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Abstract. In this study, a (p, ¢)—analogue of Bernstein operators is introduced and approximation
properties of (p,q)—Bernstein operators are investigated. Some basic theorems are proved. The
rate of approximation by modulus of continuity is estimated.
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1. Introduction

In 1912, for a function f(x) defined on the closed interval [0, 1], the expression

_ éf (5) (7)o - )

was called the Bernstein polynomial of order n of the function f(x) in [26]. Later, the var-
ious generalizations of Bernstein polynomials (1) were investigated in [2], [3], [10]-[13]. In
recent years, the development of g-calculus has allowed to be made of new generalizations
of approximation theory. Firstly, Lupas [4] introduced the g-analogue of the Bernstein
operators and investigated its approximation properties in 1987. After then, the various
applications of g-Bernstein operators were handled by Phillips [7], [8]. The approximation
properties of ¢g-generalization of other operators were studied in [1], [5], [9], [23], [24], [27],
[28] .

Recently, Mursaleen et al. applied (p, ¢)-in calculus approximation theory and intro-
duced the (p, g)-analogue of Bernstein operators and other operators [12], [14]-[22].

In [3], Izgi introduced a class of new type Bernstein polynomials and investigated its
approximation properties:
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n-+a

Frap(f;x nk,a , 0<z< , 2
o(fiz kzz:of< n+b>Q,k,,b($) > (2)

where a,b € N, 0<a <,

_(n+b\" [0\ L (n+a nk
st - (228 ()2 (50 o

The aim of this paper is to introduce (p, g)-analogue of generalized Bernstein operator
(2) and is to study approximation properties for (p, ¢)-Bernstein operator.

Now we remember certain notations of (p, g)-calculus.

For any p > 0 and ¢ > 0, the (p, ¢) integers [n], , are defined by

pp:g > when p#q # 1
n—1 .
(lpg = " 40" 2" PP g R = TP when p=g¢q # 1
[n]q’ When p= 1
n, when p=q= 1

where [n], denotes the ¢g-integers and n =0,1,2,---.
Let p,q > 0 be given. We define a (p, q)-factorial, [n],,! of k € N, as

n]pq! = { g{}p,q[Q]p,q'--[”]nqv Zil(\; )

The (p, g¢)-binomial coefficient [ﬂ by
Py

|
B = 5
P [0 = 7]pg'lrlp.g!
We recall that (p, ¢)-derivative operator D, , is given by

f(px) — f(qx)

Praf(2)- (p—q)x

L A0 Dpef(0) = lim Dy f (). (6)

For any polynomial f(x) of degree Nand any number ¢, we have the following (p, q)-
Taylor expansion:

N 4 (n— c)j
=" (Dhof) () (7)

where (z — ¢)y , is (p, ¢)-analogue of (z — ¢)" and

@, =1{ =0 ®
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Now, we give construction of our operators and some properties of them. For f &

C [07 ["‘*‘a]p,q]’

[n+blp,q

1 - [k]p.qln + a [n+ a)
FPY(f3) = ( X' Pg Pl (), 0<z< pa (g
e b(f ) nin=l) Z d pkfn[n]p,q[n + blpg n’k’a’b( ) P ©)

where a, b € N, 0<a <,

2. Main Results

Lemma 1. For Vx € [O, %Ziz]];’;’] and ¥n € N, (p, q)-Bernstein operators (9) are satisfied

the following equalities:

CFPY (1) =1,

n,a,b

ii. FP1 (t; 1) = x,

n,a,b

( 2; $) p"” 1[""‘@}10 q q[n—1]p,q .7)2.

p,q
L [”]p aln+blp,q np,q

n,a,b

Proof.

Fﬁgb(lx n(n 1)ankab

n—k—1
(In+blpg " [n LG YR n+alpg s
_([HC% 3 Q| e 1:10 e A

]qu

47 k=0
=1
Elp.q[n + a 7
FTIL)Z b( = n(n 1) Z k; n qpq n _'_pb(]] qp & a,b(x>
—1 —
_ 1 ([n+b]p,q)n Zn: [klpg {”} LU= 2 H < pq P — qsa:>
pw [n + a]qu k=1 [n]p7q k; p,q p q
1 <[n+b]p,q)”‘1i [n—l] p'«g—ka"ﬁl([ma]pqps_q )
p@ [n+ alpq =1 k—1 D.q =0 [n+blpq
_ x ([n+b]p7q>n—1nz—:1 [n— 1] me’“nﬁ_2 <[n+a]p,qps '
p% [n+alpg =0 k D =0 [n+ blpg
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=x

n

2
+ a]
FPY (12 0) = Klp, q [n 2 P,
nyavb( 7;1: ”(” 1) Z kJ Tl p q[n + b]p q qnik7a7b(x)

1 Dpa "2 5= [+ 1 - -
_ <[n+ ]p,q> [k +1lpq [” 1] pka-l-l
P

pn(n{5) [n+alpq o [1]p.q k ,
n—k—2
% ([n + a]p,qps _ qsaj)
=0 [0+ blpg
1 b n=2nln, (k1) (k—4)
T a9 <[ThL ]p’q) Z {n 1} b . (" + qlkpg)
=5 [n+alpq k ’
p [1]p.q k=0 Dyq
n—k—2
[n+ a]pq S S )
X p° —q¢°x
1;10 <[n + blpg
-2 (n—1
= n(n_51> ([n + b]p,q>n {Z [n ; 1] pi’“z}k% LR
2 [nlpg [+ alpg k=0 pq
n—k—2 n—2
n-+a n—2 (k—2)(k—3)
A (o) e
s=0 p.q k=0 P,q

nkos n-+a
p,q s s
X x
H <n+bpq 1 )}

n—1 n—2n—1

x 1 n+b n—1 (k=1)

_D e <[ ]nq) } : [ ] 5 ok
[nlpg p 2 [+ alpq 0 P

n—k—2

b qn —1]pqx 1 n4blpq\"
% H pq —¢°r ) + [ ]pq e [ ]pq
”"‘bpq [n]p.q p 2 [n+alpq

n—2
k(k i k n+apq s s >
X X
0[ ] H <n+b]pq e
1

n—

k=
b "+a]pqx+q[”_”p,qx2
[”}p q[” + b]p,q [n]p,q

Theorem 1. Let 0 < g, < pp <1 and

lim p, =1, lim ¢, =1.
n—o0

n—oo

Ifvf € C |0, fefea ), then

lim Fpos (f;2) = f(x)

n—o0
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[n+a]p,q] _

is uniformly on [0, e

Proof. The proof is based on Korovkin theorem, so it is enough to prove the conditions

lim [|[FP4m(t™; x) —2™|| =0, m=0,1,2

n—00 n,a;b

[n+alp,q
[n+b]p,q

uniformly on [O, ] From Lemma 1, we get

lim HFpn’q"(l;:B) — 1H =0,

n—oo II" mab
Tim|[Fpn (t2) — x| = 0.

Now, we show that
lim |[EPm9(#%;2) — 2°|| = 0.

n—oo 11" Myab
From Lemma 1, we obtain
max |FPmdn (42 2) — 27|
n+alpy ,qn sl
r€ |:0’ ["+b]5nygn ]
_ max pﬁ‘l[n +alpg gn®n — Up,gn )
16[0,[[2—::]]%] []pq[n + blp,g (1] p,n
2 n—1 2
< <[n + a]pn,Qn > pn + ([n + a]pn:Qn) <qn [n B ]‘]pn’Qn _ 1)
n [n + b]pnﬂn [n]pn,(In [n + b]pn#]n [n]Pnaqn
_ ([n + a’]pn:Qn ) 2 2p271
[n + b]pn,‘]n [n]Pnﬂn
Then, we get

2 -1
2 n
“ng’%" (tz;a:) . x2H < [n + a]pn:‘ln P, .
Y [n + b Pn,4n [n]pn7Q7L

Thus, we have
lim max |FPI (™ z) — 2™ =0, m=0,1,2.

e aclolig] "

In accordance with the Bohman- Korovkin theorem [25], we obtained the desired result.
Lemma 2. Let k — th degree moment for the polynomials (9) defined by

n, n,a,b
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Then we have TV§(x) =1, T){(z) =0 and

Pl P+ alp, q[n —1lpq 1)z
Tn,z (z)= [1]p,q[n + b]p,qx " ( [n]p.q 1) 5 12)

Moreover, let the sequence {py},{qn} satisfying 0 < q,, < pn, < 1 such that p, — 1, ¢, —
1 and p — a, q} — B asn — oo, where 0 < o, 5 < 1. Then

lim [n] FPrdn (¢ — 2)%2) = Az — az® (13)

300 Pnsdn = n,a,b

is uniformly on [O, E}Liz]]:qq] , where 0 < A < 1.

Proof. Tt is clear that 7§ (z) = 1 and T)'{(x) = 0 hold. From (11), we obtain

Tri(w) = Fgy ((t = 2)%x)

n,a,b
Ip, q [n+alp, ?
D,q
= E -z q (z)
( npgln + blpg > k.0

pgln + alp,q ?
_ p.q
Z ( 2k— 2n Tl + b]) qn,k,a,b(x)

o Z k np q:cl—'T_L(iLi]—pb?p, 7 +x2zanab
. p" [n + a] q[n 1]p 9,2 2 4 g2
I R TP O PP

" "+ alp,q gln —1lpg _ 1) 2

[n]p gln +blpg v ( [1]p.q 1)

Using the equality (12) we have

lim [n ]pmanﬁTa’qb” ((t — x)2;$)

n—oo
(P n+ alp, 2

n—1 n— n—1 n__ .n
— lim <pn [+ a]p,q$> + lim < I qn> 2
n—o0 [n + b]p,q o0 Pn — Gn Pn — 4n

n—1 o
vt Tim P (@ = Pa) o
n—0o0 Pn — Q4n

= \r — az’.
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Lemma 3.
Fraatgi =10 w123, (rggee) = () o

Proof. Taking x = 0 into equation (9), we get

R (e A Ce rr e I

p 2
>(po(021) 0H< alp.q s_q80>_|_0_|_0+...
]pq
1 (b, 7 ([t g s
_zoM <[n+a]pq) f(@)L[()(mlﬁp)
T (n=Ln l)n Hp
p
= f(0).

Similarly, taking x = % into equation (9), we get

P (f [n+ a]p,q) _ 1 ( [n+ blpg ) " f ( [0]p,q[n + alp,q ) [n] p% ([” + alpg
w0+ blpg g\ [n + alp, PP [nlpgln + blpq /) 10 X [n+blpg

Ina

p
n—1
[n+alpg s s [n+ a]p,q>
" H <[n+b]p,qp Tt
1 [n + blpq > " <[” + a]p,q) [n] nln-l) ([n + a]p,q>n
" p@ <[n + alpg / [+ 0lpq /) L7 p,qp [n+ blpg
-1
[n+alpq s [n+ a]pﬂ)
- SliIO <[” + b]nqp K [n+blpg

in above expansion, the terms corresponding to £k = 0,1, ...,n — 1, becomes zero, because

for £k = 0, we find Intalpg  [n*alva ) 9 the first factor of each product. It is accepted
[n+b]p,q [n+b]p,q

-1 n+alp,q s[ntalpq ) _
H <[[n+b}}p qp 4 [n+blp, > =1 s0 we get
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Theorem 2. If f € C [O, %Ziz]];’;]] , then the following inequality holds.

[n+ alpq 2p"~!
Fa(fi) — ) < (14 P Yo (/25 (15)
’ [n+ blp,g [np.q
Proof. From the well-known properties of modulus of continuity we have
0= @) < (14 5w 00,

. o). . . p7q .
where 0,, is any sequences of positive numbers. Since the polynomials Fn, a,b( f;z) also
linear positive operators, we have

R (fi) — @) < (14 5 /R, (= 20) ) (Fib).

Use Cauchy-Schwartz inequality and Lemma 1 , then we obtain

2 o o
Faslfi2) — J(2)] < 1+1\/([”+‘”’*q) 20 (i)

[]p.q

— <1+;[n+a]p’q 2pn_1>w(f;5n).

A

[n+blpq | [npg

Put ¢, =

[n] , then we get inequality (15).

Theorem 3. (Voronovskaya Type Theorem) Let the sequence {pn}, {qn} satisfying 0 <
Gn < pn < 1 such that p, — 1, ¢, — 1 and p}} — «, qp — B as n — oo, where

0<a,B<1. ForVf e C? [0, [[niz%“}, we have
(A — ax)
2lpq

Proof. Let f € C? [0, [["ib}]} that is f, Dpq(f), D2,(f) € C [o ["“]M} Define

lim (1) g (FE0d (fi2) = f(2)) = D2,(f@@), 0<A<L  (16)

n—oo

[n+b]p,q
£~ £ (@) (=) Dy ()~ s (-)2,, D24 (1)
W(t,x) = 7. e
0, t=ux.

Then, it is clear that ¢ (z,2) = 0 and ¥(.,z) € C [0, [[Ziz]}ﬁﬂ Hence, from Taylor’s

theorem we have

(t - x)p qpiq(f) + (y - fﬂ)?ﬂ/’(yaf’?)
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Form Lemma 2,
P (FLR (F:2) = F(@)) = W P55 (= 2)32) Dy, (f)

[P ———
I ET (=) D, ()

+[n] FProdn (¢ — z)2)(t, ); z). (17)

Pnsqn= n,a,b

If we apply the Cauchy-Schwartz inequality for the last term on the right hand side of
(17), we conclude that

N|=

Bl P8 (¢ = 0202 2) < ([0l 0, P8 (= 2)'s5) )

x (ng;g" (sz(t,x);x)) 2 (18)

Let n(t, z) := ¥?(t,z). So, we get n(x,z) = 0 and n(.,z) € C? [O, [[Zi‘;]];’ﬂ From Theorem
1, we have

Tim F2R (y2(t@)sw) = lim F2R (n(t,a);x) = nla,a) = 0. (19)

Then taking limit as n — oo in (17) and using (18), (19) and Lemma 2

A —az?
2lpg P

lim (1], (F25 (1) = f(2)) = (f)

n—00

[n+alp,q} '

uniformly with respect to « € [0, [ 10]p.q

References

[1] A. Aral, O. Dogru : Bleimann Butzer and Hahn operators based on q-integers ,J.
Inequal. Appl. (2007), 79410.

[2] A. Iinskii, S. Ostrovska: Convergence of generalized Bernstein polynomials, J. Ap-
prox. Theory, (2002), 116, 100-112.

[3] A. Izgi: Approxzimation by a Class of New Type Bernstein Polynomials of one two
Variables, Global Journal of Pure and Applied Mathematics, (2012), 8 (5), 55-71.

[4] A. Lupas: A g-analogue of the Bernstein operator, University of Cluj-Napoca, Semi-
nar on Numerical and Statistical Calculus, (1987).

[5] C. Radu: Statistical approzimation properties of Kantorovich operators based on q-
integers, Creative Math. Inform., (2008), 17,(2), 75-84.



REFERENCES 466

[6]
[7]

8]

[9]

[10]

[11]

[12]

[13]

[14]

G. G. Lorentz: Bernstein polynomials, Chelsea, New York, (1986).

G. M. Phillips: Bernstein Polynomials Based on the g-integers, Ann. Numer. Math.,
(1997), 4, 511-518.

G. M. Phillips: A Generalization of the Bernstein Polynomials Based on the q-
integers, Anziam J., (2000), 42, 79-86.

H. Oruc, N. Tuncer: On the Convergence and Iterates of q-Bernstein Polynomials, J.
Approx. Theory, (2002), 117, 301-313.

J. D. Cao: A generalization of the Bernstein Polynomials, J. Math. Analy. and Appl.
Math., (1997), 122, 1-21.

J. L. Durrmeyer: Une formula d’invension de la transforms de Laplace-Appliction
a’la the orie des moments, The’se de 3e cycle, Faculte’ des Sciences de I’Universite
de Paris, (1967).

Khalid Khan, D.K. Lobiyal: Bézier curves based on Lupas (p, q)-analogue of Bernstein
functions in CAGD, Journal of Computational and Applied Mathematics, (2017),
317, 458-477.

L. V Kanrtovich: Sur certains developments suivant les polynomes de la forms de S.
Bernstein I, II, Dokal Akad Nauk SSSR, (1930), 563-568, 595-600.

M. Mursaleen, KJ. Ansari, A. Khan: Some approzimation results by (p,q)-
analogue of Bernstein-Stancu operators, Appl. Math. Comput., (2015), 264, 392-402,
doi:10.1016/j.amc.2015.03.135.

M. Mursaleen, Md Nasiruzzaman, A. Nurgali: Some approximation results on
Bernstein-Schurer operators defined by (p, q)-integers, Jou. Ineq. Appl. (2015), 249.

M. Mursaleen, Md Nasiruzzaman, A. Khan, KJ. Ansari: Some Approximation Results
on Bleimann-Butzer-Hahn Operators Defined by (p, q)-Integers, Filomat, (2016), 30
(3), 639-648.

M. Mursaleen, F. Khan, A. Khan: Approzimation by (p, q)-Lorentz Polynomials on a
Compact Disk, Comp. Anal. and Oper. Theory, (2016), 10 (8), 1725-1740.

M. Mursaleen, KJ. Ansari, A. Khan: Some approzimation results for Bernstein-
Kantorovich operators based on (p, q)-calculus, U.P.B. Sci. Bull. Series A. (2016), 78
(4), 129-142.

M. Mursaleen, K. J. Ansari, Asif Khan: On (p,q)-analogue of Bernstein Opera-
tors, Applied Mathematics and Computation, (2015), 266, 874-882, (Erratum: Appl.
Math. Comput. (2015), 266, 874-882.



REFERENCES 467

[20] M Mursaleen, Md Nasiruzzaman, KJ. Ansari, A. Alotaibi: Generalized (p,q) -
Bleimann-Butzer-Hahn operators and some approximation results, Jou. Ineq. Appl.
(2017), 310.

[21] M Mursaleen, AAH Al-Abied, A. Alotaibi: On (p,q) -Szsz-Mirakyan operators and
their approzimation properties, Jou. Ineq. Appl. (2017), 196.

[22] Khalid Khan, D.K. Lobiyal: Bézier curves based on Lupas (p, q)-analogue of Bernstein
functions in CAGD, Journal of Computational and Applied Mathematics, (2017),
317, 458-477.

[23] M. Mursaleen, A. Khan: A Statistical Approzimation Properties of Modified q-Stancu-
Beta Operators, Bull. Malays. Math. Soc., (2013), 36 (3), 683-690.

[24] M. Orkcu, O. Dogru: Weighted statistical approximation by Kantorovich type q-Szsz
Mirakjan operators, Appl. Math. Comput., (2011), 217, 7913-7919.

[25] P. P. Korovkin: On Convergence of Linear Positive Operators in the Space of Con-
tinuous Functions, Dokl. Akad. Nauk, (1953), 90, 961-964.

[26] S. N. Bernstein: Demonstration du Theorem de Weierstrass Fondee sur le Calculu
des Probabilites, Comp. Comm. Soc. Mat. Charkow Ser.,(1912), 13(2), 1-2.

[27] S. Ostrovska: q-Bernstein Polynomials and Their Iterates, J. Approx. Theory.,
(2003),123, 232-255.

[28] V. Gupta,C. Radu: Statistical approximation properties of q-Baskokov-Kantorovich
operators, Cent. Eur. J. Math., (2009), 7 (4), 809-818.



