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Abstract. In this paper, we introduce the notion of the McShane-Stieltjes (MS) integrals of
interval-valued functions and fuzzy-number-valued functions on time scales which are extensions
of the McShane (M) integrals of interval-valued functions and fuzzy-number-valued functions on
time scales [3] and investigate some of their properties.
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1. Introduction

The calculus on time scales was introduced for the first time in 1988 by Hilger [2] to
unify the theory of difference equations and the theory of differential equations. In 2016,
Hamid and Elmuiz [4] introduced the concept of the Henstock-Stieltjes (H.S) integrals
of interval-valued functions and fuzzy-number-valued functions and discussed a number
of their properties. Very recently, Hamid et al. [5] introduced the thought of the AP-
Henstock integrals of interval-valued functions and fuzzy-number-valued functions and
obtained some of their properties.

In this paper, we introduce the notion of the (M.S) delta integrals of interval-valued
functions and fuzzy-number-valued functions on time scales and investigate some of their
properties.

The paper is organized as follows, in Section 2 we provide the preliminary terminology
used in this paper. Section 3 is dedicated to discuss the (MS) delta integral of interval-
valued functions on time scales. In Section 4, we present the (MS) delta integral of
fuzzy-number-valued functions on time scales. The last section provides Conclusions.
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2. Preliminaries

A time scale T is a nonempty closed subset of real number R with the subspace
topology inherited from the standard topology of R. For t € T we define the forward
jump operator o(t) = inf{s € T : s > t} where inf ¢ = sup{T}, while the backward jump
operator p(t) = sup{s € T : s < t} where sup¢ = inf{T}. If o(t) > t, we say that ¢
is right-scattered, while if p(t) < t, we say that t is left-scattered. If o(t) = ¢, we say
that t is right-dense, while if p(¢) = ¢, we say that ¢ is left-dense. The forward graininess
function u(t) of t € T is defined by u(t) = o(t) —t, whlie the backward graininess function
v(t) of t € T is defined by v(t) = t — p(t). For a,b € T we denote the closed interval
[a,blr ={t € T:a <t <b}.

Throughout this paper, all considered intervals will be intervals in T. A division P of
[a, b]T is a finite collection of interval-point pairs {([ti—1, ti]T; &)}y, where {a =ty < t; <
e <tpo1 <tp =0} and § € [a,b]p for i =1,2,--- ,n. By At; =t; — t;_1 we denote the
length of ith subinterval in the division P. 6(&) = (d1,(£),0r(&)) is a A- gauge for [a, b]T
provided 6r,(£) > 0 on (a,b]t, 6r(§) > 0 on [a,b)r, dr(a) > 0, dr(b) > 0 and dr(b) > u(&)
for all £ € [a,b)r. We say that P = {([t;—1,t;]T; &)}, is a d-fine McShane division of
[a,b] if [tio1, ti]r C (& — 62(&), & + 0r(&))p and & € [a, bl for all i = 1,2,--- | n.

Definition 1. [10] Let o : [a,b] — R be an increasing function. A real-valued function
f i ]a,b] = R is said to be McShane-Stieltjes (M.S) integrable to B with respect to o on
[a,b] if for every e > 0, there is a function §(t) > 0 such that for any 6-fine McShane
division P = {[u;, v;]; &} of [a,b], we have

| Z f&)la(vi) — a(w)] - B| <, (2.1)

we write (MS)fbf(t)da =B, and f € MS,[a,b].

Definition 2. Let « : [a,blT — R be an increasing function. A function f : [a,blT — R is
McShane-Stieltjes delta integrable (MS A-integrable) with respect to « on [a, bl if there
exists a number A € R such that for each € > 0 there is a A-gauge, §, on [a,b]T such that

1> FE)lalts) — altin)] — Al <& (2.2)
=1

for each 0-fine McShane division P = {([ti—1,t;|T;&) 1y of [a,blT. A is called (MS
b
A-integral) of f on [a,blT, and we write A = (MSa) [ f(t)do.

Theorem 1. Let « : [a,blT — R be an increasing function. If f(t) and g(t) are (MS)
A-integrable with respect to o on [a, bl and f(t) < g(t) almost everywhere on [a,b]T, then

b b
(155 [ f)da < (58) [ g(0)da. (2.3)
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Proof. The proof is similar to Theorem 2.7 in [10].

3. The M S, integral of interval-valued functions on time scales
This section introduces the notion of the M .Sx integral of interval-valued functions on
time scales and investigates some of their properties.

Definition 3. [7] Let Ix = {I = [[~,I"] : I is the closed bounded interval on the real line R}.
For A,B € Ir, we define A < B iff A~ < B~ and A* < BT, A+ B = C iff
C-=A"+B andCT=A"+Bt, and A-B={a-b:a € A,be B}, where

(A-B)” =min{A~-B~,A” - BT AT . B~ A" .B"} (3.1)

and

(A-B)" =max{A~-B~,A”-BT AT.B~ AT .B"}. (3.2)
Define d(A, B) = max(|A~ — B™|,|AT — B™|) as the distance between intervals A and B.

Definition 4. [3] An interval-valued function F : [a,blT — Ir is McShane delta (Ma)
integrable to Iy € Ig on [a, bl if for every e > 0 there exists a A-gauge, 0, on [a,b]T such
that

d(ZF(fz)(tz _ti—1)7IO) <eg, (33)
=1

whenever P = {([ti—1,ti|T;&)}7, is a d-fine McShane division of [a,blt. We write
b
(IMp) [ F(t)At = Iy and F € IMala, b]r.

Definition 5. Let «: [a,b]lT — R be an increasing function. An interval-valued function
F :[a,b]lr — Ir is (M SAa) integrable to Iy € Ir with respect to o on [a, bt if for every
e > 0 there exists a A-gauge, §, on [a,blT such that

ZF &)lat) — altiz)) Do) <e, (3.4)

whenever P = {([ti—1,ti|T;&) 7, is a d-fine McShane division of [a,blr. We write
b

(IMSp) [ F(t)do = Iy and F € IMSX[a,b]p.

Remark 1. Let o : [a, bl — R be an increasing function. If F(t) € IMSS[a,b|T, then

the integral value is unique.

Theorem 2. Let o : [a, bl — R be an increasing function. An interval-valued function
F :[a,blT — Ig is (MSp) integrable with respect to « on [a,blt if and only if F~,F* €
MSX[a, bt and

(IMSp) /b F(t)da [MSA /b F~ ,(MSA) /b Fr(t ] (3.5)
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Proof. Let F' € IMS%[a,b]T, then there exists an interval Iy = [I;,I;] with the
property that for any € > 0 there exists a A-gauge, § with respect to a on [a, bl such
that

n

d( > F(&)lat) — alti1)], To) <, (3.6)

i=1
whenever P = {([t;—1,ti]T; &)}, is a 0-fine McShane division of [a, b].
Since a(t;) — a(ti—1) > 0 for 1 <i < n, we have

A(D_ F(&lalt) - altin), Io)

n +
5, [ZF(@-)[aui)—a(tH)@ e
=1

)<=

=1
D F(&)alt) — altio)] (&)lalti) — alti-1)] — Iy ) <e. (3.7)
i=1
Hence Z F~ (&) (t-)—a(ti,l)]— i FH(&)[at)—a(ti—1)]—1I | < e whenever

= tZ 1,tz ;& is a 0-fine McShane lelSlOD of [a,b]r. Thus F~,F* € MS%[a,b|T
=1 A

and
b

(IMSa) / Ft)da = [(MSA) /b F~(t)da, (MSa) /b F*(t)da]. (3.8)

Conversely, let F~, F™ € MS%[a,b]t. Then there exists My, My € R with the property
that given € > 0 there exists a A-gauge, § with respect to « on [a, b]T such that

ZF fl —Oé(tZ 1)]—M1 <e€

)

ZF+ & —Oé(tl 1)]—M2 <e€

whenever P = {([ti—1,ti]T;&)}, is a o-fine McShane division of [a,b]r. We define
Iy = [My, My, then if P = {([ti—1,ti]T;&)}}, is a d-fine McShane division of [a, b]T, we
have

d(>_F(&)alt) — atizr)], I) <e. (3.9)
i=1
Hence F : [a,blT — Ir is (M Sa) integrable with respect to « on [a, b|T.

Theorem 3. Let a : [a,blT — R be an increasing function. If F(t),G(t) € IMSS[a,blT
and 8,7 € R. Then [BF(t) +vG(t)] € IMSX[a,b]T and

b b b
(IMSa) / D) 4 ~G(t))da = B(IMSa) / Ft)da+~(IMS») / Glt)da.  (3.10)

a
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Proof. If F(t),G(t) € IMSX|a,b]T, then F~(t), F*(t), G~ (t), G (t) € MSX|a,b]T by
Theorem 2. Hence BF~ (t)+vG~ (t), BF~ (t)+yG™(t), BFT(t)+vG~(t), BFT(t)+yGT(¢t) €
MSS[a, b

(1) If 8> 0 and v > 0, then

b b
(MSa) [(BF(@®)+1G®) da = (MS) [ (5P~ () +1G"(1)da
b

b
= B(uSs) [ F(0da-+5(Mss) [ 6 a

a

_ ﬁ((IMSA) /b F(t)da>_+7((IMSA) /b G(t)da>_

a
b

_ <B(IMSA) /b F(t)da +(IMSa) / G(t)da>_.

a

(2) If 5 <0 and v <0, then
b

b
(MSa) / (BE() £ ~4G(t))~da — (MSa) / (BEH(6) + 4G (1)

a

- 5(MSA)/F+( Yda 4+ (M Sa) /G’+

a

_ ﬁ((IMSA) /b F(t)da>+ +7<(IMSA) / G(t)da>+

a
b b _

_ <B(IMSA) / F(t)da +v(IMSa) / G(t)da> .

a a

(3)If p>0and v<0, (or B <0and~y >0), then
b

b
(155) [(BF@) +1GW) da = (158) [(37~ (1) +1G* ()da

a

b
= B(MSs) [ F(dat(ss) [ 60

_ ﬁ((IMSA) /b F(t)da>_+fy<(IMSA) /b G(t)da>+
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b

_ <B(IMSA) /b F(t)da +v(IMSa) / G(t)da>

a

Similarly, for four cases above we have

(MSa) /bBF t) +~G(t)) T da = (ﬂ(IMSA /F da+7(IMSA)/bG(t)da>+. (3.11)

Hence by Theorem 2 SF(t) + vG(t) € IMSX[a,b]T and
b b b
(IMSa) / (BF(t) + 4G (t))da = B(IMSa) / Ft)da + ~(IMSa) / Glt)da.  (3.12)

a a

Theorem 4. Let o : [a,blT — R be an increasing function. If F(t) € IMS}a,c]t and
F(t) € IMSX[c,blT, then F(t) € IMSR]a,blt and

b c b

(IMSa) / F(t)do = (IMSa) / F(t)da + (IMSa) / P(t)do. (3.13)

a a C

Proof. If F'(t) € IMS%[a,c]t and F(t) € IMSS[c, b]T, then by Theorem 2 F'~(t), F*(t) €
MS[a,clr and F~(t), FT(t) € MSX[c,b]r. Hence F~(t), FT(t) € MSX[a, bt and

C

b b
(MSa) / P — (MSa) / F(t)da + (MSa) / F(t)da

a

a

c b _
= ((IMSA)/F(t)da+(IMSM/F(t)da) :

c b +
Similarly, (MSa) fFJr t)da = ((IMSA) JF(t)da + (IMSa) [ (t)da> . Hence by
Theorem 2 F(t) € IMSA[a, blT and ’ ’

b c b

(IMSa) / F(t)da = (IMSa) / F(t)da + (IMSa) / Flt)da. (3.14)

a a Cc

Theorem 5. Let a : [a,blr — R be an increasing function. If F(t) < G(t) almost
everywhere with respect to o on [a, bl and F(t),G(t) € IMSX[a,b]T, then

b b
(IMSa) / Flt)do < (IMSa) / G(t)do. (3.15)

a
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Proof. Let F(t) < G(t) almost everywhere with respect to « on [a, b1 and F(t),G(t)
IMS%[a,blr. Then F~(t), F*(t), G~ (¢),GT(t) € MSX[a, bl and F~(t) < ( ), FT(t)

INIA M

G (t) nearly everywhere with respect to a on [a, b]r. By Theorem 1 (MSa) f F-

b
(MSh) fG t)da and (MSa) fF+ t)da < (MSA)fG+(t)da. Hence

b b
(IMSy) / F(t)da < (IMSa) / G(t)da, (3.16)

a

by Theorem 2.
Theorem 6. Let a : [a,blT — R be an increasing function. Let F(t),G(t) € IMSR[a,blT
and d(F(t), G(t)) is (M Sa) integrable with respect to « on [a,blp. Then

b b b
d((IMSA)/ (1)dov, (IMSa) /G t)da) < (MSa) /d 37

a

Proof. By deﬁmtlon of distance,

d((IMSa) / (t)da, (IMSa) / G(t)da)

a

(15 [ r0aa) ~(wass) [ aa) ||(arss) [ pona) (s [ etoan)
)

— )

:max(

< max <(MSA) /b ‘F_(t) — G (t)

b

(MSa) / (F~(t) — G~ (1))dal,

a

b
(8a) [ (FH0) - G ()da
b

da)

da, (M Sp) / Ft

a

() = G™(t)
b

< (MSa) / max< da>

b
— (MSa) / d(F (3.18)

F~(t) — G~ (t)|de, |FT(t) — GT(¢)
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4. The M S, integral of fuzzy-number-valued functions on time scales

In this section, we introduce the notion of the (M Sa) integral of fuzzy-number-valued
functions on time scales and discusses some of their properties.

Definition 6. /6, 8, 9] Let A € F(R) be a fuzzy subset on R. If for any A € [0,1],
A\ =[A},Al] and Ay # ¢, where Ay = {t : A(t) > A}, then A is called a fuzzy number.
If A is (1) convez, (2) normal, (3) upper semi-continuous, (4) has the compact support,
we say that A is a compact fuzzy number.

Let R denote the set of all compact.

Definition 7. [6] Let A, B € R, we define (1) A < B iff A\ < By for all A € (0,1], (2)
A+B-C’iﬁ‘A,\+B>\:C)\f0rany)\€(0,l] (3)A B =D iff A\ - By = D, for any
A€ (0,1].

For A, B € R®, then

D(A,B) = sup d(Ay, B)y), (4.1)
X€(0,1]

is called the distance between A and B.

Lemma 1. [1] If a mapping H : [0,1] — Ig, A = H(\) = [my,ny|, satisfies [my,,ny,] D
[May, x,] when A\ < Az, then

= |J rHO (4.2)
A€(0,1]

and

A= H(\n), (4.3)

where Ay, = [1 — (H—_IH)])\

Definition 8. Let « : [a,b]T — R be an increasing function and let F: [a,b]lT — R. If the
interval-valued function F)\(t) = [Fy (t), Fy (t)] is (MSa) integrable with respect to o on
[a,b]T for any X € (0,1], then F(t) is called (MSA) integrable with respect to o on [a, bl
and the integral is defined by (M Sa) integral as follow:

b b
FMSA/ = U AIMSA) /FA

AE(0,1]

— [MSA /bF MSA)/ij(t)da].

)\601

We write F(t) € FMSX[a, b]r.
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<

Theorem 7. If F(t) € FMSK[a,blt, then (FMSA) [ F(t)da € R and

a

[(FMSA) /b F(t)daL ﬁ(IMSA / Fy, (t)da, (4.4)

n=1

where A, = [1 — ﬁ])\

Proof. Let H : (0,1] — Ig, be defined by H(\) = [(MSa) fF t)da, (M Sa) fF+ da].

Since F, (t) and Fy (t) are increasing and decreasing on A respectlvely, therefore, when
0 <A1 < A <1, we have F\ () < Fy_(t), F;\Fl(t) > F;\Z(t), on [a,b]r. From Theorem 5
we have

[(MSA)/I)FA:(t)da, (MSA)/ij1 (t)da] ) [(MSA)/bFA—Q(t ,(MSA) /bF o ( }

Using Theorem 2 and Lemma 1 we obtain

(FMSa) /b F(t)da := [MSA /b Fy (t)da, (MSA)

F;“(t)da} eR  (4.6)
2 ,\e (0,1]

Se— o

and for all A € (0, 1],

b
[(FMSA) / (IMSa)

Fy, (t)da

38
S
3

3
Il
—

Se—_ o

where )\n = [1 — ﬁ])\

Theorem 8. Let «: [a,blT — R be an increasing function. If F(t),G(t) € FMSS[a,b]t
and 3,y € R. Then BF(t) +vG(t) € FMSR[a,blT and

b
(FMSa) / (BE(t) +1G(t)) do = BFMS) / F(t)da+~(FMSa) / Glt)da.  (4.8)

a

Proof. If F(t), G(t) € FMSX[a,b]T, then the interval-valued function F)(t) = [Fy (t), i (¢)]

and G(t) = [G,(t),G{(t)] are (MSa) integrable Wlth respect to a on [a,b]r for any
b b

A€ (0,1] and (FMSa) [F(t)da = | AIMSa) fF)\ t)da and (FMSa) [ G(t)da =
a A€(0,1]

@



M. E. Hamid / Eur. J. Pure Appl. Math, 11 (2) (2018), 493-504 502

b
U AIMSa) [ Ga(t)da. From Theorem 3 we have SF\(t) + vGi(t) € IMSX[a, bl
A€(0,1] a
b
and (IMSA)f (BF\(t) +~GA(t))do = B(IM SA) fFA da+’y(IMSA)fG>\(t)da for any

A€ (0,1]. Hence BF(t) +~vG(t) € FMSK [a,b]T and
b b

(FMSa) / (BE(1) +7GM)da = | AIMSa) / (BEA(t) + ~Gr(1))da
Ae(0,1] %
b

= U A(B(IMSA) / Fy(t)da + y(IMSy) /b Gk(t)da>

A€(0,1] a
b b

=5 U )\(IMSA)/F)\(t)da—FV U )\(IMSA)/GA(t)da

A€(0,1] p A€(0,1] i
b

— ﬁ(FMSA)/F(t)da+ry(FMSA)/é(t)da

a

Theorem 9. Let a : [a,b]T — R be an increasing function. If F(t) € FMSX[a,dt and
F(t) € FMSR[c, b, then F(t) € FMSSa,blt and

b c b

(FMSa) / F(t)da = (FMSA) / F(t)da + (FMSA) / F(t)da. (4.9)

a a Cc

Proof. If F(t) € FMS%[a,c]t and F(t) € FMS%[c,blT, then the interval-valued func-
tion Fy\(t) = [Fy (), Fyf (t)] is (M Sa) integrable with respect to « on [a, ] and [c, b] for

(=

any A € (0,1] and (F'MSa) f da= |J AIMSa) fFA t)daand (FMSa) [ F(t)da =

a Ae(0,1] c

A€(0,1]

c b _
(IMSA) [ Fx(t)da + (IMSp) [ Fi(t)da for any A € (0,1]. Hence F(t) € FMS%[a,b]T
and ’ ‘

b b
(FMSn) / - AN(IMSn) / Fy(t
/\

— U A((IMSA)/F,\( Yda + (IM Sa) /bFA da>

A€(0,1] a

b b
U AIMSa) [ F(t)da. From Theorem 4 we have F(t) € IM S [a, bt and (IMSa) [ Fi(t)
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C

b
= U )\IMSA)/F,\( Ja+ ) AIMSa) /FA

A€(0,1] % A€(0,1]
c b
= (FMSa) / F(t)da + (FMSa) / F(t)da.

Theorem 10. Let « : [a,b]tr — R be an increasing function. If F(t) < G(t) almost
everywhere with respect to o on [a, bl and F(t),G(t) € FMSX[a,blT, then

b
(FMSa) / F(t)da < (FMSa) / G(t)do. (4.10)

a

Proof. If F(t) < G(t) almost everywhere with respect to « on [a, bl and F(t), G(t) €
FMS{]a,blt, then F)\(t) < Gx(t) nearly everywhere with respect to « on [a,b] for any
A € (0,1] and F)\(t) and GA(t) are (M Sa) integrable With respect to « on [a, b] for any

A€ (0,1] and (FMSa) f tyda = |J AIMSa) fFA t)da and (FMSa) fG
A€(0,1]

@

b b
U AUIMSa) fGA t)da. From Theorem 5 we have (IMSa) [ F(t)da < (IMSa) [ Gi(t)da
A€(0,1] a a

for any X € (0, 1]. Hence

<

b
(FMSa) / = | AaMs,) / F\(t)da
A€(0,1] a
b
U )\(IMSA)/GA(t)da
A€(0,1] a

IN

b
= (FMSa) / G(t)da.

5. Conclusions

In this paper, we introduced the concept of the (M Sa) integrals of interval-valued func-
tions and fuzzy number- valued functions on time scales and investigated some properties
of those integrals.
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