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Resolution of nonlinear convection - diffusion - reaction
equations of Cauchy’s kind by the Laplace SBA method
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Abstract. In this paper, we proposed the solution of few non linear partial differential equations
modelling diffusion, convection and reaction problems Cauchy kind. The Laplace SBA method
based on combination of Laplace’s transform, Adomian Decomposition Method(ADM), Picard
principle and successive approximations is used for solving these equations.
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1. Introduction

Many problems are governed by partial differential equations, or by systems of partial
differential equations. It is generally difficult to find exact solutions of these problems.
In this article, we recall the definition, some results and determinate some models con-
vection - diffusion - reaction non-linear equations with Cauchy condition by the Laplace
- SBA method. The Laplace -SBA [6, 10] method is a numerical method based on the
combination of the Laplace transform, the successive approximation method, the adomian
decomposition method [1, 2, 7] and the Picard fixed point principle, the Laplace - SBA
method avoids the difficulties associated with calculating Adomian polynomials unlike the
Laplace - Adomian algorithm[8, 9], this method allows a rapid convergence towards the
solution, if it exists.

2. Preliminary and definitions
In this section, we recall some definitions and theorems
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Definition 1. Let u: R — C be a continuous function. The function L(u) defined by

L(u) = /000 u(t)e stdt.

This theorem is a result that proves the existence and uniqueness of the solution of
the functional equation Au = f

Theorem 1. (Minty-Browder)[5, 6]
Let E be a reflexive Banach space. Let A : E — E' an application (non-linear) continues
such that :
(Au — Av;u —v) >0 Yu,v € E, u#v
(Av;v)

im
vl[o00 V]|

So for everything f € E', there is u € E a unique solution to the equation Au = f

3. The numerical LAPLACE - SBA method

In this section, we describe how to use the Laplace - SBA algorithm to solve the
equations.
Let us consider the following functional equation :

Au=f 1)

Where A : H — H, is an operator not necessarly linear and H is a Hilbert space
adequatly chosen given the operator A.
Let :
A=L+R+N (2)

Where L is an inversible operator in the Adomian sense, R the linear remainder and
N a nonlinear operator. The equation (1) therefore becomes :

Lu+Ru+ Nu=f (3)
Applying the Laplace transform £;, on both sides of equations (3), we have :
L[Lu]+ L[Ru] + L[Nu] = L(f) (4)

am

at—m() By using the differentiation property of Laplace transform,

We suppose : L(.) =

we then obtain
m—1

9Mu m kmkl
Et[@tm} =s"Ly (u kgosu (0, ) (5)



Y. Paré, Y. Minoungou, A. W. Nébié / Eur. J. Pure Appl. Math, 12 (3) (2019), 771-789 773

The equation (4) become
m—1 ‘ )
$™Ly (u) = =Ly (Ru) — Lo (Nu) + Y $u™7710,2) + Ly () (6)
§=0

Using the successive approximations, we have

H

= "L, <uk> S (Ruk) - (Nuk 1) L3 g 0,2)+ L (f)  (7)
=0

Substituting u*(z,t) par Zuﬁ(w,t) et gr_1 = Nu*~1, we obtain
n>0

YL (1) = = 02 (Rib) — Lol + 30 SN0 4 L) ()

n>0 n>0 §=0

We deduce the following Laplace - SBA algorithm([9]:

1
Li(uf) = ——Et (gr_1) Sm;sjumj 1Ox)+—£t(f) k>1
Et(uth) = —S—mﬁt (Run) ,m>0,k>1
(9)
Applying the inverse transform £, ! Laplace, we have:
18 1 1

uf = L7t - jzogﬂum_]_l((),m) + L7t Lmﬁt (f)} Sy <Smﬁt(gk_1)> L k>1

uk o= -t [;ﬂﬁt (Ruffb)] ,n>0, k>1
(10)

The Picard principle is then applied to the equation (6) : let u° be such that N (uo) =0,

for k =1 we get :
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+00 +oo
If the series (Z u#) converges, then u! = Z ul. For k = 2, we get :

n=0 n=0
2 1| 1 - 3, m—j—1 1| 1 (1
up = L o Z s'u 0,2)| +£; S—mﬁt ()| =Ly S—mﬁt(gl)
5=0
ui,, o= —L; ! [ Ly (Ru), )]

(12)

e’} “+o00
If the series (Z ui) converges, then u? = Z ui This process is repeated to k. If the
n=0 n=0

+oo +oo
series (Z uﬁ) converges, then u? = Z u¥, therefore u = lim u* is the solution of the

k—
n=0 +oo

equation (1). At each stage k > 1, we check that : N (u¥) = 0.

4. Application of Laplace SBA

In this section, we propose the solution of some equations of convection - reaction -
diffusion non-linear[4][3] by the Laplace - SBA method, we show that the choice of operator
L is very decisive for the convergence speed of the algorithm.

Example 1. : Let us consider the following nonlinear diffusion equation
ou 0%u 5 0u B
— = —S-—-u—+u
(E) : ot 92 Oz
u(0,z) = e’

with u = u(t, z), (t,x) € [0, +o0] x R.
Applying the Laplace SBA method, we have

1 1
ulg(x,t) = [,;1 |:Su (0,$) + ;,Ct (gk—l):|
1
ub o (zt) = L Lﬁt (R(Uf’;))] , >0
ou 0%u
Where Lu = a0 Ru = 922
and gy_; = NuF—! = ( k= 1)2 But” + (u’“*l)3

ox

Determinate u®(t,z), for n >0
We take u® = 0

w(t,z) = £ (ie) Iy Cct (go)> bt 7) = e
it = £ [0 (R
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1
= uj(t,z) = L;" <82€x> = te?

ul(t,z) = £ Eﬁt (R(u%))]

1 -1 1 T t2 x
= uy(t,x) = L, 3¢ =3¢

1 -1 1 x t3 x
= ug(t,x) = Ly | e | = e

ul(t,z) = £;° [iﬁt (R(ué))]

1 -1 1 x t4 x
= uy(t,x) = L; P e

ul(t,z) = £t Ect (R(ub)]

= ul(t x) = Lt iefc = ﬁex
SR 6 5!
In recursive way, we deduce
1
ul(t,z) = mt"em
Then 1
ul(t,z) = Zu}@(t, x) = Z Et"e‘r
n>0 n>0
=
ul(t, ) = e
So
0 (ul) 3
Nul = — (u)? 1
R (o e ey
Nl = — (em+t)3 + (em+t)3 -0
Step by step, we obtain
ut(t,z) = ul(t,z) = ... = uP(t,z) = e
The exact solution of model is
u(t,z) = lim u®(t,z) = e*F

k——+o0

775
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Conclusion : The exact solution of model is

u(t,x) = et

Example 2. Let us consider the following nonlinear diffusion equation

ou 0*u ou 4 0%
(B):q o~ a2 e T T o
uw(0,z) = sinz, (t,z) € Q=1[0,400[ xR

with u = u(t,z), (t,x) € [0,+oc[ x R, e >0 et A > 0.
Applying the Laplace - SBA method, we get

1 1
dtn) = £ Tu0.0)+ (o)
dhnlte) = £ L (R | 020
ou 0%u ou
where Lu = o Ru = 6@ + )\@

9 aQuk—l
0z2

and gr_1 = Nuk—1 = (1Lk'_1)3 + (uk_l)

Let us calculate u®(¢,z), for n > 0:

we take u0 = 0 . )
ué(t,a:) = L;l (3 sinx> + E;l (Sﬁt (go))

= ub(t,r) = sinz

ul(t, ) = £;! [iﬁt (R(Ucl)))]

Acosx —esinz
:>u%(t,x):£t_1< )

2
s
= ul(t,r) = Mcosx — etsinz

111
it = £ L2 (o)
= ul(t,x) = L] (—)\ (tecosz + t/\sinx)s?)— e (thcosz — tasinx))
1 1
= ub(t,x) = —5 (sin2) £2A% — (cosx) e + o (sinz) t%6?

ul(t,z) = £;! [ict (R(U%))]

776

(13)

(14)



Y. Paré, Y. Minoungou, A. W. Nébié / Eur. J. Pure Appl. Math, 12 (3) (2019), 771-789 777

4 [ — (cosx) A2 + 3 (sinz) t?A%e + 3 (cos x) t2\e? — (sinz) &3
:>u§(t,az):[,t1< ( a

1 ol 1 . 1 1
= ui(t,z) = ~3 (cosx) 33 + a1 (sinz) t3\%e + or (cosz) t3Ae? — 3 (sinz) t3e3

ul(t, o) = £;° [iﬁt (R(ué))]

(sinz) A* 4+ 4 (cos z) A3 — 6 (sinz) A2e% — 3 (cos ) Ae® — (cos ) Ae® + (sinz) e

= u}l(t,m) = Et_l <

N uj(t,z) = 55 (sinz) t*A? + & (cosz) 1A% — (sinz) t1A%e?
— & (cosz) t*Ae3 + 3 (sinz) the?

gd

ul(t,z) = £t [iﬁt (R(ui))]

2 (cosz) A5 — 2 (sin) Ae — % (cos ) /\3£2>

—_

u(t,x) = L7 #

56

= : :
Lo L(sinz) \?e3 + 2 (cosz) Ae — & (sinz) &°
t 56
ub(t,z) = o5 (cosz)tOA® — 2 (sinz) t°A*e — I (cosz) tOA%e? + I (sinx) t°\2e3
N 5 24 24 6 6

+2 (cosx) t°Aet — 3 (sinz) t9e®
Step by step, we then deduce

. 1 1 1 1 1
sinz <1 —et+ o (et)? — 3 (et) + 0 (et)* — o (et)® + o (et)® + >
I o 1 5 1 4 1 5 1 .6
+Atcosx |1 —et+ o1 (et)” — 3 (et)” + 1 (et)” — = (et)” + 6l (et)” + ...

2!

1
u (t,.’L‘) = 1 3 1 2 1 3 1 4 1 5 1 6
_Q(/\t) cosx(1—€t+2!(6t) —g(et) —|—@(gt) —a(gt) —|—a(5t)
1 4 . 1 2 1 3 1 4 1 5 1 6
+@(At) s1n:c<1—at+2!(€t) —g(at) —i—ﬂ(at) —ﬁ(gt) —|—a(gt)
—l—a()\t) CoS T 1—€t+i(€t) —a(at) +ﬁ(€t) —g(af) +@(gt) + ..
+...
We obtain
1 1 1 1
sinz (11— = A2+ = M) 4. ) x (1—et+ = (et)> — = (et)® + ...
1 2! 4! 21 3!
u (t,x) =

] tcose ()\t “lowre Lowt ) « <1 et % (e8)? — = (e)? + )

—% ()\t)2 sinz |1 —et+ L (515)2 - = (5t)3 + — (5t)4 - = (5t)5 + — (est)6 + ...

)
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ul (t,2) = sinz cos (At) e~ + cos zsin (M) e ! = e~ sin (z + At)

The solution to step k =1 is
ut (t,x) = e sin (z + \t)

So, we have

2,1
1 1\3 1\ 2 0“u
Nu® = (u) —l—(u) o2
Nu! = (e=*'sin (z + /\t))3 — (e " sin (z + )\t))3 =0
We deduce by recursive way :
ut (t, ) = u? (tx) = ... = uF (t,x) = e sin (x + M)

and we obtain the exact solution

w(t,r) = lim o (t,x) = e 'sin (z + \t)

k——+oo

Conclusion : The exact solution of model is
u(t,z) = e 'sin (x + At)

Example 3. : Let us consider the following nonlinear diffusion equation

Qu = )\@—1— u+u”+u”‘162—u'n>l
o Cox 022" "' = (15)
u(0,z) = cosz, (t,x) € Q=][0,400] xR

Applying the Laplace SBA method, we deduce

1|1 1
ug(t,z) = L [u(:c,O) + —Ly (gkl)]
s s
N . (16)
quJrl(t,LU) = Et |:S[,t (R(Un)):| , n > 0
ou ou _ n one1 0%kl
Where Lu = e Ru = )\% +yu and gp—1 = Nub~1 = (= 1)" + (uF=1) o3

Let us calculate the terms u (¢, z) for n > 0.

We take u’ = 0 uj(t,z) = £t <i cos x) + Lt <i£t (90))

= u}(t,z) = cosx
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W) = £ | (R)

= ul(t,r) = L;! < =2

= ul(x,t) = ytcosx — tsinz

ycosT — Asina:)

ul(t,z) = £ Eﬁt (R(’u%))]

= ud(t,z) = 1 <— (cosx) A? — 2 (sinx) My + (cos x) 72)
) t 53
2 2
= uy(t,x) = — (A7) (cosx) — Myt? (sinz) + (v0) (cos)

2! 2!

1|1
ul(t,x) = L1 [sﬁt (R(u))
sin ) A3 — 3 (cos x) A%y — 3 (sinx) My? + (cos ) 73>

g3

= ul(t,r) = L;! <(

1 1 1 1
= ui(t,z) = 3 (sinx) 33 — 3 (cosx) t3N2y — o1 (sinx) t3Ay? + 30 (cosx) t33

ul(t,z) = £ [izt (R(u%))]

Sl ) = £ ((cosx) +4 (sinz) t° A%y (cos;) (sinz) t>A\y? + (cos )y >

1 1 1 1 1
= ui(t,xr) = 1 (cosx) t4)\4+§ (sinx) t4)\37—1 (cosx) t4/\272—§ (sinz) t4>\'y3—|—1 (cos x) tiy?

ul(t,z) = £, ﬁﬁt (R(ui))]

u})(t,x): E;l —

(sinx) A5 + 5 (cos x) A*y + 10 (sinz) A3y — 10 (cos z) /\2fy3>

53
= 1 (=5 (sinz) t*Ay* + (cosz)°
+L; 3
s
1 L. 5y5, 1 444 2 543,22 5%2~3
us(t,x) = —= (sinz) t°A° + — (cosx) t°A\*y + — (sinzx) t°A°y* — — (cosx) t°A\*y
- ! 4! 4! 4!

1
1 (sinz) tPAy* + = (cos x) t°

we deduce
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ud (t,x) = cosz
ul (t,x) = ~tcosz—Atsinz
At)? t)°
ud (t,7) = ! 2') (cos x) —Avyt? (sinz) + (é‘) (cosx)
17 1 1 1
ui (t,z) = = (sinz) t3)\3—5 (cosx) t3N2y — 57 (sinz) 32 + o7 (cosz) 133
! ! ! ! 1
uj (t,z) = 1 (cosx) t4)\4+§ (sinz) t*A\3y — 1 (cos ) t4)\2fy2—§ (sinz) t*hy3 + 1 (cos x) thy?
' 1 2 : 2 ' 1
—— (sin@) t°A° + — (cosz) t*A\*y + = (sinz) t9A392 — = (cos z) tPA2y3—— (sinz) 9 M4
ul (t,2) = ! 4l 4l 4l 4]
+§ (cos x) t5°

By recursive way, we have

(At)?
21

1 1
(cosx) <1 + vt + 515272 + §t373 + >

1 1
ul (t,z) = cosx (1 + vt + §t2'y2 + gt3’y3 + ) —
(A"

ST

1 1
(cosx) <1 + vt + §t272 + §t373 + > + ...

: loo 133 ()‘t)g- loo, 133
—Atsinzx 1+’yt+§t’y —i-?t'y + ...+ 3] sinz 1+’yt+§t’y —i-?t'y + ..

(AD)° o2, 133
—Tsmx 1+’yt+§t7 —i-gt’y + . )+

A2 (A)? 1 1
ul (t,x) ~ cosw (1 - ( 2') + <4‘) + ... (1 + vt + §t272 + §t3y3 + )

: (A (w)° loo, 13 3

We obtain
ut (t,x) = e cosx cos (At) — ¢t sinzsin (At) = €' cos (z + At)
So, we have
2,1

Nu' = ()" + ()" %;;

Nu' = (e cos(z+ At))" — (" cos (z + At))" €’ cos (z + At) = 0
By recursive way, we have

ut (tx) = (t ) = ... = uF (t,2) = e cos (x + At)

Conclusion : The exact solution of the model is

u(t,z) = kETOOUk (t,x) = e cos (x + \t)
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Example 4. Let us consider the following nonlinear diffusion equation

2

Ou = )\%+ u+u? — Ou cn>1
(E):q ot - or ) ox2) B~ (17)
w(0,z) = sinz, (t,z) € Q=1[0,+40[ xR
Applying the Laplace SBA method, we obtain
k 1|1 1
ug(t,z) = L7 |—u(z,0) + =Ly (gr-1)
S p
1|1 k (18)
UfLJrl (t,.’L') = £t |:5£t (R('U,n)):| , N> 0
ou ou e 1) 2 H2yk—1 2
Where Lu = o Ru = )\% +~u and g1 = NuF—1 = (u 1) — ((%;2

Let us determinate v (t,z) for n > 0

We take uf = 0 uj(t,z) = L;* <1 sin x) + L7t (iﬁt (90))

S

= u}(t,r) =sinz ul(t,z) = L;* [iﬁt (R(u(l)))]

ul(t ) = £ <)\cosm+7sin:r>

2
s
= ui(t,x) = Mcosz + ytsinx

ub(t, ) = £ Eﬁt (R(u%))]

2 2
O;? + (cosz) Ayt? + (sinz) (727?

= ui(t,z) = — (sinx)

ul(t,z) = L5 Eﬁt (R(U%))]

= ul(t, ) :£t—1< (cos z) (sinx) vsj (cosz) Ay* + (sinx) v )

1 1 1
(cos ) t3A3 — B (sinz) 3A\%y + 3 (cos ) t3M\y? + 30 (sinz) t3~3

= ui(t,r) = —

ug(t, ) = Et_l Lﬁt (R(ué))]
= uj(t,r) = L;! <(sinm) M — 4 (cosz) My — 6 (sinz) A2y% + 4 (cos z) A3 + (sinz) fy4>

5

s
1 Lo Ny 1 ay3 L vaaye 2 1 Ay 3y Loy a
= uy(t,z) = 1 (sinx) t*A —3 (cosx) t*A 3 (sinx) t* A=y +§ (cosx) t* Ay +@ (sinx) t*y

_

ul(t,z) = £ Eﬁt (R(ui))]
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(cosx) A5 4 5 (sinz) Ay — 10 (cos ) A3y? — 10 (sinz) A2y3 + 5 (cos ) My* + (sinz) 7°

= ui(t,x) = C;l < o

1 1 2 2 1
= ui(t,z) = 5l (cosx) t5)\5+5 (sinx) t5)\4'y—g (cosx) t5)\372—@ (sinz) t5/\2fy3+5 (cos x) tIAy4+

1
= (sinx) t5°
We deduce
up (t,z) = sinz
ul (t,z) = Mtcosx + vytsinz
At)? t)?
ub (t,z) = — (sinx) ( 2') + (cos ) Myt? + (sin ) (72‘)
1 ’ 1 1 ) 1
ui (t,z) = ~3 (cos ) t3)\3—§ (sin@) 3A%y + = (cosx) 3Ay? + 30 (sinx) t343
17 1 1 1
uj (t,z) = 1 (sinz) i\t — 30 (cosx) t*A\3y — 1 (sinz) t1A22 + 3 (cosx) tAAy3 + 1 (sin ) t4y*
1 1 2 2 1
Lt 2) = (cosx) tON> + 1 (sinx) tA\ty — 1 (cosx) tON3y2 — 1 (sinx) t9A243 + 1 (cosx) tIAy*
ub (t,z) = N ! ! ! !
+§ (sinx) t5°

In recursive way, we obtain

1 : 1 2.2 ()\t)Q : 1 2.2
u (t,z) = sinx l—l—’yt—|—§t7 + o) = o (sinz) 1—|—7t—|—§t7 + ...
At)? 1
+(4') (sinx) (1 —|—’yt—|—2t2'yz+...> + ..

Lo o () Lo o
+Atcoszx 1+’yt+§t’y + . = 3l (cosx) 1—|—*yt+§t’y + ...

5
1
+(>\5t') (cosx) (1 + yt + 575272 + ) + ...
=
2 4 2 3
1 o (At)" (M) ()" | ()
u(t,x) = smx<1—2!+4!+... e TR
() (a)° Lo o, 133
+cos1:<)\t— 3l + = + .. 1+7t—|—§t'y +§t'y + ...
we deduce

ul (t,2) = —e sinz cos (At) + 7' cos zsin (At) = €7’ sin (z + Mt)

So, we have

2 2
Nu! =u? — <gxg> = (" sin (= + /\t))n — (" sin (z + )\t))nfl esin (z 4+ At) =0

)
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Step by step, we deduce
1 _ .2 _ _ .k ot
u (t,x) =u” (t,x) = ... =u" (t,x) = " sin (z + At)
Conclusion : The exact solution of the model is

w(t,z) = lim o (t,2) = e sin (x + \t)

k—+o0

783

Example 5. Let us consider the following non linear convection - diffusion reaction equa-

tion

@ o T fae e T g
w(0,z) = sinz, (t,z) € Q=[0,400[ xR

ou %u Ou a2u>3

Applying the Laplace SBA method, we have

uk(t,x) = L7t u(z,0) +

LR

uk xr) = —1 ; n uk n
n+1(t7 ) ‘Ct |:(8—’}’>£ (R( n)):|? ZO

2 2
WhereLu:?:—yu,Ru 22—1—)\2 and Nu = u? + g2>

(19)

In this example, we take the linear operator L in this form to accelerate convergence

Let us determinate the terms u”(¢,z) for n >0

We take u’(t,z) =0

w(t,a) = £ < 5 ! - sin;r) o ((s—lwﬁt (gg))

= uj(t,z) = sinz

ul(t,z) = L1 [(s — 7)515 (R(u ))]
= Ly (R(u})) = )\COS(:__;SIHUC

= ul(t,z) = L;! <

Acoszx — 5sinx>
(s—7)°

= ul(t,z) = (Mcosz — ctsinz) e’

ul(t,z) = L7 [;ﬁt (R(u%))}



Y. Paré, Y. Minoungou, A. W. Nébié / Eur. J. Pure Appl. Math, 12 (3) (2019), 771-789 784

sinz) A2 — 2 (cos z) Ae + (sinx) €2

2(8 -7)’ ;
= (sinz) A* — 2 (cosx) Ae + (sinz) e
e ( , (s =) ] )
= ul(t,z) = — O\;‘) (sinx) — 2 (cosz) Ae + (8;) (sinx)

it = £ [0 (R

bt 2) = £ 3Xe2cosz — e3sinw — A cosx + 3N\2esinz
’ t (s ="

1 1 1 1
= ui(t,x) = <—3't3)\3 cosz + Et?’)\sz cosz + Et?’)\Qs sinx — gtgs?’ sin x) el

) = 67 |12 (RG]

1 _1 (AMisinz +etsing — 6M%e? sina — 43 cosx + 4M3e cos
= uy(t,x) = L,

5
(s =)
1 Loaya ty Loaaty o o iy Logy 3 Loays s
= uy(t,z) = Et A eVsmz—l—Et € e”smm—z)\ € e”smaz—gt Ae e”cosm—l—gt A’ee' cos x
1
~1
ub(te) = £ {pct (R(u}l))}

A cosz — etV sina — 10\3e2 cosz + 10 23 sinx + 5Ae? cosx — b \tesinx

Ly (R(U}L))

5
(s =)
_ cosx —e’sinx — e cosw e’sinz e*cosz — BA%esinx
. (N s 10\%e? 10M%e3 si e’ 5\ e si
= uz(t,x) = L, 5
(s =)
1 L 5y5.t L5 5.ty 10 513 2 ¢ 10 512 3 ty
ug(t,z) = gt A e”cosx—gt € e”smx—at A’e e”cosxqtgt Ae’eV sinx

= 1 1
+It5 AetetY cosx — —'t5)\4z—:et7 sinz

we deduce
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(uf(t,x) = e'tsinx
ul (t,x) = (Mcosz —ctsinz) e
At)? et)?
ud (t,7) = —(2')6'Yt (sinz) — t?Xee? (cos x) + %e”t (sinx)
. 1 ' 1
ui (t,z) = —§t3/\3evt cos x + —'t?’)\5267t cosx + —|t3/\2667t sinx — gt%?’ew sin x
1, 1, o, 1, 1
uj (t,x) = Et‘l)\‘le” sinz + It454et'y sinz — — 2% sinx — §t4)\63€” cos T + §t4)\3€€t7 cos T
1 1 10 10 o1
— 9N cosx — —t9%eTsinw — —t°A3e%e! cosx + 1P A%e3e! sinx + —t2Aete! cosx
ub (t,2) = 5! 5! 5! 5! 4!
——‘t5/\4£et7 sinz

\ .
Step by step, we deduce

( 2 3 2 2 3
ul (t,z) = elsinz (1 —et+ (Zt') - (6;) +.o| - ()\;!)evtsin:c (1 —et+ (6;) - (E;) + )

! (et)®  (et)®

—i—Te”f cosr |1—et+ 5 s + o]+

t)? t)3 )3 t)? t)3

eVt cos x <1 —et+ (82') — (83') + ) — (?)')ew CcOS T (1 — et + (62') — (63') + ...
M)? t)? t)?

—|—(5!)th CoS T (1 —cet+ (62!) — (63!) + ) + ...

We obtain

2! 4! 2! 3!

ul (t,x) = eVlsinx (1— ()\t)z—i—w—i—...) (1—5t+(€t)2 — W—i—)
e cosz </\t - M + M + > <1 —et+ (St)2 - (51&)3 + )

3! 5! 2! 3!

u (t,x) = e sinzcos (At) e~ + €7 cos zsin (At) e~ = e sin (z + At)
So, we have
?u\?
1 _ .3
1 t 3 t 3
Nu' = (6(7_5) sin (z + /\t)> + <—e(7_5) sin (z + /\t)> =0
In recursive way, we have

ut (b ) =u? (b o) = ... = uF (¢, 2) = eV sin (& + M)
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The exact solution of the model is

w(t,z) = lim o (t,2) = €V sin (z + At)

k—+o00

Example 6.

Let us consider the following non linear convection diffusion reaction model

Ou = @—F)\a—u—l— u+u”+u”‘1@‘n>1
(E):{ ot = o2 or ! or2’  ~ (21)
u(0,2) = cosz, (t,x) € Q=1[0,400] xR
Where u = u(t,x) with z € R and ¢t > 0
Applying the Laplace SBA method, we obtain
uk(t,z) = L1 [1 u(0,x) + 1 Ly (gk_l)}
(s — '7)1 (s—7) (22)
ko(tz) = Lt | ——— L (R(uk >0
un+1(’x) t (S—’y) t( (un)) , =2
2 2
With Lu = % —vyu, Ru = e% + )\% and Nu = u" — u"_1% In this example, we put

ou
the linear operator L in the form T ~yu to accelerate convergence.

Let us determinate the terms u” (z,t) for n >0

We take u’(t,z) =0
ud(t,x) = L1 <(S i - ¢ x> + Lt <(Si7)£t (g0)>

= uj(t,z) = e cosz

ul(t,z) = L;" [(8 i > Ly (R(u(l)))]
= ul(t,z) = L;! <‘5C<zw_—7;2sinx>

= ul(t,z) = (—etcosz — Mtsinz) e

Wt = 7 |12 (RG]

— (cosx) A2 + 2 (sin ) Ae + (cos ) €2

(5 —)°
cosx) A2 + 2 (sinx) Ae + (cos ) &2 >

(s—9)°

= L (R(u})) =

= us(t,z) = L7} <_(
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(et)

2
= ul(t,x) = —Qew (cosz) + 27 (sinz) Ae + 5

51 eVt (cos )

wl(t,z) = £ Bct (R(u%))}

AN sinz — 3 cosx + 3N2ccosx — 3Ae?sinz
= L (R(u3)) = .
3 3 (s =) 2 2
_q [ A’sinz —e°cosx + 3N“ccosx — 3Xe“sinx
jué(t,fﬁ) :‘Ctl < (8—7)4 )

1 . 1 1 1 .
= ui(t,z) = —'t3)\3et“f sinx — —‘t353et7 cos T + —‘t?’/\zaet'y cos T — 5753)\526” sinx

W) = £ |0 ()

Mcosz + et cosz — 6M2e2 cos & + 4)\e3 sinx — 4\3e sin 33)
5
(s =)
4

1 1 t 1 1
= ul(t,x) = It‘l)\‘le” coS x+1t454et7 COS T— Z)\ZSQetV cOoS T+ §t4)\536t7 sinz— §t4)\35et7 sinz

= u}l(t,x) = Ct_l <

.0 = £ |12 (RG]

0?ul oul
R(uj) = et + A+
(1) = ¢ 022 " on
1 1 (10X\2e3 cosw — NP sinx — &5 cosz + 10A\3e? sinz — 5 %e cosx — 5Aet sinx
= us(t,xz) = L} 5
(s =)
1 L5y ty L5 5t 10 4y3 2 1y Loaya_ i
us(t, ) = —t°A%sine — t7e%e" cosw + at Ne“e sinx — @t Aee! cosx
:> . 10 . .
—5t4)\£4et7 sinx + §t4)\253et7 Cos T
We deduce . '
(uj (t,z) = elcosz
ui (t,r) = (—etcosw — Atsinz)e
At)? et)?
ud (t,z) = —(2‘)th (cos ) + t2e7t (sinz) Ae + (1) eV (cos )
1.0 1 1 , 1
ud (t,x) = gt?’)\?’ew sinz — gtgs?’ew cos T + Etg)\Qee” cosx — at?’)\eQe” sinz
1 1 t! T 1
uj (t,z) = $t4)\4et7 cosx + Et454et7 cosz — —\2e2e! cosx + —'t4)\53et”f sinz — —'t4)\3set7 sin
1 1 10 1 1
——'t5)\5et7 sinz — —'t5556t7 cos T + —'t4)\3z—:26t7 sinz — —‘t4>\4z—:et7 COST — —'t4)\z—:4e” sinz
ub (t,z) = 0 5! 5! 4! 4!
\ +at4)\253et7 cosx

Step by step, we obtain
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2 3 2 2
1 R~ (et)”  (et) (A" (et)
u (t,z) = e’cosz (1—5154— TR + ... —Tfﬂ cosz |1 —et+ ST
)t (et)?  (et)?
+T67 cosz | 1—et+ TR + .+
2 3 3 2
—MeVsing [ 1 — et + (521? - (82;) + ) + O\;Rth sinx (1 — et + (azt') —
\° (et)?  (et)?
—TeV sinz [1—et+ TR + ...+ ..
we obtain
2 4 2 3
1 R~ (A" (M) (et)”  (et)
u' (t,x) = €7 cosx<1—2!+4!+... 1—et+ 5 3 + ...
3 5 2 3
¢ ()" | (A (et)” (et
—6731nx<)\t—?)!+5!+... 1—Et+T—T+....
We deduce

u' (t,x) = e cos wcos (At) e =t — "' sinzsin (At) e = = €7 cos (z + At)

So, we have

n n—1 82’“1
R
Nul = (6(7_5)t cos (z + At))n + (e(w_a)t cos (z + At))nil (—G(A’_e)t cos (z + At)) =0

In recursive way, we deduce
ut (b ) =u? (b o) = ... = uP (¢, ) = eV sin (& + M)
Conclusion : The exact solution of the model is

u(t,z) = lim o (t,2) = €V sin (z + At)

k—+o00

5. Conclusion

Laplace’s SBA numerical method allowed us to solve some linear partial differential
equations by modelling Cauchy diffusion, convection and reaction problems. It is there-
fore a very powerful numerical analysis tool to solve this type of problem. This method
accelerates convergence to the solution and avoids Adomian polynomial calculations. Our
study was limited to models of convection, diffusion and non-homogeneous reaction, a
study of these models in homogeneous cases would be an important contribution to the
understanding of these models.

(et)®

(et)’
3!
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