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The problem of the optimal control with a lower
coefficient for weakly nonlinear wave equation in the
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Abstract. In this paper, we consider the problem of determining the lowest coefficient of weakly
nonlinear wave equation. The problem is reduced to the optimal control problem, in the new
problem. In the this existence theorem of the optimal control and, the Freéchet differentiability of
the functional is proved. Also the necessary condition of optimality is derived in view of variational
inequality.
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1. Introduction

The problems of determining the coefficients of various partial differential equations are
actual problems in connection with of applied significance. Taking into account that the
coefficients of the equations of mathematical physics characterize various properties of the
considered medium, finding them is undoubtedly an important problem. Such problems
arise in various fields of natural science [1-4].

Recently, various methods have been used to solve such problems.One of these methods
is application of the methods of optimal control theory, which is also called variational
approach.

To apply this approach, a residual functional is constructed for finding the unknowns
in boundary value problems using additional data.

Then we consider the problem of minimizing the constructed functional for solving a
boundary value problem, moreover, the unknown in the boundary value problem is treated
as a control function and the new problem is investigated as an optimal control problem
by applying the methods of control theory.
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2. Statement of the problem

Consider the problem of finding a pair of functions {u(z,t),v(z)} from the following
relations

2
gt;L—Au—i—vu:f(:c,t,u),(x,t) €qQ, (1)
u=0,(z,t) €8, ul,_y = uo(z), ?;Z =uy(z),z €, (2)
t=0
T
[ K@t it =p(w).z € 0, 3)
0

where A is the Laplace operator with respect to x, f(x,t,u), uo(z), ui(x), K(x,t), p(x) are
given functions. Let Q = Q x (0,T) be a cylinder in R"*!(n < 4), Q be a bounded domain
in R" with a sufficiently smooth boundary I'; S = I' x (0,7) is the lateral surface of the
cylinder @Q,T > 0 be fixed number.

Note that problem (1) - (3) is inverse to the direct problem (1), (2) for a given function
v(x). We reduce this problem to the following optimal control problem: in the class of
functions

V ={v(z) € La(N)/a <v(z) < b ae.on Q} (4)
find the minimum of functional

2

T
me:;/'/K@@m@umﬁ—ﬂm do (5)
Q 0

under constraints (1), (2), where a and b some constants, moreover a < b,u(z,t;v) is the
solution of the boundary value problem (1), (2) for v = v(z) € V. We call a function v(z)
a control, and a set V' a class of admissible controls.

Note that between problems (1) - (3) and (1), (2), (4), (5) there is exist a closely
connection - if the minimum of the functional in problem (1), (2), (4), (5) is equal to zero,
then the additional condition (3) is satisfied.

Let’s consider the following problem to avoid the possible degeneration [[12], p.45] in
the obtained necessary condition of optimality in future: find the control v € V' that gives
minimum to the functional.

Lum:%@+g/mmwx (6)
Q

under the constraints (1), (2), where o > 0 is the given number.

This problem will be called problem (1), (2), (4), (6).

Let the following conditions be fulfilled on the data of problem (1), (2), (4), (6).

1. The function f(z,t,u) satisfies the Carathéodory conditions, has a continuous par-
tial derivative with respect to u € R, for almost all (z,t¢) € @ and for all u € R, moreover
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the derivative W is bounded, f(z,t,0) € La(Q), and the operator W acts
continuously from Ly (Q) to Lo(Q).

2.

uy € Wy (),u1 € La(Q), K € Loo(Q), p € La(R).
Since, under the imposed conditions, the function f(x,t,u) satisfies the Lipschitz condition
with respect to u, applying the Faedo-Galarkin method [13],[14] under conditions 1.,2. it

is easy to prove that for each v(z) € V' the boundary value problem (1), (2) has a unique
generalized solution from

U= {uyu cC ([O,T];I/Ic}gl(Q)> ,?;: c C’([O,T];LZ(Q))}

and following estimation is true for this solution

ou
u|| o Q —i—‘ <
[ ng(n)( )+ 5 s
<c [nuouvovl () + lurl Ly ) + ||f<x,t,o>||L2(Q)] e, (7)
2

Here and in the future, with ¢ we denote various constants that are independent of the
estimated quantities and of the admissible controls.

By a generalized solution of the problem (1), (2) for a given function v(z) € V we mean
a function u = u(z, t; v) from U such that for ¢t = 0 it satisfies the condition u(x,0) = ugp(x)
and the integral identity

/ _@@ n " Ou In n
ot ot 2= 0z, 0,
Q =1

dxdt—/ul(x)n(:v,O)d:n:/f(x,t,u)ndzvdt (8)
Q

Q

for all n = n(z,t) from U and are equal to zero for ¢t = T.

3. The existence of optimal control in problem (1), (2), (4), (6)

Theorem 1. Let the conditions accepted in the statement of problem (1), (2), (4), (6) be
satisfied. Then the set of optimal controls of problem (1), (2), (4), (6)

Vi = {v eV/Jy(v) = Jo= = in‘f/ Ja(v)} is nonempty, weakly compact in L2(S2), and any
ve
minimizing sequence {vy,} weakly converges to the set Vi in La(€).
Proof. The set V defined by relation (4) is weakly compact in Ly(€2). We show that
functional (6) is weakly lower semicontinuous on the set V. Let v(z) € V be some element
and {v,, } C V an arbitrary sequence such that v, — v weakly in La(Q).

Due to the unique solvability of the boundary value problem (1), (2), to each control
Um € V corresponds a unique solution wu,, = u(z,t;v,,) of the problem (1), (2) and, by
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virtue of the estimate (7), the estimate HumHW%O(Q) <e¢ Vm = 1,2,..., holds i.e. the

sequence is uniformly bounded in the norm of the space W2170(Q). Then it follows from the
embedding theorem [see [15], p. 106] that, from sequence {u,,} can be chosen a sequence
(we also denote it by {u,,}) that

Uy — u  strongly in Lo(Q), 9)
oupm, ou Oupy, oupm,
s, =
ot 6t, 81’1 (9.%'2 ’
where u = u(x,t) € U is some element.

We show that u(z,t) = u(z,t;v) , i.e. the function u(x,t) is a solution of problem (1),
(2) corresponding to the control v € V. It is clear that, the identities

Ol ON Ouy, On
/ [_at s Z B: O, —i—vmumn] dxdt—
Q

i=1,n weakly in Lo(Q), (10)

—/ul(x)n(x, 0)dx = / f(z,t, um)ndxdt (11)
Q Q
are true for all n € U which are equal to zero at t =T
For any n € U the following inequality is true:

/vmumnd:vdt—/vundxdt < /(vm — v)undzdt| + /vm(um — w)ndxdt| .
Q Q Q Q

Since u,n € U and n < 4 by embedding theorem [see [13], pp. 83-84] u, n €
C([0,T7]; L4(£2)), therefore un € La(Q). Take into account this inclusion, the boundedness
of the sequence {vy,,n} in L2(Q), and also the above established convergence sequences
{vm} and {u,,}, weakly Lo(€2) and strongly in L9(Q), respectively we establish from the
last inequality that

lim [ vpumndedt = /vund:ﬁdt. (12)

m—00

Q Q

Since the function f(z,¢,u) has a bounded derivative with respect to u, it satisfies the
Lipschitz condition with respect to the argument u. Therefore

[f(z,t,u)| < Llu| + [f(x,t,0)],

where L > 0 is the Lipschitz constant. Then it follows that the operator F'u = f(x,t, u(z,t))
generated by the function f(z,t,u) acts continuously from Ly (Q) to L2(Q) [16]. Therefore,
the following relation is true:

lim [ f(z,tuy)ndxdt = /f x, t, u)ndxdt. (13)

m—r0o0

Q
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Passing to the limit in (11) as m — oo and using (9), (10), (12), (13), we find that the
function wu(z,t) is equal to ug(x) for ¢ = 0 and satisfies the identity (8). From this and
the uniqueness of the solution of problem (1), (2) corresponding to the control v € V
imply that u(x,t) = u(x,t;v). Thus, it follows from this that the first term in (6) is
weakly continuous in Ly(€2) on the set V' . The second term in the expression of the
functional is weakly lower semicontinuous in Ls(€2). Therefore, functional (6) is weakly
lower semicontinuous on the set V. Then, by virtue of Theorem 2 from [see [17], p. 49],
we obtain that all the statements of Theorem 1 are true. Theorem 1 is proved.

4. The differentiability of functional (6) and the necessary condition of
optimality in problem (1), (2), (4), (6)

Now we study the Frechet differentiability of functional (6) and establish the necessary
condition of optimality in problem (1), (2), (4), (6).
Let ¢ = 9(x,t;v) is a generalized solution from the U of adjoint problem

82 Y
0
Y =0,(x,t) €S, ¢Y,_r=0, %f =0,z € Q. (15)
t=T

By a generalized solution of the boundary value problem (14), (15) for a given v € V', we
mean a function ¢ = ¢(z,t;v) from U that is equal to zero for ¢ = T' and satisfying the
integral identity

o
Q (16)
- {‘9’” )y — K (x,1) [fK z, thu(z, t)dt — w(ff)] }gdl“dt

Q

for all g € U which is equal to zero for t = 0.

From the results of [see [13], p. 209-215] it follows that under the above assumptions,
for each given v € V problem (14), (15) has a unique generalized solution from U and the
estimate is true

el o < [l ) + Nell oyt € 0,71,

5 (9) H Ly(9)

Taking into account (7), we obtain

o
9l + H »

e[l g, + Tl + 15800y + ol | € 0.TL )
2
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Theorem 2. Suppose that the conditions of Theorem 1 are satisfied. Then functional (6)
is continuously differentiable in V' by Frechet and its differential at a point v € V' in with
increments 0v € Loo(Q)) is determined by the expression

T

(J}(v),6v) = / av + /u¢dt ov(x)dx. (18)
Q 0
Proof. Let the increment dv € Lo (£2) of the element v € V be v+ dv € V.
Denote by du(z,t) = u(z,t;v + 0v) — u(z, t;v). It’s clear that the function du(z,t) is
a generalized solution from U of the boundary value problem

2
aafu Adu + (v + dv)ou = —udv + [f(x,t,u+ ou) — f(z,t,u)], (z,t) € Q, (19)
Su=0,(m,8) € 5, bul,_g =0, 24 —ozeq. (20)

Ot |,

The generalized solution U of the problem (19), (20) from is equal to zero for t = 0 and
satisfies the identity

1 [ £ 082 o g ot =

21
= funévda:dt— J1f(z, tyu+ d6u) — f(z,t,u)] ndzdt 21
Q Q

for all n = n(x,t) from U which equal to zero for t = T. Applying the Faedo- Galerkin
method and taking into account that the function f(x,t,u) satisfies the Lipschitz condition
with respect to the argument, we can obtain the estimate for the solution of the problem
(19), (20)

oou
Joul H

< clldvlly ().t €0,T]. (22)

We consider the increment of functional (6):

ATy (v) = Jo(v 4 0v) — Ja(v) :gavévdl‘ + %f{ 60| da+

+/

Q

T 2 (23)
f Kéudt| dz.
0

T T
OfKudt - 90(:1:)] ({K&udtdm + %s{

If we take g = du(z,t) in (16) and take n = ¥ (z,t;v) in (21) and summing the obtained
relations we get:

T
[ K(z,t) | [ Kudt — go(x)] dudzdt = [uypdvdzdt + [Youdvdzdi+
Q 0 Q Q
+ [ W@Mudwdt — [ f (=, t,u+ 6u) — f(x,t, u))dzdt.
Q Q
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Taking into account this equality in (23), we obtain

T

Ady(v) :/ av—l—/u¢dt dvdzr + R, (24)
Q 0

4
where R = ) R; is the remainder term and
i=1

2

/](51}| dx, Ry = / /K&udt dz, R —/1/15u5vd:zdt

Q

The first term in the right-hand side of (24) is a linear bounded functional in Lo(Q).
Now we estimate the remainder term of or R in (24).

First, we estimate the fourth term in the expression R.
By the Lagrange mean value theorem, we have

B Of (x,t,u) _af(x,t,u+95u)
R4_/[ ou ou

} durpdxdt,
Q

where 0 <0 < 1.
Since the operator W acts continuously from Ly(Q) to Lo(Q) with respect
Of (ztyu(z,t))  Of (m,t,u(w, t)—i—t%u(:c t))
ou

to u, from estimation (22) it follows that — 0 strongly
in LQ(Q as [|6v|[; ) — 0. Therefore, from this and estlmatlon (22) it follows that

Ry=0 (HévHLm(Q)) . Then again using estimation (22), we obtain

|R| <

[navuL o T8l ol o ull, ool |+
R < el + IRl

Therefore R = 0 <||(5UH Lo (Q)) . Then it follows from (24) that functional (6) is differen-
tiable by Freshet in V' and formula (18) is valid.

We show that the map v — J/(v) defined by (18) acts continuously from V to
(Loo(£2))", where (Loo(£2))" is adjoint of Loo(€2).

Let ov(x,t) = ¢(x,t;v + dv) — (x, t;v). It follows from (14), (15), that d¢(x,t) is a
generalized solution from U of the boundary value problem

P0b — A& + (v + Sv)dep — HELUE 50 — 504

+ af(x’gg+6u) _ gj’u Y — K(x,t) fK5udt, (z,t) € Q,
0

N

(25)
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Using the results of [[13], p. 209-215], it can be shown that the following estimation is
true for the solution of the problem (25), (26)

0 =0,(x,t) €S, d|,_p =0, =0,z €. (26)

t=T

06
|0v] o + H < c||dv]| ,t€10,T]. (27)
w3 (©) It ||y Feo()
In addition, using (18) we obtain
/ R
0+ 60) = T, < e [Ioell,_ o+ Dl 00, +
I, o 0wl o) Fl0ull, o 10911, o] -

By virtue of (22), (27), the right-hand side of this inequality tends to zero as [|dv]| -
0. b
It follows that v — J*(v) is a continuous map from V to (Loo(£2))*. Theorem 2 is

proved.

Theorem 3. Let the conditions of Theorem 2 be satisfied. Then, for the optimality of
control v, = vi(x) € V in problem (1), (2), (4), (6), it is necessary that the inequality

T

/ avy(x) + /u*(at,t)w*(a:,t)dt (v(z) — ve(z))dz > 0 (28)

Q 0

holds for any control v =v(x) € V here u.(z,t) = u(z,t;vi), Yu(x,t) = p(x,t;v.) are the
solutions of problems (1), (2) and (14), (15), respectively, for v, = v.(x).

Proof. The set V' defined by relation (4) is convex in Lo (€2). In addition, by Theorem
2, the functional J,(v) is continuously differentiable by Frechet on V' and its differential
at the point v € V' is determined by equality (18). Then, by virtue of Theorem 5 of [[17],
p. 28] inequality (J! (vi),v —vs) > O0Vv € V must be satisfied on the element v, € V .
From here and (18) follows the validity of inequality (28). Theorem 3 is proved.
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