of the first kind can be related to second order equations
by replacing y = u, in (2.3). for some function u(x) which produces an equation which
belongs to the family of projective connections,

Ugg + a1 (x)ud + 3as(z) uZ + 3az(z) ugy + as(x) = 0. (3.9)

Suppose {ag(z,u)} = {ax(z)};_; € C, and 1 < k < 4 are independent of u and
ai(x) # 0 in (2.3). Then conditions (3.8) simplify to the form

das das day d ,day
L. = _ . — =0, L —(— = 0. 1
1 (a1a4 dr ) 3as d + a4 — o =0 9 = d$( dx +3( alag)) 0 (3 0)

By starting with an equation for a projective connection (3.9) with L; = Lo = 0, the
coefficients ay(z) can be used to define a system of partial differential equations as follows,

Zuu T a1 2p — a2 2y + (—a1 5 + 2(a1a3 — a3))z =0,

Zeuw + 22y — Q324 + (—(1271 + aja4 — agag) z=0, (3.11)

Zoa + 3 2 — Q4 2y + (—a30 + 2(azas — a3)) 2 = 0,
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Li=Ly,=0.
It will be seen that system (3.11) leads directly to an equation for a projective connection
of the form (3.9).
Lemma 3.1. The integrability conditions for system (3.11) given by

0 0 0 0
%(ZUU) = %(sz)a %(Zm) = %(ZM)> (3.12)

are the constraints given in (3.10).
Proof. Isolate the second derivatives given in (3.11) and use them to compute first
the compatibility (zyy)z = (2zu)u to obtain

d2a1
oz 3maz. + 3(a3)y — 3a1 a3 = 0,
which is Ly = 0. Second compute the second relation in (3.12) which yields
d’a
721 —2a1 ;a4 + 3ag a3 — arag; =0,
dx

which is L; = 0 in (3.10). O
Let us return to the system (3.11) and consider the more general form in which the
{ar(x,u)}i_, depend on u. It given by

2
Zuu + Q12 — 22y + (az,u —aiz +2a1a3 — 2a2) z =0,

Zow + Q22g — Q324 + (agyu — Qs +arag — a2a3) z=0, (3.13)
Zpx + Q324 + Qq2y + ( — Q44 — A3z + 20204 — 2a§) z=0.

Proposition 3.1. Let the functions {ay(x, ) }1<k<4 satisfy the integrability conditions
(3.12), then the following statements hold:

(i) The vector space S of solutions for (3.13) is of dimension 3.

(ii) Every basis {w,ws, w3} of S determines a local isomorphism o (C?,0) — (P2, 5(0))
where 0 = {w;, w2, w3}. Moreover, if & = {1, w2, W3} is associated to another basis of S,
then ¢ and & are projectively equivalent, that is, 6 = M ¢ where M is a matrix which is
an element of GL(3,C).

Proof. (i) Let B be the ring of differential operators which are linear and have
coefficients in C(z,u) and B/S denotes the left B module associated to (3.13). Since the
ay, satisfy the compatibility or integrability conditions (3.12), the ideal O[(,n] generated
by the principal symbol of elements of S is (¢2,(n,n?) o (¢,n), which shows that B/S is
B-isomorphic to @3 and one has in particular that,

dim¢ § = dim¢ Homp(B/S,0) = 3. (3.14)
(ii) Let {w1, w2, w3} be a basis of S. It may be verified that the determinant

w1 w2 w3
Wi(x,u) =det w1z woz w3a
Wiu W24 W3z
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is a non-null element of C(z, u), unless the w; are linearly independent over C. In addition,
system (3.13) demonstrates that 9, W (z,u) = 0, W(z,u) = 0. As one of the w;(0) is non-
null, this implies the existence of a local isomorphism ¢ = (w1, ws,ws) of the preceding,
and projective equivalence is consequently a consequence of (7). [

Corollary 3.1. The system of partial differential equations (3.13) has three linearly
independent solutions in C(z,u) over C, that is, the dimension of the solution space
S C C(z,u) over C is three.

Proof. This is a consequence of Proposition 3.1 where all functions (a;)i<i<4 are
independent of the u variable. In that case, (3.13) reduces to the integrability conditions
(3.10) Ly = Ly = 0. O

Theorem 3.1. Let 2,290,253 € C(x,u) be three linearly independent solutions to
system (3.11) and z = ay21+agza+asz3, a1, ag, as € C the general solution. Putting z = 0
allows us to define u implicitly in terms of z. Using the system (3.11) with L; = Lo = 0,
an integral curve to differential equation (3.9) is obtained. Conversely, given (3.9), its
associated system (3.13) can be constructed and based on that obtain solutions to (3.9).

Proof. The plane with a fixed origin is called (C?,0), CP; the complex projective
line and CP» the complex projective plane. When the set of functions z1, 22, 23 is linearly
independent, the Wronskian determinant is non-vanishing for all (z,u) € (C,0),

z1 Z9 z3
W(ZL‘, U) = det Zla 222 23 (1‘, U) £ 0.
Rlu 22u *3u

Let (zo,uo) € (C,0), then outside the projective line CP; = {[a ag a3] € CPa : 21 (0, uo) a1+
29 u (X0, uo) g + 232(20,u0) 3 = 0}, it must be that z,(x¢,u(x)) # 0. This means
the implicit function theorem can be used to define a holomorphic function u(x) where
z(xz,u(x)) = 0. Under implicit differentiation, the relation z(z,u(x)) = 0 implies that

Zu Uy + 2 = 0, Zpg + 2254 Up + zuuui + 2y Ugy = 0. (3.15)

System (3.13) and the first equation of (3.15) to replace 2y, Zgu, 2z, Zuu i the second
equation of (3.15) by their values in terms of z, z,, u, and the set of coefficient functions
(ai)1<i<a and their derivatives. The result of this is

(Ugy + a1 uf’c + 3ao ui + 3as uy + aq) 2y,

+[(ase — 2a2 ag +2a3) + 2 (ag ., + asaz — arag uy + (a1, + 203 — 2a1a3) u2] z(z, u(z)) = 0.

Along the trajectory, z(z,u(x)) = 0, this is equivalent to (uge + a1(z)ud + 3az(z)u2 +
3as () uy +aq(x)) zy(x,u(x)) = 0. However, since z,(x,u(x)) # 0, by the implicit function
theorem, we conclude this equation is equivalent to (3.9),

Uge + a1 (x) U + 3az(x) u2 + 3a3(x) uy + as(z) = 0.

The set of integral curves of (3.9) and the set of functions u(z) defined implicitly through
z(xz,u) = 0 for z the general solution of system (3.11) coincide as there is a neighborhood
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of a point where the elements of the equivalence class coincide. This follows from the
generalized Cauchy-Lipschitz theorem. Thus given a point (xg, ug) and a direction denoted
uy, there is a unique integral curve u(x) of (3.9) which satisfies u(xg) = ug and uy(zo) = uy.
Given such a point (zg,up), apply the implicit function theorem at (xo,uo), v(zo) = uo,
z(x,v(x)) = 0 and the two further conditions

Vg 2y (x,v(2)) + 22 (z,v(x)) = 0, Zaa (2, 0(2)) + 2250V + Zun vg + 24Uz = 0. (3.16)

Set V = CPQ\{(CPl} = Ch {[041 Qo Oég] e Ch : Zl’u(.T[),U(]) a1+ 294 (:L'(),U()) a9 +
237U($0, UO) a3 — 0}

Since the Wronskian is non-zero, there exists the following isomorphism V' — C? which
takes [a1 : a9 a3] = (V1([ag @ ag @ ag)), Pa([ag : ag @ ag]) such that

Uy (o as - ag]) = ( 21(20, uo) 1 + 22(20, uo) 2 + 23(20, uo) @3 )
R 21 (20, wo) a1 + 22,u(T0, o) a2 + 234 (20, uo) a3”’

21,2(x0, uo) a1 + 22,2 (0, ug) g + 23 2 (o, Uo)Oé3)

)\ : : =
2(la1 : az: as)) (21,u($oauo)041 + 224 (0, uo) a2 + 23 40, Up) O3

(3.17)

For the same reason that o : a9 : a3] — (aq/as,az/as) is an isomorphism on Us =
{[o1, a2, a3] € CPy, a3 # 0} onto C2, such an isomorphism exists.

This says for example that by using the first equation in (3.16), the value of v’ : v/(zg) =
—Wy(Jon @ a2 : ag]) at xp can take any given value § € C. Taking v'(x¢) = uy, there is
equality of the elements in equivalence classes of integral curves of (3.9) in a neighborhood
of the point and the set of functions u(x) defined implicitly by z(x,u) = 0 for z the general
solution of the system of equations in (3.11). O

4. First Integral for the Abel Equation.

A first integral of the first Abel equation we started with in (1.1) is now formulated such
that its coefficients satisfy (3.10). Once we have arrived at (3.10), some of the quantities
introduced already turn out to be conserved or constant with respect to x,

Lemma 4.1. The two quatities 3 and 7 defined as

3n=a1,+ 3(a% —ajas), (4.1)

and
T =L = asa1, —araz; + a%a4 + 2a§’ — 3aqasas, (4.2)

are conserved, that is constant, with respect to differentiation by x. Writing the last three
terms in (4.2) as a%a4 —a1a2a3+2a§’ —2ajaza3 and then factoring, it is clear that L in (4.2)

is the same as (2.2). Also u(z) in (2.5) is constant provided the ay satisfy the constraint.

1 a3
37’1 (7)x = 3011,36 + 3&3 — 2=,
al ay
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Proof. The derivative (371), is proportional to Ly = 0 in (3.10). To see that 7 is
constant, write the derivative of L as

L, = CL1(2a4al,ac - 3(13@2,50 + 104 ¢ — A2 zx + a2(al,r + 3((1% —al a3))’
which is L1 = 0 in (3.10). The last result is shown by putting u(x) in the form,

2
wlx) = 31 _ 3a1 — 3as + 992
ay ay
differentiating both sides with respect to x and using (4.1) with p(z), = 0. O
Theorem 4.1. Consider Abel equation (2.3) where coefficients a; satisfy constraints
(3.11), and (3.9) is the associated second order differential equation, the corresponding
differential system in terms of z is (3.11). Then the general solution of (3.11) for z is given
by
z=a1¢1e™M" +ag 2™ + agps e aj,ae,a3 € C, (4.3)

where ; for 1 < i < 3 satisfy the following equations with 37 given in (4.2)

371 + ara3 — a2 — ay m; — m?
0; = a21 — (4.4)

The m; with 1 <14 < 3 are the roots of the cubic polynomial
m} —3rm; —m =0, (4.5)

The 71,79 € C given in (4.2) are chosen so the roots m; are distinct, non-zero and 7o is
just L in (2.2). Define the set of {w;}3_; as

w1 = (M3 — ma) a3 y + paps — Phps,  we = (M1 —m3) P13y + Y13 — P51, (4.6)

wy = (M2 —m1) Y192y + P2 — Vo1
Then it follows the product

m3—ms2

mip—ms3
Wi

wy wy2Tm (4.7)

is constant along all integral curves of y equation (2.3) which is developed from solutions
u(z) of the implicit equation with aq, ae, a3 € C,

2= a1 p1 ™" 4+ ag pae™? + az p3 ™", (4.8)

by setting y = uy.

Proof. The idea is to start with the system for z in (3.11) and obtain a solution of
the form (4.3) with a1, a2,a3 € C and (m;)i1<i<3 constants which are nonzero, distinct
and satisfy (4.4). To get (4.3), it suffices to show that for 1 <i <3,

zi = @i(x) ™, (4.9)
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verifies the system. The first step is to substitute (4.9) into the first equation of (3.11) to
get
2 2 _
mi i+ a1 pie — azmip; + (—a1a + 2(a1a3 — a3))p; = 0.

From this, isolate the derivative ¢; , to obtain (4.4). Put (4.4), in the second equation of
z system (3.11) and (4.4) appears

m} — (a1, + 3(a3 + 3(a3 — ara3)) mi — (a1,4a2 — araz,, + ajays + 2a3 — 3ajazaz) = 0.
In fact, the second equation of (3.11) is
(m; + a2) pi gz + (2,5 + agasz + miaz — ajaq)pi(x) = 0.
Replacing ¢; , in this, it takes the form
afl [—m? + 311 my; + 3asT + a4a% — a% —agz] = 0.

Differentiate ¢;, with respect to x and substitute ¢; , using (4.4), an expression for ¢z,
results

(371 + aja3 — a% + agm; — m?) ‘ (37'1 + aja3 — a% + agm; — mf)g
T 7

al ai
The Wronskian determinant has to be nonzero to proceed. Thus at this point it is calcu-
lated. Computing z; , and z;,, using (4.9), W is given by

®1 P2 ©3
W =det | p14 P2.x Y3,z
mie1r Moy M3es3

Using (4.4), this determinant is found to be

1

W= (ma = ma)(ms = mi)(ms = ma) p1 @2 p3.

This is nonzero when the m; are distinct.
Substitute z; into the third equation of the system (3.11) and simplify it. The result
is found to be equivalent to the following second order equation for ¢;

Giw + a3 ix + (—agm; — az ;. + 2(azas — a3)) ¢; = 0. (4.11)

The first term on the right of (4.9) can simplified by computing the derivative before ;.
The derivative of aj 4, () appears. It can be obtained by solving the constraint Ly = 0
for this derivative and substituted to find

)

(37'1 + ajaz — a% + agm; — m?

o )i

= [(a1(a1,0a3+ a1a3,4 — (a3)z +Mia2,4) — a1,4(a1,2 +2(a3 — arag) +az m; —m?)] %- (4.12)
1
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Expanding the second term in (4.10), and replacing the powers of m; by m$ = 371 m; + 72,
mf =37 mf + 1om; as well as the expressions for 37, and 75 from (4.2) in terms of the q;
and their derivatives, this second term is

(37'1 +ajas — a% +asm; — mf’)g
a

Pi

= [aiz + 4ay 2 (a3 — araz) + 4(a3 — a1a3)? — (a1, — araz) m? (4.13)

2 2 3 Pi
+az(azar; — a1a2,, + ajas — arazaz)m; — 2as(agar x — ara2, + ajaq + 2a; — ayazas)) 2
1

Combining (4.12) and (4.13), the following expression for the second derivative ; 4, results
from (4.8)

1
i gz = ;3( —a1,,a3 + ajaz; + 4a; a% + a%(mi — 2ag) + ag(m; + az)(m; — ag)) i (4.14)

The second term in (4.11) is

311 + aras — a3 + agm; — m? ajas
a3 iz = a3( a21 L) i = (a1,2+2(m;i—2asa3)+agm;—m;) o P
(4.15)
and the last term in (4.11) can be used unmodified,
(—asm; — agz + 2(agaq — a%)) i (4.16)

Substituting (4.14), (4.15) and (4.16) into differential equation (4.11), all terms on the left
collapse to zero, so the equation is satisfied identically.

This means that when ¢; satisfies (4.4) and the m; satisfiy (4.5), functions z; = ¢; e
satisfies system (3.11). The constant 7; are chosen so that cubic (4.5) has three distinct
roots.

To get the first integral, the general solution u of (3.9) is obtained by setting z = 0 in
(4.3). Thus u(z) is obtained from the following expression where all o; # 0,

a1 1(x) €™ + ag po(x) €M + ag p3(x) M3 = 0. (4.17)

Upon solving (4.17) u(x) is now a function of x, so it may be differentiated with respect
to x to produce

a1 (Mmiug o1+ 1) €™ +ag (Maugpr +pa.) €™ +az (Maugps+p3,.) €7 = 0. (4.18)

Multiply (4.17) by (mgug @3 + ¢3,2) and (4.18) by @3, calculate their difference, then the
following is the result

a1 ((Mm3—m1)uzsp103+0193 0 —01,203) €™ +az ((M3—m2) urP203+P203 +— P2 203) €72 = 0.
(4.19)
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With the {w;}?_, defined in (4.6), (4.19) can be presented as

a1 a9
— Mt = = M2, (4.20)
w1 w2

In a similar way «; can be eliminated from the pair (4.17) and (4.18), and combined with
(4.20). These results are summarized now as

o] Q2 a3
— MY = = MU — 2 MY, (4.21)
w1 w2 w3

The three roots of cubic (4.5) must add to zero, so multiplying the three terms of the
system in (4.21) and using m + mgy + m3 = 0 gives

M X203 (my+matma)u _ M A203 (4.22)
W1 W2 w3 W1wWaws
Substituting (4.21) repeatedly, e3™% can be calculated for i = 1,2, 3,
3 3 3
w w w
MY = g =, Mt = =, M = =, (4.23)
Qg @3 as
where & is defined to be SN
k=23 (4.24)
W1 wWows
The equations in (4.24) can be expressed equivalently by solving for the w?,
3 3 3
o @ !
wd = L gdmiv, ws = —2Z e3m2v wh = 3 g3msu, (4.25)
K K K

Raise the first expression in (4.25) to the power mg —ma, the second to the power mj —msg
and the last to mo — m1 and forming the product, it is found to be a product of the «;
raised to a power

wil’)(m3—m2) .wg(ml—m3) _wg(mz—ml) _ aff(mrmz) _ag(ml—mz) . ag(mz—ml)_ (4.26)

The last thing to do is to take implicit solution u(z) from (4.17) and require y = u,. O

5. Constructing Algebraic Solutions for an Abel Equation.

The following Abel differential equation composed of linear powers of v has some
interesting properties and is investigated here:

d
vé — by +byv, by#£0, b1, by € Clx). (5.1)

Theorem 5.1. Let n > 1 and {f;}1<i<n € C(x), and let F' be a nontrivial polynomial
of degree n > 1 of the form

F(z,v) =v"4+ fi VT " R fal U S (5.2)
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For all the roots of (5.2) to satisfy (5.1), it is necessary that the following differential
equations be satisfied:

fou(x) — (b2 + fi2) fi +nb1 =0,
fa2(x) — (2024 fie) fo+(n—1)b1 f1 =0,
faz(x) — (3ba + fi2) f3 + (n—2)by fo =0,

fn—l,:c(x) - ((n - 2)b2 + fl,:(;) fn—2 +3b1frn—3 =0, (53)
fn,x(x) - ((n - 1)62 + fl,ac) fn—l + 2b1fn—2 = 07
fn_l(a:) by — (nb2 + f17x) fn=0.

Proof. Let (vi(x))1<i<n be the roots of the F(x,v) = 0 where F is defined by (5.2). A
polynomial vanishes only at its roots and there are exactly n roots, where n is the degree
of the polynomial. Setting v = v;(z) in (5.2) yields

F(z,v(z) =o'+ i)+ fov) 24+ fasivi+ fo=0 (5.4)

Each v;(x) is constant with respect to differentiation with respect to v at fixed x. Differ-
entiating (5.4) with respect to x and multiplying both sides by v;, we get

oF ov OF

Vi %(.x,’vi) + % %(

x?”i)

= (nby + f12) 0" + (nby + (n— Dbafi + for) 0P 4 ((n— 1) by fi + (n — 2)bafo + fa) v 2

+((n - 2)b1f2 + (n - 3)b2f2 + f4,:v) fU?_3 + -+ (3b1fn73 + 2b2fn72 + fnfl,z) Uz‘2 (55)
+(2b1fn—2 + b2fn—1 + fn,x) (% + bl fn—l-

If P(x,v) = 0 then all its coefficients vanish. This gives in addition to the constraint
fn—1 = 0, n differential equations for the fi. If the opposite holds P(z,v) # 0, then
the functions vy, ..., v, which are also roots of F'(x,v) are roots of P(x,v) as well. When
F(z,v) is non-trivial, so that fi ;+nbg # 0, then P(z,v;) must be proportional to F'(z, v;)
and the proportionality factor is mby + f1,. Collecting like powers of v; in this, their
coefficients produce system (5.3). O

It is worth developing results for the cases in which F' is linear or quadratic. The
results for the quadratic case are the same as those obtained from (5.3).

Theorem 5.2. (a) Supppose (5.4) is a linear polynomial F(z,v) = v — f(x). Then
one of the b; in (5.1) can be expressed in terms of the other and (5.1) such as

dv by

v—:b1+(fx— 7

T )v. (5.6)
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(b) Suppose F(z,v) = v2 + 2f v + g be quadratic with f2 # g. Then the two roots of
F(z,v) = 0 satisfy (5.1) where by, b are given by

by = 1 2ffm_ga: _ 14f2fx_fgx_2fa:g
1= =593 by =—5 -
27 [Py 2 fP-yg

Proof. (a) Substitute the root v; = f(x) into (5.1) and solve for the term by, for
example. Then in terms of by, we have by = f, — b;/f. Putting by into (5.1) we obtain
(5.6).

(b) The roots of the quadratic F'(z,v) can be computed explicitly, vio = —f(x) £

f(x)2 — g(x) and provided f? # g, the roots are distinct. Substitute the roots into (5.1)
to produce a system of two equations for by, by in (5.1). Solving this system produces
results (5.7).

]

Two examples are presented now to show how to apply the results and are not hard to
check. Let f(z) = —2(x +1)(2z — 1) and g(z) = (x + 1)?(x — 1)(8x — 1) in F(x,v) where
the roots are vi 2 = (z + 1)(4x — 2 £ /3 — 6z). Substituting f and g into (5.7) gives by
and by, so (5.1) takes the form

(5.7)

d
v d—v = -3z(x+1)2x — 1) + (142 — 2) v.
x
A quadratic F is defined by taking f = — (22 + 22 +1) and g = 23+ 32 + 1. The roots
of the polynomial are vy g = —2% — 22 — 14+ +/2% + 323 + 622 + x and putting f and g into
(5.7) we get

S (% + 32 +1)(42® + 92° + 122 +1)  (z +1)(8z" 4 252° + 452> + 17z + 1)
de 22(x3 + 322 4 62 + 1) 2z (a3 + 322 + 62 + 1)

We present system (5.3) for the case n = 3 where F(z,v) = v+ fiv? + fov + f3. The
system is

foo—(b2+ fie) fi+3b2=0, fa,—2ba+ fiz) f2+2b1 =0, fobi—(3ba+ fiz) f3=0.

An example of a cubic F(z,v) = v® + fi(x)v? — (4/27) (fi(z))? has roots which satisfy

(5.1) given by,
d 1 1
v = 5(A@) - 5 fre(@) v,

Theorem 5.3. Consider Abel equation (5.1) where by, bs are determined by (5.7) and
the roots of v2 + 2fv + g are distinct f2? # ¢. If k > 1 and by can be factored with respect
to (Bi)1<j<k—1 distinct complex numbers

b2 :C(:L‘—ﬁl)...(l'—ﬁk_l) (5.8)

then the remaining functions by, f and g can be found explicitly.
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Proof. By differentiation it may be verified that b; and by may be expressed using
A =4(f*—g) as
g dlog(A) 1, dlog(f?A)
_J by = —f =2 =/ 5.9
2 dr 279 dx (5:9)
By assumption bs in (5.8) admits a pole at co and when f is polynomial it can be factored

as well

by =

f==Clx—ri)(x—ro) - (x—rg) (5.10)
where 7, € C and ¢ non-zero. Using (5.8) in (5.9) and integrating we solve the second
equation in (5.9) for log(f2A)

oay _ 2¢ [ (z=PB)(@—B2) - (x— Br-1) .
log(f74) = ¢ (x—ri)(x—r9) - (x—rg) dr.

The roots r; can be chosen to be distinct from the set (Bi)f;ll, so a partial fraction
decomposition can be produced with (s;)1<i<4 € C
2c (x—=Bi)(x—B2) - (= Bp—1) _ 51 52 Sk

C (x_rl)(x_TQ)“'(I—Tk) _q;—rl T — 7o ”+x_7ﬂk:7 (511)

This means A admits the factorization
A=4C (x — 7"1)51_2 oo (= rk)s’“_Q.
By hypothesis s; € N> since A € C[z]. Solving for g in terms of A yields,

A

_ 2 =
g=1f 1

Introduce A = (f?/2) (log(A)), where

=ad?(x—r)?(w—mp)? = C(x—r) 2 (z— )52

k Sj —2
(log(A))z = ; H
then A can be computed as
a? b §;—2
R L R R W)

This permits us to calculate b; as

g c —4 —4
b1:—AF:—A(1—¥(1’—r1)sl s (=)
This equation requires that s; € N>3 for 1 <i < k. Substitute x = f3; into partial fraction
decomposition (5.11) to produce the following system of equations 1 < i < k,

S1 S9 Sk

+ 4otk —,
Bi—r1  Bi—r2 Bi — Tk
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Multiply the partial fraction decomposition (5.11) by (z — r1) - (x — rg) and collect the
coefficient of =1 on both sides of the equality. This produces a equation that relates ¢
and ¢

c:g(sl—I—-'-—l—sk). (5.12)

O
It is worth remarking that the Abel equation of the first kind of the form vy, = —b1y> +
boy? with by, by € Cl[z]. can be studied an upper bound to its rational solutions can be
located according to deg(b1). Also the substitution y = v~ maps this to an equation of

the form (5.1).

6. Conclusions.

To summarize the main results, algebraic integrability of some Abel differential equa-
tions of the first and second kind has been investigated here. An Abel equation can be
associated to a Riccati equation when its Liouville invariant given by (2.2) vanishes. When
L is not zero a non-autonomous Liénard equation can be associated to the Abel equation
of the first kind. Louvillian integrability of of the Abel equation is equivalent to Liou-
villian integrability of the corresponding Liénard equation. Abel equations will continue
to have many applications and be worthy of study. For example, such an equation can
result geometrically. To see this, let P(z) = (G(z), H(z)) and Q(z) = (I(x), J(x)) be two
possible rational curves. For given a(x),b(z),c(x),p(x) € C(z) find a function &(x) such
that if

U(x) = (G(z) + a(z) {(2), H(z) + b(z) {(x))
then U(z)N(x) is parallel to (¢(x)(G(x) + a(x)é(2))z, p(x)(H (x) + b(2)€(2),) for any x.
The condition that ray U(z)N (z ) = (I(x) —G(z) —a(zx)é(x), J(z) — H(x)&(z)) be parallel
to (¢(x)(G(2) + a(@)€(x))z, p(2) (H () + b(x)§(2)) is exactly that
J(x) — H(z) = b(x)§(z) _ p(z)(H(x) + b(z)E(x))s
I(z) = G(z) —a(z)é(z)  c(@)(G (@) + a(2)é(x))s

This is equivalent to an Abel equation of the second kind

(b5 () 4 bg (€)€)Ex + b1 () + 3ba(2)€ + 3bs(x) £ + ba(x) £* = 0

provided the (b;)$_, are given as by = (I = G) -p- Hy — (J — H) ¢G4, 3by = (I — G) pby —
(J—H)cay+bcGy—apHy, 3bs = bcay —apby, by =0,b5 = (I —G)bp— (J— H)ac and
bg = ab(c—p), where a,b,p # 0. It is very likely more applications of these equations will
emerge in the future.
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