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Abstract. Given a hyper BCK-algebra (H, *,0), we introduce some subsets of H and use them to
generate two closure operators on H. In this paper, we show that each of the two closure operators
on H can be utilized to form a base for some topology on H. Moreover, we show that each of the
induced topologies coincides with a previously known topology on a hyper BCK-algebra.
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1. Introduction

The study of BCK-algebras was initiated by Y. Imai and K. Iséki [4] in 1966 as a
generalization of the concept of set theoretic difference and propositional calculi. The
hyperstructure theory (or multialgebras) was introduced in 1934 by F. Marty [6] at the
8th Congress of Scandinavian Mathematicians in 1934. In [5], Y.B. Jun et al. applied
the hyperstructures to BCK-algebras and introduced the notion of a hyper BCK-algebra
which is a generalization of a BCK-algebra.

By using the sets Ly (A) and Ry (A), we introduce the bases Br,(H) and Br(H) and
the induced topologies 71, (H) and Tr(H) by these sets, respectively, and investigate their
related properties [7, 8]. In this paper, we present two closure operators on a hyper
BCK-algebra and consider the respective topologies they generate. It is shown that these
topologies coincide, respectively, with the topologies generated by Br(H) and Br(H).

2. Preliminaries

113 b

A hyper BCK-algebra is a nonempty set H endowed with a hyperoperation *“x” and
a constant 0 satisfying the following axioms: for all z,y,z € H,

*Corresponding author.
DOLI: https://doi.org/10.29020 /nybg.ejpam.v13i1.3632

Email addresses: rhapsodistchelar@gmail.com (R. Patangan),
sergio.canoy@g.msuiit.edu.ph (S. Canoy, Jr.)

http://www.ejpam.com 1 © 2020 EJPAM All rights reserved.



R. Patangan, S. Canoy, Jr. / Eur. J. Pure Appl. Math, 13 (1) (2020), 1-8 2
(H1) (552)% (y#2) <5y, (H3) 2+ H < 1,
(H2) (zxy)*x2=(xx*x2)=xy, (H4) z < y and y < x imply z =y,

where for every A, B C H, A < B if and only if for each a € A, there exists b € B such
that 0 € a xb. In particular, for every x,y € H, x < y if and only if 0 € z = y. In such
case, we call “ < ” the hyper order in H.

Throughout this study, (Hp,*1,01) (or simply Hy) and (Ha, *2,02) (or simply Hs) are
hyper BCK-algebras.

Let H be a hyper BCK-algebra and A C H. The sets Ly (A) and Ri(A) are given as
follows:

Ly(A)={zrceH|z<aVac A} ={x € H|0€x*aVa€ A} and
Ry(A):={re€eH |akzVace A} ={x € H|0€axzVae A}.

If A= {a}, we write Ly({a}) = Ly (a) and Ry ({a}) = Ru(a).

Let X be a nonempty set and let &?(X) denote the power set of X. A mapping
¢ P(X) = P(X) is called a closure operator on X, if for all A,B € Z(X), the
following properties hold [2]:

(i) AC¢(4)
(i) ¢*(4) = o(A)
(i) A C B = ¢(A) C $(B).

3. Known Results

Proposition 1. [7] Let H be a hyper BCK-algebra and A, B C H. Then the following

hold:
(i) Ry() = H.
(i) Ru(A) = () Ru(a).

acA
(iii) For any @ # A C H such that A # {0}, 0 ¢ R (A).
(iv) If AC B, then Ry(B) C Ru(A).
The next result is generated by Albaracin and Vilela.

Proposition 2. [1] Let A and B be subsets of a hyper BCK-algebra H. Then the following
hold:

(i) Ly(2) = H.
(i) If A C B, then Ly(B) C Ly(A).
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(ili) Lu(A) = ) Lu(a).
ac€A
(iv) For any AC H,0¢€ Ly(A). If0€ A, then Liy(A) = {0}.

Theorem 1. [8] Let H be a hyper BCK-algebra. Then Br(H) = {Lg(A): AC H} is a
basis for some topology on H.

Denote by 77, (H) the topology generated by By (H).
Theorem 2. [7| Let H be a hyper BCK-algebra. Then Br(H) = {Ry(A): @ #AC H}

s a basis for some topology on H.

Denote by T7r(H) the topology generated by Br(H).

4. Topology Induced by RyLy

Let H be any hyper BCK-algebra with H # {0}. By Proposition 1(iii), 0 ¢ Ry (H).
By definition of a closure operator, we have the following remark.

Remark 1. Ry : Z(H) — ZP(H) is not a closure operator for every hyper BCK-algebra

Theorem 3. Let H be a hyper BCK-algebra and A, B C H. Then the following properties
hold:

(i) A< Ry(Lu(A)).
(ii) If A C B, then Ry(Ly(A)) € Ru(Lu(B)).
(ili) [RuLu)*(A) = RyLu[Ru(Lu(A))] = Ry(Lu(A)).
Proof.

(i) Let AC H and y € Ly(A). Then y < a for all a € A. Pick v € A. Then y < x
for every y € Ly(A). This means that x € Ry(y) for every y € Ly(A). Thus, by

Proposition 1(ii), z € (| Rpu(y) = RuLu(A). Therefore, A C Ry(Ly(A)).
yELn(A)

(ii) Let A, B be subsets of H. Suppose A C B. By Proposition 2(ii), Ly (B) C Ly (A).
Thus, by Proposition 1(iv), Ry Lg(A) C RyLy(B).

(iii) By (i) and (ii), RgLy(A) C [RgLy)*(A). We are left to prove that [RyLy]*(A) C
(RHLH)( ). First, we need to show that Ly(A) C Ly[Ru(Lu(A))]. Let z €
Ry (Lg(A)). Theny < zforally € Ly(A). Choose z € Ly (A). Then z < z for ev-
ery x € Ry(Ly(A)). This implies that z € Ly (z) for every x € Ry (L (A)). Hence,
by Proposition 2(iii), z € N Ly(z) = Ly[Ry(Ly(A))]. Consequently,

2€Ry (Lu(A))

Ly(A) C Ly[Ru(Lg(A))]. Therefore, by Proposition 1(iv), RyLy[Ru(Lu(A))] C
Ry (Lu(A)).



R. Patangan, S. Canoy, Jr. / Eur. J. Pure Appl. Math, 13 (1) (2020), 1-8 4

Theorem 4. Let H be a hyper BCK-algebra. The function RyLy : #(H) — P(H) is a
closure operator on H.

Proof. Since H is a hyper BCK-algebra, H # @. Hence, by the definition of a closure
operator and Theorem 3, Ry Ly is a closure operator.

Theorem 5. The family Brr,(H) = {A: Ruy(Ly(A)) = A, AC H} is a basis for some
topology on H.

Proof. Since Ry(Ly(H)) C H and by Theorem 3(i), RyLy(H) = H, it follows that
H € Bgrr(H). Thus, Brr(H) # @. Let A,B € Brr(H) and x € AN B. Then by
Theorem 3(i), we have AN B C Ry(Ly(AN B)). Also, since ANB C Aand ANBC B,
RH(LH(A N B)) - RH(LH(A)) and RH(LH(A N B)) - RH(LH(B)), by Theorem 3(11).
Since A and B are elements of Br(H), we have Ry(Ly(A)) = A and Ry(Ly(B)) = B.
Consequently, Rg(Lg(A N B)) € AN B. Combining the two set inclusions, we have
Ry(Lg(ANB))=ANDB, that is, z € AN B € Brr(H). Therefore, Brr(H) is a basis for
some topology on H.

Denote by Trr,(H) the topology generated by Bry(H).

Example 1. Consider the infinite hyper BCK-algebra (H, ,0) given by Harizavi in [3],
where H = {0,1,2,...} and “*” is defined as follows:

[ {0,z} ifx<y
x*y—{{x} ifzx>y

for all z,y € H. Now, let r € H. Then Ry(Ly(r)) = Ry({0,1,2,...,7}) = {r,r +
1,7+ 2,...} # {r}. Hence, for any s € H, {s} ¢ Brr(H). Let @ # A C H be a
finite set and let w = min A. Since Ry(Ly(A)) = RyLy(u) = Ry({0,1,2,...,u}) =
{u,u+1,u+2,...} = Ry(u) # A, it follows that for any finite set A C H, A ¢ Brp(H).
Next, suppose that A C H is an infinite set and let p = min A. Then Ry(Ly(A)) =
Ry(p) ={p,p+1,p+2,...}. Thus, A € Bry(H) if and only if A ={p,p+1,p+2,...}.
Therefore, Trr(H) ={@,H} U{{p,p+ 1,p+2,...}: p€ H}.

In the next example, we extend the set H in Example 1 by adjoining to it the set
{L:n=2.3_.}

Example 2. Consider now the infinite hyper BCK-algebra (H, o, 0) given also by Harizavi
in [3], where H = {0,1,2,...} U{2 :n=2,3,...} and “o” is defined as follows:

[ {0,z} ifx<y
xoy—{{x} ifzx>y

for all z,y € H. For convenience, let N = {1,2,...}, N = NU {0}, and let J, = {% :
m is a positive integer and m > k}. Let p € H. If p = 0, then Ly(p) = {0} and
Ry(Ly(p)) = H. If p € N, then Ly(p) = J2U{0,1,2,...,p}. Hence, Ry(Lu(p)) =
Ry(JuU{0,1,2,....p}) ={pp+1L,p+2,...}. If p= % for some n € {2,3,...}, then
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Li(p) = Jn U{0} = {0, +, 45, 5, -} 1t follows that Ry (Lg(p)) = Ru(Jn U{0}) =

{reH:a<zforallac (J,Uu{0})} =NU{i i . 1}

Now let @ # AC H. If 0 € A, then Ly(A) = {0} and Ry(Ly(A)) = H. Thus, A €
Brr(H) if and only if A = H. Next, suppose that 0 ¢ A. Suppose first that AN Jy # &.
Suppose that AN.Js is infinite and suppose further that there exists z € Ly (A). Then z < a
for all a € A. It follows that z < b for all b € ANJs, contrary to the assumption that ANJsy

is infinite. Thus, Ly (A) = @. Next, suppose that AN .Jy is finite and let % = min(ANJs).
Then Ly (A) = JgU{0}. Hence, Ry(Lu(A)) = NU{3,3,.., ;}. Therefore, A € Brr(H)
if and only if A = NU {%,%,...,%}. Suppose now that AN Jy = &. Then Ly(A) =
JoU{0,1,2,...,r}, where r = min A. Thus, Ry(Ly(A)) = Ru(J2U{0,1,2,...,r}) =
{r,r+1,r4+2,...}. Thus, A € Bgr(H) if and only if A = {r,r +1,r+2,...}. Therefore,
re(H) ={@, H}U{{p,p+1,p+2,..}: pe NFU{NU{S, 3, .., 1} £=2,3,..}.

It can be observed that the topology 7rr(H) in Example 1 coincides with the topology
Tr(H) in Example 2.5 [7]. In fact, the next result shows that this equality is true for any
hyper BCK-algebra H.

Theorem 6. Let H be a hyper BCK-algebra. Then the topology Trr,(H) coincides with
the topology Tr(H).

Proof. By Theorem 5, a basis for 7rp(H) is the family Brr(H) = {A: RyLy(A) =
A, A C H} while a basis for 7r(H) is the family Br(H) = {Ru(A) : @ # A C H}.
Let A € Bpp(H). Then RyLy(A) = A. Set D = Ly(A). Then Ry(D) = A € Br(H),
showing that Brr(H) C Br(H). Next, let U € Br(H). Then there exists B C H such
that Ry(B) = U. This implies that for every u € U, b < u for all b € B. Hence,
B C Ly(U). By Proposition 1(iv), RyLg(U) C Ry(B) = U. Also, by Theorem 3(i), we
have U C RyLy(U). Thus, U = RyLy(U) € Brr(H), it shows that Br(H) C Brr(H).
Therefore, Brr(H) = Br(H). Accordingly, Trr,(H) = mr(H).

5. Topology Induced by LyRpy

Let H be any hyper BCK-algebra with H # {0}. By Proposition 2(iv), Ly (H) = {0}.
By definition of a closure operator, we obtain the following remark.

Remark 2. Ly : Z(H) — Z(H) is not a closure operator for every hyper BCK-algebra

Theorem 7. Let A, B be subsets of a hyper BCK-algebra H. Then the following properties
hold:

() AC LuRy(A).
(ii) If AC B, then Ly(Ru(A)) C Ly(Ru(B)).

(ili) [LaRu|*(A) = LuRu[Lu(Ru(A))] = Lu(Ru(A)).
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Proof.

(i) Let AC H and z € Ri(A). Then a < z for all @ € A. Select b € A. Then b < x
for every © € Ry(A). This means that b € Ly(x) for every x € Ry(A). Hence,
be Ly(Ru(A)). Therefore, A C Ly (R (A)).

(ii) Let A, B C H such that A C B. By Proposition 1(iv), Ry(B) C Ry (A). Thus, by
Proposition 2(ii), Ly (Rg(A)) C Ly(Ru(B)).

(iii) By (i) and (i), Ly (Rg(A)) C [LyRy)*(A). We are left to prove that [Ly Ry]?*(A) C
Ly(Rp(A)). First, we need to show that Ry(A) C Ry[Luy(Ru(A))]. Let = €
Ly(Ry(A)). Then x < y for ally € Ry(A). Take z € Ry (A). It follows that z < z
for every x € Ly (Rg(A)). This implies that z € Ry (x) for each € Ly (Rg(A)).
Hence, z € Ry[Ly(Ru(A))]. This shows that Ry(A) C Ry[Ly(Ru(A))]. Thus,
by Proposition 2(ii), Ly Ry [Lu(Ru(A))] C Ly(Ru(A)). By combining the two set
inclusions, we have Ly Ry[Ly(Ru(A))] = Lu(Ru(A)).

Theorem 8. Let H be a hyper BCK-algebra. The function LyRy : #(H) — Z(H) is a
closure operator on H.

Proof. Since H is a hyper BCK-algebra, H # @. Then by the definition of a closure
operator and Theorem 7, Ly Ry is a closure operator.

Theorem 9. The family Bpr(H) = {A: LyRuy(A) = A, @ # A C H} is a basis for
some topology on H.

Proof. Since LyRy(H) € H and by Theorem 7(i), we have LyRy(H) = H and
so, H € Brgr(H). Thus, BLr(H) # @. Next, let A,B € Brr(H) and z € AN B.
Then by Theorem 7(i), we have AN B C LyRy(AN B). Also, since AN B C A and
ANB C B, LHRH(A N B) - LHRH(A) and LHRH(A N B) - LHRH<B) by Theorem
7(ii). Since A,B € Brr(H), we have LyRy(A) = A and LyRy(B) = B. Hence,
LyRy(ANB) C ANB. Accordingly, LyRy(ANB) = ANB € Brr(H). This shows that
Brr(H) is a basis for some topology on H.

Denote by 17,r(H) the topology generated by Brr(H).

Example 3. Consider the hyper BCK-algebra (H,*,0) in Example 1. Let n € H. Then
LyRuy(n) = Lgu({n,n+1,n+2,...}) = {0,1,2,...,n} # {n}. Hence, for any m € H,
{m} ¢ Brr(H). Let A be any infinite subset of H. Then LyRy(A) = Ly (@) = H # A.
It follows that A ¢ Brr(H). Now, suppose that A is any finite set of H such that A =
{0,1,2,...,7}. Then LyRy(A) = Ly({r,r+1,r+2,...}) ={0,1,2,...,r} = A. Thus,
{0,1,2,...,7} € Brr(H). Now, for any finite set B # A, LgyRy(B) # B. Therefore,
mr(H) ={2,H} U{{0,1,2,...,7}: r € H}.

Example 4. Consider the infinite hyper BCK-algebra (H, o,0) given in Example 2. Again,
for convenience, let N = {1,2,...}, N' = NU {0}, and let J;, = {% :m is a positive integer
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and m > k}. Let pe H. If p=0, then Ry(0) ={z € H:0<z}=H and Ly(Ry(0)) =
Ly(H) = {0}. It follows that {0} € BrLr(H). Let p € N. Then Ry(p) = {v € H :
p<uz}={pp+1,p+2,...}. It follows that Ly (Ry(p)) = Lu({p,p+ 1,p+2,...}) =
J,U{0,1,2,...,p}. If p=1 for some n € {2,3,...}, thenRH( )={z€H:L<z}=NU
{1,1,..,1} Hence, Ly(Ry(p)) = Lu(NU{3,3,....,1}) = J,u{0} = {o,n,nﬂ,niz,...}.

Next, let @ # A C H with A # {0}. Suppose first that ANN # @. If ANNY is infinite,
then Ry(A) =@ and Ly (Ru(A)) = H. Suppose A NN is finite and let s = max(A NN).
Then Ry(A) = Ru(s) and Ly (Ru(A)) = JoU{0,1,2,...,s}. Hence, A € Brr(H) if and
onlyif A=Hor A=Jy,U{0,1,2,...,s}.

Suppose now that ANN = @. Since A # {0} ANJy # @. Let d = min{k € {2,3,...} :
% € A} Then Rp(A) = Rp(3) = NU{}, 4,5} and Ly(Ru(A) = JaU {0} =
{0 ’d7d+1’d+27' g Consequently, A € Brr(H) if and only if A = {O,d,L % .

Therefore, Trr(H) = {@,{0}, H}U{oU{0,1,2,...,p} : p € HYU{{0, £, % ﬁ g
k=2.3,..}.

It can be seen that the topology 7rr(H) generated in Example 3 is equal to the
topology 71.(H) generated in Example 2.5 [8]. The next result says that the equality of
these topologies holds for any hyper BCK-algebra H.

Theorem 10. Let H be a hyper BCK-algebra. The the topology Trr(H) coincides with
the topology T1,(H).

Proof. By Theorem 9, a basis for 7,r(H) is given by Brr(H) = {A: LgRyg(A) =
A, @ # A C H} while a basis for 7, (H) is the family Br(H) = {Lu(A): @ # AC H}.
Let A € Brp(H). Then LyRy(A) = A. Put B = Ry(A) C H. Then Ly(B) = A €
Br(H), showing that BLr(H) C Br(H). Next, let V € Br(H). Then there exists D C H
such that Ly (D) = V. Now, for every v € V, v < dfor all d € D. Thus, D C Ry (V). By
Proposition 2(ii), Ly Ry (V) C Ly (D) = V. By Theorem 7(i), we have V. C Ly Ry (V).
By combining the two set inclusions, we obtain V = Ly Ry (V) € Brr(H). Accordingly,
Brr(H) = Br(H), showing that 7,r(H) = 71,(H).

Conclusion Right and left applications of a hyper order associated with a hyper BCK-
algebra can give rise to two closure operators which , in turn, can be used to generate bases
for some topologies on the given hyper structure. The two induced topologies turn out to
coincide, respectively, with some previously known topologies on this hyper BCK-algebra.
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