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Abstract. This paper derives three forms of explicit formula for r-Dowling numbers. One of
these is expressed in terms of exponential polynomial. The other two formulas are derived using
an inverse relation and Faa di Bruno’s formula together with certain identity of Bell polynomials
of the second kind. These two formulas are expressed in terms of the r-Whitney numbers of the
second kind, m-Whitney-Lah numbers, and the ordinary Lah numbers. As a consequence, a relation
between r-Dowling numbers and the sums of row entries of the product of matrices containing the
r-Whitney numbers of the second kind, r-Whitney-Lah numbers, and the ordinary Lah numbers
is established. Moreover, a g-analogue of the explicit formula is obtained.
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1. Introduction

The Bell numbers, denoted by B,,, were defined in [5] as the sum of Stirling numbers
of the second kind .
By =Y S(n,k). (1)
k=0

Since the numbers S(n, k) are interpreted as the number of ways to partition an n-set into
k nonempty subsets, B,, can then be interpreted as the total number of ways to partition
an n-set. Several properties and application were obtained for these numbers including
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generating functions, recursive formulas, explicit formula, and expression in terms of a
moment of the Poisson random variable [19, 20].

By adding one parameter r, A.Z. Broder [3] defined combinatorially a generalization

of S(n, k), the r-Stirling numbers of the second kind, denoted by {Z} , as follows:

T

n
{ k:} := the number of partitions of an n-set into k£ nonempty subsets such that the
T

numbers 1,2,...,r are in distinct subsets.

These numbers possessed several properties parallel to those of the classical Stirling num-
bers of the second kind, which can be found in [3]. In the same paper [3] , Broder was

n
able to derive a relation expressing i in terms of the classical Stirling numbers of the
T

) -5 C)suer

Letting r = 0, equation (2) gives {Z} = S(n, k) with 0° defined to be 1. Parallel to the

0
definition of Bell numbers in (1), Mezo [17] defined the r-Bell numbers as

=S (i01).

k=0

second kind:

Mezo [17] obtained several interesting properties for these numbers analogous to those of
the classical Bell numbers. It is worth mentioning that r-Bell numbers were first introduced
by C.B. Corcino in [6].

Furthermore, by adding one more parameter m, Mez6 [16] defined the r-Whitney
numbers of the first and second kind, denoted by wy, »(n, k) and W, »(n, k), as coefficients
of the following expansions

n

m"(x), = Z(—l)"*kwm,r(n, k)(ma + r)k, (4)
k=0
and (mx 4+ r)" = Z W (n, k)ymF(x)y, (5)
k=0

where () =x(x —1)...(x —k+1) if £ > 1, with (z)9 = 1. Below are the few values of
wmﬂ”(n? k) a‘nd Wm,r(n, k) Wlth m=7r=2:

n/k]0 1 2 3 4 n/k[0 1 2 3 4
0 |1 0 |1

1|2 1 1|2 1

2 |8 6 1 2 [4 6 1

3 |48 44 12 1 3 /8 28 12 1
4 |38 400 140 20 1 4 |16 120 100 20 1
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Table 1: Few values of wg 2(n, k) Table 2: Few values of Wy 2a(n, k)

It would be interesting to note that the numbers W,, ,(n, k) are equivalent to the (r, 3)-
Stirling numbers [7] and the numbers wy, ,(n, k) are equivalent to the numbers that ap-
peared in [10]. One can easily verify that these numbers satisfy the following inverse

relation
n

Fa= > (1" Twg(n,§)g; <= gn = Y War(n,4) f;. (6)

§=0 5=0
Analogous to (2), Cheon and Jung [4] expressed the r-Whitney numbers of the second

kind W, »(n, k) in terms of the classical Stirling numbers of the second kind S(n, k) as

n

n , .
g 7]{: — i—k, n—1 ',k.
W (n, k) 2(@)771 "8 (i, k) (7)
Replacing m by 3, k by j and r by —r in equation (7), yield

n

Waor(md) = 3 () 8- Hsh). 0

k=j

Moreover, Cheon and Jung [4] defined the r-Dowling polynomials, denoted by Dy, »(n, x),
as follows

Dy r(n,z) = Z W r(n, k)P, 9)
k=0

Taking = = 1, equation (9) reduces to

Dy r(n, 1) = Winr(n, k),
k=0

the r-Dowling numbers. These numbers are equivalent to the (7, §)-Bell numbers in [§],
denoted by G, 5., and have also been considered in the paper [12] using the same notation
Gy 5. Throughout this paper, we use G,, g, to denote the r-Dowling numbers. It is worth
mentioning that G, g, satisfy the following generating function

tm 1(pBt_
> Gy = et (10
n>0 )

The Lah numbers, denoted by L(n, k), were defined in [5], combinatorially, as the
number of ways to partition an m-set into k nonempty linearly ordered subsets. These
numbers have been shown to satisfy the following relations

Lin.k) = (Z - DZ (11)
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n

L(n, k) =Y s(n,j)S(j k). (12)

=k
On the other hand, the r~Whitney-Lah numbers, denoted by Ly, ,(n, k), were defined by
Cheon and Jung [4] parallel to (12) as follows

Lm,r(ny k) = Z wm,r(nv j)Wm,r(ja k) (13)

=k
Several properties of Ly, ,(n, k) have been derived through factorization of the r-Whitney-
Lah matrix [Ly, »(n, k)]n k>0 (see [4]) including the triangular relation
Lyyr(n,k)=Lp,(n—1,k—=1)+2r+(n+k—1)m)Lp,(n—1,k)

Below is a triangular array of values for Ly, ,(n, k) with m =r = 2:

n/k |0 1 2 3 4
0 |1
1 |4 1
2 |24 12 1
3 1192 144 24 1
4 11920 1920 480 40 1

Table 3: Few values of La(n, k).

In this paper, two explicit formulas for G, g, are derived using the two methods applied
by Feng Qi [21] in expressing the Bell numbers in terms of Stirling numbers of the second
kind and Lah numbers. The two methods yield exactly the same explicit formula when
they are applied by Feng Qi to Bell numbers. However, when these methods are applied
here to G, g, they give two equivalent formulas of different forms. These formulas imply
two matrix relations involving r-Dowling numbers, r-Whitney numbers of the second,
r-Whitney-Lah numbers and Lah numbers.

2. Expression in Terms of Exponential Polynomials

The exponential polynomial [2], denoted by ®,,(x), appeared in the resulting expression
in applying Mellin derivative (m%)n to the function e®. The notation for Mellin derivative
would mean that the differential operator x% is applied n times to e®*. The first two
applications of the operator give



R. B. Corcino et al. / Eur. J. Pure Appl. Math, 12 (3) (2019), 1122-1137 1126

— d T\ __ 2 T
—x%(xe )= (2"+2z)e

Continuing in this manner yields

d n
<xdx> e’ = d,(x)e”.

The exponential polynomial satisfies the following generating function

et(e'=1) Z ®,( (14)

which can be expressed in polynomial form as
= S(n, k)", (15)
k=0

whose coefficients are the Stirling numbers of the second kind. Note that, when z = 1/
and t = 8t, (16) reduces to

m\

Z@ /8P 520 (16)

Hence, the exponential generating function in (10) can be written as

ZGn,ﬁ,r%n!z Z(T:L!)n 3@, (1/8) (ﬁ;)n
n>0 n>0 n>0
) (rt)"*
(n —k)!

-> {Smun
—Z{Z( )%(1/5)/# - k}fl,

n>0
n>0
Comparing the coefficients of ylelds the following explicit formula.

Theorem 2.1. The r-Dowling numbers can be expressed as

n

Gusr =3 ()0 (1/8) (17)

k=0

which is a kind of binomial combination of ®r(1/f).
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Using (15), the explicit formula in (17) can further be written as

n k
G =31 S08(kA)1/5) b ()t (18)

k=0 | j=0
This gives the following matrix relation.

Theorem 2.2. For n € N, the r-Dowling numbers G; g, equal to the sum of the entries
of the ith row of the product of two matrices

[(;)53’#—9} (n+1)x (n+1) (G DA/ ] sty () (19)

3. r~-Whitney Numbers of the Second Kind and r-Whitney-Lah
Numbers

In this section, a new explicit formula for r-Dowling numbers expressed in terms of
r-Whitney Lah numbers and r-Whitney numbers of the second kind is established. As
a consequence, a relation in terms of matrices involving the r-Dowling numbers, the r-
Whitney-Lah numbers and the r-Whitney numbers of the second kind is obtained.

Note that equation (13) can be rewritten as follows
(—1)"Lgp(n, k) Zwm n, )W, (4, k). (20)
7=0

Using the inverse relation of m-Whitney numbers in (6) with
fn = (=1)"Lg(n, k) and g; = (=1 W, (5, k),

equation (20) yields

(=1)"Ws,.(n, k) ZWBT (n,7)(=1) Lg,(j, k); that is,

n

S(TL, k7 /87 ’I") = W577~(’I’L, k) = Z(_l)n_Jwﬁ,T(nvj)Lﬁ,r(]a k)
=0

Summing up both sides over k£ from 0 to n, gives the following theorem.

Theorem 3.1. The explicit formula for r-Dowling numbers is given by

n

Gn,ﬁ,r = Z(_l)nj{z Lﬁ,’l‘(j? k)}WB,T(naj)‘ (21)
k=0

J=0
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For instance, when 8 =r = 2 and n = 4, we get

4

G2 = Z(—1)4j{z]: Lo (7, k)}W2,2(47 7)
k=0

5=0
= (1)(16) — (5)(120) + (37)(100) — (361)(20) + (461)(1)
= 257.

Now, we can rewrite the sum in (21) as

Gn’B,TZSQ+S1+SQ+...+Sn

where S; = Z(—l)"‘kW@W(n, k)Lg,(k,j). As a consequence, we have the following
k=0
theorem.

Theorem 3.2. For n € N, the r-Dowling numbers G; g, equal to the sum of the entries
of the ith row of the product of two matrices

[(_1)i_jWB,T(i7j)] (n+1)><(n+1) [L,B,T(iaj)](n+1)><(n+1) ’ (22)

whose entries are respectively the r- Whitney numbers of the second kind and the r- Whitney
Lah numbers.

For instance, when 8 =r = 2 and n = 3, we get

[(—1)i_jW2,2(i> .7)] Ax4 [Lﬁﬂ“ (i’ j)]4><4

1 0 0 01 0 00
=2 1 0 ofl4 1 0 o0
14 -6 1 0|24 12 1 0
-8 28 —12 1] |192 144 24 1
1 0 0 0
21 0 0
T4 6 1 0
8 28 12 1

Summing up the entries of each row of the above matrix product, we obtain the column
vector whose entries are the r-Dowling numbers

1 1 Go,2,2
241 _ 3 _ G122
4+6+1 Tl T Go 2,2

8+28+12+1 49 G322
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Corollary 3.3. For 0 < i,l < n, the r-Whitney numbers of the second kind satisfy the
following explicit formula

WB,"‘(% l) = Z(_l)Z7JWﬁ,T(Z> ])Lﬁ,r(ja l)a
=0

that is,

[Wﬁ,r(ivj)]n+1><n+1 = [(_1)i7jwﬁ,r(i7j)] n+lxnt1 [Lﬁ,r(iaj)]n+1><n+1 .

It can easily be shown that

n

Z( 1)71 ]wﬁ r(n ] W,Br ]7 ZWﬁ, n ] ) wﬁ,r(jai) = 5m‘y (23)

j=i

where ,,; is the Kronecker delta. This relation implies that

W, (i, ])]n+1><n+1 [(_1)i_jwﬁ,r(i’j)]n+1m+1' (24)

Thus, we have

[(_1)i_jw,3,7“ (Z7 ])] n+lxntl [(_1)i_jWﬁ,T(i7 ])] nd-1xn+1 [L,B,T(ia j)]n+1Xn+1

= In+1-

4. r~-Whitney Numbers of the Second Kind and Lah Numbers

In this section, we will find a new explicit formula for computing r-Dowling numbers
Gn g, in terms of r-Whitney numbers of the second kind and the ordinary Lah numbers
using the Faa di Bruno’s formula and certain identity of Bell polynomials of the second
kind. The following theorem contains the desired formula.

Theorem 4.1. For n € N, the r-Dowling numbers G, , g equal

n J

Gn,r,ﬁ = Z(_l)nijwﬂ,fr(naj) Z/BJ?ZL(.% Z) (25)

§=0 i=0

Proof. Let us recall the following identity from [1, 13] on the nth derivative of the

+1

exponential function e™* expressed in terms of the Lah numbers

1\ (n) 1 " 1
(1) = (~1re=t YD Lin k) o, (26)
k=1
the identity from [5] on Bell polynomials of the second kind

abn—k-‘rl

By, i(abz, ab’rzs, .. ., Tp—ft1) = akb"Bn,k(xl, Ty .oy Tpkil), (27)
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and the famous identity from [5] on Fad di Bruno formula described in terms of the Bell
polynomials of the second kind

dtinf h Z f k) n,k(h/(t)v h”(t)v s ah(n_k—H) (t)) (28)

Replacing ¢t by —¢ in the generating function for the r-Dowling numbers Gy, g, in equation
(10), yields

—t n e—rt eﬂem

(=) :
ZGn,,@,r nl = )

1
n>0 es

equivalently,

Then taking kth derivative both sides of (29) with respect to ¢ yields

k " b dk lﬂt —rt
GBZ Gnﬁrwzﬁ(eﬁe - e ) (30)

Taking f(u) = ew and h(t) = Bet in (28) and making use of (26) give

dtk dtk
k j(o1/u '
=S D g (88, (867 ... B 5e)
j=1
k
=Y (—1)et Z L(j, i) - ——= By (B(Be), B2 (Be™), ..., BE=I1(Bet))
j=1
1 k 3 ] .
= ey (1)) Y L(ji) - (ﬁeﬁi)j“Bk,J’(ﬁ(ﬁem)ﬁQ(ﬁem), o BRI (B,
7j=1 =1

where u(t) = fe’t. Further by virtue of
By j(abxy, ab’xa, ..., ab" ey 51) = a?bF By (21,20, . i)

and
k—j+1
/_/h .
By ;(1,1,...,1) = S(k,j)
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listed in [5], [p.135], where a and b are complex numbers, we obtain

dF <e Bﬁlﬁt > j ) k—j+1
1 . . P
L = e Y (1) Y CL(j0) - s - (B BB ;(1, 1, D)

I R = R O
.,k o J Bk—i
= epe Z(_l)j ZLU,Q ' (eﬁt)is(k’j)'
j=1 i=1

k=0
Y " y - ; J Bk—z‘
= Z <k‘> e Bebt Z(_l)J ZL(j,Z) . (eﬁt)i S(k,j) . (_r)nfkefrt'
k=0 = g

Thus, replacing k by n and evaluating at ¢ = 0 in equation (30) give

n k J
A1 Goar =Y (1) L0 S0 B (h) - (-
=1

k=0 j=1

Rearranging the above sum and using the fact that L(0,7) = 0 for all positive integers i,

we get
n

Grsr = (1) Z_j{kz ()it o7~ L),

i=0 §=0 “k=j
Applying the property of r~-Whitney numbers of the second kind in equation (8) yields

n

Grpr =Y (=D)" 7Y Ws_o(n, ) L(j, ).

i=0 §=0
This is exactly the formula in (25).
The following corollary is a direct consequence of Theorem 4.1.

Corollary 4.2. For n € N, the r-Dowling numbers G; g, equal to the sum of the entries
of the ith row of the product of two matrices

[(_1)17]W5»*7’(7”j)]nxn [’BjilL(Z’])]an’ (31)

whose entries are respectively r- Whitney numbers of the second kind and the Lah numbers.
Proof. We can rewrite the formula in Theorem 4.1 as

7
Gigr =3 Ty, i=0,1,2,...,n,
=0
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where .
3

Ty = Z(_l)i_jwﬂ,—r(iaj)ﬁj_lL(jv 1), 1=0,1,2,...4.
j=0
Clearly, Ty is the (i,1)-entry of the following product of two matrices
[(_1)i7jW5,—7’(i’ ])]nxn ['BjiiL(i’ j)]nxn ’ (32)

containing the r-Whitney numbers of the second kind and Lah numbers, respectively.

To illustrate this corollary, let us consider the case where 5 = 1, r = 2, n = 6. That
is,

(=1 IWh a0 )6 [877 L 3) ] g

1 0 0 00 OfL 0 0 0 0 0
2 1 0 00 Of0 1 0 0 0 O
|4 3 1 0 0 0|0 2 1 0 0 0
|8 7 3 1.0 0|0 6 6 1 0 0
6 15 7 2 1 0|0 24 3 12 1 0
32 31 15 5 0 1] [0 120 240 120 20 1

1 0 0 0 0 0]

2 1 0 0 0 0

4 5 1 0 0 0

|18 19 9 1 0 0 (33)
16 65 55 14 1 O
132 211 285 125 20 1]

Hence, summing up the entries of each row of the matrix in (33) gives the following column
vector whose entries are the r-Dowling numbers with 8 =1 and r = 2

r 1 1T [17 [Goie
2+1 3 G112

445+1 110 |Goape
8+194+9+1 137 |Gsape
16+65+55+14+1 151 Gai1p

132 + 211 + 285 4+ 125+ 20 41 1674 ] G512

Clearly, the r~-Whitney numbers of the second kind Wj,.(i,1) can be expressed as
Wia(inl) = 3 _(=1)"7 W (i, )"~ L(, D).
j=0

That is,

War (s DMy 1ens = (DT Wamr (@D ysnsn BT LGNy
Using (24), we obtain the following matrix identity.

[(_1)i_jwﬂyr(i7j)]n+1><n+1 [(_1)i_jW57—7‘(i’j)]n+1><n+1 [ﬁi_jL(i’j)]n+1><n+1

= Iin+41-
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5. A ¢g-Analogue

A g-analogue is a generalization of a known expression parameterized by a quantity ¢
that reduces to the known expression in the limit, as ¢ — 1. For example, the g-analogue

of n, nl, (n); and <n

k:) are respectively given by

1—q”‘

g =1+q+¢" + - +q"" = ,
l—q

[n]g! = [nlgln — g - -~ [2]¢[1g;
[n]kq = [nlgn —1lg- - [n — Kk + 14

[ZL - [k]qﬁq_! Ko [nl]j’q'

Recently, R. Corcino et. al [9] defined a g-analogue of m-Whitney numbers of the second
kind by means of the following recurrence relation:

Won e, klg = ¢ DT W, 0 — 1,k — 1)g + [mk + 1] gWine[n — LEg.  (34)
When ¢ — 1, this will reduce to
Winr(n, k) =Wy, p(n— 1,k — 1) + (mk + )Wy, . (n — 1, k).

One can easily verify that
Wi r[n, 0] = [r]g.

The g-analogue W, ,[n, k], possessed several properties including the following relation

> Winln, kgt = rimlig = [t (35)
k=0
For the r-Whitney numbers of the first kind, their g-analogue may be defined by

n

Z(_l)n_kwm,r[na k]q[ﬂ’; = [t = rim]ng. (36)
k=0

To compute the first values of wyy, r[n, k];, we need to derive the triangular recurrence
relation for wyy, »[n, k]y. Using (36) and the identity

1
[t —nlg= qfn([t]q — [n]q),

we have

n+1
D =D w0 4 LK [ = [t = rlmlnsng = [E— (r+nm)]glt = rimlni
k=0
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_ < Tjnmut]q Sy nm1q>) S (1) [, K[
q k=0
n+1 n+1

- —[r + nm] n—
gk = 1gltls + - H(=1)" i [, Kl [t
k=0

- 7”+nm

”‘H (_1)n7k’+l

23

k=0

gm {wmrn, k —1g + [r + nm]gwm . [n, klqg} [t]];-

Thus, comparing the coefficients of [¢] ’;, we easily obtain the following triangular recurrence
relation
¢ W [0+ 1 Klg = w0,k — g + [+ nm]gwm [0, kg (37)

Now, to derive the orthogonality relations for wy, »[n, k|, and W, »[n, k], we first rewrite

(36) as
Zwmrkj = [t —r|m]p,q

and substituting to (35) yields

= Z Winr[n, Klq[t = 7[m]iq

k=0
k .
:Zernqu kjwmv"k]][]]
7=0
= D (DI W o0, Klgwi [k, 4g ¢ (117
Jj=0 | k=j

Hence, we obtain the first form of the desired orthogonality relation

n

Z(_l)kijwmm[nak]qwm,r[kvj]q = On,j> (38)
k=j

where 9, ; is the well-known Kronecker delta. By applying similar argument, that is, by
substituting (35) to (36), we obtain the second form of the orthogonality relation

n

Z(_l)nikwm,r[nv klgWinr [k, jlg = 0n,j, (39)
k=j

Furthermore, the orthogonality relations in (38) and (39) immediately imply the following

inverse relations:

n

fn = Z(_l)n_kwm,r[na k]qgk <~ gn = Z Wm,r[ny k]qfk (40)

k=0 k=0
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T = Z(_l)n_kwm,r[na k]qgn > gk = Z Wm,r[na k]qfn (41)
n=~k n==k

Parallel to Cheon and Jung [4], a g-analogue of r~-Whitney-Lah numbers Lg ,[n, k], may
be defined by

n
L,B,r[na k]q = Zwﬁ,T[n’j]qWﬁ,r[j7 k]q (42)
=0
This can be written as
(=1)"Lg,[n, klg = Z(_l)nijwﬂm[mj]q(_l)jwﬂ,r[ju klg- (43)
j=0

Using the inverse relation in (40) with f, = (=1)"Lg[n, k], and g; = (=1)/ W[4, kg,
relation (43) implies the following relation

(=1)"Wpr[n, klg = Z Wg.r[n, j]q(_l)jLBm[ja klq
=0

Werln klg =3 (=1)" T Wguln, jlqLs,[j, klq (44)
j=0

Summing up both sides of (44) over k yields

(=1)" T Wpln, jlgLorli, Klg

NE

Z Werln, klg = Z Wg,r[n, klq
k=0 k=0

Dglnlg =) (-1)"" {

J=0

o

LT XY

Lﬁ,r[j7 k]q} Wﬁ,r[nvj]Q' (45)
k=0

Remark 5.1. The explicit formula in (45) implies that the (q,7)-Dowling numbers Dg ,[n]q
are equal to e;DLe, where D and L are matrices whose entries are Wy .[n, jlq and Lg ,[n, k|q,
respectively, e; is the i — th unit vector, and e is the vector with all entries equal to 1.
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