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Abstract. Let X be a Banach space, €2 an open bounded subset of X, and Y a complex Banach
space. We consider a Volevi¢ system of singular linear partial differential equations of the form

8ui N
o0 = 2 et a)ui(te)+ Y7 bt o) (po()D) uy(tx) - o)y +ailte), (1)
j=1 (J:K)EN (i)

t

1 <4 < N, in the unknown function u = (uy,ug,...,uy) € YV of t > 0 and z € Q, where
a;j,bjr € C, 21, = (2, ...,x) (x is k times) D denotes the Frechet differentiation with respect to z,
and

N(@)={(j,k) : j and k are integers,1 < 7 < N,0 < k < n(i, )}, (2)

n(i,7) = n(i) —n(j) + 1, where n(i), i = 1,2, ..., N, are nonnegative integers. The map o belongs
to C°([0,T],C). We express growth estimates in terms of weight functions and we establish an
existence and uniqueness theorem for our system in the class of ultradifferentiable maps with
respect to the space variable x.
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1. Introduction

The study of partial differential equations have been a very fruitful endeavor both in
pure and applied mathematics. Its practical use cannot be underestimated as many recent
scientific and engineering works such as in [8] uses partial differential equations to model
real-world problems.

Gerard and Tahara [2], and Baouendi and Goulaouic [1] were some of the authors who
worked on nonlinear or linear differential equations with singularity. Lope [5], extended
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the work of Baouendi and Galaouic using the concept of weight functions. These weight
functions are used to describe growth estimates on the coefficients of the partial Taylor
expansion of a function.

In [3], Koike considered a Volevi¢ system of singular nonlinear partial differential equa-
tions with general singularity. He established the existence and uniqueness theorem of
the solution in the ultradifferentiable class using the Banach fixed point theorem and
Nirenberg-Nishida [6, 7] iteration method. This method was also used in [4].

In this paper, we will establish an existence and uniqueness theorem on (1) in the
ultradifferentiable class with growth estimates in terms of weight functions.

2. Preliminaries

We first give the definition of a weight function as defined by Tahara [9]. We then give
the definitions and basic results about ultradifferentiable maps as proved by Koike [3].

Definition 1. Let T > 0. we say that p(t) is a weight function on [0, T if it is continuous,
nonnegative, increasing function on (0,T] such that

T
/ &dt < +o00.
0 t

Let V and W be Banach spaces, and U be an open subset of V. We denote by
C°(V, W) the set of all continuous mappings from V to W and L(V, W) the Banach space
of all bounded (continuous) linear mappings from V' to W. Moreover, we let LP(U, W) to
be the space of all p-linear continuous mappings of U? into W.

Definition 2. Let M;, j = 0,1,..., be a sequence of positive numbers with
My = M; = 1.

A map v € C®(Q,Y) is said to belong to the ultradifferentiable class {Mpy}(Q2,Y) (or
{M,} for short) if

| D7v()|| < CTHM;
re, j7=0,1,2,..., and constant C'.

As was done in Koike’s paper, in our problem, we impose on the sequence {M,} the
following conditions:

n n
(C1) If Zkl =n, k>0, n=1,2,.., then HNki—i-l < Np41, where N, = —=
i=1 i=1

(C2) There is a constant K such that M1 < K(j +1)M;, j =0,1,2,....

MP
pl
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For s > 0, we write

oo ; ;

|D7u(z) |

ulls = ||u = sup ,
ol = o) = sup > 5

= [Diufa)]s
ully = fulls(0) = sup ,
ol = ) = s > 5

and
Bs(U, V) ={ue C®U,V) : ||ul]|s(U) < oo},
where V is a subset of a Banach space.

Remark 1. It is not difficult to show that v € {My}(U,V) if and only if w € Bs(U, V)

for some s > 0.

Let X, YV, and Z be Banach spaces, U an open subset of X', and V an open subset of
Y. The next theorem states the multiplication-closedness of the {M),} class.

Theorem 1. Let G € C®(U,L"™(), 2)), u; € C*(U,Y), i = 1,2,...m(m = 1,2,...).
Then
G, ooyt |5 (U) < CTG|5(@) T T il (U),
i=1

where (Guy, ..., um ) () = G(x)ur(x), ..., um(x) and Cy = mam{N%, 1}.

Theorem 2. Let f € C®(V,2) and uw € C®°(U, V). If ||u||s'(U) < R for some s >0 and
R >0, then

1f o ulls/n(U) < [[fI[r(V).
Corollary 1. Let f € C*(V, 2), and u,v € C°(U,V). Then
Ifou—foullym(U) <CLIDFIIR(V)u—vlls/u(U)
i Jull,U) < R and [lo](U) < R.
Theorem 3. Assume (C2). Then there exists K, > 0 such that
D" ully < Kn(s —7)""||ulls (3)
0 <r<s< sy, where Ky, is independent of u, r and s.

Remark 2. The preceding theorem implies that if uw € {Mpy}, then Du € {M,}.
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We will now give our assumptions for (1). Let Y be a complex Banach space and
L*(X,Y) the Banach space of all bounded multi-k-linear maps from X* to Y, while
L%(X,Y) denotes Y. Let © be an open subset of X and U; a neighborhood of the origin
in the Banach space {(&x)(jmene) @ ik € LF(X,Y)}, where N (i) is the set defined in
(2). Let

N
filw,w)(tx) =Y agt )it )+ Y bt 2) ((uo(t) D) it 2) - 1) -
j=1

(J,k)EN (i)
We work on (1) under the following assumptions:

(A1) po belong to C°([0,T],C) for a T > 0 and f; € C°([0,T], Bs, (2 x U;,Y)), for some
s1 > 0.

(A2) fi(0,0)(0,z) =0,forallz € Q, 1 <i<N
(A3) The spectrum of the N x N matrix A(z) = (A;;(z)) € L(YY), where
Ajj = —Duy, fi(u, 0) (0, )] (uw)=(0,0)
is contained in the half plane{z € C : Rez > by} for a positive number by.

(A4) For some « € (0,1),

[0r
0 )

t

where p(t) = supg<,<; |po(7)]-

Condition (Ap) states that f; is continuous in ¢ and ultradifferentiable in the other
variables.

The next results are proved in [3] assuming (C1), (C2), and (A;)-(Ay4).

Let x be the number as in (A2) and

c= max {n()} +1+5— d= lgg?gzv{n(z,y)}- (4)

Then ¢ > d+ 1 and d > 1. The function w in the following lemma plays an important
role.

Lemma 1. There ezists a function w € C°([0,T],R) N C1((0,T],R) such that w(0) = 0,

W) () > & (?K (5)
and
w(t)® > p(t)" (6)

fort e (0,T7].
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Now put

p(i, j) = maxz{n(j,1), 1}

v(r,t) =1In (i)

In %A(az)

and

E(r,t)(x) = (Eij(1,1)(z)) = exp e L(Y"Y)

for (7,t) € A, where A(z) = (A;;j(x)) is the matrix operaton as in (A3z) and
A={(r,t):0=7<t<Tor0<7<t<T}

Lemma 2. There exists a positive number b such that for every xg € §2 there are pos-
itive numbers so(so < s1), Co and an open neighborhood U C Q of xy such that E €
C%(A, By, (U, L(YY))),

b
|EGH)lls0(U) < Co (t) (7)
and
‘|Eij(7_>t)“80(U) < Coep(i,j) (Ta t)7 (8)
where

b ( t)p(ij)fl

T\ v(iT ’
.. H=[-]| ~—2~L
€p(i,j) (75 1) (t) (p(i, ) — 1)!

Note that 0 does not belong to the spectrum of A(z), thus the map A4 : z — A(x)~!
is well-defined and ultradifferentiable with respect to z, that is, we can assume that A €
By, (9, L(Y™)), for some sq > 0.

Lemma 3. Let s € (0,50],6 € (0,T] and v € C°([0,6), Bs(U,Y™)). Then u(0) = Av(0)

and

u(t) = /0 LB tyo(r)dr

-
for t €(0,6), if and only if u € C°([0,6), Bs(U,YN)) and

ou
ta(t) + Au(t) = v(t)

fort € (0,0).
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We write, for ¢t > 0,

t Tb—l

MR (E) = /0 o h(r)dr

Note that H[h](0) = h(0)/b. We may assume b < 1 without loss of generality. Note that
H(1](t) = 1/b.

Lemma 4. Let 6 € (0,7], a >0, B >0and v > 1, and let m =0 orm = 1. If a« > km,
w(t) < a and h(t) < p(t)®w(t)?(1 —w(t)/a))™7 fort €0,6), then

w(t)

—Maz{ly—m}
HIRI(E) < O™ u(t) " meo(t)P+m (1 - )

1 1 1
fort €[0,0), where C, = max{ljb} ify>1and C, = 7 if vy=1.
N —
Lemma 5. Let h € C°([0,6),R), § € (0,T]. Then it holds that

t
/0 Lep(r, )h(r)dr = H[B](1)
forte (0,0) and p=1,2,....

3. Existence and Uniqueness Theorem

We first state our main theorem and then prove the existence and uniqueness parts in
two sections.

Theorem 4 (Main Theorem). Let C1,C2,andA; — A4 hold and « € (0,1]. For every
xg € (Q, there exists a positive number R small enough and a neighborhood U C € such
that if the map g; : t — (x — gi(t,x)) belongs to C°([0,T)], Bs,(Q,Y) for some s1 > 0 with

lgi(t, )]s, () < CRu()*,  (H,2) €[0,T] xQ,  1<i<N

for some constant C > 0, then (1) has a unique solution uw = (uq,...,un) in [0,To) x U for
a positive number Ty < T and a neighborhood U C Q) of xq, satisfying

Uj € CO([O7TO)7BS(U7 Y)) N Cl((ovTO)aBs(Ua Y))? 1 S] < N
and
luj(t,2)|s(U) < Ru(®)®  and  [[((roD)* u;j(t, ) menlls(U) < Ru(t),

for allt € [0,6) and some s > 0.
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3.1. Existence

Let o € [0,1], u(t) be a weight function, and zg € Q. Let U be the set obtained by
Lemma 2. For brevity, we abbreviate || - ||s(U) to || - ||s, and (¢, x) to (t) if ¢ is the only
variable needed in our analysis. We let w;(t, z) = ((noD)*u;(t, )) () then

N
fi(ua w)(t,x) = Zaij(t)uj(t’ x) + Z bjkw(j,k)(tvx)v
j=1

(4,k)EN ()

and write

Fi(uv w)(t’ I‘) = fi(t7 €T, Uj (ta .T), wjk(t7 x))
for u = (uj)1<j<n and w = (wjk)(jk)en(s), Where the values of u; and wj; belong to YV’
and Lk(X, Y'), respectively. Further, we set F' = (F})1<i<ny and

E(

"), w)(r) + Au(r) + g(r))dr.

T

w0 = [

We need to show that for a fixed w, the operator ¥(-,w) is a contraction mapping
from a function space to itself. Let u = (uq,...,un) and Wr be the set

Wr = {uec C%[0,T), (Bs(U, Y)N) : |Ju(t)||ls < Cu(t)® for some C' > 0}.
For a uw € Wr we define the norm ||ul|w as

Ju(t) = masx s (O]

Then (Wr, || - |lw) is a Banach space. For R > 0, we set
Wr g = {ueWr: |ullw < Ru(t)*}.

This is a closed subset of Wz and so it is a complete metric space. Wr g will be the form
of our function space. We note that if v € Wy g, then |u(t)||s < Ru(t)®.

Similarly, we define Wi’p r by just replacing (B(U, Y)Y in our definition of Wy by
B,(U, LK (X,Y)).

Let Co = supg<;<r | Dwfi(t)|s (Q x YN x 11 L’f(X,Y)). This is finite by
(j.k)EN (i),k>0
(A7) and Remark 2.10. Further, we let C' = N2CZCyCs, where C; and Cy are the
constants in Theorem 2.6 and Lemma 2.12, respectively.
Set 7o = min{b?/C” 1} and b is the positive constant obtained in Lemma 2.

Proposition 1. There exists Ty € (0,T] and R < s1 such that if

br2(1 —r)

«a k
Rt te0.), o) <1
0

lg: ()15 (2) <
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and fized w € Wr, g with
Jwjr(®)lls < rorRu(t)®,  te€[0,Tp), (9)
then the following are true:
(a) V[-,w] is a mapping from W, r to itself.
(b) V[, w| is a contraction map.

Proof. By Remark 2 and (A4;), D, fi € {M,}. Hence, f; is continuous with respect
to t,u, and w. Thus, we can find Ty € [0,7] and R < s; such that if u,v € Wy, g and
w, W € WC’FmR, then

N2CECo||Dufi(r, P,Q) = Dufi(0,0,0)[ls < b (10)
where P = 6u + (1 — 0)v, Q = fw + (1 — 0)w. Now, since F;(0,0,0) =0
Fi(u,w)(t) = Fy(u,v)(t) — F(0,0)(t)
= Z/ D fi(t, Ou, 0w)u;(H)d + Y / D fi(t, 0u, Bw)wjp(t) - 27 dp.
(J,k)EN(3)

Using the definition of A we may rewrite A;ju;(t) as

Ajjuj(t) / Dy £(0,0,0) - u;(t)do.
Hence,
N oo
+ZA1JUJ +gz ) = Z/ [Dufi(t79u,9w)—Dufi(o’(]’())]uj(t)de
- Z / Dwfl t HU Gw)wjk( ) x](c )de-l-g@( )
(4,k)EN(3)
Thus,
N
+ ZAZJUJ +gz ) S ZClHDufz(t,9u7 Qw) — Duf1(07070)”|3HU](75)||8
s j=1
+ Z C1|| Do fi(t, Ou, Hw)Husjk(t)_xl(ck)Hs
(4.k)EN ()
+gi(@®)]]s-

Using Lemma 2, we have

dr

193, w) ()]s < /O

E(T,t)< +2AM )+ gi(T ))

s
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IN

t -1 (N

j=1

+ Y CUIDwfilt, 0u, 0w)||s|lwji(r) - 2l + ||gz-<f>|rs> }df

(J:k)EN ()

N
= (Z CoCrl|Dufi(t, Ou, Ow) — D fi(0, 0, 0)] |l sl (£)]]s

j=1
k 1
+ Y CCIDwSilt, O, 00) sllewsu(®) sl +corgi<t>us> =
(JR)EN (4)

Note also that b < b < 1 and d > 1. Thus, by our assumptions, (10) and our defined
constant C’,

[Wi(u, w)(B)]s < (NCoclllDufi(t,HUﬁw)—Dufi(O,O,O)]IlslgszggvIIUj(t)Hs

+NCoC[| Du fit, Ou, Ow) | o lwjr(®)lls + Collg:@)ls | 7

Js

S =

IN
SN

rb max |lu;(t)|ls + C" max |w;r(t)]| +CmR ()
1<jen I GRENG | IRl TR g

!/

¢ 2
< - . _ «a
rmax N @lls + 5 max lwj@)lls + 70 =) Ru(?)

C/
<  sup {r max _||u;(t)|s + — max ijk(t)Hs}+7’2(1—7’)R,u(t)a.

o<r<t | 1<i<N b (jkeN

Thus, using the definition of 79 and with » < %, we have

!

[Wi(u, w)(@)] < rRu()® + QT?‘ORM(UQ +12(1 = 7)Ru(t)”

b
1 ' vl 1
< = — == —Ru(t)”
< SR+ S G B + S Ru()
1 o1
< 4= = a
< <3+b SC,+3>RM(7§)

— Rp(t)®

proving (a). Furthermore, note that

Fj(u,w)(t) = Fj(v,w)(t)

N o
- / [Dufi(6. P.Q) - (s = 0)(6) + Dy (8, P, Q) (wny — i) .
k=
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Hence, similar to the previous approach,
Fj(u,w)(t) — +ZA]k ug(t) — vk (t))

N o1
Z/ [ ufi(t, P, Q) — Duf(0,0,0)](u — vg)(7)]dO

+ Z Dwfj(t’ Pa Q)(wkﬂ? - Ekn)(T)dQ

(kym)

Thus, by Lemma 2 and (10) we have

N

> By [Fj(u’w)(t) )+ ZA]k: ug(t) — vg(t ))]
j=1

Z C()e (4,5) ’7‘7

+Z}wammﬂ@wmw—mmwM

s

IN

ZGHDUJ} (t, P, Q) = Duf(0,0,0)[|s | (ur. — vr) (#)ls

(kym)
< ng;ag‘}\[ep( )( 7t) NC’ICOHDufj(ta P: Q) _Duf](OaOaO)HS
X max [ (ur — vi) () ||s + NC1Co|| Du £ (¢, P, Q)|
_ s
< omax (g — W) (1)
d
< rb lglgg}S(Nep(i,j)(T? )| (ug — v)(t)||s + C max €p(ig) (s 1)
(k, n)GN(Z)
X[ (wrn —wkn)(t)lls]
By Lemma 5,
. _ . m < d p(’Lv] —
i, w)(t) = (o DO) < b max HOD [~ w0
O e WO, — g0 (1)
(km)eN (i)

Hence, when w = w, we have

, U T d p(i,3) _
[i(u, w)(t) — V;(v,w)[| < rb lg%VH [[lug — vills](#),



E. Y. Guerrero / Eur. J. Pure Appl. Math, 12 (3) (2019), 1297-1314 1307

proving (b).

It follows from the Banach fixed point theorem that there exists a unique v € Wr, g
such that uw = ¥(u, w). Denote this u by S[w]|. We have by (11),

1Si[w](t) = Si[w(®)]|[s]| = [Wi(Sw ]w)(t)*‘lfi( [w], w)(2)|l
< ob! max HOOD | Syfu] - Syl (0)
max B9) || w, .
+C’ (k,n)eN()Hp [H kn — kﬂHS](t)

Using (11) n-times, we get

ISi[w)(t) = Si@@®]llsll < "o maﬁoiggtﬂ” 91|y [w] — Sk[w][ls)(7)

+ rPC’  max sup ”HP ,3) Wy — T ).
pz(:) (b eN (i) 02rt [llwkn nlls](7)

As n — oo, we have the following Proposition:

Proposition 2. For w,w € Wy, r satisfying (9), we have

S;lwl(#) — S;[w@®)|s]| < C© () W lls](7), 12
[|Si[w] () ()]s < (k77171)12/}\(f()os<171—2t [lwky — Wells](7) (12)

where C =C"/(1 —1).
From (11), when w = 0 and u € Wr, g, we have

1Si0)(®)lls = 1W:(S[0],0)(B)lls
rISi0](®)s + (1 = r) Ru()™

A

Hence, since r € (0,1), we have

(1 =) [IS:[0](#)]]s
153101l s

r2(1 — r)Ru(t)”
2 Ru(t)”. (13)

To solve the equation u = S[((0D)"uk)(kmem] we use the method of Nirenberg-
Nishida. We define u,, = (un,1, Un2..., un,n), n = 0,1, ..., recursively by

VARVAN

up =0,  upt1 = S[((LoD)"un i) kmen  (n=01,..).

we write vy, = Up+1 — Up. Let ag € (0,1) be a small number to be determined later and

n
H1+]27.
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Then, {an}n>0 is a decreasing sequence of positive numbers tending to a positive limit
Goo. Observe that

o) 0 -1
ae =ag [J+575)7" = ao(H(l +j‘2)> :

J=1 J=1

Since Z;L j~2 is convergent, a is convergent.
Corresponding to each a,, we have the t-interval

I(s)={t>0:w(t) <an(so—s)} (0<s<sp),

-1
_(,  w()

Note that for all n, oy, 4(t) > 1 and I,41(s) C In(s). Let apso < w(Tp). Then

In(s) € [0,Tp). Put s(t) = (so + s — %)/2 Then, for 0 < s < s(t) < sp, we have the
following remark.

and

Remark 3. Ift € I,,(s), then
(1) t € In(s(t))
(2) onst) < 20m,5(t)
(3) (s(t) = s)7"=2"(so — s) Ton,s(t)"

(4) 1< Un,s(t) < (n + 1)2 + 1.

_ agw ()"
(5) (so—s)7"1< RGO

We now prove the following proposition. Proving it means proving the convergence of
our solution u(t,z) = li_)rn un(t, z), for z € U and
n—oo

t€lo(s)={t>0:w(t) <ap(so—s)} (0<s<sp).
Proposition 3. Let v, ; = Upt1,; — Un,i. For n >0 the following hold:

(a) Un+1,5 = Si[(/JIOD)nun,k](k,n)eN(i) exists on In(S) X Ui.
(b) Fort e I,(s),

loni (0)lls < B2 ()= w (t) o, (£) " ().
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(¢c) Fort e I,(s),
(0 () D)o i (#)s < Rr™ 22901 (s — )" () =" o (8) " o, ()T pa(8)°
implying that fort € I41,
(10 (£) D) "0ni (8|5 < Rr™ 229 1K agpu() =+ (et e g, ()0 (1)

and thus,
[ (10 () D) "t g1,4]

s < Ru(t)*.

Proof. Since ug; = 0, Proposition 1 assures us that u; ; = S;[0] exists for ¢ € Iy(s). By
(13),

lvoi(Dls = [lu1,i(t) — uoi(t)][s
= flur: (@)
= [[S:[0](t)ls
< Rru(t)”.

By (3) and Remark 3 (3) we have

(0 D)o, ()|l pl)M G (s(8) = 5) ™ [vo,i(8) ls(e)
(&) 2" (50 — 5) " 00,5(8)" R pu(1)

Rr?2"K, (s — 8) " u(t) o ().

ININ

Hence, by Remark 3 (5), for t € I1(s), we have

[[(10 D) u (1) |
Rr?2"K, (so — 8) " "u(t)Toq Ju(t)”
n C
agw(t)<" 0o o
W(t)nﬂ(t)ﬁnu(t) O—O,su(t)
Rr22"Kyaou(t) ' w(t) Vol ()
Rpu(t)",

[ (o D) Mv0,i ()]s

IA

IN

2
Rro2"K,

IAIA

provided ag is small enough.

Suppose (a)-(c) hold for n = 0,1,...,p with n < [. Proposition 1 and (c) imply that
Upr2,i = S[(poD)"ups1 ] exists for t € I,41(s), showing (a) for n = p + 1. Now, for
t € I,11(s) and Proposition 2,

loprri()lls = 1S:l((oD)"upy1,1)](2) — Sil (1o D) "upx)1(2) s

< C max sup HPEI) D)o 160,
= Y hmeN ) osrzt [ (o D) Mvp,ie) lls] (7)
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Using Lemma 4 p(i, j)-times, we have by Proposition 2 and (c) that

(i.g)
@) < in hC' — 5 gy ymy(p) (1R —rm
[vp+1,i(@)ls < (o min (M) (s0 = 5) "(ap+1(s0 — )" ()

XU (1) e

where
(4,9)
min = min
Mo 0<m<min{p(i,j), 1}

m an integer, and C(7) depends only on . Thus, since w(t) < ap(so — s) and

aerl(So — S) < 1,

we have
[vp+1,:(@ls < max r(;ujé hC () aop(t)(t—rIptn—rm
prbAlle = eny m o AOR
Xw(t)p+cm_"0p+1,s (t)max{l’dp+”_m}ﬂ(t)a_
If m =1, then

lvprai®)lls < RrPPRu(e)=mPH sy ()P oy, ()P (),
where h = Rr?, C(y)ag < rP*1, since Op+1,s > 1 and dp < d(p + 1). Thus,

[vp1:(D)lls < qu+3ﬂ(t)(17’{)(p+1)w(t)p+l‘7p+l,s(t)d(erl)ﬂ(t)a-
Hence, by (3) we have

1(u() D) vp 1.l

IN

(@) Ky (s(t) = 8) 7 [vpril s
RrP¥3 |, 200, (1) A=R) 1D+

Xw(t)(p+1)+(c_1)nap+17s (t)d(p+1)+nu(t)a.

A

Then, by (3) and Remark 3.1.3 , we have for t € I))(s) (n <p <)

p—1
Z(MOD)nvn,i
n=0

p—1
< Z an+2Kn2dn+naou<t)(lfk)nJr(lfk)nw(t)nJr(cfl)nUms(t)dn+nu(t)a'

n=0

Thus, by Remark 3.1.3(4),

(0 D) upi()]ls =

s

p—1
(o D) Mupi(B)]ls < Rr2ag2® (1 +1)* + )" Ky pu(t)* > "

n=0
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< Rp()*,

provided r and ag are small enough.
Now let [ be an arbitrary integer satisfying [ >
(p>0,0<q<c) that the estimation

“rte We prove by induction on (p, q)

, < ppltpetgr2 (@8 a($,L) ,(4)B(6:L) Y@OL) () (14
H”Hchrq,l(t)Hs_RT %%XOELIQGM@) w(t) Ul+p6+q,8(t) u(t) (14)

holds for t € Ijpeiq(s), where

a(¢, L) =cd+¢—rL, B¢, L)=cd+c—¢+ L, (o L)=ld+¢—L,

and
(g,3)
max = max
G,¢ q<G<qd,
q<p<n(i)+G

with G, L denoting integers and ¢ a real number. When (p, ¢)=(0,0),

lona(D)lls < B2 p(t) () oo (1)),

where G =0 = L and ¢ = 0. Thus,
lons()]ls < B2 p(t) M w(t) o1, () u(t),

since [(1 — k) > cd+c¢ > cd and | > Cldf*kc > cd + c. Hence, (b) shows that (14) holds.
Assume that (14) holds for some (p,q) with ¢ < ¢. If

apmax{C(v(¢,L)) :0<¢p<cd+¢,0< L <cd} <r,
then, applying Lemma 4 p(i, j)-times, we have

(q.k) (1:9) .
|Vipetrgr1i(Olls < RrttPetat3  max  maxmin min u(t)a(¢+n’L+m)
(k,m)eM(j), G, m O0<LZG
1<j<N

xw(t)ﬁ(¢+’7’L+m)al+pc+q7s(t)7(¢+"’L+m)u(t)°‘,
and

(q,2)

max = max

G,¢ q+1<G+p(i,5)<qd+d,

q+1<o+n<n(i)+(G+p(i,5))

which implies (14) for (p,q + 1), since the conditions (k,n) € M(j) and m < p(i, j) yield
that ¢+ 1< ¢+,

o+n < (n(k)+G)+n(jk)
= nk)+G+n(j) —nlk)+1
= G+n(y)+1
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= n(i)+G+n(j) —n(i)+1
= n(i) +G+n(j,i)
< (i) + (G + p(i,4)),

L+m < G+p(i,j)

and

qg+1 G+ p(i, )

<

< qd+d.

Now, assume that (14) holds for (p,¢) (i.e., ¢ = q¢) with some p. Then
0<c—n(i)<¢—n(i) <G,

S0 we can put
L =¢—n(i)

(—=[—z]) is the smallest integer which is not less than z. We have then
a(g, L) > cd+¢—r(¢+1-mn(i))

- cd+n(i)+(1—lﬁ;)<q{>—n(i)— i )

11—k

Blo, L) = cd+c—¢+(¢—n(i))
= B(n(2),0)

and

(g, L) < ~(n(i),0).

Therefore, (14) holds for (p+1,0). This completes the proof of (14). Note that a(¢, L) > 0,
B(¢, L) > 0 and (¢, L) is bounded (indeed v(¢, L) < Id + c¢d + ¢). Hence, for n > 1,

n

> (1oD) "y 4(1)

=0

n
< ) ID Mgl
=0

(o D) "unr1,i(t)|s =

S
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< D H() Ky (s(t) = 8)Mvwa (D) sy (1)
=0

< Y Ky 2lagu(t) () (1)"
=0
T (a,9) . a o
xR max min ()" (t) OB o (07D ()
<

> K2 aon(t) ' (t) e o ()
=0

o2 (@0 a(6,L),,(1\B($L)ov(,L) L), 1\
X Rr rré?gcoglngGﬂ(t) w(t) 210 Moy (1) p(t)

Thus,

n
||(,U/0D)17U?+1(t) HS < RTZQOKn2d+ld+¢((x + 1)2 + 1)d+ld+¢> Z re
=0

< Rpu(t)*.

Therefore, we have shown the well-definedness of u™*1(t) for n > [ and u"(t) converges to
u(t) € By uniformly in I(s) = {t > 0 : w(t) < limy, 00 an(so — s)}. This u € C°(I(s), Bs)
is the solution of (1).

3.2. Uniqueness of the Solution

The next proposition implies the uniqueness of our solution, but the proof is similar
to that of Proposition 3 and so we omit it here.

Proposition 4. Suppose u, = (uni)1<n<n and v, = (vni)1<n<n are two solutions of (1)
m

% Iec, (Bs(U,Y))™)

with estimate
{unillss lonills} < Ru(t)®
for allt € I(s). Then, fort € Io(s), n =0,1,2,..., we have

(tni — vni)E)ls < 2R 2(t) 0 () "o, s (8) (1)
and

(10 (8) D) (i = v i) ()]s < R 220K q () rmt =
xw ()M g, (#)IF (1),
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