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Numerical methods for advection problem
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Abstract. This paper aims is to solve an advection problem where u=u(z,t) is the solution by
Lax-Wendrof and finite difference methods, to study the analytical stability in L2[0,1], L>°[0,1],
then calculate the truncation error of these methods and finally study the analytical convergence
of these methods. These numerical techniques of resolution were implemented in Scilab.
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1. Introduction

Many disciplines of physics consist of describing phenomena of transport, heat and
induction. To describe such phenomena, it seems quite natural to describe the evolu-
tion of certain physical quantities in time as well as in space. Since they involve several
parameters, the differential equations involve partial derivatives with respect to each pa-
rameter. Hence the term ”partial differential equations ” in short PDEs. The PDEs are
also involved in the mathematical study of many problems encountered in various fields
of science (mechanics, chemistry, economics, biology, etc.), as well as in various applied
fields, or even advanced industrial, mainly in engineering and oil industry.

A PDE in itself does not have a pure solution, because in general it is difficult to find
a solution w to it in a unique way with no limit condition [1-3, 5, 8, 11]. After modeling a
physical problem (a visible problem) we get an invisible problem (a mathematical equation:
partial differential equations for example), but PDEs are usually very complex to solve,
or they have solutions for particular cases, but also the random phenomena of nature lead
to nonlinear equations which gives a complexity to the mathematical model studied.

The principle of solving partial differential equations is to replace a complex system
into a simple object or operator by leaving the main aspects of the original, which is called
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a numerical resolution. We want to solve the advection problem of order one in time and
space (1) of solution u = u(x,t) by finite difference and Lax-Wendroff methods [4-6, 9, 10].

ou ou
5"‘06%:07 (1)

where « is the advection coefficient, subject to the homogeneous Dirichlet conditions
u(0,t) = u(l,t) =0,
going from the initial solution
u(z,0) = up(z) = sin(197x) .

These methods will have to calculate the solution u of the problem for different steps in
space and time in order to represent on the same graph the numerical solutions of the finite
difference and Lax-Wendroff methods for the equation (1), we will study the analytical
stability in L2([0,1]) and L®(]0, 1]) of finite difference and Lax-Wendroff methods for the
advection equation, then we will calculate the truncation error of these methods. We will
study the analytical convergence of each of these methods.

All these numerical methods will be implemented with the Scilab software.

2. Advection problem

The advection or linear transport equation is a hyperbolic PDE, it is the simplest one
and consists in finding the solution v = u(x,t) € R such that [8]

ou ou

e + o S 0, (2)
where o > 0 is the advection coeflicient.
For the purpose of the resolution we will consider the homogeneous Dirichlet boundary
conditions

And the solution is initiated from u(x,0) = ug(z) = sin(197z).

3. Numerical resolution of advection problem

In this section, we will calculate the solution of the advection model by using two
numerical methods including the finite difference method and that of Lax-Wendroff.

3.1. Resolution by the finite difference method

We shall now calculate the solution u(x,t) of the advection problem for different steps
in space and time. For this purpose, the finite difference scheme of the advection problem

is written: o
Uttt — oy u — Un,1
’At J+aﬂA$J =0, j€Z,n=>0, (3)
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and in the form of recurrence

n n n : At
j+1 =puj_+ (1 =By, with 8= SN (4)

U
The homogeneous Dirichlet boundary conditions are
u(0,t) ~ u(xo,ty) =uy =0,

u(1,t) ~ u(xNt1,tn) = ujq =0,

By varying the index j = 1,2,3,..., N of the equation (4), we obtain:

u 1-8 0 0 ... 0 ul
up B 1-8 0 ... 0 uly
ugt™ =] o B 1-p 0 uy (5)
ulyt! 0 o ... 8 1-8/) \u}

3.2. Resolution by Lax-Wendroff method

We will calculate the solution u(x,t) of the advection problem for different steps in
space and time. For this purpose, the Lax-Wendroff scheme for the advection equation is
written as follows

u

; e 2 Ax? - (6)

At 2Ax

and in the form of recurrence

n+l _  n no__ .n 2 no oy n

. S CEED A A2, At
“jH:(l—AQ)“J'*(z+2>“J’—1+<2_2>“j+1’ avee A=cxy ()

The homogeneous Dirichlet boundary conditions are

u(0,t) ~ u(xg,t,) =ug =0,
u(1,t) ~ w(rni1,tn) = upq =0,

by varying the index j = 1,2,3,..., N of the equation (7) we obtain the following
matrix system
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it 1-23) (& -2 0 0 0 ul
n 2 2 n
gt G - -3 0 O
= 0 EFH) 1= F-dHeo [ |E ]
2 A
(% — %)
it 0 0 (A +2) (1-22) Uy

Solving the advection problem by the finite difference and Lax-Wendroff methods, we
find that the linear system obtained by the finite difference method admits a bidiagonal and
non-symmetric while that obtained by Lax-Wendroff is tridiagonal and non-symmetric.

3.3. Numerical simulation

The aim here is to represent on the same graph the solutions of the linear systems
(7) and (8) of the finite difference and Lax-Wendroff methods respectively, by making
the choice by numerical tests of the parameters: advection velocity «, number of steps in
space N, number of steps in time T" and time steps At, respectively. This simulation will
be implemented in Scilab.
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Figure 1: Representation of the solution of the advection problem by finite difference (FD) and Lax-Wendroff
methods for N =99 et T = 2000.

Taking the number of steps in space N = 99 and the number of steps in time 7" = 2000
in finite difference methods (7) and Lax-Wendroff (8), we sought to vary the advection
speed a and the time step At of the advection problem and numerical methods (finite
differences and Lax-Wendroff) respectively, in order to verify the numerical convergence
of the solutions (7) and Lax-Wendroff (8). ( See figure 1).



D.V. Pongui Ngoma, G.Nguimbi, V.D.Mabonzo, N. Batangouna / Eur. J. Pure Appl. Math, 13 (1) (2020), 144-157 149

e Taking o = 0.2 et At = 0.001, we note that the solution obtained by the finite
difference (FD) method remains constant whereas that obtained by the Lax-Wendroff
method is unstable at first, then becomes stable and becomes unstable after (Figure
1 a).

e Taking @ = 0.002 et At = 0.05, we find that the solution by FD is constant at
the beginning, then oscillates at very low amplitudes whereas by Lax-Wendroff it is
unstable at first, then remains stable for a long time and becomes unstable after (
Figure 1 b ).

e Taking o = 0.02 et At = 0.001, we note that both solutions (FD and Lax-
Wendroff) converge and the solution by Lax-Wendroff admits a higher peak than
that obtained by FD ( Figure 1 ¢ ).
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Figure 2: Representation of the solution of the advection problem by finite difference (FD) and Lax-Wendroff
methods for N =99 et 7T = 2000.

e Taking a = 0.002 et At = 0.001, we find that both solutions (FD and Lax-
Wendroff) converge numerically almost everywhere ( Figure 2 d ).

e taking a = 0.002 et At = 0.000001, we see that both solutions (FD and Lax-
Wendroff) admit a total convergence numerically( Figure 2 e)

The numerical convergence of the solution from Finite Difference and Lax-Wendroff
method for resolving the advection equation requires very good choices of the advection
speed parameter « and the time step At , as well as a fairly high number of steps in space
and time (N and T).
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4. Study of the analytical stability in L?([0;1]) and L>([0;1]) of the finite
difference and Lax-Wendroff methods for the advection equation

In this section, we study the analytical stability in L?([0;1]) and L>([0;1]) of the finite
difference and Lax-Wendroff methods for the advection equation

4.1. Analytical stability in L?([0;1]) for the finite difference method of the
transport equation

Here, we will study the analytical stability in L?([0; 1]) of the numerical finite difference
method used for the advection problem.

Let €? and €% be the mode values of the exact and discrete operators respectively
where i is the imaginary unit such that i = —1.

Let u" = ulle™® i € C and z; = jAx ~ jh where h = Az is the constant step
of space discretization.

Then
u";l — ugeiwxj ~ ugeiwjh (9)
Replacing (9) in (4) , we obtain
ungleiwjh _ ﬂugeiwjh.efiwh + (1 . B)ugeiwjh , (10)
utt = [Be™™ 4+ (1= B)uy, , wh € [—m;m] (11)

Let us put  r(wh) = Be~™" 4 (1 — 8) , where r(wh) is the amplification coefficient
of the finite difference operator .

Let us show that |r(wh)| <1

r(wh)2 =1— 28+ 2Bcoswh — 2%coswh + 8% + 5%,

= (1—8)%+ 8%+ 2Bcoswh(1 — B) ,
= (1—-B)2 4281 — B)coswh + 3%,
r(wh)|? = |(1 — B)% + 28(1 — B)coswh| + %,
r(wh)? < (1 =82 +28/(1- )+ B2 =[1-B) +A2 <1,

where

r(wh)] <
i1

1
This reflects the analytical stability in L2([0;1]) of the finite difference method for the

transport equation.
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4.2. Analytical stability in L?*([0;1]) for the Lax-Wendroff method of the
transport equation

We shall want to study the analytical stability in L?([0; 1]) of the Lax-Wendroff method
used for the advection problem. Thus let us use the Von-Neuman condition.
The Lax-Wendroff scheme for the advection equation is

ntl _ . n Jj+1 j—1 277
i =g /\72 + A 5
According to the Von-Neumann stability criterion:

u

un+1
A= e (12)
A A2
u"tt _ Y% f(uﬁrl ua—l) + T(U?—l — 2uj + uy+1)
un un ’
A2 A 2 2 A
C(F AU+ (= A + (5 — 5y
= "
Let us take two mode values of the exact and discrete operators e*2% and e#JA% re
spectively.
Let be
u® = eik‘jA:cun

Equation (12) then becomes

. (%2 + %)uz'eik(jfl)Ax +(1- AZ)uz'eiija: + (%2 _ %)ug'eik(j#l)Ax

n ,ikjAx ’
u.€ J

()\?2 + %)uz'eiijxe—ikAz + (1 _ /\2)uz.eiijm + ()\72 _ %)uZ.eiijmeikAz

uzheiijx ’

()\?2 + %)e—z’kAa: +(1- )\2) + (/\?2 _ %)eikAa:] UZ'eiijx

uz‘eiijm

After simplification, we obtain

A = Ncos(kAz) — idsin(kAz) + 1 — A2,
A=1- X1 - cos(kAz)] — ixsin(kAx) .
By taking the semi-norm of A

|A] =1 - M1 — cos(kAx)] — ixsin(kAz)

)
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|A]? = |1 = X?[1 — cos(kAz)] }2 + Msin?(kAx) |
Al <1,
because
1-X2>0
A<l

Thus, the scheme is stable in the L?([0, 1]) norm for the Lax-Wendroff method of the CFL
transport equation A <1 [4, 8].

4.3. Analytical stability in L>°([0;1]) for the finite difference method of
the transport equation

We may now study the analytical stability in L>°([0;1]) of the finite difference method
used for the advection problem.
Let us then use, the maximum principe.

Considering the linear interpolation between u? ; and uj of the equation (4), we then
get
+1 _
u;m = pui o+ (1= Buy < %13%(“?—1’“?) ,
Therefore :
n+1 n n
uj S IJT,IEELZX(%‘—LU]') .

By passing to semi-norm and supremum, we obtain
1
uj T < I}leag(\U?fl\, [uf)])

n

suplu ™| < sup max(fujal, [u7)l)

| u oo <[] u" Jloo

By simple recurrence, we have

forn =0, || u' o< u° [loo

forn=1, [l u? o</l u' o</ u® [l

forn =2, | u® [oo<|| ¥? [|oo<| u¥ ||oo
at rank 7, || 4" ||oo<|| u° ||oo= C

Then
| u" ||oo< C (C constant) .

Which proves the analytical stability in L>°(]0;1]) for the finite difference method of the
transport equation.
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4.4. Analytical stability in L>°([0;1]) for the Lax-Wendroff method of the
transport equation

We may now study the analytical stability in L>°([0; 1]) of the finite difference method
used for the advection problem. we may then use the maximum principe.

Considering the linear interpolation between u?_;, u} and u7,, of the equation (7), we
have:

u = (1 = N)u? + )j—i-i ul g+ ﬁ—é u? < max(ul_q,ul uly )
j - j 9 9 j—1 2 2 7+l jer j—1s Y5 Y541

Therefore

n+1 n n o, n
i S ij,lélz?((uj—la UjanJrl) :

By passing to semi-norm and supremum, we obtain
T < max((uf_y |, [uf], [uf )
J jen I 3 b %5+

n

supluj | < sup max(fui_ ], [ujl, [ugal)

™ o<l 0™ lloo -

by simple recurrence, we have

forn=0, | ut oo < || u’ oo

forn=1, | [oo<|| ' [|oo<] u¥ ||l

forn =2, | % [oo<|| ¥? [|oo<| u” ||oo
at rank n, || u" ||oo<|| 20 |loo= C.

Which proves the analytical stability in L>°([0;1]) for the Lax-Wendroff method of the
transport equation.

5. Analytical convergence of numerical methods

In this section, we will study the analytical convergence of the finite difference and
Lax-Wendroff methods for solving the transport equation. For this purpose, we attempt
to compute the truncation errors of these methods.
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5.1. Truncation error for the finite difference method of the transport
equation

Using Taylor’s development of order 2 in relation with time to approach 88? ,we obtain

u(z), ta1) —u(@j,tn) _ Ou, At 0Pu
Al = et + 3 g

zj,tn) + O(AL?) . (13)

To approach the derivative %, let us use Taylor’s development of order 2 in relation
to space. We then obtain

u(zj, tn) —u(zj_1,tn) aj , Ax82 2
@ Az = ag(25,t) —aDr oo 53 (@1 1n) +O(A2?) (14)

We then define the truncation error of the transport equation for the finite difference
method by

o = (@, tn1) —ul@j tn) |l tn) —ul@j-1,tn) (15)

J At Az
By adding the equations (13) and (14) member to member, we get

" 8u ou At 0%u Az 0%u 9 9

knowing that

as a result
At 0%u Az 0%u

C;L_ 2| 8t2 (x]7t )_ayaxz(x]7tn)+O(At2+Aw )

We obtain a truncation error of the equation of transport of order 2 in space and in time.

Expressing %277; in terms of g &5, the truncation error is written
At ,0%u Aac 0%u 9 9
= o @(a;j,tn) o B 2(arj, n) + O(At® + Az”) |
62
G = (aAt - A$)6 5 (), tn) - (17)

Study of the consistency

This scheme is said to be consistent if the truncation error goes to zero when the time
discretization step At and the space discretization step Ax tend to zero independently.
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According to our analysis, the truncation error is

82
G = (aAt — Aa:)8 5 (5, tn) -
Doing
(Azx, At) — (0,0)
Therefore

¢ — (0,0).

Which proves the consistency of the finite difference scheme for the transport equation.

Since the scheme is stable and consistent, it is concluded that the numerical solution
of u} of the finite difference scheme for the transport equation is convergent.

5.2. Truncation error for the Lax-Wendroff method of the transport equa-
tion

The Lax-Wendroff scheme for the advection equation is written as

~0. (18)

te 2 Aa:2

u;”rl —uy uig —uly B ( 2At> —2uj +ujy
At 2Ax

The truncation error of the transport equation for the Lax-Wendroff method is defined

by

o U tet) =l tn) | @i, te) — (@i te) <02At> W(Zjt1,tn) = 2u(), ) + u(j—1,tn)

J At 2Ax 2 Ax?
(19)

Let us make a development of Taylor in z around the point z; and in ¢ around the point
tn. Since u is the solution of the transport equation (1), we have

(), tyg1) —u(xj, ty)  Ou At 82

W(xit1,tn) —u(xi—1,tn ou
( il )2A.Z‘ ( J—1 ) = C%(l'jatn) ) (21)
AA\ ul = 2u? +ul 2 0%u
< : ) j-1 g g+1:< >At82(xj,tn). (22)

By inserting the relations (20), (21) and (22) into the expression of (", we get

. At%u c? 0%u
CJ’ = jﬁ(xj’t”) — < > Ata 5 (Tj,tn) + O(A? + Az?) |
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The truncation error for the Lax-Wendroff method of the transport equation can be written

L At [0% 9%u
¢n = 5 [aﬁ(xj,tn) — CQ—(%Q (xj,tn)] + O(AE? + Az?) |
At 282U 282U 2 2
=3 |© g @tn) =g @i ta)| + O(AE + A2,

ij = O(At? + Az?) .
We obtain a truncation error depending on At and Ax.
Study of the consistency

Here it is easier to see that the truncation error of the transport equation for the Lax-
Wendroff schem is zero. We can directly deduce the consistency of the schem because it
is obvious that (;* — (0,0) when (At,Az) — (0,0) .

Therefore the numerical solution of uf of the Lax-Wendroff scheme for the transport
equation is convergent.

6. Conclusion

The work proposed in this paper allowed us not only to highlight the finite differ-
ence and Lax-Wendroff methods, but also to discover the importance of these methods
in the numerical resolution of the advection problem. In this paper, we performed a
numerical resolution of the advection problem using finite difference and Lax-Wendroff
methods. Thus, we obtained linear systems whose matrices are bidiagonal non-symmetric
(Finite Difference method), non-symmetric tridiagonal for Lax-Wendroff method. Then
we proved that the numerical convergence between these solutions is total by taking:
a = 0.002, At=10°% N =99 and T = 2000. In addition, we used the Von-
Neumann and CFL conditions to prove the analytical stability of the solution uj of the
advection equation from the finite difference and Lax-Wendroff schemes. Finally, we have
also proved the analytical convergence of the solution u? using the truncation error of
these methods.
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