EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
Vol. 5, No. 4, 2012, 492-510
ISSN 1307-5543 — www.ejpam.com

Stringy and Orbiforld Cohomology of Wreath Product Orbifolds

Tomoo Matsumura

Department of Mathematical Sciences, ASARC, KAIST, 291 Daehak-ro Yuseong-gu, Daejeon
305-701, South Korea

Abstract. Let [X/G] be an orbifold which is a global quotient of a compact almost complex manifold
X by a finite group G. Let X, be the symmetric group on n letters. Their semidirect product G" x &,
is called the wreath product of G and it naturally acts on the n-fold product X", yielding the orbifold
[X"/(G"xZ,)]. Let (X", G" X X,,) be the stringy cohomology [7, 10] of the (G" x &, )-space X". We
prove that the space G"-invariants of J#(X",G" X %,)) is isomorphic to the algebra H,,,([X/G]){Z,}
introduced by Lehn and Sorger [14], where H,,,([X/G]) is the Chen-Ruan orbifold cohomology of
[X/G]. We also prove that, if X is a projective surface with trivial canonical class and Y is a crepant
resolution of X /G, then the Hilbert scheme of n points on Y, denoted by Y!"l is a crepant resolu-
tion of X"/(G" x X,). Furthermore, if H*(Y) is isomorphic to H,,,([X/G]) as Frobenius algebras,
then H*(Y[™) is isomorphic to H; , ([X"/(G" x %,)]) as rings. Thus we verify a special case of the
cohomological hyper-Kéhler resolution conjecture due to Ruan [22].
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1. Introduction

The stringy cohomology ¢ (X,G) of an almost complex manifold X with an action of a
finite group G was first introduced by Fantechi-Goéttsche [7] and studied further by Jarvis-
Kaufmann-Kimura [10, 11]. It is a G-Frobenius algebra [23, 12] which is a G-equivariant
generalization of Frobenius algebras and the space of its G-invariants is the Chen-Ruan orb-
ifold cohomology H; , ([X /G]) introduced in [4].

Let # be an orbifold and 7 : Y — W be a hyper-Kéhler resolution of the coarse moduli
space W of #. Ruan’s cohomological hyper-Kéhler resolution conjecture [22] predicts that
the ordinary cohomology ring of Y is isomorphic to the orbifold cohomology ring of # over
C-coefficients. This is a special case of the crepant resolution conjecture of Ruan [22] and
Bryan-Graber [3].
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Among the examples which support the cohomological hyper-Kahler resolution conjecture,
the symmetric product is perhaps the most fascinating. The symmetric group on n-letters, >,
naturally acts on the n-fold product Y" of a manifold Y, yielding the symmetric product orbifold
[Y"/%,]. If Y is a projective surface with trivial canonical class, then the Hilbert scheme of n
points on Y, denoted by Y™, is a hyper-Kéhler resolution of the quotient space Y"/%, [1].
Fantechi and Gottsche [7] showed that the ring of ¥,-invariants of J#(Y", %) is isomorphic
to H*(Y[™) over C. Their proof proceeds by showing that /(Y",%,) is isomorphic to the
algebra H*(X){S,} defined by Lehn and Sorger [14], i.e.

H(Y",2,) EHN(YZ,} = H L ([YY/Z,D) 2 H Yz} = H (v ))

where the last isomorphism is due to [14] (see also [24, 18, 16]).

In this paper, we consider a generalization of the algebra isomorphism on the left-hand
side of the arrow above, namely, replace Y by an orbifold [X/G] and H*(Y) by H}, , ([X/G]).
The symmetric group %, naturally acts on the n-fold product G" and their semidirect product
G" X X, is called the wreath product of G. It naturally acts on the n-fold product X", yielding
the orbifold [X"/(G" X Z,)]. This orbifold is called the wreath product orbifold of a G-space X.
The linear structure of the orbifold cohomology of a wreath product orbifold has been studied
in a sequence of papers by Qin, Wang and Zhou, cf. [18, 25, 26] through a careful analysis of
the fixed point loci. However, one of the goals of this paper is to analyze the multiplication
in stringy cohomology and in Chen-Ruan orbifold cohomology of a wreath product orbifold.
The multiplication in the special case when X = C? and G is a finite subgroup of SL,(C) has
been studied in [6, 19].

The main result of this paper is Theorem 4 which proves that, when X is compact, there
is a canonical X,,-Frobenius algebra isomorphism

AKX, G X 5,) = H (X /GDIZ,)

When G is a trivial group, this isomorphism reduces to the isomorphism defined by Fantechi
and Gottsche [7]. This result means that (X", G" x %) gives a geometric construction
of the second quantization [Definition 8.16, 13] of an orbifold [X/G].

There are two results that play key roles in our proof of the main theorem. One is the
formula (1) proved in [11] for the obstruction bundle of the stringy cohomology. Since their
definition avoids any construction of complex curves, admissible covers, or moduli spaces, it
greatly simplifies the analysis of the obstruction bundle and allows us to write the obstruction
bundle of [X™/(G" x %,,))] in terms of the ones of [X/G] and [X"/X,]. The other result is
Theorem 6.5 of [13] which states that there is a unique product structure on a normalized,
special %, -Frobenius algebra (reviewed in Appendix). Lemma 3 which computes the obstruc-
tion bundle in a certain case using the formula (1) is necessary to apply Theorem 6.5 of [13]
and prove our main theorem. The direct and geometric proof of Theorem 4 in the case of an
abelian group G is also available in [17].

In order to relate our result to Ruan’s conjecture, we prove that, if X/G is an even di-
mensional Gorenstein variety and Y is a crepant resolution of X /G, then the natural map
Y'/%, — X"/(G" % 3%,) is crepant (Theorem 5). This implies that, if Y is a projective sur-
face with the trivial canonical class, then Y[" is a crepant resolution of X"/(G" x ), i.e.
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the composition Y™ — y"/5 — X"/(G" x %) is a crepant resolution (conjectured in
[25, p.20]). Together with Theorem 4 and the result in [14], we obtain a verification of the
cohomological hyper-Kéhler resolution conjecture in a special case: if H*(Y) = H, , ([X/G]),
then

H (X /(G % 2,)]) = Y ([X/GDAZ, o = HA (VS 1 = HA (v ),

When X = C? and G is a finite subgroup of SL,(C), it is proved in a completely different way
[6].

The structure of the rest of the paper is as follows. In Section 2, we review the defini-
tion of a G-Frobenius algebra and show that, if .7 is an (K X L)-Frobenius algebra, then the
K-invariants of .77 form an L-Frobenius algebra. Also we review the construction of stringy
and orbifold cohomology following [11]. In Section 3, we study wreath product orbifolds and
compute the obstruction bundles for the cases that we need to prove the main theorem. In
Section 4, we prove the main theorem. In Section 5, we prove the crepantness of the map
Y"/%, — X"/(G" x ¥,) and apply our main theorem to verify the spacial case of the coho-
mological hyper-Kéhler resolution conjecture. In the Appendix, we review the construction of
Lehn-Sorger’s algebras and the uniqueness theorem of Kaufmann.

Unless otherwise specified, we assume throughout the paper that all groups are finite and
all group actions are left actions. Also, unless otherwise specified, all of the vector spaces are
finite dimensional and over Q, and all coefficient rings for cohomology and K-theory are Q.

2. G-Frobenius Algebras and Semidirect Products

Recall the definition of a G-Frobenius algebra for a group G from [11] Section 3.

Definition 1. Let G be a group. A G-graded G-module (7, p) is a G-graded vector space

H = @gec Hy with the structure of a left G-module by isomorphisms p, : = A such
that p, takes 7 to Hgpe1 for all g,hin G. We denote a vector in 7, by v, for any g € G

Definition 2. A tuple (¢, p,-,1,m) is said to be a G-(equivariant) Frobenius algebra provided
that the following properties hold:

i) (G-graded G-module) (7, p) is a G-graded G-module.
it) (Self-invariance) For all g in G, p, : H; — H; is the identity map.

iii) (Metric) m is a symmetric non-degenerate bilinear form on J s.t. n(v,,vy) = 0 unless
gh=1.

iv) (Associativity) (J¢,-,1) is a unital associative algebra.
v) (G-graded Multiplication) v, - vy, € Hyy, for all g,h € G.
vi) (Braided Commutativity) vg - viy = pg(vy) - v for all g,h € G.

vii) (G-equivariance of the Multiplication) p,(v) - pg(w) = pg(v-w) for all g in G, and all
v,w e .
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viii) (G-invariance of the Metric) n(p,(v), pg(w)) =n(v,w) forall g in G, and all v,w € 7.
ix) (Invariance of the Metric) n(vy - vy, v3) = N(vy, V- v3) for all vi,vy,vs € F.
x) G-invariant Identity) p,(1) =1 for all g in G.

xi) (Trace Axiom) For all a,b in G and v in H, ), if L, denotes the left multiplication by v,
then the following equation is satisfied: Tr (L, © pp) = Tr 5 (pg-1 © Ly)-

Remark 1.

1) The G-Frobenius algebras are introduced in [23, 12]. Definition 2.1.1 of [12] is slightly
more general than the above definition (see ii) and xi)). Our definition is obtained by
setting y, =1 for all g € G.

2) A G-Frobenius algebra when G = {1} is a Frobenius algebra in the usual sense.

3) We can also define a G-Frobenius superalgebra [12 ] by introducing 7./ 27-grading and by
introducing signs in the usual manner, c.f. Section 1.2 of [13].

Definition 3. A G-Frobenius algebra ¢ is said to be Q-graded if each %, comes with a Q-
grading H; = EB,«GQ g and the G-action and the multiplication respect the Q-grading and
the metric m satisfies n(v,w) = 0 unless dega +degb =d > 0, i.e. S has degree d. In this
paper, we assume that all G-Frobenius algebras are Q-graded.

2.1. K-Invariants of a K x L-Frobenius Algebra

Let K and L be groups. Suppose that L acts on K from left where the action of [ € L on

k € K is denoted by k L k7' Let K % L be a semidirect of groups K and L with respect to
this action. We identify K with the normal subgroup K X 1 and hence the left adjoint action
of L on K can be identified with the given action of L on K, namely, we have K =1k e
Ik =kl or lk =k'"L.

Let (47, p,+,1,m) be a (KX L)-Frobenius algebra. Let ny : 57 — ¢ be the averaging map
over K: 1

(V) = o= Y p(¥).
|K| keK

The image 1k (¢) is the space of K-invariants of ., which we denote by .#°X. The direct
sum ()] := ek is @ K-module and so denote its K-invariants also by c%”[ﬁ = (1))
The following theorem is the starting point of this paper.

Theorem 1. If 7 is a (K X L)-Frobenius algebra, then X is an L-Frobenius algebra.

Proof. All of the properties except the self-invariance property and the trace axiom follow
immediately from those properties of .. The self-invariance property of K is that, for all

lel,p;: ,%”[r] - ,%”[r] is the identity map. This is true because of the self-invariance property
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of 7. Indeed, for all kl € K X L, py; restricted to .74, is the identity map so that p; = p;—1
on ;. Let v € 7, then

pink(v) = |K| ZPsz |K| Z PPy = |K| Z PRPIGY = 1 Z prv = ng(v)

k//

For the trace axiom for .#X, we need to show TT%EIK](Lvm °p,) = Tr%ilx](pl;l oL, ), for
1 2
l,l,eLl and v, € ,%”[ﬁ] where m = [l;,1,]. The left-hand side is

Tryen (L, 0p1,) = T (Ly, 0 pzzonK)—wZ T, (L, © 1, © P

= |K| ZTr%iz (Lvm pkzlz |K| ZTﬂzzz(p(kl 1)1° Lvm)
kq,ko ky.ky

where the third equality is obtained by replacing the parameter k'z ' by k, and the fourth
equality follows from the trace axiom for .77. The right-hand side is

Tr ok (pi-10L, )= LZTU% L(p-10Ly, opy)= Z L7 (Pz oL, ),
(iR K] 2270 K]
k,k ky ks
where the second equality follows from the cyclicity of the trace and by replacing the param-

it - . . .
eter k' by k; !, Thus, the trace axiom holds for the K-invariants J#K.

2.2. Stringy and Orbifold Cohomology

We review the definition of the stringy and Chen-Ruan orbifold cohomology, following
[7] and [11]. Let X be a compact almost complex manifold of complex dimension d with
an action p of a finite group G preserving the almost complex structure. Let X818 be the
submanifold of points in X fixed by the subgroup generated by g;,---, g, € G. Then

H(X,G):=PH (x?)

geG

is naturally a G-graded G-module where p, : X h_, xshs™ (x — pgx). The G-equivariant
multiplication requires the class of the obstruction bundle in rational K-theory K(X&") ® Q
[7,11]:

(g, h) = TX®" S TX |yon ® Lglyen ® Fhlysn ® Hgny1lysn. (1)

Here, the class ./, in K(X¢) ® Q is given by

r—1
k
S =P ~Wy (S-bundle) 2)
k=0
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where r is the order of g (i.e. g" =1), and W, ; is the eigenbundle of W, := TX|x, such that
g acts with the eigenvalue exp(27ki/r). Now the multiplication is defined by,

Vg Vp i=Qx I:vg|Xg’h U Vplxen U Cg,h:| > Cgh *= Ctop ('@(g’ h)) (3)

where q : X8 < X&" is the obvious inclusion. The G-equivariance of this multiplication
follows from the G-equivariance of . and %:

Pm-Tmgm=1 = Lg> pr#(mgm ™, mhm™1) = %(g,h). 4
The metric 1 of 7 (X, G) is defined by
N(vg, we-1) 1= J Vg Ut wg-1, and n(vy, wy) = 0if gh # 1 5)
Xe

where ¢ : X8 — X8 ' is the identity map. The orbifold Q-grading is given by
degQ(vg) := |vg| +2age(g), where age(g) :=rk7, (6)

where |v,| is the ordinary degree of the cohomology class v,. The following summarizes the
algebraic structure of (X, G):

Theorem 2 ([7, 10, 11]). (£ (X,G),-, 1,7, p,deg®) is a Q-graded G-Frobenius (super-) alge-
bra of degree 2dimX. It is called the stringy cohomology of G-manifold X.

The G-invariants of the stringy cohomology is isomorphic as a Frobenius algebra to the
orbifold cohomology of Chen-Ruan [4], i.e. J#(X,G)® = H ,([X/G]). Here the metric ne
on H) ,([X/G]) is given by

1
ne(v,w) = En(v,w) for v,w € #(X,G)C. 7

Remark 2. If G = K X L, then we have an action of L on an orbifold [X /K]. For the action of
a group on an orbifold, see [15] or [21] for example. By Theorem 1, we have an L-Frobenius
algebra 7 (X,Kx L)X which should play the role of the stringy cohomology of L-orbifold [X /K].
In general, when L acts on an orbifold %, it should be possible to define its stringy cohomology
(X, L) analogously and to show that it is an L-Frobenius algebra. Then our main result in
this paper should be easily generalized for the symmetric product of a global quotient orbifold
[X/H] where H is a Lie group, namely 7 ([X/H]", %,) = H,,,([X/H]{Z,} with the help of
the explicit formula for the obstruction bundle of [X /H] in [5], or if H is a torus, [2, 9].

Remark 3. In the case of the wreath product orbifold [X"/G" x ¥, ] that we study, the main
result of this paper implies that (X", G" x %)% gives a geometric construction of the second
quantization of an orbifold [X /G] (see [13]).

It is convenient to generalize the formula (3) to the multi-product:
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Lemma 1. Let g1,---,¢, €G, q: Z :=X8":8 — X878 Then

vgl ..... Vgr:q*(vgllzU.-.Uvgrlzuc(gl’-..,gr))’

where

'@(gl,"' ’gr) =TZ®o TXlZ @ygl ® "'@ygr eat7%g1---gr)*1
C(gl" o ’gr) ::Ctop('%(gl,' " ,gr))-

The proof of the associativity of the product in [11] can be easily generalized to the proof
of this lemma (c.f. Proposition 5.3 of [17]).

3. The Wreath Product Orbifold

In this section, we review the wreath product orbifold to fix the notation (cf. Section 1 of
[25]) and then compute the obstruction bundle in certain cases.

Notation 1. The set of conjugacy classes of G is denoted by G. For all a € G, let Z¢(a) be
the centralizer of a in G. The subgroup generated by the subset {ay}y=1 .., of G is denoted by
(ag,+-,a,). For a finite set J, let G’ be the set of maps, Map(J,G) = G| and let g; := g(i)
for ge G’ andieJ. If g€ G, then g € G’ is defined by (3); := §; € G. Let A : G — G’ be
the diagonal map and let AJG := A’(G). The same notation is applied to any set, i.e. if X is a
manifold, then X’ := Map(J,X), x; := x(i) for x € X’ and A“; .= A where A : X — X7 is the
diagonal map.

Definition 4 (Wreath Product and Wreath Product Orbifold). Fix a finite set I of cardinality n
and let 3} be the permutation group of the set I. For all o,T € %}, let I, := I1/{0) be the set of
orbits in I under the action of the subgroup (o) and similarly let 1, . :=1/(0, 7). Let |o| be the
minimum number of transpositions to express o and then |o| =n — |I|.

The natural left action of %; on G! is given by o : g; — go-1(py forall o € £y and g € GL.
The semidirect product G' x %; is called the wreath product of G. Let X be a compact almost
complex manifold with a left action p of G. There is a natural left action of the wreath product
G! x%; on X!, which we also denote by p. Namely, for go € G x 3}, Pgo(X) € X! is defined by

(pga(x))i = pgi(xa’l(i))-
Thus, we have an orbifold [X!/G' x ;] which we call the wreath product orbifold associated
to [X/G].
Definition 5 (Cycle product). For each a € I, choose a representative i, € a. For each o € %,
define a map 09 : G! — Glo (g — an) where
(Gg")a = ga\a\—l(ia)go.lalfz(ia) s gO'O(ia)’ Vae Ia. (8)

Gg" is a cycle product of g with respect to o. The map 8¢ depends on the choice of repre-
sentatives {i,}, but if we choose different representatives, then each (Ggg)a is conjugated by some

element in G. Hence 9;‘7 € Glo is independent of the choice of representatives {i,}.
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Now we compute the orbits of the action of G! by conjugation on G x ;.
Proposition 1. Choose a representative i, in a for each a € I,. For go € G! x X, let
g:= an € Glo. The orbit of go under the action of G! by conjugation is given by

0’90::{g’a€G10| G_g‘fzg}. 9

Proof. Define €, € G! by (€4)i := gq if i = i, for some a € I, and otherwise (€,); = 1. Then

it is easy to check (1/;)_1 -go - vg" = €,0 where vg" is given by
(Vg Jom(iy) = 8om(iy)8om-1(1,) "+ 8oo(,)» M =0,--+,lal —1. (10)
Therefore go and €,0 are in the same orbit. On the other hand, for g, g in Glo, f € G!
satisfies e,0 = f “'eyof if and only if f € l_[aela A¢ and g, = fl.a_lgilfia. Thus, go and g'c

are in the same orbit if and only if 9;" = 9;3.

Remark 4. From the above proof, it is clear that Z¢i(€,0) = l_[aela A;’G(ga)'
Lemma 2 ([Lemma 4 and 5, 25]). For go € G! x X}, we have (X!)¢° = Pro (]_[aa,(r A;’(%)
where g := an_

Proof. When go = €,0, it follows from [Lemma 4, 25]. In general, it follows from the

definition (10) of v/. Indeed, (X")$7 = COYAA R Pug ((XI)EB").

3.1. The Obstruction Bundle of the Wreath Product Orbifold

Now we will compute the obstruction bundle of the wreath product orbifold in certain
cases. Theorem 3 is crucial because it roughly says that the S-bundles for the wreath product
[X!/G!x%;] can be written in terms of the S-bundles of [X/G] and [X!/%;]. We use Lemma 3
in the proof of our main theorem, in particular, in the proof of Proposition 3.

Theorem 3. Let o € X;, g € Glo. Let €4 € G! be the element defined in the proof of Proposition 1.

We have a1
a —_—
S oo = l_[ (A* (yga ®— TX|X9,1D

a€l,

where ./, € K(X%) is the S-bundle with respect to the action of G on X and A® : X% = A%, .

Proof. Without loss of generality, we can assume I = {1,---,n} and o = (12---n). Let
€g=10(9,1,---,1)€ G!. Let p be the natural left action of 3; on V := C" so that
po(€;) = es-1(j) where {e,---,e,} is the standard basis of V. As a (¢, 0)-equivariant vector
bundle, TXI|(X1)ega can be identified to (T Ax®V)|a,, - Explicitly, €0 acts on u®v € T,Ax®V
as pegg(u ®V)=pu®vie, + Z;lzz u®v;e;_; where v= Zj vje;. Let r be the order of g € G

and let TAx|a,, = lr;ol U, be the eigenbundle decomposition of the diagonal action of g
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2mil

where the eigenvalue on Uj is e“™'r. On the other hand, the eigenvalues of the action of o on

kY

V are e*™n k 0,---,n —1 and the corresponding eigenvectors are v; := Z;‘:l (ez’“H) e;.
NN ANV

Foreach [ =0,---,r — 1, define v; ; = Z?:l (ezm(ﬁﬁ)) e; and then {v;;,k=0,---,n—1}

forms a basis of V. Thus we have the following decomposition

n—1

TX! | x1ye0 = EP (EB U ® Vi Z) (11)

k=0

where Vj ; is the 1-dimensional subspace spanned by v; ;. This turns out to be the eigenbundle

A1 k
decomposition of the action of €;0° where the eigenvalue of U; ® Vi ; is 2 (5 te), Indeed, if
WV €EUI®Vy,

(L ik J
Pe, o ®viy) = 2+ )(2’“ )ul®e +Z( 2mi( oty ) u®e_

n .
1k L Z (L k)L
= eznl(rn+n) (627'[1’_)111 ®en+ (62ﬂl(rn+n)) ul ®ej_]-
j=2

2ﬂl(rn n) ul ®Vkl

Thus we have

n—1r-1 r—1 n— 1
l l ~1
= ( )U1®V P-ve TAX|AXg = (5/ & — TXlxg)
r 2
k=0 1=0 =0 k= 0

where the second equality follows from forgetting the group action and identifying V; ; with
C.

Corollary 1. Theorem 3 leads to the following formula obtained in [26] through the direct
calculation:

dimqX - |o|
age(g0) =1k, , = ————+ )  age(g,)

2 a€l,

where age(g,) is the age of g, with respect to the action G on X.

We need the following lemma to compute the action of the untwisted sector of
1
H(X G xz)C.

Lemma 3. For every h € G! and g € Glo, let Z, := X914 for a € I, then

Ot = A% and 2(h,e,0) = | | A% hg1-1; 0 hoog). 80)

a€l, a€ly
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Proof. The first statement follows immediately from Lemma 2. For the second claim, with-
out loss of generality we can assume that I = {1,---,n}, 0 =(12---n) and €; = (g, 1,---, 1).

Since (hega)_1 =(h;!,--- ,h;l,g_lhfl)a_l, we have m - (hegcr)_1 m = e(hn~~~h2hlg)—10_1

for some m € (hy,--- ,h,,g)’. Now compute

n—1
R(h,e0) =TA, O TX |5, @A, (H |, 0 @ H 1) ® A, (5@2 ® TTXlz)

n—1
@ P, A (y(hn...hzhlg)l |z ® TTle)
where Z := X&ht Since m; fixes Z, Pmla, =id and therefore

%(h,ego) =A* (TZ@ TXlZ @yh1|z ®"'®yhn|2 @yg|z eacsﬁ(hn---hzhlg)—llz)
ZA*%(th' o ,h1,9)~

The next lemma is only related to Proposition 4.

Lemma 4. Let 0 € X and let T = (ij) be a transposition. Suppose that o, T are transversal, i.e.
lo|+|t|=|ot|andleti €a and j € b for a,b € I,. Then

ehrnehee = | T ag | xpy (A30)
cel;\{a,b}

where g’ € G*? is given by g/ = g; if L€ a and g] = g; if | € b. Moreover, tk%(c,gtg ') =0
and so c(o,grg 1) =1

Proof. The first statement is straightforward. Without loss of generality, we can assume
that I, , = {I}. Also we can assume that g = g’, since g7g~! = g’7(g")"". Since
gog ! = o, we have Z(o,gtg™!) = pg+%#(0, 7). However, from Corollary 1 we can com-
pute that tk%Z (o, 1) = 0 and thus c¢(o, gTg ™ )=1.

Remark 5. If G is abelian, the general computation of the obstruction bundle is available in

[17].

4. Lehn-Sorger’s Algebras and G'-Invariants of Stringy Cohomology

In this section, we prove our main theorem. Since our G-Frobenius algebras are special
G-Frobenius algebras, we can use the structure theorems in [12] and [13]. For the summary
of definitions and theorems, please see the appendix. Let #(X!,G! x X;) be the stringy
cohomology of the (G! x X;)-space X! reviewed in Section 2.2 and let H;  ([X/GD{x;} be
the Lehn-Sorger algebra associated to H), , ([X/G]) reviewed in Section 5. By Proposition 1,
the Gl-invariants of JZ(X!,G! x %)) is

GI

A&, 15N = D D Ao, Ho=| D HEP)

0€X geGlo goE0,0
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On the other hand, the Lehn-Sorger algebra associated to H), , ([X/G]) is
Glo
H: (X /GDIE} = D D Fhoo  Fpo = | DH(X'))
0€X geGlo o'€p

Proposition 2. There is a canonical isomorphism of graded % ;-graded %;-modules which pre-

serves the metric: - .
& H,, (X /GD{Z} — (X!, Gz

Proof. Choose {i, € a},¢; . Consider the following isomorphisms:

HA(X')) % O xo L= Y ppu(x);
feGlo

H*((X1)¢a9)%et (€59) H gy Ve Fyi= Z Pr«(V).
feG!

From Lemma 2 and Remark 4, we also have %1, (g) = naezo Z:(94) = Zzi(e40) and
(X7)0 = [Toey, X% = (X)7s7, which imply

H*((XI" )g)?fda (9) ~ H*((XI)EQU)Q'ZGI(EQU)

where (x — A,). Define ® by ®(L,) := F,_. Because of the summations over Gl and G, ®
is independent of the choices we made. The X;-equivariance is clear from the commutative

diagram
g a
l_[aelaX ¢ l—[aezg Axea

;l x|

S 7(a)
l—IT(a)EIrcm_l X ~ l_[T(a)GIT(T‘L'_l AXf‘ﬁ:(a)

1R

It follows from Eq. (13), Corollary 1 and Eq. (6) that ® preserves the QQ-grading.

Since the component of JZ(X!, G x ZI)GI graded by the identity permutation (the un-
s
twisted sector) is exactly the Frobenius algebra H*(X!, G! )G = H ([X/ G))®!, this yields the
following proposition.

Proposition 3. The isomorphism @ is an isomorphism as H;, , ([X/G] )®I-modules. In particular,

H(XLG xxn I)GI is a special .;-Frobenius algebra. Furthermore, ® preserves the metric.
Proof. We will show that the actions of H;  ([X/ GD! on 5 - and on JZ , are identified

by ®. Without loss of generality, we can assume I = {1,---,n} and ¢ = (12---n). Let

Xg € H*(X8)%®) for every g € G and let Lxg = D e pe(x,) € Az » and

<I>(Lxg) = ec pk(Axg) € G ». We need to show that the Lehn-Sorger product

Prs = Z pf,(xp ) ® -+ ® py (xp,) '(ZPE(Xg))

f1 . fn€G teG
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corresponds via ® to the stringy product
Por = Z P, )® - ® pg (xp,) | - (Z pk(Axg)) .
fl:"':fHEG keG!

Let Z :=Xg’flhlfl_l""’f”h”f;l, q:Z s XFuhufy ! filufig and Ag:Az—=A Then

P, is computed as follows.

scfuhnfy o fib e

Prs = Z (pf1(xh1) ..... an(xhn) . pé(xg)) = ZPE Z (pfn(xhn) ..... pfl(xhl) . Xg)

S fniteG teG fr.fa€G

:ZPP Z q. (pfn(xhn)|ZU"'Upfl(xh1)|ZUXg|ZUc(fnhnfn_l"" ,flhlfl_l’g))

teG fl:“';fneG

where the first equality follows from the definition and the fact that gd(1,0) = 0, the sec-
ond equality follows by the G-equivariance and the commutativity of the multiplication in
#°(X,G)® and replacing €' f; by f; and the third equality follows from Lemma 1. On the
other hand, Py is computed as follows.

Poe=>.pk| Y. (pnlan)®®pp(x)) Ay

keG! f1.fn€G

=2 0| 2 Ba(pnla) @ ®py(x,)

keG! fr,fn€G

Ay U Axg|AZ u A*C(fnhnfn_la' o Jf1h1f1_1) g)

where the second equality follows from Lemma 3. Now it is clear that ®(P;g) = Pgy.

Since the metric of a special G-Frobenius algebra is completely determined by the Frobe-
nius algebra structure on the untwisted sector and its action (see [Theorem 4.1, 12] or Ap-
pendix), the isomorphism also preserves the metric.

So far, we have proved that @ is a G-equivariant isomorphism of special X;-reconstruction
data. Thus, by Theorem 4.1 of [12], if the associated graded cocycles coincide, then ® is a
G-Frobenius algebra isomorphism. From Theorem 6.5 of [13] and the fact that the graded
cocycle of a Lehn-Sorger’s algebra is normalized [13, p.77,], it suffices to show:

Proposition 4. Let 1, be the identity of the Frobenius algebra H,,,([X/G])®/>. The graded
I

cocycle defined by the special %;-Frobenius algebra structure on H(X', G! x %,)¢ with the cyclic

generators {®(1,)} is normalized.

Proof. The graded cocycle y is defined by ®(1,)-®(1;) = y4 . ®(1,;). If 1, is the identity
element of the ordinary cohomology ring H*((X1)?), then

1
®(1,) = Gl | Z pr(15).

feG!
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Let 0,7 be transversal and || = 1. Without loss of generality, we can assume I, . = {I} and
therefore, let T = (ij) and I, = {a, b} where i € a and j € b. We compute

GI|pr(U) : GI|Zpg fr)

q)(lo') : <I>(1T) =

feG! geG!
|G||I |+|I | Z P Z lg- pg(l )
feG! geG!

"
|G|"+12pf G- Y 1,0p,(10)

reet | £€6!/ (T, A%)

|G|n—1 (

=|G|—n+1 Z Py Z pg(la'lr)

feG \ gealxal/ag

|G| Z Py (10"1') q)(lar)

feG!

where the fourth equality follows from G’/ (ncelf Acc) ALXAL/Ag and the G -equivariance

of the stringy product. The last equality follows from 1, -1, = 1, which holds because of
transversality. Thus y, . = 1.

Theorem 4. The canonical isomorphism ® is an isomorphism of X;-Frobenius algebras.

Proof. Since the Lehn-Sorger algebra is always normalized (see Appendix), Propositions 2,
3 and 4 imply that & is an isomorphism of normalized special %;-reconstruction data. There-
fore by Theorem 4.1 of [12] and Theorem 6.5 of [13], we can conclude that ® preserves the
>;-Frobenius algebra structures.

5. Hilbert Schemes and Wreath Products Orbifolds

In this section, we will relate the wreath product orbifold associated to a G-variety X to
the Hilbert scheme of n-points on Y when Y is a crepant resolution of X /G. Throughout the
section, all vector spaces are over C and we will work in the algebraic category.

Definition 6. Let W be a normal variety over C and let £ be a rank 1, torsion free, coherent
sheaf of Oy,-module over W. & is called divisorial [20] if and only if any torsion free coherent
sheaf of Oy,-module, #, such that ¥ C ./ and Supp(.# |£) has codimension > 2, coincides
with £.

Remark 6. Let .Z be divisorial. If W° C W is a non-singular open subvariety such that W\W°
has codimension > 2, then .£|yo is invertible and ¥ = j.(ZL|x0) [20], where j : WO — W
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denotes the canonical inclusion. Let Ky, be the canonical divisor of W. By Proposition (7) in
[20], the canonical sheaf wy, := O(Ky, ) of W is divisorial. Hence, we have wy, = j,wyo since

wwlwo == COWo.

Definition 7. Let W and Y be normal varieties. A birational morphism © : Y — W is crepant
if wy = n*wy. A normal variety W is Gorenstein if and only if all of the local rings are
Cohen-Macaulay and Ky, is Cartier.

Lemma 5. Let W and Y be Gorenstein varieties. If m : Y — W is birational, then ©*Ky is
divisorial.

Proof. Let dimW = dimY = n. Since Ky, is Cartier, 7*Ky, is also Cartier. Hence, 7, wy,
is torsion-free and of rank 1. Let .# be a torsion-free sheaf such that 7*wy, C .# and the
dimension of Supp .# /¥ wyy, is at most n—2. Let L := Ky —7*Kyy,. L is Cartier and . := O/(L)
is an invertible sheaf. It follows that T*wy ® £ = wy C # ® £ and
dim(Supp((AZ ® L)/ wy)) < dim(Supp .4 /7*wy) < n—2. Since H" (A4 ® L)/ wy) =0,
we have H'(/#Z @ ) = H"(wy) = C by Serre duality. Hence, there exists an element in
Hom(.#Z ® £, wy) which gives a splitting of the short exact sequence
0> wy > HMQYL — (MRQL)wy — 0. However, since .# ® £ is torsion-free,

(A ® L) wy =0.

Theorem 5. Let W and Y be normal varieties with dimension > 2. Suppose that W\W?° has
codimension > 2 and that Y"/%,, and W" /X%, are Gorenstein. If m : Y — W is a crepant
resolution, then the induced map 7 : Y" /%, — W™ /X, is crepant.

Proof. The smooth locus of W"/%,, is equal to (W™\A},)/ X, where A}, is the set of points
in W" with non-trivial isotropy. Let 2y := ﬂ:_l(A;V). Let T : Y"\9y — W™\ Aj, be the map
*" restricted to Y™\ %y. Since 7" : Y™ — W" is crepant, Ky» = (1*")*Kyy». Consider the

commutative diagram
Y" — Y"\9y

ﬂ:Xﬂ j{ ﬁ:l
W —— WM\A;,
where the horizontal arrows are the obvious inclusions. We have
Kyn\g, = Kynlyng, = ((ﬂxn)*Kwn) lyma, = ﬁ*(KW"|W"\A;V) = T_f*KW"\A;V- (12)

Consider the following commutative diagram

YN\2y —— (Y"\2y)/Z,

| y

/

WAL, —— (W\AS)/Z,
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where q and q’ are the canonical projections. Since the actions of £; on Y"\2y and W™\ A},
are free, Equation (12) implies that Kyn\ g, /5, = &""Kyn\ as)/x,- Hence

Kynss,lemayyz, = (B Kwnys, ) lomay )z, -

Since both Kyn 5, and #t*Kyn )5, are divisorial (Remark 6, Lemma 5), we obtain
Kyn/zn = /ﬁ:*KW”/Zn'

Remark 7. For a non-singular variety X with an action of a finite group G, the variety X /G is
Gorenstein if and only if the age of a on any connected component is an integer for all a € G.
See Remark (3.2) in [20]. If dimX is even and X /G is Gorenstein, by Corollary 1, X"/G" x &,
is Gorenstein. In particular, for a non-singular variety Y with even (complex) dimension, the age
of the symmetric product Y" /%, is always an integer so that Y" /%, is Gorenstein.

If Y is a smooth projective surface, then the Hilbert-Chow morphism Y[ — y"/5 is a
resolution of singularities [8], which is also crepant [1]. Hence, together with Theorem 5 and
Remark 7, we obtain the following statement conjectured on p.20 of [25]:

Corollary 2. Let X be a smooth projective surface with an action of a finite group G. Suppose
that X /G is Gorenstein. If w : Y — X /G is a crepant resolution, then Yl — W"/% is a crepant
resolution.

Together with Theorem 4, we obtain the following result.

Theorem 6. Let Y be a smooth projective surface with trivial canonical class. Let X be a smooth
projective surface with an action of G such that X /G is Gorenstein. Suppose that t:Y — X /G is
a crepant resolution and that H*(Y) £ H, , ([X/G]) as Frobenius algebras, then vy x5,

is a hyper-Kdhler resolution and H () is isomorphic as a ring to H, , ([X"/G" X X, ]).

Proof We have s(Y",%,) = H*(Y){Z,} = H,, ([X/GD{Z,} = A (X",G"x %) where
the first equality is due to [7] and the third is Theorem 4. Since H*(Y ") = H*(Y){x,}
[14], we obtain the theorem by taking ¥, -invariants everywhere in the above equality.

Theorem 6 is a special case of the following conjecture due to Ruan [22].

Conjecture 1 (Cohomological hyper-Kéhler resolution conjecture). Suppose that Y — X be a
hyper-Kdhler resolution of the coarse moduli space X of an orbifold & . The ordinary cohomology
ring H*(Y) of Y is isomorphic to the Chen-Ruan orbifold cohomology ring H; (%) of Z.

Remark 8. The conjecture in the special case of wreath product orbifolds has been verified when
X = C? and G is a finite subgroup of SL,(C) in [6]. In particular, an explicit ring isomorphism
between H*(Y™) and H; ,([X"/G" x %,]) has been established when X = C? and G is a finite
cyclic subgroup of SL,(C) by using Fock space methods in [19].

Remark 9. In Theorem 6, the claim still holds if we replace the ordinary cohomology and orbifold
cohomology by ordinary K-theory and orbifold K-theory respectively by the results in [10].
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Appendix

Special X,-Frobenius Algebras

In this section, we recall definitions and results about special G-Frobenius algebras from
[12, 13] and the construction of Lehn-Sorger’s algebras [14].

Definition 8 ([Definition 4.1 and 4.2, 12]). A special G-Frobenius algebra (7, p,-,{14},7)
is a G-Frobenius algebra (7, p,-,1,,m) with the choice of 1, € J#; such that J#; = ;- 1,
and g(1) = Qg plepg—1 for some @, € K*. Let 1, @ H#; —> S, be given by a — a - 1, and
let |, := kerg. Let i, be a section of r,. A special G-reconstruction datum is a collection of
Frobenius algebras (g, ,Mg,14),8 € G with an action p of G on J; and cyclic #;-algebra
structures on (g, -, 1,) such that #; and ;-1 are isomorphic as ;-algebras and

n(pg(a), pg(b)) =nl(a, b).

Lemma 6 ([Proposition 4.1, 12]). A special G-Frobenius algebra (¢, p,-,{1,},7n) defines a
special G-reconstruction datum {(J;,,M,,1,), g € G, p}. The structure of a Frobenius algebra
in Ay is given by a, - by :=1ig(ag) i,(by) -1, and ng(ag, by) :=n(ig(ag)ls,ig(bg)1e-1).

Definition 9 ([Definition 4.3 and 4.4, 12]). Let {(J;, 5, M,,1,),8& € G,p} be a special G-
reconstruction datum. A graded cocycle is a map v : G x G — JZ, (g,h) — yg such
that Yo nYenk = Yghk¥nk mod lgne. A graded cocycle y is compatible with the special G-

reconstruction datum if (I + Iy)y,n C lgn (section independence), y, ,-1 = F4(1,) (metric

compatibility) and vy, = 1, mod |, where nug tag = mgla,, )and fy = (ng)_l o r; o nug. We

identify two cocycle y and Y if yo = y;,h mod |gp.

A non-abelian cocycle is a map ¢ : G x G — k™ satisfying popi = @g pxn-1¥Pni and

Qe g = Pge = 1. A graded cocycle y and a non-abelian cocycle ¢ form a compatible pair if
PohY ghg-1g =Yg .h AN Pk e i nY kgk—1 khk—1 = Pr(T g, 1) Pk, gh-
Theorem 7 (Reconstruction Theorem [Theorem 4.1, 12]). Let {(J7;,4,M,,15),8 € G, p} be
a special G-reconstruction datum. Then the structures of special G-Frobenius algebras inducing
the given reconstruction datum correspond bijectively to compatible pairs of a non-abelian cocycle
¢ and a section independent cocycle y compatible with the given special G-reconstruction datum,
such that ¢, , =1 and Tr%(LC 0 pp) =Try(pg-10 L) for any ¢ € Hfy -

Remark 10. Given ¢, j, and v, , the multiplication on 7 = @,.7¢; is given by

Ag - by :=rgp(ig(ag) - in(bp) ¢ Y4 1), the action p, on 74 is defined by

¢g(bp) :=T1gng-1(0g nog(in(by))), and the metric is defined by

n(ag, bg-1) :=m,(ig(ag) ¢ ig-1(bg-1) . 14 4-1, 1) and n.(ag, by) = 0 if gh # e. Those definition
is independent from the choice of sections i, because of the section independence of y. On the
other hand, given a G-Frobenius algebra, y and ¢ are defined by 1,1, = yg - 1o (Yo € H22)
and (pg(]-h) = (pg,h]-ghg_1 ((pg,h e k).

Definition 10 (Normality). Let I be a finite set of cardinality |I| = n. Consider a special ¥;-
Frobenius algebra (¢, p,+,{1,},n). Two permutations o, T € % are transversal if

|o|+ |t| = |oT|. The graded cocycle y induced by a special X:;-Frobenius algebra is normalized
if Yoo = 1, for all transversal pair o, © with |t| =1 [Definition 6.4, 13].
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Theorem 8 ([Theorem 6.5, 13]). If y is normalized, then y is completely determined by
Ve =1 (1) with |t| =1

Lehn-Sorger’s Algebras

Let (A,-,1,m) be a commutative graded Frobenius algebra of degree 2d. If J is a finite set,
then the tensor product A®’ over J is naturally a commutative graded Frobenius algebra. If
¢ :J; > J, is a surjective map between finite sets, then there is an induced homomorphism

¢, : A%t - A® defined by Qics, @i — Qje, (l_[¢(i):j al-). By using the metric, we can
identify a Frobenius algebra with its vector space dual, and thus we also have an induced map
¢>«< . A®J2 N A®J1.
Let I be a finite set of cardinality |I| = n. The underlying vector space for the Lehn-Sorger’s
algebra associated to A is
A{z} = P A%l

(SN

where I is the set of orbits in I by the action of the subgroup (o) generated by o. There is
an obvious X;-graded X;-module structure. The QQ-grading is given by

dega, :=la,|+d-|o|, a, €A% (13)

where |a,| is the degree in A®/s and |o| is the minimum transpositions to express o.

The Euler class ¢ of a Frobenius algebra A is defined as the image of 1 under the map
A — A ® A — A where the first map is the comultiplication and the second map is the
multiplication. The graph defect gd(o,7) : I, , — Z> is defined by

gd(o, 7). = %(ICI +2—|c/(a) =le/() =lc/a7]).

Using these, the Lehn-Sorger’s product is defined by

g * br = f* fo‘*ao' 'ffr*b*r ) ® egd(a,'r)c

c€l; ¢

where f; 11, » I, fr 11 » 1, . and f : 1, > I, .. Note that, if o, T are transversal, then
it is straightforward computation to see that gd(o, T) = 0. Thus it is also easy to see that the
induced graded cocycle y is normalized.

Theorem 9 ([14, 13]). A{X;} is a graded special %;-Frobenius algebra and its graded cocycle y
is normalized.



