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Abstract. This paper investigates the following eighth-order nonlinear system of rational differ-
ence equations for different cases:
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where n is a non-negative integer and the initial conditions P_7, ..., Py, Q_7,...,Qo, R_7, ..., Ry, S_7,..., S0
are arbitrary real numbers. The study derives explicit closed-form solutions under specific condi-
tions. These solutions facilitate rigorous analysis and provide an exact description of the long-term
behavior of the system. Finally, numerical simulations are presented to illustrate key dynamical
properties, including boundedness, periodicity, and sensitivity to initial conditions.
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1. Introduction

Difference equations are an essential part of modern discrete mathematics due to their
significance in modeling discrete-time evolving systems. They are naturally derived as
discrete analogs of differential and delay differential equations and have been extensively
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used in a variety of fields such as population studies, epidemiology, ecology, economics,
finance, genetics, neural networks, and engineering disciplines [1-3].

In recent decades, nonlinear rational difference equations and their systems have at-
tracted considerable attention due to the richness and complexity of their dynamical be-
havior. Such systems may exhibit a wide range of qualitative properties, including bound-
edness, periodicity, stability, and chaos. Understanding these behaviors is essential for
analyzing the long-term evolution of discrete dynamical systems.

A central topic in the study of difference equations is the determination of closed-form
solutions, particularly for nonlinear systems. The derivation of explicit formulas provides
significant insight into both the qualitative and quantitative behavior of the system. In
particular, closed-form expressions facilitate the analysis of stability, the identification
of periodic patterns, and a deeper understanding of the underlying dynamical structure.
Consequently, the search for analytical solutions of nonlinear difference equations remains
an active area of research.

Several researchers have investigated the analytical solutions and qualitative behavior
of nonlinear rational systems of difference equations. For instance, the authors in [4] stud-
ied periodic solutions of a nonlinear system and derived explicit expressions describing
the evolution of the system under arbitrary real initial conditions. The author in [5] ana-
lyzed a class of fourth-order rational systems in a four-dimensional setting, examining the
existence of solutions and qualitative properties such as periodicity, and supporting their
results with numerical simulations. In [6], explicit solution formulas were obtained for non-
linear systems, and periodic behavior with different periods was established and verified
numerically. Furthermore, the authors in [7] investigated systems of order 6k + 3, propos-
ing a systematic approach for deriving closed-form solutions and analyzing several distinct
cases. The study in [8] focused on the solvability in closed form of three-dimensional non-
linear systems, where explicit solutions were obtained using analytical transformations.
More recently, the authors in [9] examined a three-dimensional second-order rational sys-
tem, deriving explicit solutions and illustrating various dynamical behaviors through nu-
merical simulations. These works contribute to a deeper understanding of the analytical
structure and dynamics of nonlinear difference systems. For further related studies, see
[10-17].

The remainder of this paper is organized as follows. Section 2 introduces the first
system, derives its closed-form solutions, and studies their basic properties, including
boundedness and non-increasing behavior, as well as the case where one of the initial
values is zero. Section 3 presents the second system, obtains its closed-form solutions,
and examines the same case. Section 4 analyzes the third system, derives its closed-form
solutions, determines the conditions for periodic behavior, and examines the case where
one of the initial values is zero. Section 5 studies the fourth system in a similar manner,
including its solutions and periodicity conditions, and also considers the case where one of
the initial values is zero. Section 6 presents numerical simulations to illustrate and verify
the theoretical results. Finally, Section 7 summarizes the main conclusions of the paper.
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2. Formulation of the First System
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In this section, we examine the behavior and solution of the following four-dimensional
nonlinear system:

where n € Ny and the initial conditions P_~, ...

;

77

77

P — Pn77

n+l 1+Qn—1Rn—SSn—5Pn—7’
Q _ Qn—7

n+1 1+Rn71Sn73Pn75Qn7
R — Rn—?

n+1 1+Sn—1Pn—3Qn—5Rn—
Sn+1 = Sn_t

arbitrary non-negative real numbers.

Theorem 1. Let {(Py,Qn, Rn,Sn)}2>_- be a solution of system (1).
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’ P07 Q—77

7’
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Ry, S_7,...,5 are

Then, for every

non-negative integer n, the solution is given by the following closed-form expressions:
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Proof. The result is immediate for n = 0. For n > 0, assume by induction that it holds
for n — 1 and that it can be written in the following form:
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Similarly, the other relations can also be established. Therefore, by induction, the stated
formulas hold for all n > 0.

Lemma 1. Let {(Py, Qn, Rn, Sn)}02 7 be a solution of system (1). Then every solution

n—
of system (1) is bounded and consists of non-increasing subsequences.

Proof. Tt follows from system (1) that

0= Fr = 1+ Qn—lgz:gsn—SPn—7 < Poor
0< Qo = 1 g < Qnr
0= fn =1 + Snlpfan;ZQTLBRn7 = finr
0< Spy1 = Sn—7 < S, 7

1+ Pn—lQn—SRn—BSn—7 o

Then, the subsequences { Ps—7}5% 5 {Psn—6 }n0:1 Pon—5 Fneos 1 Psn—a o { Pan—3 foeoo 1 Pon—2 Fnos
{Pan—-1}52, and { P, }72, are non-increasing and bounded above by

L= maX{P—7> P—67 P—57 P—4a P—37 P—27P—17 PO}

Similarly, the subsequences {Qsn—7 720, {@sn—6 ne0:1Qsn—5 Fne0:1 Qsn—a} o { Qsn—3 o @sn—2 Fnros
{Qsn-1}520, and {Qs,}5°, are non-increasing and bounded above by

M = maX{Q—% Q—67 Q—57 Q—47 Q—37 Q—Qa Q—la QO}

Moreover, { Rsn—7}52, { Rsn—6}neo:{ Rsn—5 tneo:{ Rsn—atneo{ Bsn—3 o { Rsn—2}nzo, {Rsn—1}n20,
and {Rgy}>2 are non-increasing and bounded above by

N =max{R 7,R ¢, R 5,R_4,R 3,R 2, R 1, Ro}.
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Furthermore, {Ssn—7}720, {Ssn—6}nz0,{98n—5}nzo,{Ssn—a}nzo.{Ssn—3}nzo:{Ssn—2}nZ0: {Ssn—1}nZ0:
and {Sg,}72, are non-increasing and bounded above by

K =max{S_ 7,5 6,5 5,5 4,5 3,5 2,5 1,5}

Corollary 1. Let {(Py, Qn, Rn, Sn)}22 - be a solution of system (1). Then the following
statements hold:

(i) fP7=0,Q-1#0, R3g#0, S5 #0 then we have Ps,—7 = 0, Qsp—1 = Q-1,
Rgn—3 = R_3, Sgn—5 = S—5.

(11) If P.¢ =0, Qo ?é 0, R ?é 0, S—4 7& 0 then we have Py, ¢ = 0, Qs = Qo,
Rgp—2 = R_9, Sgp—4 = S_4.

(iii) IfPs5=0 Q_7#0, Ry #0, S_3 # 0 then we have Pg,_5 = 0, Qgn—7 = Q_7,
Rgp—1 = R_1, Sgn—3 = S_3.

(iv) f Py =0, Q¢ # 0, Ry # 0, S_o # 0 then we have Pg,—4 = 0, Qsn—6 = Q—s,
Rgp = Ry, Sgn—2 = S—2.

(v) If P.3 =0, Q-5 # 0, R-7 # 0, S_1 # 0 then we have Py;,—3 = 0, Qsn-5 = Q5,
Rgp—7=R_7, Sgn—1=95_1.

(Vi) If P_2 e 0, Q_4 7'5 0, R_6 7& 0, S() 75 0 then we have Pgn_z = 0, an_4 = Q_4,
Rgn—6 = R_¢, Ssn = So-

(Vii) IfP1=0Q_3#0, R.5#0,S_7#0 then we have Pg,_1 = 0, Qgn—3 = Q_3,
Rgp5 = R_5, Sgn—7=95_1.

(vili) If Py = 0, Q—2 # 0, R_4 # 0, S_¢ # 0 then we have Ps, = 0, Qsgpn—2 = Q_2,
Rgp—4 = R_4, Sgn—6 = S—6-

(iX) If Q,7 = 0, P,5 75 0, Rfl 75 0, 573 75 0 then we have an77 = 0, P8n75 = P,5,
Rgp—1 = R_1, Sgn—3 = S_3.

(X) If Q—G = 0, P_4 7é 0, Ro 7& 0, S_Q 7é 0 then we have an_ﬁ = 0, Pgn_4 = P_4,
Rsn = Ro, Ssp—2 = S_2.

(Xi) fQ.5=0 P3+#0, R.7#0,S5_ 1 # 0 then we have Qg,_5 = 0, Ps,_3 = P_3,
Rgp-—7=R_7, Sgn—1=5-1.

(Xll) If Q,4 = 0, P,Q 75 O, R,(; 75 O, So 75 0 then we have Q8n74 = 0, Pgn,Q = P,Q,
Rsn—6 = R—6, Ssn = So.

(xiii) f Q—3 =0, Py # 0, R_5 # 0, S_7 # 0 then we have Qg,—3 = 0, Ps,—1 = P_1,
Rgp—5 = R_5, Sgn—7 = 5_7.
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(XiV) If Q_2 = 0, P(] 75 0, R_4 75 0, S_G 7'5 0 then we have an_g e 0, Pgn = P(),
Rgn—4 = R4, Ssn—6 = S—6-

(xv) f Q-1 =0, P.7 #0, R_3 # 0, S_5 # 0 then we have Qg,—1 = 0, Psp,—7 = P_7,
Rgn—3 = R_3, Sgn—5 = S_5.

(Xvi) If Qo =0, Pg #0, R.o # 0, S_y # 0 then we have Qg, = 0, Ps,—g = P_g,
Rgpo =R 2, Sgn—4=54.
(Xvii) If R,7 = O, P,3 75 0, Q,5 75 0, Sfl 75 0 then we have R8n77 = 0, Pgnfg = Pfg,
QRsn—5 = Q—5, Sgn—1 = S_1.
(XViii) If R_G = 0, P_2 7& 0, Q_4 7é 0, S() 7& 0 then we have Rgn_(j = O, Pgn_g = P_Q,
QRsn—1 = Q—4, Ssn = So.
(XiX) IfR5=0 P41 #0, Q-3 F#0, S7F#0 then we have Rg,_5 = 0, Psp—1 = P_q,
Qsn—3 = Q—3, Sgn—7 = S—7.
(XX) If R,4 == 0, PO 7é O, Q,Q 75 0, Sfﬁ 75 0 then we have R8n74 == 0, Pgn == P(),
QRsn—2 = Q—2, Ssn—6 = S—¢-
(XXi) If R,3 = O, P,7 7'5 0, Qfl 75 0, 575 7& 0 then we have R8n73 = 0, P8n77 = P77,
QRsn—1 = Q-1, Ssn—5 = S_s.
(XXii) If R_2 = 07 P_6 7& 0, Q() 7& 0, S_4 7é 0 then we have Rgn_g = 0, Pgn_(j = P_G,
Qsn = Qo, Ssn—a = S—4.
(XXiii) If R_1 = 0, P_5 75 0, Q_7 75 0, S_3 75 0 then we have Rgn_l = 0, Pgn_5 = P_5,
Qsn—7 = Q-7, Ssn—3 = S_3.
(xxiv) If Rgp = 0, P-4 # 0, Q_¢ # 0, S_2 # 0 then we have Rg, = 0, Ps,—4 = P_4,
QRsn—6 = Q—6, Ssn—2 = S_2.
(XXV) If S_7 = 0, P_1 7'5 0, Q_3 7& 0, R_5 75 0 then we have Sgn_7 = 0, Pgn_l = P_l,
QRsn—3 = Q—3, Rgpn-5 = R_5.
(XXVi) If 5—6 = O, P() 7é 0, Q_Q 7& O, R_4 75 0 then we have S8n_6 = 0, Psn = P(),
Qsn—2 = Q—2, Rgp—1 = R_4.
(XXVii) IfS.5=0 Pr7#0,Q_1 # 0, R_3 # 0 then we have Sg,—_5 = 0, P3,—7 = P_r,
QRsn—1 = Q-1, Rsp—3 = R_3.
(xxviii) If Sy = 0, P # 0, Qo # 0, R_o # 0 then we have Sg,—4 = 0, Ps,—¢ = P_g,
Qsn = Qo, Rgn—2 = R_a.
(XXiX) If S_3 = 0, P_5 7& 0, Q_7 7& 0, R_1 7& 0 then we have Sgn_3 = 0, Pgn_5 = P_5,
Qsn—7 = Q-7, Rsp—1 = R_1.
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(XXX) If S_Q = 0, P_4 75 O, Q_G 7'5 0, Ro 75 0 then we have Sgn_g = O, Pgn_4 = P_4,
Qsn—6 = Q—¢, Rsn = Ro.

(XXXi) If S_l = 0, P_3 7é O, Q_5 7& 0, R_7 7& 0 then we have SSn—l = 0, Pgn_3 = P_3,
QRsn—5 = Q—5, Rgn—7=R_7.

(XXXii) If S =0, Py #0, @Q_g4 # 0, R_g # 0 then we have Sg, = 0, Ps,—2 = P_o,
Qsn—1 = Q-4, Rsn—6 = R_g.

Proof. The result follows directly from the explicit form of the solution of system (1).

3. Formulation of the Second System

In this section, we derive the solution of the following four-dimensional nonlinear sys-

tem:
Pn—7

Pn+1 - _I_anan73Sn75Pn777
Q — Qn—7

n+l — _1+Rn—1sn—3pn—5Qn—7 ’

(2)

R — Rnf'?

n+l *1+Sn—1Pn73an5Rn77’
S _ Sn77

ntl = _:L_Pnf1(\?n73I%TLfSSnf?7

where n € Ny and the initial conditions P_7, ..., Py,Q_7,...,Qo, R_7,..., Ry, S_7,...,Sy are

arbitrary real numbers such that P_7Q_1R_35_5 # +1, P ¢QoR_25_4 # +1, P 5Q_7vR_15_3 #
1,PsQ 7R 15 3# 4, P 4Q_¢RoS—2 #1,P_4Q_RoS—2 # 3, P_3Q_5R_75_1 # +1, P_,Q_4R_Sy #
+1,P1Q 3R 55 7 # —1,P1Q 3R 55 7 # —3,PQ 2R _4S_¢ # —1, PhQ 2R _4S_¢ #

1

Theorem 2. Let {(Py,Qn, Ry, Sn)}22_- be a solution of system (2). Then, for every
non-negative integer n, the solution is given by the following closed-form expressions:

(-1)" P
Pn— = (R PTL— =
st (P_7Q_1R_35_5+1) gm0

(=1)" P_5 (P_5Q_7R_15_3 — 1)"

(-1)" P_g
(P_QoR_25_4 +1)"’
(=1)" P4 (P_4Q _¢RoS o —1)"

P n— = n 5 P n—4 — n )
s (2P_5Q_7R_1S_3—1) s (2P_4Q_¢RoS—2 — 1)

Py — (—1)" P_3 Pay = (—1)" P_o
" (P_3Q_5R_7S_1+1)"’ " (P_oQ_4R_Sy + 1)’

Pyp1 = (—1)"P_1 (P-1Q_3R_5S_7+1)", Py = (=1)" Py (PoQ-2R 45 ¢+ 1)",

B Q-7 B Q-6
QSn—? = (P75Q77R71S73 — 1)n ) QSn—G - (P74Q76R0572 — 1)n )
Qsn—s = Q_5(P3Q_sR_75_1—-1)", Qsn—1= Q-4 (P-2Q_4R 650 —1)",

(-1)"Q_3(2P_1Q 3R 55 7+ 1)"
(P1Q 3R 55 7+ 1)"

(—1)" Q-2 (2P0Q—-2R_4S5_¢ +1)"
(PoQ—2R_4S_¢+1)" ’

7Q8n72 =
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Q8n—1
Rgn—7

Rg,—5

Rsp—3
Rgn—1
Sgn—7
S8n—5
Ssn—3

S8n—1

Q-1 (P7Q_1R 35 5—1)",
R_7
(P_3Q_s5R_7S_1 —1)"’
(=1)" R_s (P-1Q_3R_55_7 + 1)"
(2P.1Q 3R 55 7+ 1)"
R_3
(P_7Q_1R_35_5 —1)"’
R_1(P5Q 7R_1S3—-1)",
(—1)"S_7
(P_1Q_3R_5S_7+1)"’
(=1)"S_5 (P-7Q-1R—35_5 +1)",

9

(=1)" S5 (2P5Q-7R_1S—5—1)"

(P5Q_7R_1S_3—1)"
(—1)"S_1 (PsQ_5R_75_1+ 1),

3 S8n72 =

12 of 38

Qsn = Qo (P-¢QoR—_25_4 — 1)",
R_¢

Fan—e = (P-2Q_4R_6So —1)"’

b )R (RQ RS o+ )"
s (2PyQ_2R-4S_¢ + 1)" ’

RSn—2 = R_2

(P_¢QoR_25_4 —1)"’

Rgn = Ry (P-4Q—6RoS—2 —1)",
(—1)"S_6

PyQ_oR_4S_¢+1)"’

Sont = (—1)" S_4 (P_6QoR_25_4 + 1),

(—1)” S_o (2P_4Q_6ROS_2 — 1)”
(P10 _6RoS—2 —1)" :

Sen = (=1)" So (P-sQ_1R_So + 1)" .

Ssn—6 = (

Proof. The result is immediate for n = 0. For n > 0, assume by induction that it holds
for n — 1 and that it can be written in the following form:

Pgy—15

Pgy—13

Pyp—11

Psn—o
Qsn—15
Qsn—13
Qsn—11

Qsn—9

Rgn—15

Rgn—13

Rgn-11

Rgn—9

(_1)71,71 P77
(P_7Q_1R_35_5+1)"

()" ' P5(PsQ 7R 1S 5 - 1"}

(2P_5Q_7R_15_3—1)""!
(_1)7171 P_3
(P_3Q_s5R_7S_1 +1)"V

(=) ' Py (PL1Q_3R_55_7 4+ 1)" !,

Q-7
(PsQ_7R_1S—3 —1)""V

Q_5(P3Q_sR 7S —1)"",

(-1)""' Q-3 (2P1Q_3R_5S_7 +1)" "

(_1)71,71 Pf6
Psp—14 = —>
(P_6QoR_2S_4 +1)
Py iy — (=1)" ' Py (P_4Q_gRoS_o — 1)
7 (2P-4Q_¢RoS—2 — 1)""!
—1)" P
P10 = (=) 2

(P_oQ_4R_gSo+ 1)V

Q-6
(P-4Q-6RoS— — 1)" "

Qsn-12 = Q_4 (P2Q 4R Sy —1)" 1,

Q8n714 =

(P_1Q_3R_55_7+1)"*
Q-1(P7Q_1R_3S_5—1)""",
R_7
(P_3Q_5R_78_1 —1)"""

(~1)" ' R_5 (P_1Q_3R_5S_7 + 1)

()" Q-2 (2PyQ—_2R_4S_6 + 1)~

I

1

y Qsn—10 = —
(PoQ-2R_4S_¢+1)"""

Qsn—s = Qo (P_6QoR_25_4 — 1)" ",
R_¢
(P_aQ—_4R_¢So — 1)" "

Rgp—14 =

(2P1Q_3R_55 7+ 1)"*
R_3
(Po7Q_1R_3S_5—1)"""
R_y (PosQ_7R_1S_5—1)""",

(—1)" " R_4 (PoQ_2R_4S_6+1)""

1

) R n—12 =
i (2PyQ_2R_4S_¢ +1)"!

R,
(P_6QoR_25_4 — 1)" "
Rgn_g = Ro (P_4Q_¢RoS_o — 1)" ',

Rgn—10 =

Psy-g = (—1)""' Py (PyQ—2R_4S_6 +1)" 7",

)

Y
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_ (=) 'Sy B (—1)" 'S
Sgn—15 = Sgn—14 = T
(PhQ—2R_45_6+1)

(P_1Q_3R 58 7+ 1)" Y
Sgn13 = (=1)" 'S 5(P7Q_ 1R 35 5+1)" ', Sgn_12 = (—1)"1S_4 (P_6QoR_2S_4 +1)" 1,

Ser1n — (=1)" ' S_3(2P_5Q_7R_1S5_3—1)"! 5 m:J—D”4&4@P4Q4&ﬁ4—lW4
" (P_sQ_7R_1S_3 —1)""! ’ (P_4Q_¢RoS—_o — 1)"" ’
Sgno = (=) 'S (P3Q s5R 7S +1)"", Ssn-g = (—1)""" Sp (P-2Q_4R_So +1)"".

Now, it follows from system (2) that

N Pgp 15
" —1 — Qn—9R8n—1158n—13Fsn—15
(~n)""'p_;
= (P-7Q-1R 35S s+1)" '
n—1 R_3

—1- <Q_1 (Pr1@-1R-35-5 - 1) ) ' ((P7Q1R(35)5—%)"1

n—1 n—1 1 n— P77

((—1) S_5(P-7Q-1R_355+1) ) : ((P_7Q_1R_3S_5+1)"—1>
(—1)”71P,7 .

(P_7Q_1R_3S_s+1)" "' (—1) P_5

—1—-P7Q_1R 355 (P7Q 1R 35 5+1)"

Qsn—15
Qsn—7
—1+ Rgn—958n—11Fn—-13Qsn—15

Q-7
o (P_sQ_7R_1S_3—1)""!
— — n7157 > 5Q_ 1S _a— n—1
. (R—1 (P5Q_7R_1S 5 —1)" 1) . (L (Réf}%ﬁiﬁi)"fl D ) .
it ((*1)71_IP—s(P—5Q—7R—1S—3*1)n_1)' Q-7 )
(2P_5Q_7R_1S_3—-1)""! (P_sQ_7R_1S_3—1)""1

Q-7
(P_5Q_7R_15_3—-1)""*! Q-7

—1+P 5Q_7R_15_3 (P-sQ_7R_1S_3—1)"’

R Rgn—15
8n—7 —
—1 + S8p—9F8n—11Q8n—13R8n—15
R_7
_ (P_3Q_5R_75_1—-1)""1

((—1)”_1 S_1 (P_3Q_s5R_75_1 + 1)”—1) . ( ()" Py ) .

. (P_3Q_sR_75_1+1)" 1
n—1 R_7
(Q‘5 (P-3Q-sR-75-1 —1) ) ' ((P_SQ_5R_7S_171)”‘1
R_7
(P_3Q_sR_7S_1—1)""" R7

—1+ P 3Q_s5R 751 (P-3Q_sR_75_1—1)"
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Ssn—15
—1 — Psp—9Q8n—11R8n—1358n—15

Ssn—7

(—l)n_ls,7
(P_1Q_3R_58_r+1)""!

1yl n—1\ (—1)"71Q73(2P71Q—3375577+1)"71),
(0" P (PaQsRss 7+ 1)) - G ltatt

—1— ((71)’”_1R_5(P_1Q_3R_5S_7+1)n_1) ‘ ( (—1)"ls_,
(2P_1Q_3R_55_7+1)" ! (P_.1Q_3R_5S_7+1)"1

(71)71—15«_7 N
(P1Q_3R_55_74+1)" 1 (-1)"S_7

—1-P_1Q3R_ 557 (P1Q_3R_5S_7+1)"

Similarly, the other relations can also be established. Therefore, by induction, the stated
formulas hold for all n > 0.

Corollary 2. Let {(Py, Qn, Rn, Sn)}02 - be a solution of system (2). Then the following
statements hold:

(i) fP_7=0,Q_1#0,R_3#0,S_5 # 0 then we have Pg,,_7 = 0, Qgpn—1 = (—1)"Q_1,
Rgp—3 = (=1)"R_3, Sgn—5 = (—=1)"S_s.

(ii) If P.¢ = 0, Qo # 0, R_o # 0, S_4 # 0 then we have Pg,—¢ = 0, Qs, = (—1)"Qo,
Rgn—2 = (—1)"R_3, Sgp—a = (—1)"5_4.

(111) If P,5 = 0, Q,7 75 0, R,1 75 0, 573 75 0 then we have P8n75 = 0, Q8n77 = (—1)”@47,
Rgn—1 = (=1)"R_1, Sgn—3 = (=1)"S_3.

(iv) f P.y =0, Q¢ # 0, Ry # 0, S_g # 0 then we have Ps,,_4 = 0, Qgn—6 = (—1)"Q_s,
RS” = (_1)nR07 58n72 = (_l)nS72.

(V) If P_3 = 0, Q_5 7& 0, R_7 7& 0, S_l 7& 0 then we have Pgn_g = 0, an_5 = (—1)”Q_5,
Rgn—7=(-1)"R_7, Sgp—1 = (=1)"5_1.

(vi) f P.g =0, Q4 #0, R_g # 0, Sgp # 0 then we have Ps,,_2 =0, Qgp—a4 = (—1)"Q_4,
Rgn—6 = (—1)"R_¢, Sgn = (—1)™ 5.

(Vii) If P_1 = 0, Q_g 75 0, R_5 75 0, S_7 75 0 then we have Pgn_l = 0, an_g = (—1)”Q_3,
Rgy 5 = (—1)"R_5, Sgn—7 = (=1)"S_7.

(Viii) IfP=0Q2#0, R.4#0, S5 ¢+# 0 then we have Py, =0, Qg2 = (—1)”62_2,
Rgn—4 = (—1)"R_4, Sgn—6 = (—1)"S_s.

(iX) If Q_7 B 0, P_5 7& 0, R_l 75 O, 5_3 # 0 then we have an_7 = O, Pgn_5 = (—1)”P_5,
Rgpn—1=(—1)"R_1, Sgp—3 = (—1)"S5_3.

(x) HQ-6=0, P-4y #0, Ry # 0, S_2 # 0 then we have Qgn,—6 =0, Psp—qg = (—1)"P_4,
Rgn = (_1)nR07 Sgn—2 = (_l)nS_Q.
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(Xi) If Q_5 B 0, P_3 7& 0, R_7 75 O, S_l 7& 0 then we have an_5 = O, Pgn_g B (—1)”P_3,
Rgn—7=(=1)"R_7, Sgp—1 = (=1)"5_1.

(Xii) fQ_4=0,P5#0, Rg+#0,Sy+# 0 then we have Qg4 =0, Psy,_o = (—1)”P_2,
Rgn—6 = (—1)"R_g, Ssgn = (—1)"Sp.

(xiii) TfQ_3 =0, P_; #0, R_5 # 0, S_7 # 0 then we have Qsn_3 = 0, Psn_1 = (—1)"P_1,
Rgn5 = (—1)"R_5, Sgp—7 = (—=1)"S_7.

(xiv) f Q-2 =0, Py #0, R4 # 0, S_g # 0 then we have Qg,—2 = 0, Ps, = (—1)" P,
Rgn—4 = (—1)"R_4, Ssn—6 = (—1)"S_s.

(XV) If Q_l = 0, P_7 7é O, R_3 7& 0, 5_5 7& 0 then we have Q8n—1 = O, Pgn_7 = (—l)nP_'z,
Rgn-3 = (=1)"R_3, Sgp—5 = (—1)"S_s.

(XVi) IfQo=0,Pg#0, R.o#0,S5_4+# 0 then we have Qg, = 0, Psp_g = (—1)”P_6,
Rgn2 = (—1)"R_3, Sgpn—4 = (—1)"5_4.

(XVii) If R,7 == O, P,3 7& O, Q,5 7& 0, Sfl 75 0 then we have R8n77 == O, Pgnfg = (—1)”P,3,
Qsn—5 = (—1)"Q—5, Ssn—1 = (—1)"5_1.
(xviii) f R_.g =0, P_g #0, Q_4 # 0, Sy # 0 then we have Rg,—¢ =0, Ps,—2 = (—1)"P_o,
Qsn—4 = (—1)"Q_4, Sgn = (—1)"So.
(XiX) If R_5 = 0, P_1 7& 0, Q_g 7é 0, S_7 7é 0 then we have Rgn_5 = 0, Pgn_l = (—l)np_l,
Qsn—3 = (—1)"Q-3, Sgn—7=(—1)"S_7.
(XX) R 4=0 P#0, Qo #0, S¢ # 0 then we have Rg,, 4 = 0, Pg,, = (—1)”P(),
Qsn—2 = (—1)"Q—2, Ssn—6 = (—1)"5_.
(XXi) If R,3 == 0, P,7 75 O, Qfl 7& 0, S,5 75 0 then we have Rgnfg = O, P8n77 = (—1)nP,7,
Qsn—1 = (=1)"Q-1, Ssp—5 = (—1)"5_5.
(Xxii) If R_2 = 0, P_6 7& O, Q() 7& 0, 5_4 7’5 0 then we have Rgn_g = O, Pgn_(j = (—1)”P_6,
Qsn = (—1)"Qo, Ssn—a = (—=1)"S_4.
(XXiii) IfR1=0,P5#0,Q_7#0,5_3%# 0then we have Rg,, 1 =0, Pg,,_5 = (—1)”P_5,
Qsn—7 = (—1)"Q—_7, Sgn—3 = (—1)"S_3.
(XXiV) If RD = 0, P_4 75 0, Q_6 75 0, S_Q 75 0 then we have Rgn = 0, Pgn_4 = (—1)”]3_4,
Qsn—6 = (—1)"Q—¢, Ssn—2 = (—1)"S5_2.
(XXV) If S,7 = O, P,1 75 0, Q,3 75 0, R,5 75 0 then we have Sgn77 = 0, Pgnfl = (—1)nP71,
Qsn—3 = (—1)"Q_3, Rgp5 = (—1)"R_s.

(XXVi) If 5—6 = 0, Po 7é 0, Q_Q # 0, R_4 7& 0 then we have Sgn_ﬁ = 0, Pgn = (—1)”P0,
Qsn—2 = (—1)"Q—2, Rgn—4 = (-1)"R_4.
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(XXVii) If S_5 = 0, P_7 7'5 0, Q_l 75 O, R_3 75 0 then we have Sgn_5 = 0, Pgn_7 B (—1)”P_7,
Qsn—1 = (—1)"Q-1, Rgn—3 = (-1)"R_3.

(xxviii) If S_4 =0, P_g # 0, Qo # 0, R_2 # 0 then we have Sg,_4 =0, Pgp—¢ = (—1)"P_g,
Qsn = (—=1)"Qo, Rgn—2 = (—1)"R_».

(XXiX) IfS 3=0,P5#0,Q_7+#0, R_1 # 0 then we have Sg,,_3 =0, Pg,,_5 = (—1)”P_5,
Qsn—7 = (-1)"Q_7, Rg—1 = (—=1)"R_;.

(XXX) IfS 9=0,P_4#0,Q_s#0, Ry # 0 then we have Sg,—2 =0, P4 = (—1)”]3_4,
Qsn—6 = (—1)"Q—¢, Rsn = (=1)"Ro.

(XXXi) If S,1 = O, P,3 7& 0, Q,5 75 O, R,7 75 0 then we have Sgn,1 = 0, Pgnfg = (*1)”P,3,
Qsn—5 = (—1)"Q—5, Rgp—7 = (—1)"R_7.

(xxxii) If S =0, P2 # 0, Q—4 # 0, R_g # 0 then we have Sg, = 0, Ps,—2 = (—1)"P_o,
Qsn—a = (=1)"Q-4, Rgn—6 = (—1)"R_s.

Proof. The result follows directly from the explicit form of the solution of system (2).

4. Formulation of the Third System

This section focuses on the investigation of the solution and dynamic properties of the
following four-dimensional nonlinear system:

P _ Pn_7

n+l = TT3Q,_1Rn_35n_5Pn_7"’
Q _ Qn—7

n+1 — _1+Rn_1Sn_3Pn—5Qn—7’

(3)

R — Rnf'?

nHl = IS, i Pa—3Qu_s Rn—1’
S _ Sn77

ntl = ST P, Q0 3Rn 551’

where n € Ny and the initial conditions P_7, ..., Py,Q_7,...,Qo, R_7,..., Ry, S_7, ..., Sy are
arbitrary real numbers such that P_7Q _1R_35_5# 1, P_¢QoR_25_4# 1,P_5Q_7vR_15_3 #

1,P4Q 6RoS 2 #1,P3Q sR 7S 1 #1,P 2Q 4R S0 #1,P1Q 3R 55 7#1,hQ 2R 45 ¢ #
1.

Theorem 3. Let {(Py,Qn, Rn,Sn)}o>_- be a solution of system (3). Then, for every
non-negative integer n, the solution is given by the following closed-form expressions:

P, P Pang = Pes
8n—7 (P_7Q_1R_3S_5 — 1)n? 8n—6 (P—GQOR—2S—4 — 1)n7
Psyy—5 = P_5(P_sQ_7R_1S_3—1)", Papy = P4 (P_4Q_¢RpS—2 —1)",
P P_
P, 3 > Pgy_9 = 2

(P_3Q_sR_75_, — 1) (P_yQ_4R_6So — 1)’
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Py
Q8n77
Qsn—s
Qsn—3
Q8n—l
Rsp—7
Rgpn—5
Rgn—3
RSnfl
58n77
Ssn—5
Sgn—3

SSn—l

P_y(P-1Q-3R_55_7—1)",

Q-7
(P_sQ—7R_1S_3—1)"’

Q-5 (P-3Q_s5R_7S_1 —1)",

Q-3
(P-1Q-3R_55 7 —1)"

Q-1 (P-7Q-1R_35_5—1)",

R_7
(P-3Q—s5R_75_1 —1)"’

R_5(P_1Q_3R_55_7—1)",

R_3
(P_rQ_1R_38_5 — 1)

R_1(P-sQ_7R_1S_3—1)",

S_7
(P1Q_3R 55 7 — 1)

S_5 (P_7Q_1R_35_5 —1)",

S_3
(P_sQ_1R_18_3 — 1)’

S_1(P-3Q_s5R_7S_1—1)",

17 of 38
Pgp = Py (PyQ-2R_4S_¢ —1)",
Q-6
Qsno = (P_4Q_6RoS—2 — 1)’
Qsn—4 = Q4 (P-2Q_4R Sy —1)",
Q-2

Qan-2 = (PoQ—2R_4S_¢ — 1)"’

Qsn = Qo (P_¢QoR_25_4—1)",
R_g

(P20 1R_S — 1"

Rgn-s4=R_4 (PoQ2R_4S_¢—1)",
R_»

(P_oQoR—25_4 — 1)

Rgn = Ro (P_4Q_¢RoS_2 — 1)",
S_6

PyQ_2R_4S_¢—1)""

Sgn—a = S_4 (P_sQoR—_25_4 —1)",
S_2

P1Q_oRoS—s — 1)

Ssn = So (P_QQ_4R_6SO — 1)” .

Rgn—6 =

Rgy—o =

S8n—6 = (

58n72 = (

Proof. The result is immediate for n = 0. For n > 0, assume by induction that it holds
for n — 1 and that it can be written in the following form:

Pgy—15

Pgy—13

Psy—11

P_7
(P7Q 1R 35 5 —1)" 1

P_5(P-sQ-7R_1S_3—1)"",

P_3
(P_sQ_sR_75_1 — 1)" %

Py (PoiQ_3R_5S_7 —1)" 1,

Q-7
P.5Q 7R 1S 3 —1)"""

(
Q_5(P_3Q_5R 7S_1 —1)" !,

Q3
(P_1Q_3R_55_7 —1)"

Q-1(P7Q_1R_3S_5 — 1)" ",

R_7
(P_3Q_5R_78_1 — 1"V

R_5(P_1Q_3R_5S_7—1)"",

R_3
(P7Q_1R_38_5—1)"V

P_g
(P_6QoR_25_4 — )"V

Pgy—14 =

Pgy_12 = P_y (P_4Q_¢RoS—o — 1)" ",

P
(P_2Q_4R_So —1)"""
Psn—s = Py (PQ-2R_4S_¢ —1)" ",

Q-6
(P-4Q_¢RoS—o — 1)

Pgp_10 =

QSn—M =

Qsn—12 = Q4 (P—2Q_4R_So — 1)" ',

Q-2
(PyQ_oR_4S_¢ —1)" 7V

Q8n—10 =

Qsns = Qo (P_¢QoR_25_4 —1)" 1,

R_g
(P_oQ_4R_So — 1) "

Rgp—14 =

Rgp_12 = R_q (PQ-aR_4S—6 — 1)" ",

R_»
(P_¢QoR_2S5_4 — 1)V

Rgn—10 =
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Rgn—9

SSn—15

Ssn—13

Sgn—11

S8n—9

R_1(Po5Q_7R_1S_3—1)""", Rsn—s = Ro (P-4Q_¢RoS—2 — 1) ",
S_; o S g
(P-1Q_3R 587 — )"V s (PoQ_2R_4S_6 — )"V
S_5(P_7Q_1R_3S_5 —1)" 1, Ssn—12 = S_a (P_6QoR_2S_4 — 1)" ",
S_3 g S_o
— 8n—10 = —
(P_sQ_7R_1S_3 —1)""! (P_4Q_¢RoS—o — 1)

S_1(P_3Q-_sR_78_1 —1)" ", Ssn—s = So (P—2Q_4R_So — 1)"".

Now, it follows from system (3) that

Pgy 7

Q8n77

Rgn—7

Pgy_15

—1 + Q8n—9R8n—1158n—13Fsn—15
P_~
(P-7Q_1R 35 5—1)" '

(Q—l (P7Q-1R 35 5 — 1)n71> : ((P_7Q_1323§_571)"—1> .

o (S (P_2Q_1R_38 —1)”—1)-( P
5 (P7Q-1R_35 5 (PO R a5 s )T
P_7
(P_7Q_1R_3S_5—1)""" P_q

—14+P7Q 1R 3S 5 (P7Q_1R 35 5—1)"

QSn—15

—1 4 Rgpn—958n—11FPsn—13Qsn—15
Q-7
(P_5Q_7R_15_3-1)""!

1+ ( (R_l (PsQ-7R-15-3 = Dn_l) ' ((PfquRS:;fg—l)nj) | )

(Pt a5 0] ()

Q-7
(P_5Q_7R_1S_3—1)" T Q-7

—1+P5Q_7R_1S_3 (P5Q_7R_15_3—1)"’

R8n715
-1+ SSn—9P8n—11Q8n_13R8n_15
R_7
(P—BQ—sR_%S’_l_l)nfl
—1nm . P_g '
-1+ <S,1 (P3Q_s5R_7S_1—1) > <(P73Q75R77571,1)n—1>
n—1 R_»

<Q—5 (P3Q_s5R_751—1) ) . ((13_362_51'%_73_1_1)7171

R_7
(P713Q75R77571_1)n71 R_7

-1+ P 3Q_s5R 751 (P_3sQ_s5R_75_1—1)"
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S - Ssn—15
" —1+ Pgpn—9Qsn-11R8n-1358n—15
S_7
_ (P_1Q_3R_55_7—1)""!
_1\n—1) | Q-3 A
1 <P—1 (P—IQ—3R—5S—7 1) ) ((PlQSRSSS7—1)n1)
n—1 _7

(R75 (P71Q73R75577 - 1) > ’ <(P,1Q,3R,5$,771)n_1
S_7

(Po1Q_sR_55_7—1)" | S—1

~1+P1Q3R 557 (P.1Q_3R5S_7—1)"

Similarly, the other relations can also be established. Therefore, by induction, the stated
formulas hold for all n > 0.

Corollary 3. The system (3) admits a periodic solution of period eight if and only if the
following conditions are satisfied:

P 7Q 1R 35 5 =P ¢QoR-25-4=P5Q 7R 15 3=P 4Q RS2 =
P 3Q 5R 75 1 =P 20Q 4R ¢S50 =P 1Q 3R 55 7=FQ 2R 45 ¢=2.

In this case, the solution has the following form (see Figure 1)

{Pn};;o:77 = {P—77P—67P—57P—47P—37P—27P—17P07P—77P—67P—57P—47P—37P—27P—17P07" '}7

{Qninz_7 =1{Q-7,Q-6,Q-5,Q—4,Q-3,Q—2,Q-1,Q0,Q—7,Q—6,Q—5,Q—-4,Q-3,Q_2,0_1,Qo, . ..
{Rn}zo:_7 - {R777 R767 R*E)a R*4a R*37 R*27 R*la ROa R*?? R*ﬁa R*57 R747 R*3> R727 R*l? R07 ce.

{Sn}zo:77 = {S—77 5—67 5—57 5—47 S—37 8—27 S—17 SO7 5—77 5—67 S—57 S—47 5—37 5—27 S—17 S07 B }

b
}7
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Figure 1: Hlustration of a periodic solution of period eight for system (3).

Proof. First, suppose that there exists a solution of period eight
{Pn}zo:77 = {P—77P—G)P—57P—47P—37P—27P—17P07P—77P—67P—57P—47P—37P—27P—17P07 e }7

{Qn}ntr ={Q-7,Q—6,Q—5,Q—1,Q—3,Q—2,Q—-1,Q0, Q—7,Q—6, Q—5, Q—1,Q—3,Q—2,Q—1,Qo, - . - },
{Ru}pz_7={R-7,R6,R5,R 4, R 3,R 2, R 1,Ro,R7,R ¢, R5,R_4,R_3, R 2,R_1,Ro, ...},
{Sntoe_7»={S-7,5-6,5_5,5_4,5-3,5-2,5_1,50,5-7,5-6,5-5,5_4,5_3,5-2,5-1,50, ... }

From the system (3), we see that

P j j
Pf? - 7P*6: 7P*5: ’
-1+Q_1R 35 5P 7 1+ QoR 25 4P ¢ —1+Q-7R_1S5 3P




L. S. Aljoufi, E. M. Elsayed / Eur. J. Pure Appl. Math, 19 (2) (2026), 7817 21 of 38
j P_s P,
P_ = 7P7 - 7P7 = )
! 1+ Q 6RoSoP 4 > “14+Qs5R 75 1P3 > —1+Q_4R ¢SoP-s
P_ P, _
P—l = ! aPO = 0 aQ—7 = Q ! )
-1+ Q3R 55-7P —1+Q 2R 4S 6P 1+ R 15 3P 5Q -7
Q—G = Q76 7Q—5 = QiS )Q—4 = Q74 ’
—14 RoS_2P_4Q_¢ 14+ R 75_1P_3Q_5 1+ R _6S0P-2Q 4
, = Q-3 Q= Q-2 O = Q-1
- ~1+ R 58 7P 1Q_3 —14+ R4S ¢PyQ_o —1+ R 35 5P 7Q_4’
QO = QO ) R—7 = R_7 ) R—G = R_6 )
—14+ R_25_4P Qo -1+ 5 1P 3Q_sR_+ —14+ SoP_oQ_4R_g
R_5 R_4 R_3
R_ = ’R_ = ,R_ - 3
° 1+ 5 7P1Q 3R 5 ' —1+S6PQ R4 °  —1+S 5P Q1R
R R4 RO
R = R, = Ry = ,
2 1+ 85 4P ¢QoR 5 ' 14 S3PsQ 7R 1" —1+S 2P 4Q Ry
S - S 6 S -
So7 = anG = ,575 = ,
1+ P1Q 3R 557 -1+ PQ 2R 45 ¢ 1+ P 7Q 1R 355
S_ S_ S_
Sy = ! ,S_3= : ,S9= 2 ;
1+ P gQoR-25-4 -1+ P 5Q 7R 153 1+ P_4Q-6RoS-2
S_
S, = ! ,So = S0 .
1+ P 3Q s5R 75 =1+ P 2Q 4R 4S50
Then

P 7Q 1R 35 5 =P ¢QoR 25 4=P 5Q 7R 15 3=P 4Q ¢RoS 2=
P 3Q 5R 751 =P 2Q 4R ¢Sy = P-1Q 3R 55 7= PQ 2R 45 ¢ =2.

Second, suppose the converse:

P 7Q 1R 35 5=P ¢QoR 25 4 =P 5Q 7R 15 3=P 4Q ¢RoS 2=
P 3Q 5R 75 1 =P 2Q 4R ¢Sy = P-1Q 3R 55 7= PQ 2R 45 ¢=2.

Then, we see from the solution of system (3) that

Psp—7 = P_7, Pyp—6 = P, Psp—5 = P_s,
Psp—a = Py, Psp—3 = P_3, Psp—2 = P_g,
Pgp—1 = Py, Py, = Py, Qsn—7=Q-7,
Qsn—6 = @, Qsn—5 = Q—s, Qsn—1 = Q -4,
Qsn—3 = Q—3, Qsn—2 = Q_2, Qsn-1=Q-1,
Qsn = Qo, Rsp—7 = R_7, Rgn—6 = R—g,
Rsp—5 = R_s, Rsp—4 = R_4, Rsp—3 = R_3,
Rgp—2 = R_2, Rsp—1 = R_1, Rsn = Ry,
Sgn—7 = S_7, Ssn—6 = S—6, Ssn—5 = S_s5,
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Ssn—4 = S_a, Sgn—3 = S_3, Ssn—2 = S_2,
Ssn—1 = 95_1, Sgn= = S0.

Thus, we obtain a solution of period eight, and the proof is complete.

Corollary 4. Let {(Py, Qn, Rn, Sn)}22 - be a solution of system (3). Then the following
statements hold:

(1) IfP 7= 0, Qfl 7& 0,R_3 7é 0, S5 7é 0 then we have Py;,,—7 = 0, QSTL*I = (_1)71@717
Rgn—3 = (=1)"R_3, Sgn—5 = (=1)"5_5.

(ii) If P_6 = 07 QO 7é 07 R_2 7é 0, S_4 7é 0 then we have Pgn_ﬁ = 0, an = (—1)”@0,
Rgno = (=1)"R_3, Sgpn—a = (=1)"5_4.

(iii) If P_5 = 0, Q_7 75 0, R_l 75 0, S_g 75 0 then we have Pgn_5 = 0, an_7 = (_1)71@_7’
Rgpn1 = (—1)"R_1, Sgp—3 = (—1)"S_3.

(IV) If P*4 = 05 Q*G 7& 07 RO # 0, 5’72 # 0 then we have P877,74 = O’ Q8n76 = (_1)nQ76;
RS” = (_1)nR07 SBn—2 = (_l)nS_Q.

(V) If P_3 = 0, Q_5 75 0, R_7 75 O, S_l 75 0 then we have Pgn_3 = 0, an_5 = (—1)"Q_5,
Rgn_7 = (—1)”R_7, Sgn_l = (—1)”5_1.

(Vi) IfPo>s=0Q_47#0, R.g#0,Sy#0 then we have Py, o =0, Qgpn_a = (—1)"62_4,
Rsn—6 = (—1)"R_¢, Ssn = (—1)"So.

(Vii) If P_l = 0, Q_g 75 0, R_5 75 0, S_7 75 0 then we have Pgn_l = 0, an_g = (—1)”Q_3,
Rgy 5 = (=1)"R_5, Sgn—7 = (=1)"S_7.

(viii) If Py =0, Q—2 # 0, R_4 # 0, S_¢ # 0 then we have Pg, = 0, Qgp—2 = (—1)"Q_2,
Rgn—4 = (=1)"R_4, Sgn—6 = (—1)"S_¢.

(iX) If Q_7 = 0, P_5 7é 0, R_1 7& 0, 5_3 7& 0 then we have an_7 = O, Pgn_5 = (—1)”P_5,
Rgn—1=(=1)"R_1, Sgpn—3 = (—1)"5_3.

(X) If Q—G = 07 P—4 7é 07 RO 7é 0, S—Q 7é 0 then we have Q8n—6 = 07 P8n—4 = (—1)”]3_47
Rgn = (_1)nR0a Sgn—2 = (_l)nS72.

(xi) TFQ_5 = 0, Py # 0, Ry # 0, S_1 # 0 then we have Qgn_s = 0, Pon_s = (—1)"P_s,
Rgn7=(—1)"R_7, Sgn—1 = (—=1)"S_1.

(xii) Q-4 =0, P2 #0, R_g # 0, Sp # 0 then we have Qg,—4 =0, Ps,—o = (—1)"P_o,
Rgn—6 = (—1)"R_¢, Sgn = (—1)" 5.

(Xiii) If Q_g = 0, P_1 75 0, R_5 7& O, 5_7 7& 0 then we have an_3 = 0, Pgn_l = (—l)np_l,
Rgn—5 = (=1)"R_5, Sgp—7 = (=1)"S_7.
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(XiV) If Q_Q = 0, P() 75 O, R_4 75 0, S_ﬁ 7'5 0 then we have an_g = 0, Pgn = (—1)”P0,
Rgn—4 = (=1)"R_4, Ssn—6 = (—1)"5 .

(XV) If Q_l = O, P_7 7é O, R_3 7é 0, S_5 7& 0 then we have an_l = O7 Pgn_7 = (—1)”P_7,
Rgn—3 = (—1)"R_3, Sgn—5 = (—1)"S_s.

(Xvi) If Qo = 0, P_G 75 O, R_2 75 O, S_4 75 0 then we have an = 0, Pgn_(j = (—1)”]3_6,
Rsp—2 = (=1)"R_g, Sgp—4 = (—=1)"5_4.
(Xvii) If R,7 = 0, P,3 75 0, Q,Lr) 75 0, S,1 7A 0 then we have R8n77 = 0, Pgnfg = (—1)”P73,
Qsn—s = (—1)"Q—5, Ssp—1 = (=1)"5_1.
(XViii) If R_G = O, P_2 7é 0, Q_4 ?é 0, S() 7& 0 then we have Rgn_(j = 0, Pgn_g = (—l)nP_Q,
Qsn-4 = (=1)"Q—-4, Ssn = (=1)"So.
(XiX) IfR 5=0,P 1#0,Q_3#0,5_77# 0 then we have Rg,,_5 =0, Pg,,—1 = (—1)”P_1,
Qsn—3 = (—1)"Q—3, Ssn—7 = (—1)"S5_7.
(XX) If R,4 = 0, P(] 75 O, Q,Q 75 O, 576 75 0 then we have R8n74 = 0, Pgn = (—1)”P0,
Qsn—2 = (—1)"Q—2, Ssn—6 = (—1)"5.
(XXi) If R,3 = 0, P,7 75 0, Qfl 7'5 0, 575 7& 0 then we have Rgnfg = 0, P8n77 = (—1)”P77,
Qsn—1 = (—1)"Q-1, Sgn—5 = (—1)"S_5.
(XXii) If R_2 = 07 P_6 7& 0, Q() 7é 0, S_4 7& 0 then we have Rgn_g = 0, Pgn_ﬁ = (—l)np_ﬁ,
Qsn = (=1)"Qo, Ssn-a = (=1)"S5_4.
(XXiii) If R_1 = 0, P_5 75 O, Q_7 75 0, 5_3 75 0 then we have Rgn_l = O, Pgn_g, = (—1)nP_5,
Qsn—7 = (—1)"Q—7, Ssn—3 = (—1)"S5_3.
(xxiv) If Rp =0, P-4 # 0, Q_g # 0, S_2 # 0 then we have Rg, = 0, Pg,—4 = (—1)"P_4,
Qsn—6 = (—1)"Q—6, Ssn—2 = (—1)"5_2.
(XXV) If S_7 = 0, P_1 7'5 0, Q_g 75 O, R_5 7& 0 then we have Sgn_7 = 0, Pgn_l = (—1)”P_1,
Qsn-3 = (—1)"Q-3, Rgp—5 = (=1)"R_5.
(XXVi) IfS =0 P #0, Qo #0, R4 # 0 then we have Sg,_¢ = 0, Pg,, = (—1)”P0,
Qsgn—2 = (—1)"Q—2, Rgp—4 = (—1)"R_4.
(XXVii) If S_5 == O, P_7 75 0, Q_l 75 0, R_g 75 0 then we have Sgn_5 = 0, Pgn_7 = (—1)”]3_7,
Qsn—1 = (=1)"Q-1, Rgpn—3 = (=1)"R_3.
(xxviii) If S_y =0, P_¢ # 0, Qo # 0, R_3 # 0 then we have Sg,,—4 = 0, Pgp—¢ = (—1)"P_g,
Qsn = (—1)"Qo, Rgp—2 = (—1)"R_2.
(XXiX) If S_g = O, P_5 ;ﬁ 0, Q_7 75 O, R_1 7& 0 then we have Sgn_3 = 0, Pgn_5 = (—1)”P_5,
Qsn-7= (=1)"Q-7, Rgp—1 = (=1)"R_;.
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(XXX) If S_Q = 0, P_4 7& 0, Q_G 7'5 O, R(] 75 0 then we have Sgn_Q = O, Pgn_4 = (—1)”P_4,
QSn_G = (_1)nQ—6) RSn = (_1)nR()

(XXXi) If S,1 == O, P,3 7& 0, Q,5 75 O, R,7 75 0 then we have Sgn,1 = 0, Pgnfg == (*1)”P,3,
Qsn—5 = (—1)"Q—5, Rgn—7 = (—=1)"R_7.

(XXXii) If So =0, Py #0, Q-4 #0, R_g# 0 then we have Ss, =0, Ps,—o = (—1)"P_g,
Qsn—1 = (—1)"Q-4, Rgn—6 = (—1)"R_s.

Proof. The result follows directly from the explicit form of the solution of system (3).

5. Formulation of the Fourth System

This section is devoted to studying the solutions and properties of the following four-
dimensional nonlinear system:

P71

Pn+1 - *1*Qn71Rn73Sn75Pn77 ’
Q _ Qn—7

n+l = _1_Rn715n73pn75Qn77 ?

(4)

R _ Rn—7

ntl = =8, 1 Ph3Qn—sRn—7’
S _ Snf’?

ntl = *1*Pn—lQn—3Rn—5Sn—7 ’

where n € Ny and the initial conditions P_7, ..., Py,Q_7,...,Qo, R_7,..., Ry, S_7, ..., Sy are
arbitrary real numbers such that P_7Q _1R_35_5 # —1, P_¢QoR_25_4# —1,P 5Q_7R_1S_3 #
—1,P_4Q 6RoS—2 # —1,P3Q 5R 751 # —1, P 2Q 4R S0 # —1,P-1Q_3R_5S_7 #

=1, PhQ-2R_45¢ # —1.

Theorem 4. Let {(Py,Qn, Rn,Sn)}o>_7 be a solution of system (4). Then, for every
non-negative integer n, the solution is given by the following closed-form expressions:

Py s — (-1)" P Payg = (=1)" Pg
(P_7Q-1R_3S_5+1)"’ (P_QoR_25_4+1)"

Panos = (=1)"P_5(P_sQ_7R_1S_3+1)",  Pgp_a=(—1)"P_4(P_4Q_¢RoS—2+1)",

Pep—3 (ED" P : Pyp—o = ()" P ;
(P-3Q_s5R_7S_1 +1)" (P-2Q_4R_6So+1)"

Pspo1 = (—1)" Py (P1Q_3R_55_7 + 1)” , Pg, = (—1)” Py (PoQ—2R_4S5_¢ + 1)” ,

Qs (-1)" Q-1 Qs — (—1)" Q-6

(PsQ_7R_1S_3+1)"’ (P_4Q—¢RoS—2+1)"’

Qsns = (—1)"Q5(P3Q s5R 7S 1+1)", Qsna=(-1)"Q 4(P2Q 4R ¢So+1)",
()" Q-3 Qsnn = (-1)"Q_s

(P1Q_3R_5S_7+1)"’ 2T (PiQ-_aR_4S_¢ +1)"

Qsn—1 = (—1)" Q-1 (P—7Q_1R_35_5+1)", Qsn = (—1)" Qo (P-6QoR_2S_4+1)",
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R8n77
Rgpn—5
Rgp—3
Rgn—1
58n77
Ssn—5
Sgn—3

SBn—l

(C1)"R
(P3Q_sR_15_1 + 1)’
(—1)" R_s (P1Q_3R_5S_7 +1)",
(-1)"R_3
(P7Q_1R_3S_5+1)"’
(-1D)"R_1 (P-5Q-7R-1S—3+1)",

Rgn—6 =

RSTL—2 =

(=1)" R
(P-sQ_1R_65 + 1)’

Rgp—a = (—1)" R_4 (PoQ—2R_45_¢ +1)",

(—1)" R
(P-6QoR_2S_4+1)"
Rgn = (—1)" Ry (P-4Q_6RoS_2 +1)",

(=1)"S_7 G (—1)" S—6
(P_1Q_3R_5S_7+1)" 70T (RQ 2R 4S 6+ 1)
(—-1)"S_5(P-7Q_1R_35_5+1)", Sgn—a = (—1)" S_4 (P_¢QoR—25_4 +1)",

(=1)"S_3 G o (=1)" S
(P_sQ_7R_1S_5+1)"’ 2T (PLiQ-gRoS—2 + 1)

(—1)" S_1 (P_3Q_sR_7S_1 + 1)",

S = (—1)" So (P-2Q_4R_s50 + 1)",

Proof. The result is immediate for n = 0. For n > 0, assume by induction that it holds
for n — 1 and that it can be written in the following form:

Pgy—15
Pgy—13

Pgp—11

(- P

(P-7Q-1R_3S_5+1)"""

()" ' Pos (PosQ-7R1S_s+ 1)1
(—)" ' Py

(P_3Q_s5R_7S_1 +1)" "

()" P (P.1Q_ 3R 5S 7 +1)"7!,
()" Q7

(P-5Q-7R1S_3+1)"""

()" ' Qo5 (P3Q_5R_7S_1 +1)" ",
()" Q3

(P-1Q—3R_5S_7+1)" "

(—1)" Q-1 (P-7Q_1R_35_5 + 1)" ",
(-)" 'R

(P_3Q_5R_7S_1 +1)" "

(~1)" ' R_5(P-1Q_3R 58 7+ 1)"",
(-)" ' R_3

(P-7Q_1R_35_5+1)"""

(1" Ry (PosQ—7R_1S_5 + 1)" ",
()" 'S+

(P.1Q_3R_5S_7+1)" "

(—1)" ' S5 (P_7Q_1R_3S_5 + 1)" ",

()" P

(P_6QoR_2S 4+ 1)" "

Pspo12 = (—1)""" Py (P_4Q_6RoS—2 +1)" ",
()" P,

(P2Q-4R_So +1)" "

Psns = (—1)""" Py (R Q—_2R-4S_¢ + 1)" ",
(—1)" "' Qs

(P_4Q_¢RoS—_o +1)" "’

Qsn—12 = (—1)""Q_4 (P-oQ_4R_6So +1)" ",
(-)" ' Qs

(PoQ_2R 48 +1)" 1

Qsn—s = (—1)"' Qo (P_6QoR_2S_4 +1)" ",
(—)" 'R

(PooQ_4R_6So +1)" "

Rgn-12 = (—1)""' R4 (PyQ-2R_4S_6+1)"" ",
(=1)" "Ry

(P_6QoR_28_4+1)" Y

Rsn—s = (—1)" "' Ry (P_4Q—6RoS—2 + 1) ",
(—1)"" S

(PyQ_oR_4S_¢+1)" Y

Ssn—12 = (=1)" ' S_4 (P_6QoR_25_4 + 1)" 1,

Pgy—14 =

Pgp—10 =

Q8n—14 =

Q8n710 =

Rgp_14 =

Rgn—10 =

SBn—14 =
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(_1>n—1 S—3 (_1)71—1 S_2
SSn—ll — n—1° S8n—10 = n—1°
(P_5Q_7R_1S_3+1) (P_4Q_¢RpS_2+1)
Sgno = (1) 1S 1 (P3Q s5R 75 1+1)" ", Ssn-s = (—1)""" Sp (P_2Q_4R S0 +1)" ",

Now, it follows from system (4) that

Pay_ Pgp, 15
" —1 — Q8n—9R8n—-1158n—13Fsn—15
(71)n—1P_7
. (P_7Q_1R_35_5+1)" "
- n— n— _ n_lR,
1 <(_1) 1 Q-1 (P_7Q_1R_3S_5 T 1) 1) ) ((P77Q(—111)%735753-1)n71> .
T n— n— )" lp.
(10" 8 5 (PrQaR 58 5+ 1" ) - (oo )
(=n""'P 4 n
(P_7Q_1R_3S_5+1)" ! _ (_1) P_;
—1-P7Q 1R 3S 5 (P7Q- 1R 35 5+1)"
Ounr — Qsn—15
" —1 — Rgn—958n—11Fsn—-13Qsn—15
()" 'Q_r
B (P_5Q_7R_1S_34+1)"!
B n— n— —nnls_
(DT R P RaS s + 1)")  (Grg e)
-1 _ n— _1\n—1 B
((_1)n P (PosQrR1S-3 +1) 1) ' ((P_sQ(_;zZz_ls?sjrl)"”
(=)™ 'Q_~r n
(PsQ 7R 15 5+1)" 1 _ (=1)" Q-7
—1—-P_5Q_7R_1S_3 (P-sQ_7R_1S_—3+1)"
Reyy» Rgn—15

—1 — S8p—9Psn—11Q8n—13R8n—15
(—1)”71R77
(P_3Q_5R_7S_1+1)"!

o ( %”M Sa(Pa@att sS4+ 1)) (g ). )

n—1 n—1Y ()" 'R_
()" Q-5 (P-3Q—sR_75_1 +1) ) <(P73Q75R7757111)n71)

(71)n—1R_7 "
(P_3Q_s5R_7S_1+1)" ! . (_1) R_7

—1-P3Q_s5R_75_1 (P-3Q_s5R_75_1+1)"
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S8n—15
—1 — Pry—9Q8n—11R8n—1358n—15

58n77 =
(71)71,—15_7
(P_1Q_3R_5S_r+1)"!

no1 (e |
(10" P (Pa@ RS 1+ 1)" 1) - ()

_1 — n—1
_1\n—1 n—1}\ (—=1) S_7
<( 1) R (P_lQ_gR_5S_7 + 1) ) ((P—lQ—SR—5S—7+1)n_1)
(=" 'S_¢
(P1Q sR 58 -+1)" 1 (-1)"S_7

—1-P1Q_3R 557 (P-1Q_sR_55_7+1)"

Similarly, the other relations can also be established. Therefore, by induction, the stated
formulas hold for all n > 0.

Corollary 5. The system (4) admits a periodic solution of period eight if and only if the
following conditions are satisfied:

P 7Q 1R 35 5 =P ¢QoR 25 4 =P 5Q 7R 15 3=P 4Q ¢RoS 2=
P_3Q_sR_75_1 = P_2Q_4R S0 = P_1Q_3R_55_7 = PhyQQ_2R_45_¢ = —2.

In this case, the solution has the following form (see Figure 2)

{P}pr_7={P7,P,P5,Py,P 3, Py, P ,Py,P 7, Pg,P5, P4, P3Py P F,...}

{Qn}zo:77 = {Q—7) Q—67 Q—57 Q—4’ Q—37 Q—Qv Q—lu QD) Q—77 Q—67 Q—E)v Q—4a Q—3) Q—27 Q—lu QO) o
{Rn}%o:_7 = {R—77 R—67 R—51 R—4a R—37 R—27 R—l; RO) R—77 R—67 R—57 R—47 R—3> R—27 R—17 R07 v

{Sntne_7=1{5-7,56,5-5,5-4,5-3,5-2,5-1,50,5-7,5-6,5-5,5-4,5-3,5-2,5-1,50, ... }.

2
}7
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Figure 2: Illustration of a periodic solution of period eight for system (4).

Proof. First, suppose that there exists a solution of period eight
{Pn};o:77 = {P—77P—67P—57P—47P—37P—2aP—17P07P—77P—G,P—57P—47P—37P—27P—17P07' . '}7

{Qn}ntr ={Q-7,Q—6,Q—5,Q—1,Q—3,Q—2,Q—-1,Q0, Q—7,Q—6, Q—5, Q—1,Q—3,Q—2,Q—1,Qo, - . - },
{R3o 7 ={R_7,R6,R_5,R_4,R 3, R 2, R_,Ry,R_7,R_6,R_5,R_4,R_3,R 3, R_1,Rp,...},
{Sntoe_7»={S-7,5-6,5_5,5_4,5-3,5-2,5_1,50,5-7,5-6,5-5,5_4,5_3,5-2,5-1,50, ... }

From the system (4), we see that

P_7 P_G P 5

Pf = ,Pf = ,Pf - — 9
! —1-Q R3S 5P 7 ° —1-QoR2S4P > —1-Q 7R 15 3P;
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Py = 11— Q]:;;OSQPZL Py = -1- Qf]%:Sng P2 = —1- Q]:§650P2’
P = 11— Q5R15S7P1 o = —-1-— Q:D;24S6P0 Q-1 = —-1- R?S73P5Q7’
Q-6 = —1- Rogsz;Qﬁ Qs = -1- R?551P3Q5’Q_4 T ol- R25§P2Q47
L= Q-3 Qo= Q-2 Q= Q-1 ’
—1—R_55_7P_1Q_; —1—R_4S_6PyQ_» —1-R 35 5P 701
@ = -1- R—2Q§—4P—6Q0 R = -1- S_f%P__73Q_5R_7 f-6= -1- SOJRD—_SQ—4R—67
Rs = —1-— S_fp__51Q—3R—5 Ra= —1- S—]:J_D(?Q—QR—zL’R_g T 1 S—5R];—37Q—1R—3’
R = —1- S_f;)i6Q0R—2 f-1= -1- 5—53_—1562—73—1 flo = -1- S_£_4Q_6R0’
S_1 = 1 _ P_fc;j3R_5S_7’ S-6= —1- Pog__(;R_4S_6’S5 T o1 P—iilR—?,S—E»’
S = —-1- Pi@tR254 S = —-1- P5Q373153 52 = o Pi;b‘ROS?,
S_ S
S = —-1- P—3Qi5R—7S—1 S0 = -1- P726374R76S0'
Then

P 7Q 1R 35 5 =P ¢QoR 25 4=P 5Q 7R 15 3=P 4Q ¢RoS 2=
P 3Q 5R 751 =P 2Q 4R ¢Sy = P-1Q 3R 55 7= PQ-2R 45 ¢ = —2.

Second, suppose the converse:

P 7Q 1R 35 5=P ¢QoR 25 4 =P 5Q 7R 15 3=P 4Q ¢RoS 2=
P 3Q sR 7S 1 =P 2Q 4R ¢So =P 1Q 3R 55 7= FPQ 2R 45 ¢=—2.

Then, we see from the solution of system (4) that

Pyp—7 = P17, Pyp—6 = P, Psp—5 = P_s,
Psp—a = Py, Psp—3 = P_3, Psp—2 = P_g,
Pgp—1 = Py, Py, = Py, Qsn-7=Q-7,
Qsn—6 = Q—¢, Qsn—5 = Q—s, Qsn—1 = Q -4,
Qsn—3 = Q—3, Qsn—2 = Q_2, Qsn-1=Q-1,
Qsn = Qo, Rsp—7 = R_7, Rgn—6 = R—g,
Rsp—5 = R_s, Rsp—4 = R_4, Rsp—3 = R_3,
Rgp—2 = R_2, Rsp—1 = R_1, Rsn = Ry,
Sgn—7 = S_7, Ssn—6 = S—6, Ssn—5 = S_s5,
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Ssn—4 = S_a, Sgn—3 = S_3, Ssn—2 = S_2,
Ssn—1 = 95_1, Sgn= = S0.

Thus, we obtain a solution of period eight, and the proof is complete.

Corollary 6. Let {(Py, Qn, Rn, Sn)}22 - be a solution of system (4). Then the following
statements hold:

(1) IfP 7= 0, Qfl 7& 0,R_3 7é 0, S5 7é 0 then we have Py;,,—7 = 0, QSTL*I = (_1)71@717
Rgn—3 = (=1)"R_3, Sgn—5 = (=1)"5_5.

(ii) If P_6 = 07 QO 7é 07 R_2 7é 0, S_4 7é 0 then we have Pgn_ﬁ = 0, an = (—1)”@0,
Rgno = (=1)"R_3, Sgpn—a = (=1)"5_4.

(iii) If P_5 = 0, Q_7 75 0, R_l 75 0, S_g 75 0 then we have Pgn_5 = 0, an_7 = (_1)71@_7’
Rgpn1 = (—1)"R_1, Sgp—3 = (—1)"S_3.

(IV) If P*4 = 05 Q*G 7& 07 RO # 0, 5’72 # 0 then we have P877,74 = O’ Q8n76 = (_1)nQ76;
RS” = (_1)nR07 SBn—2 = (_l)nS_Q.

(V) If P_3 = 0, Q_5 75 0, R_7 75 O, S_l 75 0 then we have Pgn_3 = 0, an_5 = (—1)"Q_5,
Rgn_7 = (—1)”R_7, Sgn_l = (—1)”5_1.

(Vi) IfPo>s=0Q_47#0, R.g#0,Sy#0 then we have Py, o =0, Qgpn_a = (—1)"62_4,
Rsn—6 = (—1)"R_¢, Ssn = (—1)"So.

(Vii) If P_l = 0, Q_g 75 0, R_5 75 0, S_7 75 0 then we have Pgn_l = 0, an_g = (—1)”Q_3,
Rgy 5 = (=1)"R_5, Sgn—7 = (=1)"S_7.

(viii) If Py =0, Q—2 # 0, R_4 # 0, S_¢ # 0 then we have Pg, = 0, Qgp—2 = (—1)"Q_2,
Rgn—4 = (=1)"R_4, Sgn—6 = (—1)"S_¢.

(iX) If Q_7 = 0, P_5 7é 0, R_1 7& 0, 5_3 7& 0 then we have an_7 = O, Pgn_5 = (—1)”P_5,
Rgn—1=(=1)"R_1, Sgpn—3 = (—1)"5_3.

(X) If Q—G = 07 P—4 7é 07 RO 7é 0, S—Q 7é 0 then we have Q8n—6 = 07 P8n—4 = (—1)”]3_47
Rgn = (_1)nR0a Sgn—2 = (_l)nS72.

(xi) TFQ_5 = 0, Py # 0, Ry # 0, S_1 # 0 then we have Qgn_s = 0, Pon_s = (—1)"P_s,
Rgn7=(—1)"R_7, Sgn—1 = (—=1)"S_1.

(xii) Q-4 =0, P2 #0, R_g # 0, Sp # 0 then we have Qg,—4 =0, Ps,—o = (—1)"P_o,
Rgn—6 = (—1)"R_¢, Sgn = (—1)" 5.

(Xiii) If Q_g = 0, P_1 75 0, R_5 7& O, 5_7 7& 0 then we have an_3 = 0, Pgn_l = (—l)np_l,
Rgn—5 = (=1)"R_5, Sgp—7 = (=1)"S_7.
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(XiV) If Q_Q = 0, P() 75 O, R_4 75 0, S_ﬁ 7'5 0 then we have an_g = 0, Pgn = (—1)”P0,
Rgn—4 = (=1)"R_4, Ssn—6 = (—1)"5 .

(XV) If Q_l = O, P_7 7é O, R_3 7é 0, S_5 7& 0 then we have an_l = O7 Pgn_7 = (—1)”P_7,
Rgn—3 = (—1)"R_3, Sgn—5 = (—1)"S_s.

(Xvi) If Qo = 0, P_G 75 O, R_2 75 O, S_4 75 0 then we have an = 0, Pgn_(j = (—1)”]3_6,
Rsp—2 = (=1)"R_g, Sgp—4 = (—=1)"5_4.
(Xvii) If R,7 = 0, P,3 75 0, Q,Lr) 75 0, S,1 7A 0 then we have R8n77 = 0, Pgnfg = (—1)”P73,
Qsn—s = (—1)"Q—5, Ssp—1 = (=1)"5_1.
(XViii) If R_G = O, P_2 7é 0, Q_4 ?é 0, S() 7& 0 then we have Rgn_(j = 0, Pgn_g = (—l)nP_Q,
Qsn-4 = (=1)"Q—-4, Ssn = (=1)"So.
(XiX) IfR 5=0,P 1#0,Q_3#0,5_77# 0 then we have Rg,,_5 =0, Pg,,—1 = (—1)”P_1,
Qsn—3 = (—1)"Q—3, Ssn—7 = (—1)"S5_7.
(XX) If R,4 = 0, P(] 75 O, Q,Q 75 O, 576 75 0 then we have R8n74 = 0, Pgn = (—1)”P0,
Qsn—2 = (—1)"Q—2, Ssn—6 = (—1)"5.
(XXi) If R,3 = 0, P,7 75 0, Qfl 7'5 0, 575 7& 0 then we have Rgnfg = 0, P8n77 = (—1)”P77,
Qsn—1 = (—1)"Q-1, Sgn—5 = (—1)"S_5.
(XXii) If R_2 = 07 P_6 7& 0, Q() 7é 0, S_4 7& 0 then we have Rgn_g = 0, Pgn_ﬁ = (—l)np_ﬁ,
Qsn = (=1)"Qo, Ssn-a = (=1)"S5_4.
(XXiii) If R_1 = 0, P_5 75 O, Q_7 75 0, 5_3 75 0 then we have Rgn_l = O, Pgn_g, = (—1)nP_5,
Qsn—7 = (—1)"Q—7, Ssn—3 = (—1)"S5_3.
(xxiv) If Rp =0, P-4 # 0, Q_g # 0, S_2 # 0 then we have Rg, = 0, Pg,—4 = (—1)"P_4,
Qsn—6 = (—1)"Q—6, Ssn—2 = (—1)"5_2.
(XXV) If S_7 = 0, P_1 7'5 0, Q_g 75 O, R_5 7& 0 then we have Sgn_7 = 0, Pgn_l = (—1)”P_1,
Qsn-3 = (—1)"Q-3, Rgp—5 = (=1)"R_5.
(XXVi) IfS =0 P #0, Qo #0, R4 # 0 then we have Sg,_¢ = 0, Pg,, = (—1)”P0,
Qsgn—2 = (—1)"Q—2, Rgp—4 = (—1)"R_4.
(XXVii) If S_5 == O, P_7 75 0, Q_l 75 0, R_g 75 0 then we have Sgn_5 = 0, Pgn_7 = (—1)”]3_7,
Qsn—1 = (=1)"Q-1, Rgpn—3 = (=1)"R_3.
(xxviii) If S_y =0, P_¢ # 0, Qo # 0, R_3 # 0 then we have Sg,,—4 = 0, Pgp—¢ = (—1)"P_g,
Qsn = (—1)"Qo, Rgp—2 = (—1)"R_2.
(XXiX) If S_g = O, P_5 ;ﬁ 0, Q_7 75 O, R_1 7& 0 then we have Sgn_3 = 0, Pgn_5 = (—1)”P_5,
Qsn-7= (=1)"Q-7, Rgp—1 = (=1)"R_;.
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(XXX) If S_Q = 0, P_4 7& 0, Q_G 7'5 O, R(] 75 0 then we have Sgn_Q = 0, Pgn_4 = (—1)”P_4,
Qsn—6 = (—1)"Q—¢, Rsn = (—1)"Ro.

(XXXi) IfS_1=0,P3#0,Q_5+#0, R_7 # 0 then we have Sg,,_1 =0, Pg,,_3 = (—1)”P_3,
Qsn—s = (—1)"Q—5, Rgpn—7 = (—1)"R_7.

(XXXii) If So = 0, P_g 75 0, Q_4 75 O, R_6 75 0 then we have Sgn = 0, Pgn_g = (—1)”]3_2,
Qsn—1 = (—1)"Q—4, Rgn—6 = (—1)"R_s.

Proof. The result follows directly from the explicit form of the solution of system (4).
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6. Numerical Simulations

The numerical section is used to support and validate the theoretical results obtained
in the previous sections. Through numerical simulations, we illustrate how the solutions
of the systems evolve over time under different initial conditions (see Table 1). The results
also highlight the role of initial conditions in the periodicity and boundedness of the
solutions. In addition, the figures demonstrate the sensitivity of the systems to changes
in the initial conditions. The simulations are carried out using five different sets of initial
conditions, each corresponding to a distinct dynamical behavior.

Table 1: Initial conditions used in the numerical simulations for different cases.

Initial Conditions IC1 IC2 1IC3 1IC4 1IC5

P, 3 03 0 2 -2
Pg 25 05 07 05 05
P_; 2 02 03 3 3
Py 15 01 01 1 1
P_s 05 06 06 4 4
P, 1 19 02 8 -8
P 64 04 04 05 05
Py 41 07 05 1 1
Q_r 1 1 05 2 2
Q6 05 05 03 05 -05
Qs 16 12 02 1/4 1/4
Q4 28 08 08 2 2
Q_s 42 01 07 1 -1
Q_2 57 17 05 8 8
Q-1 33 03 04 05 05
Qo 18 02 01 4 4
R_7 08 08 05 1 -1
R_g 2 02 02 05 05
R_; 15 15 01 05 05
R_4 03 03 03 1/4 -1/4
R_3 42 07 07 6 6
R, 5 11 09 2 2
R 38 08 04 1/3 1/3
Ro 24 12 06 8 8

_ 1 1 01 8 8

_ 38 08 04 1 1

05 05 05 1/3 1/3
25 21 03 05 05

- 4.5 0.3 0.6 1 -1
_ 1.8 0.8 0.1 0.5 0.5
_ 3 0.3 0.2 2 2

N hnhnn
HNC\,»LOWG}\l

19 04 01 1/4 1/4

o
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Figure 3: Solution behavior of systems (1)-(4) corresponding to IC1.
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Figure 4: Solution behavior of systems (1)-(4) corresponding to IC2.
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Figure 6: Solution behavior of systems (1)-(4) corresponding to IC4.
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Figure 7: Solution behavior of systems (2)-(4) corresponding to IC5.

Figures 3 and 4 illustrate the behavior of the solutions under slight variations in the
initial values. The differences in the solution trajectories highlight the sensitivity of the
systems to changes in the initial conditions. Figure 5 presents the behavior of the solutions
when one of the initial values is zero. Figure 6 demonstrates that the third system admits
periodic solutions of period eight when the conditions stated in Corollary 3 are satisfied.
Furthermore, Figure 7 shows that the fourth system exhibits periodic solutions of period
eight provided that the conditions given in Corollary 5 hold.

7. Conclusion

In this paper, we examine the qualitative behavior and derive closed-form solutions
for a four-dimensional eighth-order system of difference equations under four different
cases. The results show that the first system has bounded solutions with non-increasing
subsequences, while the third and fourth systems exhibit periodic solutions of period eight
under certain conditions. The behavior of the solutions is also analyzed when one of
the initial values is zero. Furthermore, numerical simulations confirm and illustrate the
theoretical results.
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