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Abstract. For some classes of analytic functions f, g, h and k in the open unit disk U, we
consider the general integral operator 7,,, that was introduced in a recent work [1] and we obtain
new conditions of univalence for this integral operator. The key tools in the proofs of our results are
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corollaries of the main results are also considered. Relevant connections of the results presented
here with various other known results are briefly indicated.
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1. Introduction and preliminaries

Let A denote the class of the functions of the form:

o0
2) :z—|—2anzn, (1)
n=2

which are analytic in the open unit disk
U={zeC:|z|<1}
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and satisfy the following usual normalization conditions:

C being the set of complex numbers.

We denote by S the subclass of A consisting of functions f € A, which are univalent
in U.

A function f € A said to be in the class S* (a) of starlike functions of order «
(0 <a<1)in U, if it satisfies the following inequality:

2f (2)

R

]>a, z € U.

A function f € A is said to belong to the class R(\), 0 < A < 1, if
Re [fl(z)] >\ zel.

Frasin and Jahangiri [14] studied the class B (i, A), > 0, 0 < A < 1, which consists
of functions f € A that satisfy the following conditions:

Fo) (-2 "alcioa sew 2)
7o (s) 1

This class B (i, A) is a comprehensive class of normalized analytic functions in U. For
instance, we have B (1,\) = S*(\), B(0,A) = R(\) and B (2,\) = B()\). In particular, the
analytic and univalent function class B(\) was studied by Frasin and Darus [13].

We consider the integral operator

1
B
dt} . (3)

s o[ ()" o () (50

where f;, i, hi, k; are analytic in U and «y, §8;,7:,9; € C for all i = 1,n, n € N\ {0}, § € C,
with Red > 0.

~~

Remark 1. The integral operator T, defined by (3), introduced by Barbatu and Breaz in
the paper [1] is a general integral operator of Pfaltzgraff, Kim-Merkes and Oversea types
which extends also the other operators as follows:

i) Formn=1,6=1, a1 —1=a; and f1 =1 = 61 = 0 we obtain the integral operator
which was studied by Kim-Merkes [15].

Ful) = /O (@)adt,
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ii) Forn=1,0 =1 and oy — 1 =~ = 61 = 0 we obtain the integral operator which was
studied by Pfaltzgraff [27].

Ga(z) = /O (F0) dt,

i1i) For oy — 1 = o and B; = v; = 6; = 0 we obtain the integral operator which was
defined and studied by D. Breaz and N. Breaz [3].

Dy(z) = lafozt“lj[l (fit))“ dtr,

this integral operator is a generalization of the integral operator introduced by Pascu and
Pescar [23].

iw) For a; — 1 = v; = 6; = 0 we obtain the integral operator which was defined and
studied by D. Breaz, Owa and N. Breaz [4]

? 6—1 = / a; %
6/0t [[150) dt] ,

this integral operator is a generalization of the integral operator introduced by Pescar and
Owa in [206] .
v) For a; — 1 = oy and ~; = 0; = 0 we obtain the integral operator which was studied

by Ularu in [28]
2) = ? 5—1 - ~ ¥ Bi
Tn(2) [5 /O t i|:|1( > (9 (1)) dt]

vi) For a; —1 = 3; =0, ki(z) = z and k(z) = 1 we obtain the integral operator which
was defined and studied by Pescar [25]

To(z) =

=

fi(t)
t

Flz) = [5/0 tﬁ—lli[l <f§t))a (F/ ()" dtr,

this integral operator is a generalization of the integral operator introduced by Frasin in
[12] and by Oversea in [20].

vii) For a; — 1 = 3; = 0 we obtain the integral operator which was defined and studied
by Pescar [25]

Sty (R £\ ]
Tn(z) = 5/ t“H( ! ) : dt
0 = \gi(t) 9;(t)
viit) For 6 =1, a; — 1 =~; =0, B; = §; and h;i(z) = % we obtain the integral operator
which was defined and studied by Bucur and Breaz in [6]

n / Bz
_ [ tg;(t)

)
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this integral operator is a generalization of the integral operator introduced by Bucur, An-
drei and Breaz in [10] and [11].

zi) Ford =1, a;—1=06; =0, B; = v; and hi(z) = fi(z) we obtain the integral operator
which was defined and studied by Nguyen, Oprea and Breaz in [18]

Hnalz) = /Oz}f[ (;{28 g;(t)>ai dt.

1

Thus, the integral operator Ty, introduced here by the formula (3), can be considered
as an extension and a generalization of these operators above mentioned.

The following univalence condition was derived by Pascu.
Theorem 1. (Pascu [22]) Let § € C with Red > 0. If f € A satisfies
1— ’Z‘QReJ Zf”(Z)
Reé f'(2)
for all z € U, then, for any complex v with Rey > Red, the integral operator

<1

f— )

1

e = (o [ oraa)

Pescar, on the other hand, proved another univalent condition asserted by Theorem 2.

1s in the class S.

Theorem 2. (Pescar [25]) Let v be complex number, Rey > 0 and ¢ a complex number,
lef] <1,c# —1,and f € A, f(z) =2+a2®+ ... If

el + (1 [a) 2L

7f@)<1

f— ?

for all z € U, then the integral operator

z fracly
e = (v [ rtroa)

is in the class S.
Mocanu and erb proved the next Theorem.

Theorem 3. (Mocanu - erb [17]) Let My = 1,5936... the positive solution of equation

(2—M)eM = 2. (4)
If f € A and )
f// z
‘ ey | =M
for z € U, then
2f'(2)

8 —1‘§1, (z € D)

The bound My is sharp.
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Finally, in our present investigation, we shall also need the familiar Schwarz Lemma.

Lemma 1. ( General Schwarz Lemma [16]) Let f be the function regular in the disk
Ur ={2€C:|z| <R,R >0} with |f(2)| < M for a fired number M > 0 fized. If f(z)
has one zero with multiplicity order bigger than a positive integer m for z = 0, then

M
|f(Z)’ S R—mzm, A UR.

The equality for z # 0 can hold only if

where 6 is constant.
The problem of univalence for some generalized integral operators using functions from

the class B (u, A) were recently obtained in papers[5], [7],[8], [11], [19].

2. Main results

Our main results give sufficient conditions for the general integral operator 7, defined
by (3) to be univalent in the open disk U.

Theorem 4. Let 6,7, q;,5i,7i,0; € C, ¢ = Rey > 0 and M;, N;, B;, Q;, R;, S; > 1,
i =1,n, such that

(2C+1)22tlzn:{|ai —1 {1 + (2—/\1‘)Mi‘”_1} + il [2+ (2 —m)P,-”HHJr

=1
+(2c+ 1) % Z\% 2 p;) QY™ 1+2czn:m|zvi+ 16 (R; + S3)] < ¢(2¢+ 1) . (5)
=1
If f; € B(ui,)\i), gi €A, hieB(vi,m), ki€B(0;p;), satisfies
Rl <M |2 <N @l <P el < 0 | < p (B <,
9;(2) h;(2) k;(2)

for all z € U, i = 1,n, then for every §, Red > Rey, the function T, defined by (3) is in
the class S.

Proof. Let us define the function

o [ TH[(50)" o ()" ()]

7

for all f;, gi, hi, ki € A, i =1,n.
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The function T, is regular in U and satisfies the following normalization condition
To(0)= T, (0)—1=0.
After we calculate the first-order and second-order derivatives, we obtain

T = e (F 1) g

=1

i [% (i )+ G5 5]

Therefore -

T <X (|G 1 a2 +
() (-] (25 2D)
Thus, clearly, we find from this last inequality (6) that

< 5 o ) o]
S R ()
St :1 []ai—ll (f,.’<z> ( sz)yi he ’”_1+1> +|m\rz\]zggfgg)\ ¥
41 z‘%ilm (h (hj@)w hiz) 4 ki (2) (ka)y kiiz) 0i_1+2) +

QCiraQ e+ )

By applying the General Schwarz Lemma to the functions f;, h;, ki, i = 1,n we obtain
[fi () < Milz|,  |hi(2)] < Pilz], ki (2)] < Qilzl.

Next, using the hypothesis, we obtain:

L)1 s, NG
c T |5 e Z'“Z”'(‘fi(z)(fi(z)) ‘1‘“>M5 *

=1



C. Béarbatu, D. Breaz / Eur. J. Pure Appl. Math, 13 (5) (2020), 1285-1299 1291

1—220 n - )
+C|’Z{|/Bi||Z|Ni+|’YZ’| [(z_ni)piz L2 p) QY 1+2H+

i=1
1 20 n
Z{rauz (R +5))} - @
Since
(1 - ‘Z‘Qc) i 2
et = 21:+1 9
|Z‘S1 C (2C+ 1)
we obtain
1—|z% |21 (2)| 1 . |
T < - i Y Hz . _m: Vi
c T)(2) |~ ¢ ;{Iaz 1] [1+ (2 - X)) M| ] + il [1 +(2—m) P }}Jr
1 - n
+*Z’%’| [1—1—(2—92') sz 1} zc+1 [18Bil Ni + [6:| (R; +5;)] - (8)
g (2c+1)2% =

If we make use of (5), the last inequality yields

1 — |Z|2C
C

2T (2)
T)(2)

forall z€ U, i=1,n.

Finally, we apply Theorem 1, we conclude that, the general integral operator 7, given
by (3) is in the class S.

Theorem 5. Let ¢, 0, ay, Bi,7vi,0; € C, Red > 0 and M;, N;, P;,Q;, R;,S; > 1, i = 1,n.
Suppose that f; € B(pi, Ni), ¢i € A, h; € B(vi,nm;), ki € B(0;,pi), satisfies

11 " "

. 129: (%) s . | 2hi(2) |2k (2) .
’fz (Z)’ < M;, g;(z) < N, ’hz (Z)’ < P, ’kz (Z)‘ < Qza h;(z) < R;, k;(z) < Sz:
forallz€e U, i=1,n.
If
Res > > {Jai = 11 [2 = ) MET 1] 416 N +
=1
Y {hil[@=m) P+ 2= o) QT 2] + 16 (B + 50) ) (9)
=1
and

LEENS D3 {jos = 1 [2 - A e 1] o o ) -
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n

1 . _
e {|’Yz'| [(2—771')]3/ " 2-p) QYT 42 +\5i|(Rz'+5i)} (10)
i=1
for all z € U, i = 1,n, then the function T,, defined by (3) is in the class S.

Proof. Just as in the proof of Theorem 2.1, we have

n

T(2) e 2 (2)
7(2) SZ(“” H7e 1’*‘5” e )*

i=1

2 {a [(75 )+ (555 )] =i

So, for a given constant ¢ € C, we obtain

2 (2)
e

k(2)
K(2)

)}

P (1) S < 2 v (] ) e ek
ML |§:{‘ ([0 + (s )]+ (e + e ) ) <

fi(2)

) <sz)>m

1 & ,
< !c!+WZIaz-—1\<fz(z
=1

pi—1
N 1> .

Hi (5 pi—1
,5‘2 181 zgl +|%|<h3<2><hjz>> ilz) +1) +
i n ' / s z v, kz(Z) v;—1 4 Zh;/(Z) Z]{?;/(Z)
e (Mz)) o) (][ ] o

Now, applying the General Schwarz Lemma to the functions f;, h;, k;, i = 1,n we
obtain
[fi () < Milz|, |hi(2)] < Pilzl, ki (2)] < Qilz], (12)

Using the hypothesis and (12) in inequality (11), we have

ed ZT’V/L/(Z)
el + (1 [2*7]) 5T1 (=)

) oo
R LR

<

<t g tec-1[ (|

+@i§:;{vir (|
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n 0;
Wﬁ!;{'%' (’W(ki(z)) -1
gyc|+ Z{ya, { /\i)MiMi_l-i-l}—i-‘ﬁi’Ni}-l-

+ 1) QU 41

+\5z‘\(R¢+Sz‘)} <

n

L . M. v;—1 o 6;,—1 ) . '
+Re<5 P {’%| [(2 nz)Pi +1+(2 pz)Qi +1} +‘(5z‘(Rl+S,)}.

Finally, by applying Theorem 2 to the function T}, we deduce that function 7, given by
(3) is in the class S.

Theorem 6. Let d, «;, B;,7i,0; € C, c = Red > 0, My the positive solution of the equation
(4), My = 1,5936... and f; € B (ui, \i), gi, hi,ki € A for all z € U, i = 1,n. Suppose also
that

1

Y I k.
PG T A R VAR LA R VA R RS VA
9;(2) h;(2) i
where M; are positive real numbers. If
1 _ =
=" [les = 1@ = 20) M+ 2] + oy g A Mo 218 M <1, (19
€= 2c+1) 2 5
then the function Ty, defined by (3) is in the class S.
Proof. 1t is easily seen that T), is regular in U.
Therefore, we get
L— |2 |20 () | - 1= 12§ ( 2fi(z )' > 2g; ()
o < a; —1 + 1) +18i | = +
e e S 2| T B )
1— |z & 2Rl (2) 2k (2) W (2)| | 2K (2)
_— ¥ -1 -1 0 ! ! .
S E[' (5e U+ e )+ (| s
From hypothesis and applying Theorem 3, we have
hilz) g g ERG) )
hi(2) ki(2)

Also, applying the General Schwarz Lemma to the functions f;, i = 1,n, we obtain
i (2)] < M;|z].
Thus, we find that

EIEEHE] PESELS S e
e T | S 2l 1'( @ (7)1 “)*
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1_ Z2c n
L S (181 Mo 2l 1l (1 1)+ 161 (Mo 2] + My |2])] <
=1
< 1““2'282”: {]a 1y(f’(z)( 2 )M +1> M4 |8 M ]z]]—i—
S — i— i i il Mo
¢ = fi2)
1— 2% &
> @l + 216 Mo |#]) <
=1
1 - ‘3‘26 - pi—1
<=3 [l = 1@ = 2) M 18 Mo |2 + 21l + 216 Mo J2D)] . (14)
=1
Since
<1 - MQC) i : (15)
max )
|z|<1 c (20 i 1)2¢:+l

from (14) and (15), we obtain

1—|z*
C

T// (
T/

TL

Z [’0‘2 — ) M2 I%-ﬂ +
=1

n

2c+1 Z [18i| Mo + 2[6;] Mo - (16)
(2C+ 2¢ 1

Using (13) from (16), we have

1 — |Z|20

c

215 (2)
T3(2)

<1

for all z € U.
By Theorem Pascu it results that 7, € S.

3. Corollaries and consequences

First of all, upon setting § = 1 and «; = 0 in Theorem 4, we immediately arrive at the
following corollary:

Corollary 1. Let v, oy, 53;,0; € C, ¢ = Rey > 0 and M;, N;, R;, S; > 1,1 = 1,n, such
that

(2c+1)72 Z|az—1\ [1+ 2 — ) MM

2(‘+1

—i-QCZ 8i| Ni + 18] (Ri + Si)] < ¢(2¢41) 2
=1

(17)
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If fi € B(uis Ni), i, hi, ki € A, satisfies

for all z € U, i = 1,n, then the integral operator Y, defined by
n o — &;
‘ fi)\ > ne: (hi'()\"
_ Jilt) (1 dt, 18

Remark 2. Taking in (18) §; = 0, we obtain Theorem that was obtained in [28].

s in the class S.

If we consider § = 1 and ; = 0 in Theorem 4, obtain the next corollary:

Corollary 2. Let v, ;,7i,0; € C, c = Rey > 0 and M;, P;, Q;, R;, S; > 1,1 =1,n, such
that

S {las = 111 @ = x) 227 ol 2+ 2wy ] b
i=1

(2¢+1)°%

n
L 2c+1
+(2e+1) % § il (2= pi) Q)+ 2¢> 6| (Ri + Si) < e(2e+1) 2 (19)
=1

If f,eB (/Li, )\i), h; € B (l/i,m), k;eB (ei,pi), satisfies

|fi ()| < Mi,  [hi (2)] < P, ki (2)] < Qi

for all z € U, i = 1,n, then the integral operator X,,, defined by
T LONT (@) (R @)\
= dt 20
) /0 Zl;ll [( t ki(t) ki’ (t) ’ 0

Remark 3. To the integral operator given by (20) if we take c; —1 = 0, we obtain another
known result proven in [25].

18 in the class S.

If we consider § =1 and o; — 1 = 0 in Theorem 4, obtain the next corollary:

Corollary 3. Let v, 3;,7i,0; € C, c= Rey >0 and N;, P;, Q;, R;, S; > 1, i=1,n, such
that

et ) S 2+ @-m) P 2 - p) QN+
=1



C. Béarbatu, D. Breaz / Eur. J. Pure Appl. Math, 13 (5) (2020), 1285-1299
+2¢ S (18 Ni + 18] (Ri + S1)] < ¢ (2¢ + 1) 5
i=1
Ifg; e A, h;€B(vi,n), ki€ B(6;,p;), satisfies
g; (2) h (2) ki ()
217 SN’H |hl (Z)| <]DZa |kl (Z)| <Ql7 l/ SRH Z/ SSU
9;(2) hi(z) k;(2)

for all z € U, i = 1,n, then the integral operator Dy, defined by

[ e G5 ()]

s in the class S.

1296

(22)

Remark 4. If in (22) we put 5; = 0, than we obtain Theorem that was obtained in [25].

If we consider § = 1 and §; = 0 in Theorem 4, obtain the next corollary:

Corollary 4. Let vy, ;, 8,7 € C, ¢ = Rey > 0 and M;, N;, P;, Q; > 1,1 = 1,n, such

that

(2e+1)"5 Zn: {loi = 1] |1+ @ = x) MF7 4l [24 @ = m) PP+
=1

n
: 2c+1
2c+1 E 17l (2 — pi) Q 91 1—|—26§ 1Bi| Ni < c(2¢+1) 2 .

i1
If fi € B(pisNi), gi €A, hy € B(vi,mi), ki € B(6;,p;), satisfies

|fi (2)] < M;,

<N, |hi (2)| < B, ki (2)] < Qs

for all z € U, i = 1,n, then the integral operator S,, defined by
s A0 nei () \™"
z) /0 21_11: [( + (g ( )) ki(t)

Remark 5. Taking in (24) v; = 0, we obtain a known result proven in [28].

s in the class S.

(23)

(24)

Letting,ul-:ui:9,-:Mi:Ni:R-:Qi:Ri:Sizlandpi:m:)\iforall

i = 1,n in Theorem 4, we have:
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Corollary 5. Let 6,7, a;, 8i,7i,0; € C, ¢ = Rey >0 and 0 < \; < 1, i = 1,n, such that

n

(2e+1)35 3 (3= X)) (i — 1 +2|3l) +2¢ 3 (18] +2[6:]) < e (2c+1)5 . (25)
=1 =1
If gi € A, fi.hi, ki € S*(Ni) and
g, (2) h () K (2)
7 < 17 l/ S ]-7 h’L < 17 kZ < 17 Z/ > ]-7 Z/ > 17
1 (2)] e Ihi (2)] ki (2)] e e

for all z € U, i = 1,n, then for every §, Red > Rey, the function T, defined by (3) is in
the class S.

Letting n =1, d =y and a; — 1 = 8; = ; in Theorem 5, we obtain:

Corollary 6. Let ¢, € C with Red > 0 and M,N,P,Q,R,S > 1. Suppose that f €
B(u,\),ge A, heB(v,n), ke B(0,p), such that

£ (2)] < M, Zggéj) <N, |h(2)| <P, |k(2)] < Q, Z:(S) <R, Z:(S) <8,
for all z € U. If
Red > || [(2 SNMP Q- PP 2 -p) QP N+ R+ S+ 3] (26)
and
le| < 1—}'{‘1'5 [(2—A)Mﬂ*1+(2—77)13”*1+(2—p)QH+N+R+S+3} . (27
then, the integral operator T, defined by
T(z) = [a /0 = < f(t)g’(t)ZEg Z,((tt))))a_l dt] " (28)

1s analytic and univalent in U.
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