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1. Introduction

Let R be an associative ring and G be a semigroup. Recall that R is called G-graded
if there is an additive subgroup R, of R, for each g € G, such that R = @ gec By and the
inclusion property RyR;, C Ry, is satisfied for all g,h € G.

Semigroup graded rings and modules as well as a lot of their properties were investi-
gated by many mathematicians, see for example [1], [7], [10], [11], [12], [13] and [15].

The construction of group graded rings and their modules were deeply studied by Dade
in [6] that enriched and extended the concept of the classical stable Clifford theory.

The work of Dade was an initial source for many researchers who were interested in
the field of group graded rings and their modules, see for exampl [5], [8] and [9].

In [4], Beggs form a set & of left coset representatives for the left action of a subgroup
H on a group X and defined a binary operation on & which has a left identity and the
right division property. This binary operation is not associative, but the associativity can
be obtained by a ”"cocycle” f:® x & — H.

In [2], a new concept named the weak graded rings and modules were introduced. In
more details, a graded ring R were constructed using a set & of left coset representatives
and some results were proved in the new setting. In addition, some properties of these
graded rings and their modules were derived.

In this paper, some properties of weak graded rings, that are rings graded by a set &
of coset representatives for the left action of a subgroup H on a group X, are investigated.
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Moreover a graded rings by using the product H x & are also discussed. A detailed
example is given.

Throughout this paper, for the sake of simplicity, it is assumed that all rings are
associative, commutative and with unities, although for many results associative rings are
only required.

2. Preliminaries

In this section some definitions and required results from [4] are presented.

Definition 1. For a group X and a subgroup H, we call & C X a set of left coset
representatives if for every x € X there is a unique s € & such that x € Hs. The
decomposition x = us for u € H and s € & is called the unique factorization of x.

In what follows, it will be assumed that & C X is a fixed set of left coset representatives
for the subgroup H C X. Also, the identity in X will be denoted by e.

Definition 2. For elements s,t € & we define f(s,t) € H and s+t € & by the unique
factorization st = f(s,t)(s *t) in X, where f is the cocycle map. Also, the functions
>:G&x H — H and<: 8 x H — & are also defined by the unique factorization su =
(spu)(s<u) for s,s<u € & and u,s>u € H.

It was proved that the binary operation * on & has a unique left identity eg € & and
also has the right division property which means that, there is a unique solution p € &
satisfies the equation p * s = ¢ for all s,t € &. It is noted that if e € & then eg = e is also
a right identity.

Proposition 1. For s,t,p € & and u,v € H, the following identities between (&, *) and
f hold:
s> (t>u) = f(s,t)((sxt)>u)f(s< (tDu),tdu)fl

(sxt)qu= (s<(t>u)) *(t<u)
spuv = (s>u)((s<au)>v)
s<Auv = (s<u) <o
PP ) f(p+5,8) = (p5 F(5,1) £ (pa F(s:1), 5+ )
(paf(s.0) % (s41) = (prs) s .

Proposition 2. Fort € & and v € H, the following identities between (&,x*) and f hold:

es U = €eg, e@DU:e@vegl, t>e=e, t<e=t,

fles,t) = eg, tbegl = f(t<leg1,eq5)_1, (tdegl) *xep = L.
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3. &-weak Graded Rings

Definition 3. [2] Let X be a group, H be a subgroup of X and (&, x) be a fized set of left
coset representatives for the subgroup H with the binary operation = which is defined as in
2. A ring R is called a &-weak graded ring if

R={PR, (1)
seB

and

R.R; C Ryst for all s,t € &, (2)
where Rs is an additive subgroup for each s € &. If (2) is replaced by

RsR; = Ryt for all s,t € &, (3)
then R is called a fully (or strongly) &-weak graded ring.

It can be noted that any ring R can be put into a &-weak graded ring by placing
R = R., and R, =0 for all e # s € & which is called the trivial &-weak graded ring.

Example 1. Consider the Morita ring

T:{<r 17;) :reR,meM,nENandseS},

n
with a Morita contex (R, S, RMg, sNr, ¢, p) where the bimodule homomorphisms
¢o: M®s N — R

p:NprM — S

satisfy (mn)m’ = m(nm') as ¢(m,n) = mn and p(n,m) = nm, i.e. ¢p(m @ n)m' =
me(n @ m') and p(n @ m)n’ = ne(m @ n') for all mym’ € M and n,n’ € N. It is
well known that T with the usual matrix addition and multiplication forms a ring. Now
R M
N S
X = Zy X Zg under addition with the additive subgroup H = {(0,0),(1,0)} of X. Take
the set of left coset representatives to be & = {(1,0),(0,1),(1,2)}. Then the x and f
operations as well as the actions <,> are given by the following tables:

to put the Morita ring T = ) ito a weak graded ring we consider the group

Table 1: * and f operations.

« | (1,00 (0,1) (1,2) S (@10 (0,1 (1,2
(1,0) (1,0) (0,1) (1,2) (1,0) (1,0) (1,0) (1,0)
(0,1) (0,1) (1,2) (1,0) (0,1) (1,0) (1,0) (0,0)
(1,2) (1,2) (1,0) (0,1) (1,2) (1,0) (0,0) (0,0)
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Table 2: < and > actions.

spu | (0,0) (1,0) s<au | (0,00 (1,0)
(1,0) (0,0) (1,0) (1,0) (1,0) (1,0)
(0,1) (0,0) (1,0) (0,1) (0,1) (0,1)
(1,2) (0,0) (1,0) (1,2) (1,2) (1,2)

Hence the ring T' can be written as T' = T(1 ) © T(o,1) ® 1(1,2) where,

T(l,o)z(lg g) ={<8 2) :reR,andseS}
0 M 0
T(o,1)—<0 0)—{<073>:m6M}
0 0 0 0
T(I,Z)Z(N 0) :{(n 0> :nEN}

Next, to ensure that the inclusion property is satisfied, the following calculations are
needed:

rr 0 ro 0
(1) T, T(1,0) € T(1,0y%(1,0) as for all ( 01 5 ) ,( 02 5 ) € T{1,0) we have :

r 0 r2 0 rirg 0
( 0 51) < 0 52) :< 0 3132> € Tao = Tox0)-

r 0 0 m
(2) T(l,O)T(O,l) g T(I,O)*(O,l) as fO’f’ all ( 0 s ) € T(l,O) s < 0 0 > € T(O,l) we have :

r 0 0 m 0 rm
<0 S><0 O> :<0 0 >€T<0’1>:T(170)*(0,1)-

It can be noted that rm € M as M is a left R-module.

r 0 0 0
(3) T(l,O)T(l,Q) g T(I,O)*(l,Q) as fOT all ( 0 s ) € T(l,O) 7< n 0 ) S T(LQ) we have :

r 0 0 0 0 0
T,0Ta2) = < 0 s )( n 0 ) = ( sn 0 ) € T1,2) = Tra,0)%(1,2)-

It can be noted that sn € N as N is a left S-module.

0 m r 0
(4) Tio,yT1,0) € Ti0,1)x(1,0) for all < 0 0 ) €T, » < 0 s > € T(1,0) we have :

0 m r 0 0 ms
TonTa0 = ( 0 0 >< 0 s ) = ( 0 0 > € Tio,1) = T(0,1)%(1,0)-

It can be noted that ms € M as M is a right S-module.
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0 mq 0 mo
(5) T(O,I)T(O,l) g T(O,l)*((),l) as fOT’ all 0 0 5 0 0 S T(O,l) we have :
0 mi 0 ma 0 0
Ty T, = ( 0 0 )( 0 0 ) = ( 00 ) € Tr,2) = T(0,1)x(0,1)-
0 m 00
(6) TioyT(1,2) € T(o,1)%(1,2) as for all ( 0 0 > €T < n 0 > € T(1,2) we have :
0 m 0 0 mn 0
TonTaz = < 0 0 )< n 0 ) = < 0 0 > € T1,0) = Tio,1)%(1,2)-

0 0 r 0
(7) TaTi1,0) € T(1,2)%(1,0) as for all < n 0 ) € T(1,2)s ( 0 s > € T(1,0) we have :

0 O r 0 0 0
Ta2)T0) = < n 0 )< 0 s > = < nr 0 ) € T1,2) = T(a,2)4(1,0)-

It can be noted that nr € N as N is a left R-module

0 0 0 m
(8) T(I,Q)T(O,l) g T(1,2)*(0,1) as fOT’ all ( n 0 ) S T(1,2) 3 < 0 0 > S T(O,l) we have :

0 0 0 m 0 0
T, T0) = < n 0 >< 0 0 ) = < 0 nm ) € T(1,0) = Tt1,2)%(0,1)-

0 0 0 0
(9) T(L?)T(L?) - T(LQ)*(L?) as for all ( ny 0 >, ( ny 0 > S T(l’g) we have:

0 0 0 0 0 0
Ta2)Tha2) = < n 0 )( s 0 > = ( 0 0 ) € Tio,1) = T1,2)4(1,2)-

Thus, T is a ®-weak graded ring. However, it is not a fully (strongly) &-weak graded ring.
For instance, T(19T(1,2) 7# T(1,2)+(1,2) @8 T(0,1) = Tr,2)x(1,2) € T(1,2T(1,2)-

4. Some properties of &-weak Graded Rings

In this section, in the light of [4], some properties of &-weak graded rings are proved.

Proposition 3. Let X be a group, H be a subgroup of X, & C X be a set of left coset
representatives and R be a &-weak graded ring. Then for any s,t,p € & and u,v € H, the
following properties are satisfied:

(Z) Rsl>(t[>u) - Rf(s,t) ((s*t)bu) f (sq(tbu),tqu) -

(’L’L) R(s*t)qu = R(Sq(tbu))*(tqu)'

(iii) Ryuo = R(s|>u) ((squ)bv) '
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(ZU) Rsquo = R(sdu)ﬂv'
(v) Bfps)f(prsit) = B ps) 1 (pas s1).50t)

(v B (pap(s)) wtsety = Flpmsyst

Proof. The associativity of X implies that R(s), = R, which is used to prove
relations (i) and (i7) as follows:

Rstyu = Bpsnsetyn = By (antpon) ((sstyu)
On the other hand,
Ry(tu) = Rs(tou)(tau)
=R
(so(tpu)) (sa(tpu)) (tau)

- R(sb(tbu)) f(s<1(t>u),t<1u) (s<1(tl>u)*(t<1u)) ’

Thus,
R =R .
f(s,t) ((s*t)bu) ((s*t)du) (sD(tDu))f(sd(tDu),tdu) (s<1(t[>u)*(t<lu))

As the factorization is unique, we get:

R(sb(tbu)) f (s<1(tl>u),t<1u) Rf(s,t) ((s*t)bu) ’

or equivalently,

RSD(tDU) - Rf(s,t) ((s*t)pu)f(sq(tbu),tqu) -

Also,
R((s*t)qu) - R(sﬂ(tbu)*(tqu)) )

Next, to prove relations (i) and (iv), we consider Ry(,,) = R(su)y, Which is true by
the associativity of X, as follows:

Rs(uv) = R(sbuv)(sﬂuv)-
On the other hand,
Bsuy = Bsvuysany = B ) (saupn) (sauyan)”

Thus,
R(sbuv)(sdu’u) = R(spu) ((squ)bv) ((s<1u)<w) )

Again, by the uniqueness of factorization, we get:

R(sbuv) - R(sbu) ((s<1u)l>v) !
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and,
R(squv) = R(s<1u)<1v‘

Finally, as before, the associativity of X yields Ry = R(,s); Which is used to prove
relations (v) and (vi) as follows:

Ry(sty = Bpp(s,t)(sxt)

- R(pbf(s,t)) (paf(s.t)) (sx0)

B (1 1(5)) £ (paf (50, (550)) ((paf (s, ))2(550))
On the other hand,

Bips)e = B es)t = Ry, 0 (o)) ((prsyet)
Thus,
R =R :
F@.)f ((x9)t) ((rs)xt) — (£ (s.0)) £ (paf(s.),(s50)) ((paf (5,0))#(s#1))

The uniqueness of factorization yields:

Rf(w)f((p*S),t) - R(p»f(s,w)f(p«f(s,t)xs*w)’

and

R((p*s)*t) - R(p«f(s,w)*(s*t)'

Proposition 4. Let X be a group, H be a subgroup of X, & C X be a set of left coset
representatives and R be a &-weak graded ring. Then for any t € & and v € H, the
following properties are satisfied:

(Z) R8Q5<1’L) = Reqs, and RE@D’U - R —1.

egvey

(’L’L) Rtbe = Re, and the = Rt.

(i1i) Rj(eyt) = Reg-

(iv) R and R( = R;.

tbegl = Rf(tqegl,e@)_h tdegl)*eﬁ

Proof. To prove (i) we consider Re,, = R(%U)e;e@ = R(eqjve;)%
of X, where eg € ® and e@vegl € H. But Reyv = Riegpv)(egaw)- As the factorization is
unique we get:

, by the associativity

1.

Regqv = Rega and RG@D’U =R

epUey

Now for (i7), as X is a group, we have Rye = R; where e € H is the identity and ¢t € .
Also, Rt = Rte = R(jpe)(1<e) Which can be written as Ret = R(pe)(1<e)- The uniqueness of
factorization implies

Re = Rppe), and Rt = Rqe).
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Next, for (77i) consider Reyt = Rp(cg t)(est) = Rf(ew,t)t Which is true by the definitions
of x and f. Hence, the uniqueness of factorization gives
Re@ = Rf(@es »t)'

Finally, to prove (iv) we consider:

Re=Ri=Ry 1, =R

es (tbegl)(tﬂegl)eﬁ - R(tbegl)f((tdegl),e@) ((tdegl)*eQ;) ’

which implies, Re = R , or equivalently,

(tveg ) f ((taeg ) eo )
R

tbegl) - Rf((tqegl),egs) b
and,

Ri=R

(thgl )xes

Example 2. Consider the Morita ring T = < ]}\Ef ]\54, mentioned in example 1 with

X =ZoxZs, H={(0,0),(1,0)} and a set of left coset representatives & = {(1,0), (0,1), (1,2)}.
As before T = T(q gy © T(0,1) ® T(1,2) i a G-weak graded ring where,

R 0 r 0
T(170)—<0 S) —{(0 S) .TGR,andSGS},
0 M 0 m
= (5 8) {(8 %) e

na=(28) ~{(28) ner)

Now put s = (0,1), t =(1,2), p=(1,0) in & and u = (0,0), v = (1,0) in H, then
the above properties can be illustrated one by one as follows:

(i) Toxtyau = T(sq(wu))*(tqu)'
We start with the left hand side as follows :

and

Tsutyau = T((O,l)*(1,2))<(0,0) = T(1,0)4(0,0) = L(1,0)-
On the other hand,

T(s<1(tl>u)) *(t<u) (0.1)4((1,2)>(0,0)) ) *((1,2)2(0,0))

N N

((0,1)4(0,0)) x(12)
0,1)%(1,2) = 1{(1,0)-

P!

Hence, the equality is satisfied.
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1) Tostipn) = 1 —1.
(“) >(tou) f(s,t)((s*t)bu)f(sd(tbu),tqu) '
We start with the left hand side as follows :

Top(tou) = T(o,1)>((1,2)>(o,o)) = T(0,1)>(0,0) = L(0,0)-

On the other hand,

T =T _
Fs.t) ((sxtypu) £ (sautan) 7 £(0,0,(12) ((0.0)(1,2))0(0,0)) £(0,1)4((1,2)6(0,0)) 5 (1,2)2(0,0))

= T -
0,0)((1,0(0,0)) £((0,1)a(0,0) (1,2)) '

©007(01) (12) "

— T _
0,0)((1,05(0,0)) £ ((0,1)4(0,0) (1,2)) "

=T =T )
(o), (1,2) ! (0,071 (0,0)

Hence, the equality is satisfied.
(Z'L’L) Toow = T(sl>u) ((s<1u)>v)'
We start with the left hand side as follows :
Toouw = T(O,l)l>((0,0)+(1,0)) = T(0,1)5(1,0) = T(1,0)-

On the other hand,

T((0,1)>(0,0)) (((0,1)4(0,0))>(1,0))
- T(o,O)((o,1)<(1,0)) = T(0,0+1,0) = T(1,0)-

T(sl>u) ((sdu)bv)

Hence, the equality is satisfied.

(Z"U) Tsquv = T(s<1u)<lv'
We start with the left hand side as follows :

TS<1U’U = T(O,l)d((0,0)+(l,0)) = T(0,1)<1(1,0) = T(O,l).
On the other hand,
T(s<1u)<1v = T((O,I)Q(O,O))Q(l,()) = T(0,1)<1(170) = T(O,l)'

Hence, the equality is satisfied.

(V) Tiw)fpes.) = T(pbf(s,t))f(qu(s,t),s*t)'
We start with the left hand side as follows :

Treasees0 = Tr(0.00) r(woron.a2) = Taos(ona) = Taowo = Tao:
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On the other hand,
T

T(p>f(s,t)) (pas(s,t),5%t) 107 ((0,1),(1,2)) ) £ ((1.0)ar ((0,1),(1,2)) ,(0,1)%(1,2))

I
'ﬂ

(¢
((r0

00))( 0)4(0,0),(1,0))

I
'ﬂ

007(10).0) = T010)-
Hence, the equality is satisfied.
(v) T (paf(s.t))x(sxt) Tpwsynt-
We start with the left hand side as follows :
T =T
(paf(s.t)) #(sxt) (1,0)4£((0,1),(1,2)) )+ ((0,1)(1,2))
= (10200 +10) = T00=00) = T11.0)-
On the other hand,
Tiprsyt = T((l,O)*(O,l))*(lz) = T2 = T,
Hence, the equality is satisfied.

In addition, to illustrate the proposition in 4, let t = (1,2) € & and v = (0,0) € H where
e = (1,0) € HN®B. Then

(i) Tewaw = T(1,0090,0) = T(1,0) = Tee, as required.
(1) Tiwe = T12)<e = T(12) = Tt as required.

(iii) T(t<1€g_51)*€e5 = T((172)<](170)71)*(1’0) = T(LQ)*(LO) = T(LQ) = Tt, as requi?“ed.

5. Grading by H x &

Definition 4. Let X be a group, H be a subgroup of X and (&,x) be a fized set of left
coset representatives for the subgroup H with the binary operation x which is defined as in
2. A ring R is called a H X &-graded ring if

R= @ Ruy (4)

(u,s)€EHX®
and
Rus)Rivt) € Rus)(v,t) for all (u,s),(v,t) € H x &, where u,v € H ands,t € &, (5)
where R, ) is an additive subgroup for each (u,s) € H x &. If (5) is replaced by
Rus)Rivt) = Rus)(v,t) for all (u,s),(v,t) € H x &, where u,v € H ands,t € &, (6)
then R is called a fully (or strongly) H x B-graded ring.
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Theorem 1. Let X be a group, H be a subgroup of X and & C X be a set of left coset
representatives. Then the equality Ry s (v = R(u(s>u)f((s<m) 0 (qu)*t) for s,t € & and
u,v € H, makes R into a H x &-graded ring where the functions > : & x H — H ,
4:68xH—->6and f: 6 x 6 — H are supposed to satisfy the identities in proposition 1.

Proof. The proof of the theorem follows from the next three lemmas.

Lemma 1. Let X be a group, H be a subgroup of X, & C X be a set of left coset rep-
resentatives and Ry (.1 R(u(sw)f((m)i)’(sqv)*t) hen the equality R(u7s)((v7t)(w’p))

R((u D00 () is satisfied for all (u,s),(v,t) and (w,p) in H x & where the functions
D:OXH—>H ,<:6xH—> & and f: B x6B— H are supposed to satisfy the identities

i proposition 1.

Proof. For s,t,p € & and u,v,w € H, we start with the left hand side as follows:

R(u,s) (wt)(wp) — R(u,s) (v(tpw) f ((t<w).,p) (tauw)+p)

=R ((u(s>((w) f((t<w).p)) ) £ (sa(o(tow) £ ((taw) p)), (tw)xp) ), (s (tow) f ((tw) p))*((t<w)#p) ) )

(7)

Now, we simplify (7) using the proposition in 1 as follows:

u(se (v(tew)f ((t<w),p)))f(s<(vt>w)f ((t<w),p)), (t<w) xp)

=u(se (v(trw)))(s<(vt>w))) e f((Eaw),p) f(s< (v(E>w)f ((taw),p)), (t<w) *p)
=u(s> (v(tew)))(s<(vt>w)) e f((Eaw),p)f((s<(v(Et>w))) < f((taw),p),(t<w) *p)
=u(s> (v(t>w)))f(s (v(tbw)),(tdw)f( (v(t>w))) * (t<w),p)
=u(se (v(tpw))) f(((s<v)a(tpw)), (t<w))f(((s<av)a(t>w)) * (tqw),p)
=u(se (v(tpw))) f(((s<v)a(tpw)), (t<w))f(((s<av) *t) <w,p)
=u((s>v)((sav)> (t>w)))f(((s<v) <1(t w)), (t<aw)) f(((s<v) xt) <w,p)
=u((s>v)f((s<v),t)(((s<v) xt)pw)) f(((s<v) *t) qw,p).

Also, we have:

( w)))qf((tqw),p)) * ((tqw)*p)
( w)))*(tqw))*p
)d(tbw))*(tdw))*p
)

Hence, equation (7) can be rewritten as

R(u,s) ((v,t) (w,p)) - R(u,s) (U(tbw)f ((t<1w),p) ,(tqw)*p) (8)

- R( (u(sbv)f((sdv),t)) (((sdv)*t)bw) f(((sdv)*t)dw,p) , (((SQ’U)*t)Q’w) *p) ’
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On the other hand,

R ((ws)(0,)) (wp) — R(u(sbv) F((sa),t),(s<v)xt) (w,p) ©)
=R

((u(sbv)f((sdv)ﬂf)) (((sdv)*t)bw) f (((s<1v)*t)<1w,p) , (((sdv)*t)dw) *p) ’

Thus, equations (8) and (9) show that the equality is satisfied.

Lemma 2. Let X be a group, H be a subgroup of X, & C X be a set of left coset
representatives and R, g)(v,1) = R(u(sw)f((sqv) 9 (sqv)*t) for all (u,s) and (v,t) in H x &.

Suppose that there is an element eg € H such that for all s € & and v € H, we have
es U = e, €Q5|>U:€Hu€]_;ll, spe=ce, sde=s,

fles,s) =em, spey = f(s<aey es) (s<aey') xes = s.
Then R(e;’

the functions>: & x H > H ,a:&x H —> & and f: & xS — H are supposed to satisfy
the identities in proposition 1.

cs) is the identity component for Rp«s, where eg is the left identity in & and

Proof. We start with

R

R(U:S) (6211 €s) (u(sbe;ll)f(“le;ll €6), (sdegl)*e®>

R (uf(sqe;ll es) 1 f(sde;ll €5 ), (sqelfll)*eg) (10)
R

On the other hand,

(eEl (eg>u) f(eﬁdu,s),(egqu)*s)
- R(egl (es>u) f(es, s),e@*s)
R( 1 ) (11)

ey (esdu)em, s
- (eEl(eHuegl) eH, s)
= R(u, s)-

Thus, equations (10) and (11) show that R(e;ll s
Equivalently, we can say that (6;11, ew) is a 2-sided identity of H x &.

) is the identity component for Ry «e.

It can be noted that since (&, ) has the right division property, i.e., for all s,t € &
there is a unique solution p € & to the equation p*s = ¢, then there is a unique left inverse
sl for all s € & by putting t = eg, the left identity in . Consequently, we can define a
left inverse for all (u,s) in H x & as we see in the next lemma.
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Lemma 3. Let X be a group, H be a subgroup of X, & C X be a set of left coset represen-

tatives and Ry g)(v) = R

the
the

(1) ((sa0) ), (s0)+0) for all (u,s), (v,t) in H x &. Suppose that

properties in lemmas 1 and 2 are satisfied, then H X & has a left inverse satisfying
following equality:

R(’U,t)L - R(

e;f(tL,t)*l(thrl),tL<nr1) )

Proof. To show that R, 1 (y4) = R(e; ee)r W start with the left hand side as follows:

Ryt =

en FEE D)= (o1 thaw ) (u)

e FtE )~ (oo 1) (tE v 1)po) £ ((tFav—1)au,t), (2w 1)aw) =t )
e F(EE, )~ (oo o) f (tE v tu,t), (w1 #t )

et F(E D)= (thve) f (thaet), (tE<e) st

e F(HL )~ Lf (11 1)) L xt)

I
PR

1 .
€ 76G)

As required.

1]

2]
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