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Abstract. In this paper, we study the varieties V' C (C;‘7 of dimension one that contain points of
the form (z1, 22, exp(x1), exp(z2)) by using tools from Non-Archimedian Analysis.
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1. Introduction

The algebraic (in)dependence between elements of the form x,exp(z) in the p—adic
domain plays a fundamental role in the p—adic Transcendental Number Theory. Many
results have been made towards this direction. For example, in 1932 K.Mahler, [N],
proved that exp(a) is transcendental over Q for any non-zero algebraic element o € E
(the domain of convergence of the exponential function). In 2008, Yu.V. Nesterenko proved
that if aq,...,a, € E are algebraic over Q and form a basis of a finite extension of degree
n of Q. Then, there exist at least | 5| among the elements exp(a1), ...., exp(a,) which are
Q—algebraically independent. This result is usually called half of Lindemann-Weierstrass
Conjecture in the p—adic domain, [N].

In this paper, we use Weierstrass Preparation Theorem to give necessary and sufficient
conditions on a class of polynomials over Z so that each one of them has a root of the
form (z,exp(z)). Similarly, we use Hilbert Theorem on the ring of strictly convergent
power series to give necessary and sufficient conditions on a class of polynomials over Z
so that each one of them has a root of the form (exp(x1),exp(z2)). That enables us to
put necessary conditions on certain varieties V' C (C;l, of dimension one over QQ in order
to have points of the form (z1,x2,exp(x1),exp(z2)). Also, we give a class of varieties
V C (C;l, of dimension one over Q such that each variety contains a point of the form
(1, x2,exp(x1),exp(x2)). This point does not contradict Schanuel’s conjecture for two
elements. The conjecture asserts that for a given variety V C Cf, over Q of dimension one
and a tuple (z1,z2,exp(x1),exp(ze2)) € V, then x1,x9 are Q-linearly dependent. Finally,

DOI: https://doi.org/10.29020/nybg.ejpam.v11i4.3281

Email address: amrandalloul@hotmail.com (A. Dalloul)

http://www.ejpam.com 1046 © 2018 EJPAM All rights reserved.



A. Dalloul / Eur. J. Pure Appl. Math, 11 (4) (2018), 1046-1057 1047

we give some applications on Weierstrass Preparation Theorem and Hilbert Theorem
concerning the algebraic dependence over QQ, and other related topics.

Many results concerning the existence of roots of p—adic exponential polynomials have
been made by Poorten ( see [P] and [PR]) and others. These results imply the existence
of roots of polynomials P[X,Y] € Q[X,Y] of the form (x,exp(z)). In our work, we
consider these polynomials directly where the coefficients and degrees of the variables
play a role in the existence of such roots. We prove, as a Corollary, that there exist
polynomials in Q[X,Y] which do not contain any root of the form (z,exp(z)). This
implies the existence of varieties V' C (C;*? over Q of dimension one which do not contain
points of the form (x1,z2,exp(z1),exp(z2)). Using the same technic, we prove that there
exist polynomials over Z with 2n variables which do not contain any root of the form
(1, .., Tn,exp(x1), ..,exp(xy,)). Furthermore, we use Weierstrass Preparation Theorem to
prove the existence of varieties V' C (Cé over QQ, of dimension one that contain points of
the form (x1, zo, exp(x1), exp(z2)).

2. Background

We recall some basic notations and results regarding the field of p—adic numbers and
some elementary Non-Archimedian Analysis that will be needed later. For more details,
see [BGR] and [G].

Let p be a prime number, Q, the completion of Q with respect to the non-archimedian
absolute value |.| and C, the completion of the algebraic closure of Q,. This field is
Non-Archimedian (with respect to the extended p-adic absolute value |.|), complete and
algebraically closed with the residue class field Fp (the algebraic closure of the field F),)
and the value group p@ U {0}. Moreover, The field C, is endowed by the exponential map:

exp: E—> 1+ FE,

xn
n>0
—1
where E = {z € Cp; |z| < pr—T}.
It is well-known in the Non-Archimedian fields that a series ), a, is convergent if and only
if lim |a,| = 0. Therefore, Let f(X) = > -7 ja, X" € Cp[[X]] be a power series. Then,
n—oo
f(X) is convergent for each z in the closed ball B(0, ¢) if and only if li_>m lan|c™ = 0. Since
n oo

(lan|c™) is convergent, it is bounded. i.e, it has a maximum. Therefore, the norm || . ||,
on f(X) is defined as follows:

I F(X) [le:= max{an[c"}.

We summaries the properties of || . ||, as follows, [G]:
1) [ f(X) [le= 0« f(X) =0,

2) || f(X) + g(X) [le< max{]|| f(X) [le, | 9(X) [lc},
3) || & |le= ||, for any constant o € C,.
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4) [f(@)] <[| f(X) [le, for any = € B(0,¢),

where f(X),g(X) are convergent power series on B(0,c¢) and |.| stands for the p—adic
absolute value on C,,.

Now, we are able to state Weierstrass Preparation Theorem:

Theorem 1. (Weierstrass Preparation Theorem [G]) Let ¢ be a positive real number of
the form p®, a € Q, and let

f(X)=ar+aX +.. +a, X"+ .. € C[[X]]

be a power series convergent on the closed ball B(0,c). Let N € N be a number defined by
the conditions:

lan|cV = max,{|a,|c"} and |an|cN > |ay|c”,¥n > N.

Then, there exist a polynomial g(X) € Cp[X] of degree N, and a power series h(X)
convergent on the closed ball B(0,c) such that

1) f(X) = h(X)g(X). In addition, each root of g(X), if exists, belongs to B(0,c).

2) | h(X) =1 |lc< 1. In particular, h(X) has no roots in B(0,c).

We need the following notions and results related to the ring of strictly convergent
power series in order to study the polynomials in Z[X;, X2] that admit roots of the form
(exp(x1), exp(z2)). See [S] and [BGR] for more details.

Let (K, |.|) be a Non-Archimedian, complete and algebraically closed field. Then, a formal
power series f(X1,..,Xn) = D 1, i arX'.. Xi» € K[[Xy,.., X,]] is convergent on a
ball B(0, p) :={Z = (21, .., zn) € C}j : max |z;| < p} if and only if

lag|p@t-Fin) 0 as iy + ... + 4, — co. We define a norm .|, on f as follows:

[flo= max {JarptTT},
I=(i1,.,in

This norm is usually called Gauss norm, [S]. Let T,,(p) be the set of all formal power series
in K[[X1,..,Xy]] which are convergent on the ball B(0, p). Then, T, (p) forms a complete
normed K —algebra embeds K[Xy,.., X,] as a dense K— subalgebra. In particular, for
p=1, K(Xy,..,X,) denotes the ring of all power series which are convergent on the unit
ball. Each element of this ring is usually called strictly convergent power series, [S]. Then,
we have the following:

Lemma 1. ([S] Lemma 4.9, p.9) A strictly convergent power series
f= Zl:(ih..,in) ar X .. X € K(X1,.., Xy) is unit in K (X1, .., Xy,) if and only ifla,.0) =
If| and |ag,, )| <|f| for all iy + ..+, > 0.

This lemma immediately implies that if |a( o, 0)| < [f], then f is not unit in K(Xy, .., Xy).
Lemma 2. (Hilbert Theorem [S], Corollary 5.10, p.14) There is a one to one corre-
spondence between the maximal ideals of K(X1,..,Xy) and the points in the unit ball
B(0,1) := {z = (z1,..,7,) € C) : max{|z;|} < 1}. Under this correspondence, a point
z = (x1,..,x,) € B(0,1) determines the maximal ideal (X1 — x1,.., Xn — Zn).

Throughout the paper, we use the standard notation (z,exp(z)) for the 2n- tuple
(1, ooy T, €xp(1), ... exp(24)) , [K].
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3. The Main Results

It is clear that finding roots of a polynomial with rational coefficients can be reduced
to the case of coefficients in Z. Therefore, without loss of generality, we can take the
polynomials over Z. We only consider the class of polynomials P[X,Y] € Z[X,Y] in
which at least one of the degrees of the variable Y is relatively prime to p. Furthermore,
we exclude the case of polynomials that contain the variable X in each term since they
have the trivial root (0, exp(0)).

Theorem 2. The polynomial with rational integer coefficients
m S
PX,Y]=c+ Y dY% + e XYP2 4 Y " frX 1YWz y 4 > 2,
i=1 k=1

in which (dioq +..+dmam, +e1,p) = 1, has a root of the form (x,exp(z)) € C, xCy;p > 3
if and only if |c +dy + .. + dpm| < pL.

Proof. (Proof of the necessary condition) If (z,exp(z)) is a root of P[X,Y], then x is
a root of the power series f(X) := P[X,exp(X)] which is convergent on E (since at least
one of the degrees of the variable Y is relatively prime to p, see [PR, Theorem 1] ). Thus,
x € E. So,

m S
c+ Z d; exp(ox) = — (elx exp(f12x) + Z frax et exp('yk’gx))
i=1 k=1

We have Z C Z,, and |exp(w)| = 1 for every w € E. Using the strong triangle inequality,
it follows that

m
e+ > diexp(aiz)| < max{|erw exp(Br 22)], |fex ™ exp(y.22)[}

i=1

< max{les |[z[| exp(B1,22)], [ fiellz™ | exp(y,22)[)}

< max{fz], |z[™'}

< pp;*ll < 1.
We define z; = a;x;i = 1,2, ..,m. Then,

lc+ diexp(z1) + ... + dmexp(zm)| < 1. (1)

Therefore, |c + dy + ... + d;,| < 1. This is because,
lc+diexp(z1)+...+dm exp(zm)| = |c+di+...+dm+di(exp(z1) — 1) +..+dp (exp(zm) — 1)
If e+ dy + ... + d| = 1, then we find that

d1(exp(21) = 1) + .+ dn(exp(zm) — D] < max {|d;(exp(=:) — DI}
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< ) —1
< max {|(exp(z) - DI}
( using the fact |w| = |exp(w) — 1]|,Yw € E) < max {|(zi|}
1<i<m
<px
< 1.
So, by the isosceles triangle inequality, we find that

lc+ diexp(z1) + ... + dmexp(zm)| =
=max{|c+di + ... + dw|, |d1(exp(z1) — 1) + .. + dm(exp(zm) — 1)|} =
=lc+di+...+dn|=1.

This contradicts (1). Therefore, |c +dy + ... + dm| < 1, 80 |c +dy + ... + dp| < p~!. This
is because, ¢+ dy + ... + d,,, € Z, and the value group of Z is p” U {0}.i.e, for each ¢q € Z*,
lg| = p®, for some s € Z.

Proof of the sufficient condition. Consider the polynomial

m S
PIX,Y]=c+ Y dY% + e XYP2 4 )" fi X1y "2 € Z[X, Y],
=1 k=1

with the condition |c¢ + d;i + ... + dn| < p~!. We have to prove that P[X,Y] has a
root of the form (x,exp(z)),z € E. This is equivalent to prove that the power series
f(X) := P[X,exp(X)] has a root € E. Suppose that the power series f(X) takes the
form f(X)=ao+ a1 X +..+a, X"+ ..
In our case, we have

a=c+d+ .. +dp,

a1 = dioq + .. + dpouy, + €1,

—1
dia + .. + dpa?, 12 .
n = nl e Torn <@g i
—1 n—v51,1 n—"7s,1
diaf + .. +dpog, 12 T2 Vs2 .
= e : d . —>% - n > min {vi1}.
" n! 1(n— 1)! T (n—m11)! Tt s (n—2s1)! — 1§z’§s{%’1}

Let a be any rational number satisfying —1 < a < %11 In fact, we have chosen a € Q
to guarantee that p® € |Cp,|. Then f(X) is convergent on the closed ball B(0,p®). The
general assumption of the theorem guarantees that ord(a;) = 0. Therefore, |a;| = 1. Also,

by definition of a, we find that p~! < p®. Thus,

lag] < p~t < Jaa|p™® < max{|a,|p"*}.
n>1

Therefore, the number N, defined in Weierstrass Preparation theorem, is strictly larger
than zero.i.e, N > 0. Weierstrass Preparation theorem guarantees that f(X) can be writ-
ten in the form f(X) = h(X)g(X); h(X) is a power series convergent and non-vanishing
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on B(0,p*) and g(X) is a polynomial with p-adic complex coefficients of degree N > 0.
Since C,, is algebraically closes field, it follows that g(X) has a root x. This root belongs
to B(0,p%).i.e., x € E. Therefore, f(z) = h(z).0 = 0. Thus, P(x,exp(z)) = 0.

Remark 1. In the proof of the necessary condition, we did not use the assumption (djoq+
o+ dmam + e1,p) = 1. This implies that any polynomial of the form

PX,Y]=c+ > dY*+ Y frX1ys2 g, > 1,
i=1 k=1

with (¢ +di + .. + dpm,p) = 1 and at least one of the degrees of the variable Y is relatively
prime to p does not have any root of the form (x,exp(x)).

Example 1. We can use Remark 1 to prove that the polynomial P[X,Y] = X% +Y? has
no roots of the form (z,exp(x)) € C, x Cp;p > 3.

Example 2. Consider the polynomial
PIX,Y]=p—1+(p+1)YP+X + X3yP~1 4 XTy15,

Then, the domain of f(X) = P[X,exp(X)] is E, (dioq + .. + dma, +e1,p) = (p(p+1) +
1,p) =1 and |c+dy+..+dm| = |2p| = p~t. According to Theorem 2, we find that P[X,Y]
has a root of the form (z,exp(x)) € Cp x Cy;p > 3. This evample shows that there exists
a non trivial tuple of the form (z,exp(z)) satisfies an algebraic dependence relation with
rational integer coefficients relatively prime to p.

Also we can use Hilbert Theorem to get a result concerning the roots of the form
(exp(x1),exp(x2)) to the polynomials with rational integer coefficients and two variables .

Theorem 3. The polynomial
P[X1,Xo] = ajy + an, XiW X092 4+ ap, XimU X0 € Z]X, Xo),
in which at least one of the elements ari11 + .... +ar, im,1, ar 41,2 + .... + ag,, im2 and all

the degrees of X1 and Xy are relatively prime to p has a root of the form (exp(z1), exp(x2))

if and only if lag, + ... +ag, | < p~ L.

Proof. (Proof of the necessary condition). If P has a root of the form (exp(x1), exp(z2))
for some elements x1, 22 € E, then

P(exp(z1),exp(z2)) = ar, +ar, (exp(avl))il’l(exp(avg))il’2 +...+ay, (e)cp(.’),"l))"’"vl(exp(gcz))iﬂ%2 =0.

Let z; := 4121 4 ij2x2,Vj = 1,2,..,m. Then z; € E. Using the universal property of the
exponential function, we obtain

ag, + ar, exp(z1) + ... + ar,, exp(zm) = 0.
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Thus,
lar, +ar, exp(z1) + ... +ay,, exp(zm)| =0 < 1.

By a similar argument to the necessary proof of Theorem 2, we find that
lar, + ... +ar,| <p~L.

Proof of the sufficient condition. Consider the polynomial
P[X1, Xo] = aj, + ap, XiW X2 4 ap, XIm XM € Z[X, Xo),

in which at least one of the elements ar,i1,1 + .... + ar,,%m,1, ar, %12 + .... + ar,,im2 and all
the degrees of X1 and X5 are relatively prime to p.
Let f € C,[[X1, X2]] be an element defined by the relation

f(X1,X2) = Plexp(X1), exp(X2)].

Then, P[X;, X2] has a root of the form (exp(z1),exp(z2)) if and only if (z1,x2) is a root
of f. It is clear that f is convergent on the ball B(0, p) := {(z1, z2) : max |z;| < p,i = 1,2}
for every p < prfll (since all the degrees of the variables X; and X are relatively prime to
p). Let a be a rational number satisfying the relation —1 < a < p%ll. Then, f(X;,X2) is
convergent on the ball B(0,p®). We define new variables: Z; := p® Xy, Z5 := p*Xs. Also,
we define a new power series g(Z1, Z2) by the relation

9(Z1,Z3) == f(p™"Z1,p “Z3).

It’s clear that g(Z1, Z2) is convergent on the unit ball B(0,1). Furthermore, f(X1,X2)
has a root in the ball B(0,p®) if and only if g(Z1, Z2) has a root in the unit ball. Since
9(Z1, Z3) is convergent on the unit ball, it follows that g(Z1, Z2) € Cp(Z1, Z2). Suppose
that g(Z1, Z») takes the form g = (go, 91, ..., g, ---),Where g; is homogeneous polynomial of
degree i. Then, in our case, we have

go = g(0,0) =ajp +.... tar,,

g1 = (alliLl 4+ ...+ a[mimyl)p_azl + ((I[liLQ + ...+ (IImZ.m’Q)p_aZQ.

Suppose that a takes the form a = =*. Then, we have

(&7

p =" =p " p Y =p e =™

We assume that (ari1,1+.... +ar,, im,1,p) = 1 (the other case can be done similarly). This
implies that |az, 911 + ... + ar,,im1| = 1.
Now, since —1 < a < p%ll, it follows that p~! < p®. Hence, we obtain the inequalities

90| = lagy + ... +ar, | < p~' < p® =|(anitg + .. + ar,im1)p % <

< max{lby|} = gl



A. Dalloul / Eur. J. Pure Appl. Math, 11 (4) (2018), 1046-1057 1053
where {b;} are the coefficients of the power series g. Thus,
19(0,0)] <lgl.

Using Lemma 1, it implies that ¢ is not unit in the ring C,(Z;, Z2). Therefore, there exits
a maximal ideal p in C,(Z1, Z3) such that g € p. Using Lemma 2 and the fact that C,, is
algebraically closed field, it follows that there exist the elements z1, zo € B(0,1) such that

0= (21— 21,22 — 2z2).

Therefore, g can be written in the form g = r1(Zy — z1) + r2(Zy — 29), for some 71,79 €
Cp(Z1, Z3). Thus, it is clear that

g9(z1,22) = 0.
Hence, g has a root in the unit ball. Therefore, f has a root in the ball B(0,p®). Thus,
the original polynomial P[X;, X2] has a root of the form (exp(x1), exp(x2)).

Corollary 1. Let V C (C;l, be a variety over Q of dimension one defined by a system of
polynomials with rational integer coefficients of the form

(1)

PuXy, Xg) = > a0 xe 4 Zfél)Xg’“ X >
=1
m oc( (2)
P[Xa, Xq] = @ + 3 dP x5 + Zf;ﬁz)Xf’“ X >

)

i=1

Ps[X3, X4] = ag, + an, Xa " X092 + .+ ap, Xam X2,
such that there exists a degree of each of the variables X35 and X4 in Py and Ps respectively
which is relatively prime to p and all the degrees of the variables X3 and X4 in P3 are also

relatively prime to p. If V' contains a point of the form (x1,x2,exp(x1),exp(x2)), then the
quantities ¢ + 3 dgl), EE D i dz(?) and ag, + ... + ay,, are all divisible by p.

Proof. If V' contains a point of the form (z1,x2,exp(x1),exp(x2)), then we have
Py(z1,exp(z1)) = Pa(w2, exp(2)) = P3(exp(x1), exp(z2)) = 0.

Using Theorems 2 and 3, we find that the quantities c(!) 4+ 37" dg 2 l
ar, + ... + ay,, are all divisible by p.

Remark 2. From the previous corollary, we can deduce that if we have a variety V C (C;l)
defined as in the previous Corollary in which one of the quantities ¢V + Sy dgl), 2 +
Yoy dl@) or summation of coefficients of Py is relatively prime to p, then V has no point
of the form (x1,x9,exp(z1), exp(z2)).

We can also give sufficient conditions on a class of varieties such that each variety
admits a point of the form (z1,x2, exp(x1),exp(x2)) as follows.
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Corollary 2. Let p be an odd prime and let c,d,m € Z,m > 1 with the conditions
(d+1,p) = (m,p) = 1,p|(c+d). Then the variety V C C, of dimension one defined by
the system of polynomials

Pl[Xl,X3] =c+ dXén + mX;
PQ[XQ,X4] =c+dX;+ Xo
P3[ X3, X4] = X4 — X5,

has a point of the form (x1,z2,exp(z1),exp(z2)).

Proof. In fact, Theorem 2 guarantees that P; has a root of the form (z,exp(z)). By a
simple calculation, we find that (maz,exp(mz)) is a root of P» which admits roots of the
form (z,exp(z)) according to Theorem 2.

It’s clear that (exp(z), exp(ma)) is a root of P3 which admits roots of the form (exp(z1), exp(x2))
according to Theorem 3. Hence (z, mz,exp(x), exp(mz)) € V.

Remark 3. Schanuel’s conjecture in the case of two variables asserts that if V. C (C;l, 18
a variety of dimension one over Q and has a point of the form (x1,z2,exp(x1),exp(x2)),
then the point must take the form (z, mx,exp(x),exp(mz)), for some m € Q.

4. Further Applications of Weierstrass Preparation Theorem and
Hilbert Theorem

We can use Weierstrass Preparation Theorem to get a result concerning the algebraic
dependence over Q, as follows.

Theorem 4. Let P, Py € Z[X,Y] be polynomials defined as in the beginning of the pre-
vious section of the form

m €) n o o« (1)
PX, Y] =D+ 3 dVy eWxy P 43 VX 1y ;o

=1 k=1
Ua (2) 2 o @) (2
PolX, Y] = @ + 3 dPY 4 e@xyPE £ 3 f Xy e o)

i=1 k=1

1

)

)
1

Y

2,

v

2,

in which (d( ) (1)4— +dYa (1) p) = (d(2) @ +d£n)a£n),p) = 1. If the quantities ¢V +
S dl( NS D 1d§ ) are dzmszble by p and (x1,exp(x1)), (z2,exp(x2)) are roots of
P, P receptwely, then there exists a variety V C (C; over Q, of dimension < 1 containing
the point (1, z2,exp(x1),exp(z2)).

Proof. Since Q C Q, and Pj(x1,exp(z1)) = 0, it follows that x; and exp(z;) are
Qp—algebraically dependent. The same holds true for xo and exp(z2). It remains to show
that z1 and x2 are Q,—algebraically dependent. For this, it suffices to show that x1 and
x are algebraic over Q,. We briefly review the proof of Theorem 2. We have considered
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the power series f[X] := P[X, exp(X)] € Q[[X]] which is convergent on the closed ball
B(0,p%),a € (-1, p%ll) N Q. Weierstrass Preparation Theorem can be applied over any
finite extension K of Q, (For more details, see [G]). Also, the coefficients of f(X) (which
are rationals) can be considered as elements in any finite extension of Q,. Hence, we can
take K to be Q,. Then, f(X) can be factored in the form f(X) = g(X)h(X), where
9(X) € Qp[X] and h(X) € Q,[[X]] is non-vanishing and converging on the ball B(0,p®).
The roots of f(X) are exactly the roots of the polynomial g. That is, each root of f(X) is
algebraic over Q. From this argument, we deduce that z; and x2 are algebraic numbers
over Q. This clearly implies that x1 and o are Q,—algebraically dependent. Thus,

tde(@p(a:l, x9,exp(zry), exp(xa) < 1.

Hence, there exists a variety V C (C;l7 over @, of dimension < 1 containing the point
(21, z2,exp(x1), exp(z2)).

Finally, we generalize Theorem 2 to the case of polynomials P[X}, ..., X, Y1,...,Y,] €
QX1 ..oy Xy Y1, ..., Y |
As in the two variables case, we reduce the problem to find the roots of polynomials with
rational integer coefficients and exclude the polynomials that have at least one of the vari-
ables X1, .., X, in each term since it implies that the trivial point(0,..,0,exp(0), ..,exp(0))
is a root of these polynomials. Also, we only consider the polynomials in which all the
degrees of the variables Y7, ..., Y, are relatively prime to p. Then, we prove

Theorem 5. The polynomial with rational integer coefficients

m
P[X]_,...,Xn,n,...,yn} = C_’_Zdiylai’l---yr?i’n"’_
=1

n S
S e Xy LY 3T XLy ey e
Jj=1 k=1
Vi, F o+ Ve > 2,

in which at least one of the elements
(dia11+ ... +dmama+e1), ..., (diar g + ... + dpam n + €p) is relatively prime to p;p > 3,
has a root of the form (z,exp(Z)) if and only if

lc4dy + ... +dm| <p L.

Proof. Proof of the necessary condition. If (Z,exp(Zz)) is a root of the polynomial
P[Xy, ..., X5, Y1,...,Yy], then Z is a root of the power series
f(X1,....,Xp) :== P[X1, ..., X, exp(X1), .., exp(X,,)] which is convergent on the disk

—1
{Z : max |z;| < pr=1}. Thus, T € E™. So,

m
c+ Z d; exp(a;121)... exp(Q nxy) =
i=1
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n

S
=— ( Z ejz;exp(fj1z1).... exp(ﬁj,nazn)—i—z Frex(® ™ exp (Ve 171) - exp(vkygnxn» .
=1 k=1

Using the fact Z C Z,, |exp(w)| = 1,Vw € E and the strong triangle inequality, we find
that

m
lc+ Z di exp(a;121)... exp(a; nxy)| < 1.
i=1
Let z; = aj 121+ ... + oy ;@ = 1,2, .., m. Using the universal property of the exponential
function, we find that

lc+ dyexp(z1) + ... + dmexp(zm)| < 1.
By a similar fashion to the two variables case, we find that |c +dy + ... +dp,| < p~ L.

Proof of the sufficient condition. Consider the polynomial

m n
P[Xla s Xna Ylv ) Yn] =c+ Z diylai’l'--ynaiﬁn + Z 6ijY16j’1--'-YnBj’n+
i=1 7=1

S

> AXTL XYY e e > 2,

k=1
with the conditions:
1) At least one of the elements (dyay 1 + ... + dmam1 +e€1), ..., (i1, + ... + dmamn +€n)
is relatively prime to p,
2) le+di+ ... +dp| <p L
Consider the ring of the formal power series Cp[[X1, ..., X;,]]. Let f € Cp[[X1,..., Xy]] be
an element defined by the relation

f(Xy,..., Xp) = P[Xq, ..., Xp,exp(X1), .., exp(Xy,)].

Then, P[X1,..., X», Y1,...,Y,] has a root of the form (z,exp(z)) if and only if (z1,..,zy)
1

is a root of f. It is clear that f is convergent on the ball B(0,p) for every p < pr1.
Applying the same argument in the proof of Theorem 3, we find that P has a root of the
form (z,exp(Z)).

Remark 4. As in the two variables case, the polynomial over Z

m
P[X17-.-,Xn,Y1,...,Yn] = C_'_Zdiylai,l“.ysi,n
=1

S
+3° FeX SRt XSy et |yt
k=1
78kt o+ &k > 1,

with (¢ +dy + ... + dm,p) = 1 has no roots of the form (Z,exp(z)).
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