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1. Introduction

Bellman and Lee [3] first introduced the basic form of the functional equations in
dynamic programming is as follows:

f(@) = optyepH(x,y, f(T(x,y)))Ve € S (1)

where opt represent sup. or inf., x, y denote the state and decicion vectors respectively,
T stands for the transformation of the process and f(x) represents the optimal return
function with the initial state z.Afterwards, the existence and uniqueness of fixed point
solutions for several classes of contractive mappings and functional equations studied by
many investigators such as Bhakta and Mitra [5], Liu [15], Liu and ume [20], Pathak and
Fisher [21], Baskaran and Subhramanyam [1] and others.

Ray [22] proved two common fixed point theorems for three self mappings f,g and h
in the complete metric space using the following contractive condition:

d(fz,gy) < d(hx, hy) — w(d(hz, hy)),Vz,y € X (2)
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Further Liu[15] established common fixed point theorem and introduced a class of
mappings in a complete metric space as follows:

d(fx,gy) < maz{d(hz, hy),d(hz, fz),d(hy, gy)} — w(maz{d(hz, hy),d(hz, fz),d(hy, g(y))})-
3

Recall that the notion of orbitally complete metric space and orbitally continuous map-
ping were introduced by Ciric [9] . These definitions were extended to the case of two or
three mappings by Sastry et al.[12]. Some common fixed point results in this situation
were obtained in [12] . We give now respective definitions for pairs of mappings given in
literature.

2. Priliminaries

Definition 1 (6). A self map f on a metric space (X,d) is said to be asymptotically
regular at a point x in X if limy,_eod(f"(x), f*(z)) = 0. Where f™(z) denotes the n'"
iterate of f at x.

Definition 2 (6). Let f and g be two self mappings of X and {z,} a sequence in X, then
{zn} is said to be asymptotically g- regqular with respect to f if limp—ood(f2n, gryn) = 0.

Definition 3 (9). Let {x,} is a sequence which is asymptotically g- regular with respect
to f, then O(f,xn) = {fx1, fre, fxs,...fxy,...} is called asymptotic orbit of f.

Definition 4 (12). X is said to be f-asymptotically complete if every Cauchy sequence of
the form {fx,} converges in X.

Definition 5 (12). A self map f is said to be asymptotically continuous if it is continuous
on closure of O(f,xy).

Definition 6. Two self maps g and h of X are said to be weakly commuting if d(ghx, hgx) <
d(gx,hx) Vo € X

Definition 7 (12). Let f,g and h be three self maps on a metric space X .

(i) If for a point o € X ,there exists a sequence {x,} in X such that fro, = hxopt1 and
9Zon+1 = hxonio, n=0,1,2.... Then the set O(xo, f,g,h) = {Txpn =0,1,2...} is called
the orbit of (f,g,h) at xg.

(i) The space (X, d) is said to be (f, g, h)— orbitally complete if every Cauchy sequence
in O(xo, f,g,h) converges in X.
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(iii) The map h is said to be (f,g,h)- orbitally continuous at xg if it is continuous on

O(xO)fagah)'

(iv) The pair (f,g) is said to be asymptotically reqular w.r.to h at xy if there exists
a sequence {xy} in X such that fxo, = hTopi1, gTont1 = hxont2 ; n = 0,1,2,... and
d(hzp, hpni1) = 0 as n — 0.

Throughout in this paper, we assume that Rt = [0, +00), R = (—o0, +00), w and N
denote the set of all non-negative and positive integers respectively.

W ={w:w:R" — R"is continuous mappings with 0 < w(t) <tV t > 0} (4)

Let ® ={¢: ¢:[0,00) = [0,00)} satisfying the following conditions:
(i) ¢ is continuous and non-decreasing
(i) ¢(t) < t Vt € [0, 00)
(iii) limp—oo®(tn) = 0 <= limy_ootn = 0.

Let U= {9 : ¢ :[0,00) — [0, 00)} satisfying the following conditions:
(i) ¢ is non-decreasing
(i) @(t) < (t) VE >0
i)y (a + b) < ¥(a) +9(b) Va,b € [0,00)
(iv) ¥(t) < t vt € [0,00)

The aim of this paper is to provide the sufficient conditions for the existence and
uniqueness of common fixed point for the following type of contractive mappings metric
space (X, d).

Y(d(fz,gy)) < max{p(d(hz,hy)), p(d(hz, fz), ¢(%([d(’m hy) +d(fz, gy)l))), ¢(d(hy, gy))}

—w(maz{¢(d(hz, hy)), p(d(hz, fx)), o(d(hy, 9y)), ¢(%([d(h$7 hy) +d(fz, gy)]))})-
(5)

for all z,y € X.Where ¢ and ¢ are defined above.
As an applications, we discuss the existence and uniqueness of common solutions of
the following functional equations arising in dynamic programming.

f(x) = optyep{u(z,y) + H(z,y, f(T(x,y)))}Ve € § (6)

and

fi(x) = optyep{u(z,y) + Hi(x,y, fi(T(z,y)))}Ve € S&i € {1,2,3} (7)



P. Semwal, Komal / Eur. J. Pure Appl. Math, 11 (4) (2018), 1177-1190 1180

3. Main Results

Theorem 1. Let f,g and h be three self maps on a metric space X satisfying:

(i) either f commute with h or g commute with h.

(i) there exists w € W such that (5) hold for all x,y € X.

(iii) The pair (f,g) is asymptotically reqular with respect to h at xg.

(iv) The space X is (f,g,h)-orbitally complete at xo and h is orbitally continuous at xg.
Then f,g and h have a unique common fixed point in X.

Proof Since (f, g) is asymptotically respect to h at g, there exists a sequence {z,} in
X such that fxo, = haxont1 and gron11 = hxonta, n =0,1,2, ... and d(hxy, ha, 1) — zero
as n — oo.
Now we show that hz,, is Cauchy.On contrary suppose that hz,, is not Cauchy, then there
exists an € > 0 and positive integers my, and ny with my < ny such that d(hay,, , hey, ) > €
and d(hap,, hep,—1) < € for all k = 0,1,2,....Since d(ham,, hen,) < d(htm,, htn, —1) +
d(hzp, —1, hy, ). Then we obtain d(hay,, , hr,,) — € as k — oo.
Now there are four cases: (i) my, is even and ny, is odd (ii) my is even and ny is even (iii)
my, is odd and ny is even (iv) my is odd and ny is odd.
Suppose my, is even and ny is odd, we have

¢(d(hxmk7 h$nk)) (0 d(hxmk’ hxmk+1)) + ¢(d(hl‘mk+1a hxnk+1)) + w(d(hxmﬁrlv h’xnk))

(
(A0 D 11) + maz (S, ), S Fm, i, ),
(g0, 0, O AT )+ Frm 900, )}
w(maa{ (A, ), G(d(F g, D, ), D92, ).
S5y hrny) + ATy 920, DY) + (D1, i)

IN A

<

M\)—‘

Letting £ — oo, we obtain

P(e) < p(e) —w(g(e)) < p(e)

a contradiction.In the remaining cases we have a similar situation.Hence {hzy, } is Cauchy.Since
X is (f, g, h)orbitally complete at zg, it follows that there exist z € X s.t. hz, — z as
n — co. Now, again

¢(d(f:E2n, gz)) < ma${¢(d(h$2m hz))v ¢(d(fx2n’ hx?n))a gf)(d(gz, hz))?

qb(%[d(hxgn, hz) + d(fxan, 92)])} — w((max{p(d(hzan, hz)), ¢(d(fron, hzay)),

B(d(g7, 12)), 65 [dizan, 2) + d(f2n, 92)) D)
and

Y(d(fz, 972n41)) < maz{p(d(hz, hrani1)), p(d(fz, hz)), ¢(d(9w2n+1 ) hz2n+1))v
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S5ld(hz, han 1) + A7, gan 1))} = w((maz{6(d(h, b)), 6(d(f2,h2)),
— O dlganr1, i), Ol Kz ) + (2, 9205 )})

Taking k — oo, we obtain
P(d(z,92)) < max{(d(z,hz)), ¢(d(2, 2)), p(g2, hz), ¢(%[d(hz, z) +d(z,92)])}
— w((maz{¢(d(z, hz)), p(d(z, 2)), ¢(d(gz, hz)), cb(%[d(hz, z) +d(z,92)])})) (8)

and

[y

P(d(f2,2)) < max{p(d(z,h2)), p(d(z, 2)), d(d(g2, h2)), (5 [d(hz, z) + d(fz, 2)])}
- w((maw{qﬁ(d(zyhZ))Ab(d(zﬂZ)):qﬁ(d(gz,hZ)),¢(%[d(h2,2)+d(fz,Z)])})) (9)

[\]

Since h is orbitally continuous at z¢g and fh = hf, we infer that fhxs, = hfo, — Tz as
n — oo.Similarly ghxon+1 = hgrony1 — hz as n — oco.
Again,

Y(d(fhaon, gron+1)) < max{@(d(hhaon, htant1)), ¢(d(fhaon, hhaon)),
Sd(gans1, htzns1)), O Az, haznsr) + d(fhan, gzan 1))
— w(mar oAbz, bz 1)), S s, hhesn), od(gans1, hran i),
O [dhhran, hean 1) + d( Fhran, g2 1))

Taking k — oo, we obtain

Y(d(hz,2)) < maw{cb(d(hz,Z))7¢(d(hz,hZ)%cb(d(%Z)),cb(%[d(hZ’Z)+d(hZ’Z)])}
— w((maz{p(d(hz,z)), p(d(hz, hz)), ¢(d(z, 2)), ¢(%[d(hzv z) +d(hz,z)])}))
implies that

P(d(hz,z)) < od(z,hz)) —w((d(z, hz)) < (d(z, hz))

a contradiction.Hence hz = z.Using (8) and (9) together with Tz = z, we infer that
fz = gz = hz = z.Further uniqueness of common fixed point can easily prove.

Taking ¢(t) =t and ¢(t) = ht where < h < 1, we state the following
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Corollary 1. Let A, B and T be self maps on a metric space (X, d) such that T commutes
with both A and B and the pair (A, B) is asymptotically reqular w.r.to T at xg € X, X is
orbitally complete and T s orbitally continuous at xg and

d(Az,By) < ¢{max{d(Ta:,Ty),d(Aa:,T:x)),d(By,Ty),1

[d(Tz,Ty) + d(Az, By)])}
1
2

forall xz,y € X. Then A, B and T have unique common fized point in X.

O |

— w((max{d(Tz,Ty),d(Az,Tx)),d(By,Ty), =[d(Tx,Ty) + d(Az, By)])}))

Theorem 2. Let (X, d) be a metric space and f, g and h be self mappings on X such that
F(X)Ug(X) C h(X).If there exists a w € W satisfying (5). Then the pair (f,h) and (g, h)
have a coincidence point in X, provided that (i) X is h-asymptotically complete, (ii) h is
asymptotically continuous and (iii) h is weakly commute with f and g.Further f, g and h
have a unique common fized point in X.

Proof Let zyp € X be any point in X. Since f(X)Ug(X) C h(X).We choose sequence
{z,} € X such that fxo, = hxont1 and gron+1 = hxopyo for all n € w.
By (5), we conclude that
Y(d(hropy1, hrang2)) = Y(d(fran, gr2n41))
mazx{p(d(han, htoni1)), d(d(hron, fron)), d(d(hroni1, 9T2nt1)),

‘b(%([d(hx?m haon+1) + d(fron, gr2n+1)]))} — w(maz{p(d(han, hrani1)),

¢(d(hzon, fran)), ¢(d(haani1, 9T2n+1)), ¢(%([d(h9€2m haony1) + d(fron, groni1)]))}

IN

This yields
Ydmi) < maz{o(dan), d(dan), 6(dansn), 6 (dan + don 1))}
~w(maz{9(dan), S(dan), odns1), 6 (dan + dons1)})

Suppose dop+1 > dap, then ¢(dany1) > ¢(day).Using (5), we have
P(dant1) < d(dant1) — w((dant1)) < d(dantr)
a contradiction.Consequently, we have da, 11 < day, from (5) we have
U(dany1) < @(dan) — w((dan)) < P(d2n)

for any n € w. Similarly, we have ¥(d2,) < ¢(d2n—1) — w(P(d2n—1)) < ¢(dan—1) for all
n € N.It follows that

¥(dn) < ¢(dn-1) — w(¢(dn-1)) Vn € N (10)
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From (10), we have

n

> w((dy)) < ¢do) — (dn) < $(do) ¥n € N

=0

Thus the sequence {d,} is decreasing sequence whereas the series > 7 w(¢(dy)) and
{#(dy)} are convergent.lt is clear that lim, ,~ow(¢p(dy)) = 0. Since sequence {d,} is de-
creasing so there exists p € R such that lim, ..od, = p. By continuity of ¢ and w we
have limy—oow(é(d,)) = w(p(p)) = 0.Thus p = 0. Therefore limy,—ood(hap, hapi1) = 0
implies that lim,_,cod(hxon, hxon+1) = 0 means that lim,_cod(hxay, fre,) = 0 and
limp—ood(hTan+1, gTon+1) = 0. i.e. the sequence {x,} is asymptotically h-regular with
respect to f and g.

Next we show that {hz,} is Cauchy sequence in X.We need only to show that {hza,}
is Cauchy sequence.On contrary suppose {hz,} is not Cauchy.Then there exists some
e > 0 such that for any even integers 2m(k) and 2n(k) with 2m(k) > 2n(k) > 2k and
d(hTom(k), han(k)) > €. Further, let 2m(k) denote the least even positive integer exceeding
2n(k) which satisfies that 2m/(k) > 2n(k) > 2k

d(hZam(k)—2, hank)) < € and d(hoam,,, hag, ;) > €. (11)

Note that for any &k € N

d(hZam(k)> Mank)) < dom(k)—1 + dom)—2 + (AT k) —2, BTon () )-
|d(hzom(k)s hTon(k)+1) — A(ATom(k)s hanr))| < don(r)-
ld(hzom(k) 115 Man(k)+1) — AhTamk)s Moy +1)| < dom(r)-

|d(hZom k)41, hTon(k)+2) — AhTom k)1, hTonk)+1)| < donr)+1-
From above inequalities, we infer that

€ = limp_ood(hTom(k 7h372n(k))
= lzmn_mod thm k)

(
(k)s PTon(k)+1)
(
(

( )
( )
= lzmn—wod(thm k)+1s hw2n(k)+1)
( )

= liMmp—ood(hTopm s +1> thn(k)—&-Q)'
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Again from (5), we have

1
Y(A(fTom(k), Tom(k)+1)) < ma${¢(d(h$2m(k)vh$2n(k)+1))7¢(d2m(k))a¢(d2n(k)+1)’¢(§[d(hx2m(k)ahx2n(k)+1)

+d(fTomr)s 9T2nk)+1)])} — wmaz{p(d(h@am k), hrank)+1)), (damk) ),
1
¢(d2n(k)+1)a ¢(§[d(h$2m(k)> h$2n(k)+1) + d(f932m(k)a 9$2n(k)+1)])})
Taking & — oo, we deduce that

P(e) < maz{d(e), $(0), $(0), ¢(%[€ + )} — wlmaz{g(e), $(0), $(0), ¢(%[€ +eD}b)

() < ¢(€) —w(g(e)) < ¢(e)

a contradiction and hence {hx, } is Cauchy sequence.Since X is asymptotically h-complete
implies that the sequence {hz,} converges to a point z € X.We infer that {hza,} and
{hxaon41} also converges to z. h is asymptotically continuous implies that

hhzon — hz,hhxopni1 — hz, hfxo, — hz, hgropt1 — hz as n — oo.

Now using weakly commutativity and sub additivity of ¢, we have

W(d(fhasn, hz)) < O(d(fhaon, hfan)) + Y(d(hfron, hz))
< p(d(fran, hazn)) + ¢ (d(hfran, hz))

Taking n — oo implies that fhxa, — hz. Similarly ghxa,+1 — hz. Suppose d(hz, gz) > 0.
Then

P(d(hz, 9z)) P(d(hz, fhaan)) + (d(fhan, 92))

<

< B(d(hz, fhann)) + max{$(d(hhas, hz)), $(d(hhaa, Fhasn)), 6(d(hz, =),
¢>(%[d(hh$2n, hz) + d(fhan, 92)])} — w(maz{p(d(hhxan, hz)), p(d(hhzay, fhxay,)),
B(d(h=,92)), 6 (5 d(hh20, h2) + d( Fhzm, g2)])})

Taking n — oo, we infer that

b(d(hz g2)) < Bd(hz g2)

a contradiction.Hence hz = gz. Similarly we can easily prove that hz = fz.Next we have
to show that z is fixed point of h. Suppose that d(hz, z) > 0.From (5), we have

Y(d(fxon, ghzan)) < max{d(d(hzan, hhzay)), p(d(hxay, fron)), d(d(hhxan, ghzay)),
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qb(%[d(h:vgn, hhzay) + d(fron, ghran)])} — w(maz{d(d(hzan, hhxay)), p(d(hxoy, fran))
SRz, ghiesn), 65 [d (s, Bharss) + d(Fram, ghesn)])))

Taking n — oo, we infer that

P(d(z, hz)) < ma:C{qb(d(ZahZ)),sb(O),¢(0)7¢(%[d(%h2)+d(27h2)])}

—w(maz{¢(d(z, hz)), (0), ¢(0), ¢>(%[d(za hz) +d(z, hz)])})

implies that

P(d(z,hz)) < o(d(z, hz)) — w((d(z, hz))) < ¢(d(z, hz))

a contradiction.Hence hz = z. Therefore fz = gz = hz = z. i.e. z is common fixed point

of f, g and h.

Finally, we show that z is unique fixed point of f, g&h.Suppose z’ be another fixed
point. Then from (5), we obtain

v(d(fz,97)) < maaf{cb(d(hzahZ')),¢(d(hz,fZ)),¢(d(hZ',92')),¢(%[d(hz,hZ')+d(fz,gz')])}
—w(maz{¢(d(hz, h2)), ¢(d(hz, f2)), p(d(h?', g2')), ¢(%[d(hz7 hz') +d(fz,92')])})

we infer that

P(d(hz, b)) < @(d(hz, he')) —w((d(hz, h2'))) < ¢(d(hz, h2"))
a contradiction. Hence z = 2.

Corollary 2. Let (X,d) be a complete metric space and f, g and h be self mappings on
X such that f(X) U g(X) C h(X).If there exists a w € W satisfying (5). Then the pair
(f,h) and (g, h) have a coincidence point in X, provided that (i) h is continuous and (iii)
h commutes with both f and g.Further f, g and h have a unique common fized point in
X.

Taking ¢ (t) =t = ¢(t),in cor.2 we obtain the following
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Corollary 3. Let (X,d) be a complete metric space.Let f, g and h be self maps on X such
that f(X)U g(X) C h(X) and h is continuous and commute with both f and g. If there
exists a w € W satisfying the following condition:

d(fz,gy) < mafv{d(hfv,hy),d(hfv,fw),d(hy,gy),%[d(hx,hy)+d(fw,gy)]}
— w(maz{d(hz, hy),d(hz, fr),d(hy, gy), %[d(h:ﬂ, hy) +d(fx, gy)l})

for all z,y € x. Then the pair (f,h) and (g,h) have coincidence point, further f, g and h
have unique common fixed point in X.

Taking h = I, in cor.3 we gain the following

Corollary 4. Let (X,d) be a complete metric space.Let f and g be self maps on X. If
there exists a w € W satisfying the following condition:

Afrrgy) < maa{d(e,y), i, f2), dly, gv), 5ld(r,) + d(fr,gy)])
~ wlmaz{d(z,y), (e, f2), d(y, 9v). 5ld(z.) + d(fz, 9u)]})

for all x,y € x. Then f and g have unique common fixed point in X.

4. An Application

Throughout in this section,let X and Y be Banach spaces S C X be the state space
and D CY be decision space. B(S) denotes the set of all real-valued bounded functions on
S.Put d(a,b) = supgesla(z) —b(z)|,Va,b € B(S).1t is obvious that (B(S),d) is a complete
metric space. Definew : SxD — R, T : SxD — Sand H; : SxDxR — Rfori={1,2,3}.

Now we study those conditions which guarantee the existence and uniqueness of com-
mon solutions of functional equations (7).

Theorem 3. If the following conditions are satisfied
(C1) w and H; are bounded for i ={1,2,3}
(C2) there exist p € ® , ¢ € U and w € W satisfying

w’Hl(xvyaa(t)) H2(x7y? b(t))|
maz{¢(d(ha, hb)), ¢(d(ha, fa)), p(d(hb, gb)), ¢(% [d(ha, hb) + d(fa, gb)])}

—  w(maz{¢(d(ha, hb)), (d(ha, fa)), p(d(hb, gb)), ¢(%[d(ha» hb) + d(fa, gb)])})

IN
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for all (z,y) € S x D; a,b € B(S) and t € S.Where f, g and h are defined as follows:
forallz € S, a; € B(S) and i ={1,2,3}

flar(z)) = optyep{u(z,y) + Hi(z,y,a1(T(z,y)))}
g((m(&?)) = optyep{u(x,y)—i—HQ(x,y,ag(T(x,y)))}

h(az(x)) = optyep{u(z,y) + Hz(z,y,a3(T(x,y)))}

(C3) f(B(S)) Ug(B(S)) € h(B(S)) and h is asymptotically continuous and weakly
commute with both f and g.
Then the system of functional equations possess a unique common solution in B(S).

Proof From (Cy) and (C3), f,g and h be self maps on B(S). Let a,b € B(S) and
x € S.For any € > 0 there exist y, z € D satisfying

fla(z)) < w(z,y)+ Hi(z,y,a(T(z,y))) +€
g(b(x)) < wu(z,z)+ Ha(x,2z,b(T(x,2))) + €
fla(x)) > w(z,2)+ Hi(z,z,a(T(x,2))) + €

g(b(l’)) > u(x,y)+H2(x,y,b(T(x,y)))+e

Combining above inequalities with (C3), we obtain the following:

P(1f(a(z)) —g(b(x))]) < P(e) + ¢ (maz{|Hi(z,y,a(T(z,y))) — Ha(z,y,0(T(2,9)))],
|Hy(2,2,a(T (2, 2))) — Ha(, 2,b(T (2, 2)))|})

< ¥(e) + max{¢(d(ha, hb)), ¢(d(ha, fa)), p(d(hb, gb)), ¢(%[d(hm hb) + d(fa, gb)])}
—  w(maz{¢(d(ha, hb)), ¢(d(ha, fa)), p(d(hb, gb)), cb(%[d(ha, hb) + d(fa, gb)])})
Letting € — oo we get
¥([f(a(z)) —g(b(x))]) < max{d(d(ha, hb)), d(d(ha, fa)), p(d(hb, gb)), ¢(%)[d(ha, hb) + d(fa, gb)]}

~ w(mar{o(d(ha, b)), 6(d(ha, fa)), o{d(hb,gb)), 6( d(ha, hb) + d( fa, gb)])})

Therefore, Theorem 3.1 ensures that f, g and A have a unique common fixed point in
B(S). That is, the system of functional equations (7) possesses a unique common solution
B(S). Similarly we can change the condition (C2) in Theorem 3.1 and get the common
solution using corollaries. Taking h = I in Theorem, we conclude that
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Theorem 4. Let the following condition hold: (C4) w and H; are bounded for i € {1,2}.
(Cs) there exist a w € {W} satisfying

[Ha (e, y,a(t)) — Hoe,y,b(1)| < mac{d(a,b), d(a, fa),d(b,gb), 5[d(a,) + d(fa, gb)])}
~w(maz{d(a,t),d(a, fa),d(b,gb), 3 [d(a,t) + d(fa, gb))})

for all (z,y) € S x D; a,b € B(S) and t € S.Where f and g are defined as follows:
forallx € S, a; € B(S) and i ={1,2,3}

f(al(w)) = OptyED{U(.%',y)+H1(1’,y,a1(T((E,y)))}

glaz(x)) = optyep{u(z,y) + Ha(x,y, a2(T(2,y)))}

for allx € S, aj,as € B(S). Then the system of functional equations

f(.’L') = OptyED{u(way) + Hl(x7y7 f(T(I’, y)))}

g(il]) = OptyED{u('x:y) + HQ(.’L',y,g(T(.T, y)))}

possesses a unique common solution in B(S).
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