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Abstract. Let G be a connected graph. A cost effective dominating set in a graph G is any set
S of vertices of G satisfying the condition that each vertex in S is adjacent to at least as many
vertices outside S as inside .S and every vertex outside S is adjacent to at least one vertex in S. The
minimum cardinality of a cost effective dominating set is the cost effective domination number of G.
The maximum cardinality of a cost effective dominating set is the upper cost effective domination
number of G. A cost effective dominating set is said to be minimal if it does not contain a proper
subset which is itself a cost effective dominating in G. The maximum cardinality of a minimal cost
effective dominating set in a graph G is the minimal cost effective domination number of G.

In this paper, we characterized the cost effective dominating sets in the join, corona and composition
of graphs. As direct consequences, the bounds or the exact cost effective domination numbers,
minimal cost effective domination numbers and upper cost effective domination numbers of these
graphs were obtained.
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1. Introduction

Throughout this paper, we consider simple, finite and undirected connected graphs
G = (V(G),E(G)). All basic graph theoretic concepts used here are adapted from [1].
The symbols V(G) and E(G) are the vertex set and edge set, respectively, of G. For
S CV(G), |9] is the cardinality of S. In particular, |V (G)| is called the order of G.
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Given graphs G and H with disjoint vertex sets, the join of G and H is the graph G+ H
with vertex set V(G) UV (H) and edge set E(G) U E(H)U{uv :u € V(G),v € V(H)}.
The corona of G and H is the graph G o H obtained by taking one copy of G and
|V(G)| copies of H, and then joining the i** vertex of G to every vertex in the i** copy
of H. The composition (or lexicographic product) G[H] of G and H is the graph with
V(G[H]) = V(G) x V(H) and (u,v)(u',v") € E(G[H]) if and only if either uu’ € E(G) or
u=1v and v’ € E(H).

For v € V(G), the neighborhood of v is the set Ng(v) = {u € V(G) : wv € E(G)}. The
degree of a vertex v € V(G), denoted by deg(v), is equal to the cardinality of Ng(v) and
the mazimum degree of G is A(G) = max{degg(v) : v € V(G)}. A vertex is isolated if its
degree is zero, and a graph is isolate-free if it has no isolated vertices.

For S C V(G), Ng(S) = UyesNg(v) and Ng[S] = S U Ng(S). A dominating set of
G is any S C V(@) for which Ng[S] = V(G). The domination number of G, denoted by,
v(G) is the smallest cardinality of a dominating set of G. A dominating set S of G is said
to be a minimal dominating set if it has no proper subset which is itself a dominating set
in G. The maximum cardinality of a minimal domination set in G is denoted by 7, (G).
A dominating set S is said to be an independent dominating set of G if for every two
vertices u,v € S, wv ¢ E(G). The minimum cardinality of an independent dominating
set is called an independent domination number and is denoted by i(G). We refer to [2-7]
for the fundamental concepts and history of the theory of domination in graphs as well as
for some of its relevant applications. Investigation of the concept in the join, corona or
composition of graphs can be found in [8, 9, 13].

A subset S C V(G) is said to be a cost effective set of G if for every v € S, |[Ng(v)NS| <
|INg(v) \ S|. A subset S C V(G) is said to be a very cost effective set of G if for every
veE S, |Nag(w)NS| <|Ng()\S|. Asubset SC V(G) is said to be a (very)cost effective
dominating set of G if S is both a (very) cost effective set and a dominating set of G.
The minimum (resp. maximum) cardinality of a cost effective dominating set of a graph
G is called the cost effective domination number (resp. upper cost effective domination
number) of G, and is denoted by 7e(G) (resp. v (G)). The minimum cardinality of a
very cost effective dominating set of a graph G is called the wery cost effective domination
number of G, and is denoted by Yyce(G). An excellent introduction and exposition on cost
effective domination in graphs can be found in [11, 12].

A cost effective dominating set S C V(G) is a minimal cost effective set if S does not
contain a proper subset which is itself a cost effective dominating set. We use the symbol
Ymee(G) to denote the maximum cardinality of a minimal cost effective dominating set of
G. It is worth noting that, in particular, an independent dominating set is a minimal cost
effective dominating set. Clearly v(GQ) < Yee(G) < Yimee(G) < 7E(G) for all graphs G.

For simplicity, we use the terms ced-set, Yee-set, y-set and ypce-set to refer to the
cost effective dominating set, the cost effective dominating sets with cardinality ~..(G),
YE(G) and Yinee(G), respectively.

In this paper we characterized the cost effective dominating sets and minimal cost
effective dominating sets in the join, corona and composition of graphs. As consequences,
we determined the cost effective domination number, minimal cost effective domination
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number and upper cost effective domination number of the aforementioned graphs.

2. Cost Effective Domination in the Join of Graphs

Remark 1. Given two connected graphs G and H, a ced-set S of G+ H, where S C V(G),
need not be a ced-set of G as shown in Example 1.

Example 1. Let G = K5 o K3. Consider the graph G + K; as shown in Figure 1.

Observe that the set {v1, v, vs3,v4,v5} C V(G) is a cost effective dominating set of G + K
but not a cost effective dominating set of G.

Proposition 1. Let G be a nontrivial connected graph and H be any graph. If S C V(G)
is a cost effective dominating set of G, then S is a very cost effective dominating set of
G+ H.

Proof. Let S C V(G) be a cost effective dominating set of G. Then S is a dominating
set of G + H. For each v € S,

[Newmn(v)NS| = |Na(v)n S|
< [Ng(v)\ S|
< [Na(v)\ S|+ |V (H)|
= |Nayu()\ S|
Thus, S is a very cost effective dominating set of G + H. O

Theorem 1. Let G and H be nontrivial graphs of orders m and n, respectively, and let
S CV(G+ H). Then S is a cost effective dominating set of G + H if and only if one of
the following holds:

(1) S CV(QG) is a dominating set of G and |[Ng(v) NS| < n+ |Ng(v)\ S| for allve S
(16) S CV(H) is a dominating set of H and |[Ng(v)NS| < m—+|Ng(v)\S| for allv e S
(1i1) SNV (G) # @ and SNV (H) # @ satisfying

(a) |Ng(v)NS|+2|SNV(H)| < n+ |Ng(v)\ S| for allv e SNV(G)
(b) |[Nu(v)NS|+2|SNV(G)| <m+ |Ng(v)\ S| for allve SNV (H).
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Proof. Let S C V(G + H). Suppose that S is a cost effective dominating set of G+ H.
If S CV(G), then S is a dominating set of G, and for each v € S,

[Na(v) NS = |[Neyr(v) S| < [Naym(v)\ S|
= n+|Ng(v)\ S|
Similarly, if S C V(H), then S is dominating of H and for each v € S, |[Ng(v) N S| <

m ~+ |Ng(v) \ S|. Suppose that S} = SNV(G) # & and Sy = SNV(H) # @. For each
v E Sy,

INg(v) S|+ 152 = |[Naru(v)N S|
< [Ngyu(v)\ S|
= [Ng(v)\ S|+ [V(H) \ S
= [Na(@)\ S|+n -5

Thus, |Ng(v) N S|+ 2|S2] <n+ |Ng(v) \ S|. Similarly, for each v € Sa,
’NH(’U) N S‘ + 2‘51‘ <m+ ‘NH(U) \ S‘

Conversely, suppose that S satisfies Property (). Then S is a dominating set of G + H.
Let v € S. Then

ING+u(v) N S| =[Ng(v)NS| < n+[Ng(v)\S]|
= [Ng+u(v)\ S|

Thus, S is a cost effective set of G+ H, and the conclusion follows. Similarly, if S satisfies
(i), then S is a cost effective dominating set of G + H.

Finally, suppose that S satisfies (ii¢). Then S is a dominating set of G + H. For each
v e SNV(G), we have from Property (iii)(a),

[Nevr(v) S| = |Na(v) N S|+ |Ng(v) N S|
= [Ne(v)n S|+ [SNV(H)

< n+|Ng)\S|=2|SNV(H)|+ |SNV(H)|

= n+[Na()\ S| —[SNV(H)]|

= [Na(w)\ S|+ |V(H)\ S|

= [Naym(v)\ S|
Similarly, for each v € SNV (H), [Ny (v)NS|+2[SNV(G)| < m+|Ng(v)\S|. Therefore,
S is a cost effective dominating set of G + H. O

In view of Theorem 1, all independent dominating sets of G and all independent
dominating sets of H are cost effective dominating sets of G + H. Moreover, if m and n
are the orders of G and H, respectively, and if m < n, then all dominating sets of G are
cost effective dominating sets of G + H so that v..(G + H) < v(G).
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Corollary 1. For any graphs G and H,

L ify(G)=1or~y(H) =1
’Yce(G + H) =
2, otherwise.

Proof. Suppose that 7v(G) = 1, and let S = {v} be a y-set of G. Then, |[Ngyu(v)NS| =
INg(v) N S| =0 < |Ng+m(v) \ S|. Thus, S is a cost effective dominating set of G + H,
showing that v,e(G + H) = 1. Similarly, if v(H) = 1, then 7.(G + H) = 1 . Suppose
that v(G) > 2 and v(H) > 2. Let S = {u,v}, where u € V(G) and v € V(H). Then S
satisfies Theorem 1(7i7) so that S is a cost effective dominating set of G+ H. In this case,
Yee(G+ H) = 2. O

Theorem 2. Let G and H be nontrivial graphs of orders m and n, respectively, and let
S CV(G+ H). Then S is a minimal cost effective dominating set of G + H if and only
if one of the following holds:

(1) S CV(G) is a minimal dominating set of G and |[Ng(v) NS| < n+ |[Ng(v) \ S| for
allveS

(1) S CV(H) is a minimal dominating set of H and |[Ng(v)NS| < m+ |Ng(v)\ S| for
allveS

(13i) S = {u,v}, where u € V(G) and v € V(H) do not dominate V(G) and V(H),

respectively.

Proof. Suppose that S is a minimal cost effective dominating set of G + H. Suppose
that S C V(G). By Theorem 1, S is a dominating set of G satisfying

[Ng(v) 0S| <n+|Na(v)\ S| (1)

for all v € S. Suppose that S is not a minimal dominating set of G. Then, there exists
a dominating set S* C S of G with |S*| < |S|. Since |Ngym(v) N S*| = |Ng(v) N S*| <
Ng(w) N'S| = |Ng+r() \ S| < |Ng+m(v) \ S*| for all v € S* S* is a cost effective
dominating set of GG, contrary to the minimality of S. Thus, S is a minimal dominating
set of G. Similarly, if S C V(H), then Property (i¢) holds. Suppose that SNV (G) # @
and SNV(H) # @. Pick any u € SNV(G) and v € SNV (H). Then {u,v} satisfies
Theorem 1(i7i), and is thus a cost effective dominating set of G + H. Therefore, in this
case, if S is a minimal cost effective set of G+ H, then S = {u, v} for some u € V(G) and
v € V(H). Moreover, u and v do not dominate V(G) and V(H), respectively.
Conversely, following similar arguments, if Property (i) or Property (i7) holds, then
S is a minimal cost effective dominating set of G + H. Suppose that S = {u,v}, where
u € V(G) and v € V(H) and u and v do not dominate V(G) and V(H), respectively. By
Theorem 1, S is a cost effective dominating set of G + H. Since u and v each does not
dominate V(G + H), S is a minimal cost effective dominating set of G + H. O]
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Corollary 2. Let G and H be isolate-free graphs with G noncomplete. Then,

maX{’Ymce(G)a ’Ymce(H)} < Vmce(G + H) < max{me(G% 'Ym(H)}

Proof. Let S C V(G + H) be a Ymee-set of G+ H. In view of Theorem 2, since G is
noncomplete, Ymee (G + H) > 2. By the same theorem, if S C V(G), then S is a minimal
dominating set of G so that |S| < v, (G). Similarly, if S C V(H), then |S| < v (H).
Hence, Ymee(G + H) < max{vm(G),vm(H)}.

On the other hand, by Proposition 1 and Theorem 1, every minimal cost effective
dominating set of G is a minimal cost effective dominating set of G+ H. Thus, e (G) <
Ymee(G + H). Similarly, Ymee(H) < Ymee(G + H). Thus, max{Ymece(G), Ymee(H)} <
Ymee(G + H). Therefore, max{Vmce(G), Ymee(H)} < Ymee(G + H) < max{ym(G),vm(H)}.

O

Corollary 3. Let G be any isolate-free graph and m > 1. Then
Ymee(G) < Ymee(G + Kin) < m(G).
In particular, if G is any of the following: K, K, s, Py, Cy, then
Ymee (G + Km) = Ymee(G).

In view of Corollary 3 and results on the minimal dominating sets by [10], the lower
and upper bounds in Corollary 2 are sharp.

The following is directly from Proposition 1.
Proposition 2. For any connected graph G,
Yee(G) < 76 (G + K1),
and this bound is sharp.

Consider the graph G = K,, for n = 2k + 1, k > 0. Note that

n+1J 3 {2k+1+1

) = | A

Now, G + K1 = K,1+1 where n+ 1 is even. Now,

2k+1+1)+1 2k+3
O+ K = () = DL 2

| k1=

Thus, the bound in Proposition 2 is sharp.
However, strict inequality in Proposition 2 may be attained as illustrated by the fol-
lowing example.
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Figure 2: G+ K1

Example 2. Let G = C30 K; and V(G) = {v1,v2,...,vs}. Consider the join G + K; as
shown in Figure 2.

Observe that the set {va, vs,v6} is a vL-set of G. On the other hand, the set {ve, vs, v, u}
is a v-set in G + K;. Thus,

Y5 (G) =3 <4 =75(G+ Ky).

Remark 2. [11] For any connected graph G of order n > 2, v..(G) < |5].

Theorem 3. Let G and H be any connected nontrivial graphs. Then,
max {75 (G), v (H), o+ B} < 75(G + H),

where .
o= max{|S| : S CV(Q) is a ced-set of G with |S| < {EJ}’

and

B :max{]S] : S CV(H) is a ced-set of H with |S| < LgJ}

Proof. First, note that the existence of a and f is guaranteed by Remark 2. By
Proposition 1 and Theorem 1, every yt-set of G is a cost effective dominating set of
G + H. Hence,

Yoo (G + H) > 72 (G).

Similarly,
Yoo (G + H) = 75 (H).

Now, let S; € V(G) be a cost effective dominating set of G with [S;| < |2, and Sy C
V(H) a cost effective dominating set of H with |Sy| < L%J, and put S = S1USs. For each
v E Sy,

n

[NG(v) N1 8] +218s] < [Na(v) \ S| +2 |5

| < ING(@)\ ] +n.
Similarly, for each v € S,
[Na(v) 0S|+ 2[51] < [Ng(v) \ S|+ m.

By Theorem 1, S is a cost effective dominating set of G + H. Thus, |S| < vE(G + H).
Since S; and Sy are arbitrary, o + 8 < 75 (G + H). The inequality follows immediately.
O
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Theorem 4. Let G be a connected graph of order m. Then for n > m,

m+n+1
5 .

Proof. Let S C V(G + K,,) be a yt-set of G + K,,. Since S is a v-set and V(G)
satisfies Theorem 1(7), if S C V(G), then S = V(G). Suppose that S C V(K,,). Then S
is dominating set of K, and for a given v € S, |S| — 1 = |Ng, (v) N S| < m + |Ng, (v) \
S| = m+n— S| so that |S] < 242+ Now suppose that S1 = SN V(G) # @ and
Sy =SNV(K,) # @. By Theorem 1, in particular, for each u € Sy,

Voo (G + K;) <

2151 < m+|Nk,(u)\ S| = [Nk, (u) N S|
= m+n—2S|+1,

or equivalently,
m+n+1

<
51 <

3. Cost Effective Domination in the Corona of Graphs

Theorem 5. [8] Let G be a connected graph of order n and let H be any graph of order
m. Then S C V(G o H) is a dominating set of G o H if and only if SNV (H" 4+ v) is a
dominating set of H" +v for each v € V(G).

Corollary 4. Let G be a connected graph and H be any graph, and S C V(G o H). If
S is a cost effective dominating set of G o H, then SNV (H" + v) is a dominating set of
H" + v for each v € V(Q).

Corollary 4 guarantees that if S is a cost effective dominating set of G o H, then
SNV(HY +v) # @ for each v € V(G).

Proposition 3. Let G be a connected graph and H be any isolate-free graph. If for each
veV(G), Sy, CV(H") is a cost effective dominating set of HY, then U,cy()Sy is a cost
effective dominating set of G o H.

Proof. For each v € V(G), let S, C V(H") be a cost effective dominating set of
HY. Then S, is a very cost effective dominating set of H” + v, by Proposition 1. Let
S = Uyev(q)Sv- Then S is a dominating set of G o H. Let u € S,. Then,

INcorr(u) NS| = |Npviy(u) NS,
< [Ngvio(u) \ Sol
= [Ngom(u) \ S|,

showing that S is a cost effective dominating set of G o H. O
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Proposition 4. Let G be a connected graph and H be any graph of order n > 2. For each
v € V(G) with degg(v) < n, let S, = {v}, and for each v € V(G) with degg(v) > n, let
Sy C V(H") be a cost effective dominating set of HY. Then U,cy(q)Sy is a cost effective
dominating set of G o H. Consequently,

%e(G © H) < |V(G)’ + ('YCE(H) - 1)’L|’
where L = {v € V(G) : dega(v) > n}.

Proof. Let S = U,cy(g)Sy- Then S is a dominating set of G o H. Let v € V(G)
with degg(v) < n. Then |Ngom(v) N S| < degg(v) < n < |Ngom(v) \ S|. Suppose that
dega(v) > n. Then S, is a cost effective dominating set of H". By Proposition 1, S, is a
very cost effective dominating set of HY + v. Thus, for each u € S,

’NGOH(U)QS’ = ’NHU+U(U> ﬂSv|
< |NH”+v(u)\Sv’
= |[Ngom(u) \ S|.

Therefore, S is a cost effective dominating set of G o H. O

Corollary 5. For any nontrivial connected graph G of order m and any graph H, if
A(G) < V(H)], then
Yee(Go H) =m.

Definition 1. Let G be any graph. A subset S C V(G) is called a K,-cost effective set
of G if S is a cost effective set of K, +G. A K, -cost effective set which is dominating in
G is called a K,-cost effective dominating set of G. A K,-cost effective dominating set is
called minimal K, -cost effective dominating set if it does not contain a proper subset that
is itself K, -cost effective dominating set.

The symbols vk, ce(G), Vi, mee(G) and 'y;gn «(G) denote the minimum cardinality of
a K, -cost effective dominating set, the maximum cardinality of a minimal K,-cost ef-
fective dominating set and maximum cardinality of a K,-cost effective dominating set,
respectively, in G.

Remark 3. Every cost effective (dominating) set of G is a K, -cost effective (dominating)
set of G. Consequently, ~ic,c(G) < 1ee(G) and 2 £(G) < 7., (G)

Remark 4. If C1,Cy,...,C, are the components of a graph G and S C V(G), then S
is a Ky-cost effective dominating set of G if and only if SNV (Cy) is a Ky-cost effective
dominating set of Cy for all k =1,2,...,n.

Lemma 1. Let G be a connected graph and H any graph, and let S C V(G o H) and
ve V(G)\S. If S is a cost effective dominating set of Go H, then SNV (H") is a K;-cost
effective dominating set of H.
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Proof. Suppose that S is a cost effective dominating set of Go H and v € V(G)\ S. Let
Sy = SNV (H") and let u € S,. Then, |[Ngviy(u)NSy| = [Naor (u)NS| < |[Ngom(u)\ S| =
|Npvpo(u) \ Sol. 0

Theorem 6. Let G be a connected graph and H an isolate-free graph of order n, and
let S CV(GoH). Then S is a cost effective dominating set of G o H if and only if the
following hold:

(i) For eachve SNV(G), SNV (H") is a cost effective set of H" satisfying

|SNV(H?)| < 5 (n+[Ng(v) \ S| = [Na(v) N S]).

NN

(1i) For eachv € V(G)\ S, SNV (H") is a Ki-cost effective dominating set of H

Proof. Suppose that S is a cost effective dominating set of G o H. By Corollary 4,
SNV (H" +v) is a dominating set of H" + v for each v € V(G). Let v € SNV (G), and
put S, = SNV(H"Y). We claim that S, is a cost effective set of H". Let u € S,. Then

14+ |Ngo(u) NSy = |Npgviy(u)NS|
= |Ngom(u)NS]|
< [Ngor(u)\ S|
= |Ngv(u)\ Syl

Necessarily, |[Ngv(u) N Sy| < [Ngv(u) \ Sy|. Since u is arbitrary, S, is a cost effective set
of HY. Further, since v € S,

|[Na(v) VS| +[Sy] = [Ngou(v) NS
INGon (v) \ S|
INg(v) \ S|+ n —|Sul,

IN

or equivalently,
1
|Su] < 5 (n+ INa(v) \ S| = [Na(v) N S)).

This establishes Property (7). Property (i¢) follows immediately from Lemma 1.

Conversely, suppose that S satisfies all the above prescribed properties. In any case,
for v e V(G), SNV (H" +v) is a dominating set of H” 4+ v. Thus, S is a dominating set
of G o H by Theorem 5. Let u € S. In view of Corollary 4, u € SNV (H" + v) for some
v € V(G). Suppose that v € S. By Property (i), S, = SNV (H") is a cost effective set of
H" satisfying |Sy| < 3 (n+ [Na(v) \ S| = |[Ng(v) N S|). If u = v, then

[Neor(u) VS| = [Ng(u) N S|+ 5]

< [Ng(u) 0S| +n+|Na(v) \ S| = [Ng(u) N S| = ||
= [Na(v)\ S|+ [V(H")\ S|
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= |Ngor(u) \ S|.
If u € S,, then
|INgor(u) NS| = |Npgo(u) NS,

< [Nae(u) \ Syl
[Neor (u) \ S|.
Now, suppose that v ¢ S. Then, by Property (i7), S, = SNV (H") is a K;-cost effective

dominating set of H". Since Ngom (1) NS = Ngvyy(u)NS, and Ngog (1) \ S = Ny (u)\
Sy, the desired inequality follows. Therefore, S is a cost effective set of G o H. O

Remark 5. The conclusion in Theorem 6 still holds even if the graph H contains an
isolated vertex. Suppose that u is an isolated vertex of H. Forv € SNV (G), u ¢ SNV (H"Y).
In fact, if H is an empty graph, then SNV (H"Y) = & which is a cost effective set, and the
claim in the necessity part holds.

Lemma 2. Let G be an isolate-free graph. Every cost effective set of marimum cardinality
is a dominating set of G.

Proof. Let S C V(G) be a cost effective set of G of maximum cardinality. Suppose
that S is not a dominating set of G, and let v € V(G) \ Ng[S]. Define S* = S U {v}. For
each u € S, Ng(u)NS* = Ng(u) NS and Ng(u) \ S* = Ng(u) \ S so that |[Ng(u) N S*| <
|Ng(u) \ S*|. We also have

|INg(v) N S*| =0 <|Ng(v)\ S|

Thus, S* is a cost effective set of GG, contradicting the assumption on .S being a cost
effective set of maximum cardinality. Therefore, S is a dominating set of G. O

Corollary 6. Let G and H be nontrivial connected graphs of orders m and n, respectively.
Then

(1) Yee(Go H) = myr,ce(H) — (Yryce(H) — 1) 'y;gnce(G) whenever A(G) > n;
(”) PYmce(G o H) = m7K1mce(H)7' and

(i) My, o (H) < 7&(G o H) < |L| + mag, . (H), where L = {v € V(G) : dega(v) >
27;2168(11) —n}.

Proof. Let D C V(G) be a 'y};nceset of G. Note that if A(G) > n, then D # V(G).For

each v € V(G)\ D, let S, C V(H") be a Vi, ce-set of HY. Put S =D U ( U Sv>.
veV(G)\D
For each v € SNV(G) =D, SNV (H") = & so that

[SNV(H")| =0 < [V(H)| +|Na(v) \ S| = [Na(v) N S|
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For each v € V(G)\ S =V(G)\ D, S, = SNV (H") is a K;-cost effective dominating set
of HY. By Theorem 6, S is a cost effective dominating set of G o H, and

Yee(GoH) <|S| = D+ > |S|
veV(G)\D
= Vo @)+ (VG =7 oo(G)) Yicrce(H)
= V(@) kreeH) — (Vr1ee(H) = 1) v (G).

Conversely, let S C V(G o H) be a 7ce-set of G o H. In view of Theorem 6 we can write

Sl=" > A+ISOVHI)+ Y vmieelH).

veSNV(G) veV(G)\S

Now S can be made as small as desired if SNV (H") can be made ) for all v € SNV(G).
This is attained when SNV (G) is a K,,-cost effective set of G so that |[SNV(G)| < ’y;gnce (G)
and |V(G)\ S| > |[V(G)| — vj(nce(G) by Lemma 2. Therefore,

Yee(Go H) =S| = [SNV(G)|+ Z Vicrce(H)
veV(G\S

> Ve G) + (VG = 7e(G)) Vicrce(H)

This proves Statement (7).
To prove Statement (i), let S = U Sy, where S, C V(H") is a Yi,mee-set of HY
veV(Q)
for each v € V(G). By Theorem 6, S is a cost effective dominating set of G o H. Since
Sy is a minimal cost effective dominating set of H" 4+ v for each v € V(G), S is a minimal
cost effective dominating set of G o H. Thus,

Ymee(G o H) > |S| = |V(G)|7K1mce(H)-

Conversely, let S C V(G o H) be a Ymee-set of Go H. Let v € V(G) \ S. By Theorem
6(i7) and the minimality of S, SNV (H") is a minimal Kj-cost effective dominating set
of H'. Let v € SN V(G). By Theorem 6(7), S, = SNV (H") is a cost effective set of H”
satisfying

1 n
150/ < 1 (n 4+ [NG() \ S| - [Na(w) N 8) < 2.
Thus,
[Na(v) N S| < [Na(v) NS +2(S] = [Ngor(v) N S|+ 1S,
< [Ngom(v) \ S|+ [Sy|
= |Ng(v)\ S| +n.

Let S* = S\ S,. Since v dominates V(H" + v), S* is a dominating set of G o H. Note
that each v € S* \ {v} is cost effective relative to S* as it is relative to S in G o H. Now,

INeor(v) N S| = Ne(v)n S|
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< [Ng(v)\ S| +n
= [Neom(v) \ 57.

Since S is minimal, S = S*, and S, = &. Since v is arbitrary,

Ymee(GoH) =S| = > |SAV(H +v)|[+ > [SNV(HY)
vESNV(Q) veEV(G)\S
< Z 'YKlmce(H)'
veV(Q)

Finally, we prove Statement (iii). For each v € V(G), let S, C V(H") be a ’y;glce—set
of H". By Proposition 3, S = U,ey(g)Sy is a cost effective dominating set of Go H. Thus

Voo G 0 H) = myje, oo (H).
Now, suppose that v (G o H) > myy . (H), and let S C V(G o H) be a ~f-set of
G o H. Then there exists v € SN V(G) such that [SNV(H" +v)| = 1+~ . (H). Thus,
Sy =SNV(HY) is a very cost effective set of H" of cardinality 'y;gl o (H) and satisfying
1 1
Ve (H) < 5 (n+[Na(0) \ S| = [Na(v) N S]) < 5 (n+ dega(v)) .
In other words, dega(v) > 2vk,ce + (H) — n. Thus, v € L. Therefore,
ce(GoH) < |LI(1 47, (H)) + (m = |L]) v, . (H)
Vee — nylce ’Yche
= |L|+ mfnglce(H).

Remark 6. The bounds in Corollary 4.2.10 are sharp. Note, for example that
Voo (Ps 0 Ka) = 9= 37, o (Ka).
Verify also that v (P o K13) =10 = 14 375 (K13).
Corollary 7. Let G be a connected graph and m > 2. Then
(1) Yee(G o Kim) = [V(G)];
(#4) Ymee(G 0 Km) = [V(G)]; and
(iii) V(G o Km) = [V(G)] ["52].

Proof. Statement (i) follows from Corollary 5 and Corollary 6. Corollary 6 also yields
Statement (i7) and Statement (4i7) and the fact that vi,ce(Km) = 1, Vi mee(Km) = 1 and
Viree (Em) = [ 52 0

Kice m 2 :
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Example 3. If G is either the path P, or the cycle C, of order n and m > 2, then
(1) Yee(G © Kp) = n;
(17) Ymee(G o Kp,) = n; and
(i) 7&(G oK) =n |52,
Example 4. For the complete graph K,, of order n > 2 and m > 2,
(1) Yee(Kp © Kim) = n;
(17) Ymee(Kpn o Ki) = n; and
(i) 7 (K © Km) = | 52,

Proposition 5. Let G be a connected graph and H the union of k isolated vertices and
K isolate-free subgraph. Then

(1) Yee(G o H) = [V(G)| (k + 7K ce(K) = Vi, 00 (G) (Vicyee(E) + k= 1);
(“) 'Ymce(G © H) = ‘V(G” (k + ’YKNHCE(K)); and

(iid) 1(G 0 H) = [V(G)] (k+ 7, oo (K)).

Proof. Let D C V(G) be a K,-cost effective set of G of maximum cardinality. For
each v € D, define S, = {v}, and for each v € V(G) \ D, let S, = (L, UP,) C V(H")
where L, = Ule{ui} be the union of k isolated vertices and P, C V(K") be a vk, ce-set
of KV. Put S = U,ey(g)Sy- For each v € SNV(G) = D, SNV(H")| = & so that

ISOV(H")[ =0 <[V(H)|+[Ng(v) \ S| = [Na(v) N S].
For each v € V(G)\ S =V(G)\ D, SNV (H") =S, is a K;-cost effective dominating set
of H'. By Remark 6, S is a cost effective dominating set of G o H, and
Yee(GoH) <IS| = DI+ > [
veV(G)\D
= Ve (G) T (VG = V5o (G)) (k + YEyee(K))
= V(G| (k +7K1ce(K)) = (Vkree(K) + k= 1) 7 o (G).-

Conversely, let S C V(G o H) be a 7ee-set of G o H. In view of Theorem 6 we can write
1S|=" > A+ISNVEI)+ D AkieelE) + k.
vESNV(G) vEV(G\S

Now S can be made as small as desired if SNV (H?) can be made ) for all v € SNV(G).
This is attained when SNV (G) is a K,,-cost effective set of G so that |[SNV(G)| < 'y;gnce(G)

and [V(G)\ S| > [V(G)| = v, ..(G). Therefore,

Yee(GoH) =S| = [SOV(G)|+ > (vx,ee(K) +k)
veV(G)\S
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> Ve @)+ (IV(G)] = 7o (@) (k + Yy ce(K))
= V(G| (k+VKce(K)) — ’Y[tnce(G) (VKrce(K) +k —1)

This proves Statement (7).

To prove Statement (ii), let H be of order n and S = U,y () Sy, where S, = L,UP, C
V(HV) is a Vi, mee-set of HY for each v € V(G), with L, = U¥_,{u;} a union of k isolated
vertices and P, C V(K") be a Yi,mee-set of K¥. By Theorem 6, S is a cost effective
dominating set of Go H. Since S, is a minimal cost effective dominating set of H" 4+ v for
each v € V(G), S is a minimal cost effective dominating set of G o H. Thus,

Ymee(G o H) > |S| = [V(G)| (k + YK mee(K)) -

Conversely, let S C V(G o H) be a Ypee-set of Go H. Let v € V(G) \ S. By Theorem
6(i7) and the minimality of S, SNV (H") is a minimal Kj-cost effective dominating set
of H. Let v € SNV(G). If v is cost effective relative to S N V(G), then the minimality
of S implies that SN V(H" 4+ v) = {v}. Suppose that v is not cost effective relative to
SNV(G). By Theorem 6(i), S, = SNV (H") is a cost effective set of H" satisfying

1
] < 5 (n+|Na() \ S| - [Na(@) N 8]) < 5.
Thus,
|INg(v) N S| < |[Ng(v)NS|+2|Sy] = |Ngou(v)NS|+ Sy
< [Neor(v) \ S|+ 1S,|
= |Ng(v)\ S|+ n.

Let S* =S\ S,. Since v dominates V(H" +v), S* is a dominating set of G o H. Clearly,
each u € S*\ {v} is cost effective relative to S* as it is relative to S in G o H. Now,

INgog(v) N S*| = Ng(v)NS]
< [Ng(v)\ S| +n
= [Neom(v) \ 57|.

Since S is minimal, S = S*, and S, = (). Thus,

Ymee(GoH) =S| = > [SOV(H +v)|+ > [SNV(H")
vESNV(G) vEV(G)\S
< Z (k+'YK1mce(K))
veV(G)

= V(G| (k+vr1mee(K)) -

Finally, we prove Statement (7). For each v € V(G), let S, C V(H") be a 'y}lce—set
of HV,with S, = L, U P, C V(H") where L, = U¥_,{u;} is a union of k isolated vertices
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and P, C V(K") is a ’y;glce—set of K. Then S = U,cy(g)Sy satisfies the properties of
Theorem 6, and thus is a cost effective dominating set of G o H. It follows that

Y (GoH) > |S|= ) S,
veV(G)

= V(G| (47, (K)) -

Conversely, suppose that S C V(G o H) is a vl -set of G o H. Then,

Ye(GoH) =18 = Y SnV(H'+v)+ > SnV(HY)
veESNV(G) veV(G)\S
< 9EG) (Ve ) + K) + (VO] = 7E(@) (o (K) + F)

IN

Voo G) (Vhreo )+ £) + (IV(G) = 7,00 (G)) (it e () + )

V(G| (k470K

4. Composition of Graphs

Theorem 7. [9] Let G and H be connected graphs. Then C' = U ({z} xT,) C V(G[H]),

z€S
where S C V(G) and T,, C V(H) for every z € S, is a dominating set of G[H] if and only

if either
(i) S is a total dominating set of G, or
(i7) S is a dominating set of G and T}, is a dominating set of H for every x € S\ Ng(95).

Theorem 8. [9] Let G and H be nontrivial connected graphs with v(H) = 1. Then
+(GIH]) = 1.

Remark 7. Let G and H be connected graphs. For C' = Uyes ({z} x T,;) C V(G[H]) and
(u,v) € C,

Nem((w0))NCl= > |Ta| +INu(w) N T, (2)
z€SNNg(u)

and

[Nepm) ((u,0)) \ Cl = [Na() \ SIIV(H)| + INg()\Tu[+ Y [VE)\T|  (3)
zENg(u)NS

It is worth noting that a graph may not have a total dominating set that is cost
effective. A good example is the path Pj.
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Theorem 9. Let G and H be nontrivial connected graphs, and C = Ugzes({z} x T;) C
V(G[H]), where S C V(G) and T, C V(H) for each x € S. If S is an independent
dominating set of G and T, is a dominating set of H for each x € S, then C is a cost
effective dominating set of G[H].

Proof. Suppose that S is an independent dominating set of G and T} is a dominating
set of H for each x € §. By Theorem 7, C' is a dominating set of G[H]|. Let v € S and
v € T,. Since G is nontrivial and S is independent, Ng(u) \ S # 0. Using Equations 2
and 3,

|Nem(u,v) NCl = [Ng(v) N T
< [Nu()\ Tu] + [Nea(u) \ S|V (H)|
= |Ngim((u,v))\ C|.
Since u and v are arbitrary, C' is a cost effective dominating set of G[H]. O

Corollary 8. For any nontrivial connected graphs G and H, v..(G[H]) < v(G)y(H).

Corollary 9. For any nontrivial connected graphs G and H with G claw-free, ve..(G[H]) =
V(G)y(H).

Theorem 10. Let G and H be nontrivial connected graphs, and let C' = Uzeg({x} xTy) C
V(G[H]). If C has the following properties:

(i) S is a cost effective dominating set of G;

(13) For each x € S\ N¢(S), Ty is a dominating set of H; and
(13i) For each x € SN Ng(S), Ty is a cost effective set of H,
then C' is a cost effective dominating set of G[H].

Proof. By Theorem 7, properties (i) and (4¢) imply that C' is a dominating set of G[H].
Let (z,y) € C. Suppose that z € S\ Ng(S). Then Ng(z) \ S # 0. Following Equations 2
and 3,

[Nepm)((2,9)) NCl = [Nu(y) N Tl
[Ne(2) \ S[|V(H)| + |Nu (y) \ Tz |
= |Nemm (2, 9)) \ C|.

Suppose that z € S N Ng(S). Properties (i) and (7i7) and Equations 2 and 3 yield

A

Now (@ 9)nCl = > [Tl + INu(y) N Tl
z€SNNg(u)

[S 0 Ne(@)[|[V(H)| + |Nu(y) N Tzl

IN
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< INe@\SIVH) + INu\ Tl + > |[V(H)\ T
zENg(z)NS
= |Nam((z,y) \ C|.
Accordingly, C is a cost effective dominating set of G[H]. O

Removing the condition that S is a cost effective set of G in Theorem 10(i) may not
yield a cost effective dominating set C' of G[H]|. Consider, for example, the set C' =
V(K3) x U in the composition G = K3[Kj 4], where U is the partite set of Kj4 with
|U| = 4. For each x € V(K3) and u € U,

[Ne((z,u)) N C| =8,

and

[Ne((2,u)) \ Cf = 3.
Thus, C' is not a cost effective set, hence not a cost effective dominating set, of G.
Next, let S° = SN Ng(S).
Theorem 11. For all nontrivial connected graphs G and p > 2,
(1) Yee(GIED]) = (G);
(i) Ymee(GKp)) = Ymee(G); and
(i11) V(GG > max{pls| — (p— | 252]) 19°] + S is a9 — set of G,

Proof. Let S C V(G) be a y-set of G, and let v € V(K,). Define C = S x {v}. By
Theorem 7, C' is a dominating set of G[K,,]. For each u € S,

|Neik,) ((u,0))NC|l = |Ng(u)N S|
< p|Ng(u)\ S|+ (p—1) + (p— 1)|Ng(u) N S|
= [Ngx,)((u,v))\ C|.

Thus, C is a cost effective dominating set of G[K,] so that v..(G[Kp]) < |S| = v(G). By
Theorem 8, Ve (G[K}]) = 7(G).

Suppose that S is a ymee-set of G. By Theorem 10, C' = S x {v} is a cost effective
dominating set of G[K,]. Let (u,v) € C, and put C* = C'\ {(u,v)}. Then C* = S* x {v},
where S* = S\ {u}. Let w € S*. If u ¢ Ng(w), then

[Ng(w) N 57| = [Ng(w) N S| < [Ne(w) \ S| = [Na(w) \ 5.
If u € Ng(w), then

|Ng(w) N S*| = [Ng(w) N S| — 1 < [Nag(w) \ S| + 1 = [Ne(w) \ $%|.



F.Jamil, H. Nuenay-Maglanque / Eur. J. Pure Appl. Math, 12 (3) (2019), 978-998 996

That is, S* is a cost effective set of G. Since S is a minimal cost effective dominating
set of G, S* is not a dominating set of G. By Theorem 7, C* is not a dominating set,
hence not a cost effective dominating set, of G[K,]. This shows that C is a minimal cost
effective dominating set of G o H. Thus,

'Vmce(G[Kp]) > |C| = ’S| = 'Vmce(G)'

Conversely, suppose that C' = Uyes ({u} x T,,) € V(G[K,)) is a minimal cost effective
dominating set of G[K,|. We claim that |T,| = 1 for each v € S. Suppose that |T},| > 2
for some u € S. Let C* = C \ {(u,x)}, where z € T, and let v € T,, \ {z}. Since the
G-projection Cf = S and every subset of V(K),) is dominating of K, C* is dominating
of G[K,| by Theorem 7. In view of Equations (1) and (2),

|Naix,)(u,v)) N C*| < [Ngix,) ((w,v)) N CY,
and

[N, ((u,0)) \ C7| = [Ngik,) ((u, 0)) \ C.

Thus, C* is a cost effective set of G[K)]. Consequently, C* is a cost effective dominating
set of G[K,|, a contradiction. Thus |T,| = 1 for all v € S. In view of the proof of the
necessity part of the statement, we may assume that for some v € V(K,,), T,, = {v} for all
u € S. Clearly, the minimality of C' implies that S is a minimal cost effective dominating
set of G. Thus, Yme(G) > |S| = |C]. Since C is arbitrary, Ymee(G) > Ymee (G Kp))-

Now, let S C V(G) be a yi-set of G. For each u € SN Ng(9), let T,, C V(K,)
be a yf-set of K, and for each u € S\ Ng(S), let T, = V(K,). By Theorem 10,
C = Uyes ({u} x T,,) is a cost effective dominating set of G[H]. Thus,

Ve GlEm]) > 1C] = [8°|7e (Kp) + (IS] = |S°) [V (Kp)I-
O

Following a similar proof shows that if G and H are nontrivial connected graphs with

7(H> =1, 'Ymce(G[H]) = 706<G[H]) = ’Y(G)
Theorem 12. Let G be a noncomplete connected graph and p > 3. Then

L ify(G) =1
(1) Ve (Kp[G]) =
2, otherwise.

(“) ’Vmce(Kp[G]) - ’Ym(G),‘ and
(i) (K, [C)) = |25 V(O]

Proof. Let z,y € V(Kp) be distinct and u € V(G). By Theorem 10, C' = {z, y} x {v}
is a cost effective dominating set of K,[G]. Thus,

Yee (Kp[G]) < |C] = 2.
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Also, by Theorem 10, for any z € V(K,) and any dominating set S C V(G) of G,
C = {z} xS is a cost effective dominating set of K,[G]. Thus, v..(Kp[G]) = min{y(G), 2},
and the conclusion follows.

To prove Statement (i7), note first that since G is not complete, v,,(G) > 2. Let
S C V(G) be a minimal dominating set of G and = € V(K)). In view of Theorem 7,
C = {z} x S is a minimal cost effective dominating set of K,[G]. Consequently,

'Ymce(Kp[G]) > |C‘ = |S|

Since S is arbitrary, Ymee(Kp[G]) > ym(G). Conversely, let C = Uyes ({u} xT,) C
V(K,[G]) be a ymee-set of Kp[G]. Since C is a dominating set of K,[G], either S ia total
dominating set of K, or S is a dominating set of K, in which case T, is a dominating
set for each u € S\ Nk, (5). Since C is minimal, if S is a total dominating set in K,
then C' = {(z,y), (u,v)} for some z,u € V(K,). On the other hand, if S is not a total
dominating set, then C' = {z} x S for some z € V(K)) and S is a minimal dominating set
of G. Thus,

Ymee(Kp[G]) < max{2, 7, (G)} = 1 (G).
This proves Statement (i7).
To prove Statement (ii7), let C = Uyes ({u} x V(G)), where S C V(K),) ia a v -set
in K,. By Theorem 10, C' is a cost effective dominating set of K,[G]. Consequently,
Yee Bp[G]) = [S] x [V(G)].

Conversely, let C' = Uyes ({u} x T,,) be a vf-set of K,[G]. In view of Theorem 10, since
we want the largest possible cardinality of C, we assume that T, = V(G), which is a
dominating set of G. Let u € S. Equation 2 and Equation 3, respectively, yield

[Nk, (e ((w,0)) NCl = [Nk, (u) 0 S[[V(G)| + [Na(v) N V(G)]
= (S| =D V(&) + [Ng(v)]
and
[Nk, (e ((u,0)) \Cl = [Nk, (u) \ S[|[V(G)]
= (@—=ISHIV(G)I.
for each v € V(G) . Since C is a cost effective set of Kp[G],
(IS] = 1) [V(G)| + INa(v)] < (p = [SDV(G)],
or equivalently,
2[S|V(G)] < (p+ DIV(G)| = [Ng(v)|
for each v € V(G). Thus,
S < 50+ 1)

Therefore,

516D = Cl = IsIVE) < | 75 | v,

and the desired conclusion follows. OJ
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